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NPEINCIIOBUE ABTOPA K HEPBOMY HU3JIAHMIO

B macrosmee BpeMda MATPHYHOE HMCYHACICHHEe IDTAPOKO NPUMEHAETCA
B DPa3IMYHHX o0IacTAX MATEMATHKHM, MeXaHUKH, TeopeTHYecKoil ¢usmKm,
TEOPeTHYECKOM BIEKTPOTeXHHKH H T. /. B To ke BpeMA HH B COBeTCKOW,
HU B MHEOCTPAHHOH JMTEpaType HeT KHHUTHW, KOTOpad JOCTATOYHO IOJHO OCBe-
maJia OB KaK BOIPOCH TEOPHE MATPHI, TAK M PazHoo0pasHEe ee IPHIOKEHNA.
Janmaa xnmra mpeficTaBiAeT co60ff DONHITKY BOCIHONHUTE 3TOT upoﬁen
B MaTeMaTHUecKoil nuTepaType. B ocHope KHAIM Je;KaT KYDPCH IeKIHi IO
TEOpNH MATPHI,. W ¢e NPANOKeHWAM, UMTaHHbIE aBTOPOM B PasHoe BpeMs
Ha mpormkenme mocxeguax 17 xer B Mockosckom IocynapcTeennsoM yHE-
sepcurere mM. M. B. Jlomonocosra, B Ténameckom I'ocymapcTeennom yBmHBep-
curerte ©# B MOCKOBCKOM (PH3AKO-TEXHWYECKOM HHCTHTYTE.

Kuanra paccanmTana He TOABKO HA MATEeMATHKOB (CTYAEHTOB, aCOMPAaHTOB,
HAyIHHX PafoTEEKOB), HO M Ha CIHENUANACTOB B CMeKHHX oOmactAx (pusm-
KOB, HH;KEHEpOB-UCCIeoBaTeNel)}, HATepecYOMAXCA MaTeMATAKON U ee IpH-
noxepHaME. l1loaToMy aBTOp CTpeMHJICA CcJenaTh H3JIOKeHne MAaTepmana
BO3MOKHO Oollee MOCTYIHHM, IpeAmONarag y YHTATENA TOJABKO 3HAKOMCTBO
¢ Teopmeil ompefelMTeNeil W KYPCOM BHICIIEHl MareMaTHKH B o0meMe mpo-
rpaMMH BTy3a. JIHIIb OTHeNbHEE maparpagel B HOCIeAHMX TIaBaX KHATH
TPe6YIOT ONONHATENBHEIX MATEMAaTAYECKAX 3HAaHmil y umtatend. Hpowme Toro,
aBTOP cTapalcA CENaTh M3JIO0KeHHe OTHeNBHHX IIaB BO3MOYKHO Oonee Hesa-
BHCHMHIM ApPYT oT Apyra. Tak, mampmmep, raaBa V «DyHEKIAA OT MATPHIED
He OOApaeTcA Ha MaTepmat, moMemenssnii B raasax II m III. B tex ;xe mecrax
raasel V, Tr/le BOepBHEe HCIOOAB3YIOTCA OCHOBHHE IIOHATHA, BBeJeHHHE
B riase IV, AMeoTCA COOTBETCTBYIOMHME CCHLIKH. TakmM oOpasoM, 4dTaTelb,
y/He 3HAKOMHI C 9JeMeHTaMH TeODHH MATPHUI, HMeeT BO3MOMKHOCTh HEIO-
CPeCTBeHHO HPHCTYINTH K UTGHNMI0O MHTEPECYIONHUX ero rjaB KHHATH.

Kaura cocromT H3 JABYX uacTelf, cofep:kamux 15 rxas.

B rnapax I m IIl mpusBomaAaTcA mepBoHagasbHBIe CBeJeHHA O MaTpumax
W JHHEHHHX omepaTopax M YCTARABIHBAGTCA CBASH MeKAY OlepaTopaMu
N MATPHOAMH. '

B ranase II mamaramoTca TeoperHdecKme OCHOBH METOJa ACKIIOYOHAA
Taycca u cBazagnHX ¢ auM 3QPeKTHBEEX MEeTOJOB PelleHnd CHCTeMH 1 JHHek-
HBIX ypannermn opu GonwmoMm n. B aroil jKe riaBe YMTaTenh 3HAKOMHTCA
¢ TeXHHKOIl ONePHPOBAHEA C MATPHNAME, PAasfHUTHME HA HPAMOYTONBHBIE
(KIeTKHY HJIH «OIOKHm».

B runase IV BBOgATCcA mMeommue GyHTaMeHTANBHOE 3HAYEeHNE «XapaKTe-
PHCTHYECKHI) H «MAHAMANBHBINY MHOTOWIEHH KBaJpaTHOR MATpPHIBI, 4IpPH-
COeJIHEHHAA» M (UPHBE/ICHHAA OPHCOE/INHeRHAA) MATPHIH.

B raase V, noceAmerHoil QyBKOHAM OT MAaTPHIH, JAlTCA camoe obmee
onpe/enenre N KOEKpeTHHE cnocoOH Brumcaenud f (A4), rae f (A) — Gysrnua
CRaNAPHOro apryMesTa A, a A — kBagpaTsaa martpuna. IlomaTue QyBROEE
OT MaTpune Henonsdyerca B §§ 5, 6 aToil rraBH AnA HaXOKJAEHAA H IOJIHOIO



8 NPEAACIOBHE ABTOPA K OEPBOMY H3JAHHAIO

HACCIeOBAHAA PeIIeHEMA CHCTeMH IHHeHEHX NuddepeHNHaNbHHX ypapHeHHAR
mepBoro HOpAJKa ¢ OOCTOAHHHME KoadmnmerTamu. KHak moHEATEEe 0 QyHK-
OAE OT MATPHIE, TAK H CBA3aHHOe ¢ HAM HCCJelOBAHMe CHCTEMEl JAHEeHHHX
nuddeperHalbEHNX YPaBHEHMA ¢ OOCTOAHHHMHE Ko3(QdmOomeHETaMM IIepBOTo
HOpANKAa ONHEPAITCA TOJKRKO HA MOHATHE 0 MAHAMAaJILHOM MHOTOWIeHe MAaT-
puns ¥ He HCHONB3VIOT (B OTIAMYHEE OT OOHYHOTO H3J0KeHHA) TaK Ha3E BaeMOH
4reopuM 9JeMeHTaPHHX JeJHTeleii», KoTopad H3jlaraeTcfi B IOCHeAYHOMAX
raaax VI m VII.

IlepBHe OATH I'V1aB OXBATHBAIOT HEKOTOPHE IOUKJ CBeJeHHHE 0 MaTpHIax
F #X OpEMeHeAEAX. Bogee rayGoKHe BOOPOCH TEOPHH MATPHI CBA3aHE
¢ OpuBe/leHHeM MaTPHIH K HOPMalbHOH fopme. JT0 OpPHBeJeHEHe IOPOBOAUTCH
Ha OCHOBe TeOPHHM 3jIeMeHTapHHIX [jeimTeieii Beiepmrpacca. Bempy Basmk-
HOCTE 5TOH TEOPEH B KHHTe JaHH JBA ee H3J0KeHHA: aHaJIMTHIeCKoe —
B riaBe V] m reomerpmueckoe — B riaase VII. OGpamaemM pEmMaHme 4HTa-
tesg Ha $§§ 7 m 8 raaeu VI, B KoTopHXx paccMaTpmBawTcA dddeKTHBHEE
MeTOAHN HAXOJeHAA MATPHIH, NOpeoGpasywmed JaHHAYI0 MAaTPpEOYy K HOP-
maasHOM ¢opme. B § 8 raasm VII mompo6HO mcciemyercs MeToR akap.
A. H. Kpunopa 1A IpakTEYeCKOro BHYHCIeHHA KodpPHOMEeHETOB XapaKTe-
PECTHYECKOT0 MHOTOYJIOHA. ‘

B rnase VIII pemarpoTcAa MaTpHYEHE ypaBHeHHA HEKOTOPHX THIORE.
3nech me paccmMarpmBaeTcA 3afada 00 ompefeleHEME BceX MaTpHI, IepecTa-
HOBOYHHX € JaHHOH, E [eTajJbHO H3yYalTCAd MHOTO3HAYHEHE (YHKIHH OT MAaT-

m
puns /A, In 4.

I'aapu IX m X mocBameHH Teopuu JUHEHHHX 0OEPAaTOPOB B YHHETApPHOM
OpOCTPAaHCTBE H TEOPHH KBaApPaTAYHEHX M SPMATOBHX (opM. ITH TIIaBH
HEe OIPAaloTCA Ha TEOPHIO 2JeMeHTapHHX Jeamreleldl Beiepmrpacca A ECOOJb-
3YIOT H3 MpeJHIYIIero MaTepmaila JEOIb OCHOBHHE CBeJleHHA O MaTpHnax
d JAHEeAHHX omepaTopax, H3j0KeHHHE B NePBHX TPeX riasax kKaumrm. B § 9
rIaBe X JaercdA OpHJIoKeHHe Teopmm ¢opM K Hcclef[OBaHHIO TJaBHHX KoJe-
faHmii cucteMu ¢ 1 cremeHAME cBoOomu. B § 10 srofl ke riaaepm mpmBeJeHHE
troEKRe nccaenopaEna OpobeAmyca Mo TeopuE raHKeJeBHX fopM. ITH mCCIe-
NOBaHAA IPHAMEeHAIOTCA B AajbHelimeM B riase XV OPH pPaccMOTpeHHE 0COOBIX
caysaes B npoGiaeme Payca — I'ypemna.

Ilocnenume OATH rA4B COCTABIAKNT BTOPYI0 4acTh KHmrm. B riase XI
ompefeaATCA HOPMaJbHEEe $OPME AIA KOMIJIEKCHHX CHMMeTPpHIecKHX, KOCO-
. CHMMETpPHYeCKHX M OPTOTOHAJIBHHX MAaTPHI M yCTaHABJMBAalTCA HHTEPECHHE
CBASH 5THX MAaTPHI ¢ BemeCTBOHHHME MaTpPHIAMH TeX ke KJacCcoB H C yHH-
TapHHME MAaTpPALaMHA.

B rnage XII manaraercsa obmas TeopmA OyukoB martpmm Bmga A - AB,
re A m B — Opom3BOJBHEE OPAMOYTOJBHEI® MATPHOE OfHHEX H TeX jKe
pasmepoB. Ilomo6HO TOMy Kak HcciaefoBaHEHe peryJIAPHHX IYYKOB MaTpUL
A - AB mpoBommTcA Ha OCHOBe TeODHM 3JeMeHTApPHHX peiamtenedi Beiep-
mTpacca, H3y4eHHe CHHTYJIADPHHX OYYKOB OOAPaeTcs HAa TeOPHI0 MHHEMAIbL-
HHX HHAeKCOB HpoHeKepa, KoTopas ApisAercA Kak OH NalpHeHmMAM pasBH-
THEeM TeOPHE 3JeMeHTAaPHHX Aedmteiedl Beiiepmrpacca. C moMompio TeOpHHE
Kpomekepa (aBTOPY Kas;keTcA, IT0 eMy YAaloch YIPOCTHTH M3JI0;KeHHE ITOH
teopnm) B riase XII ycraEaBimPaercsa KaHOHHUecKada gopma Oy9Ka MaTpHI
A L AB B camoM ofmem caysae. IlomydeEHSIE PesyabTaThH OPEMEHAIOTCH
K HCCJeJ0BAHMI0 CACTEMH JHHEHHHX AuddepeHOmalbHEX YpaBHEeHAR € IOCTO-
AHEHME KooddumumeHTaMH.

B raase XIII mamararorca samedaTesJbHEE COeKTpPajlhHBEE CBOHCTBA MAaT-
pHI ¢ HEOTPHNATEJIHHHME 3JeMeHTaMH M pacCMaTPHBAalOTCA J[Be Ba;KHHE
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obmacTm TPMMeHEHWit MaTpmI sToro Kiacca: 1) ogHopoammie memm Mapkoea
B TEOPHM BEPOATHOCTEH M 2) OCHMIANMOHHEE CBOMCTBA YOPYruX KoieGaHmit
B MeXaHuKe. MaTpW9HHI MeTOR mCCIefoBaHMA OFHOPOAHHX Lemefr Maprosa
moayumElI cBoe passuTme B paborax B. . Pomamosckoro [29] w ommpaetcs
Ha TOoT ()aKT, 9TO MaTpuia NEePeXONHEX BEPOATHOCTEH B OFHOPOAHON NemH
MapkoBa ¢ KOHEYHBIM dYHCJIOM COCTOAHWI ABIAETCA MATPHIEH ¢ HEOTPHOa
TeILHHME 3JeMEHTAMH CIeOUAajJbHOT0 THHA («CTOXACTHYECKAaA MAaTpHIay).

OcOonanAnmOHHEE CBOHCTBA YOPYIHX Koae0aHuit CBA3AHH C APYTHM Bajk-
HHM KJIAcCOM HEOTPHIATEABHEIX MATpuI — C <(OCHUJIANWOHHBIMM MAaTpH-
maMEy. ITH MATPUOH ¥ HX IPU IO EHNA 6etmm mecnefosansl M. I'. HpeitroM
COBMECTHO C aBTOpoM HacToAmed KEmrm. B rmase XIII mamokeHE TOMBKO
HEKOTOPHE OCHOBHHE Pes3yabTaTH m3 9Toit obnactu. IlompobHoe ke maiomke-
HIUE BCEro DTOr0 MaTepmala dmTaTelh HauijeT B MoHOrpadmm [7].

B raase XV cofpaEE OpHIOMKEHMA TEOPMM MATPHMI, K cHCTeMaM Aud-
JepeHnMAaNTbHEX yPaBHOHUN ¢ mepeMeHHHME Koagdunuentamu. B 710k raase
neHTpasibHOe MecTo (§§ 5—9) sammMmaroT TeopusA MYJIbTHNINKATABHOTO HHTE-
rpajla H CBA3aHHOe ¢ HmM MHEQUEHTE3MMAaTbHOE McuuciaeHme Boasreppa. 9tm
BOINPOCH IIOYTH COBCEM HE OCBEIIEHEI B COBETCKOHM MaTeMaTHIeCKOH JuTepa-
Type. B meperx maparpadax m B § 11 msyualorcsa npusopmmeie (mo Jlamy-
HOBY) CHCTEMEI B CBA3H ¢ 3afadeil 06 YCTOHMIMBOCTH JABM;KEHHA M NPUBOJATCA
peroropeie peayabratel H. II. Epyruma. §§ 9—11 oTEOCATCA K amammTmde-
CKOil Teopuu cucTeM AufdepeENUATbHEX YPAaBHOHHE. 3A6Ch BRHACHASTCA OMIM-
609HOCTH OCHOBHOU TeopeMH Buprrofda, KOoTopyo o6HYHO MCHOJB3YIOT AJA
HCCIeROBAHNA PEmeHnA cucTeMH AuddepeHOMaNbHHX YPaBHEHHH B OKpecT-
HOCTH 0CO00I TOUKH, M YCTAHABIMBAETCA KAHOHMYECKHH BUA PeIICHWA B CIy-
qae PeryJApPHOM 0c0o00H TOYKM.

B § 12 rnmasm XV B 0030pHOM NIOpAAKe MBIATAITCA HEKOTOPHE Pe3yiib-
TaTh QyEZamMeHTanbHHX mecaegoparmi V. A. Jlamno-Jlapmnesckoro mo aHa-
AuTAYeCKMM QYHKOMAM OT MHOIMX MATpuUI M X OPHEMeHeHmAM K Auddepen-
OUaJbHKEM CHCTEMAM.

IMocaepuana raasa (XVI) moceamena npuMeHeERAM TeOPIH KBaJpaTHYHEIX
¢opm (u, B wacTHOCTH, raHKedeswHXx ¢opm) K mpobaeme Payca — I'ypsuna
06 ompefgeneHWMH YMCJIa KOPHEW MHOTOWIEHA, JeKAWMX B IPABOM MOIYILIO~
ckoctu (Re z > 0). B meperix maparpadax 5Toii IIaBH OPHBOAUTCA KIACCH-
decKad TPaKTOBKa pompoca. B § 5 mama Teopema A, M. JIHnyHOBa B KOTOPOii
YCTAHABJIMBAGTCA KPHTEPHH YCTOHYHMBOCTH, SKBHBAJIEHTHHEN Kpurepuio Pay-
ca — I'ypsuna. Hapagy c¢ xpurepmem yctoiramsoctu Payca — I'ypeuna
B § 11 »Toit riaBH BHBOAUTCA CPABHUTENIBHO MaJjJ0 M3BECTHEI KpuUTepmi
JIrermapa m Illmmapa, B KoTopoMm 9uci0 AeTePMIHAHTHHX HEPaBeHCTB IPH-
MEPHO BABOe MeHbIIe, Hexkelm B Kpurepuu Payca — I'ypeuma.

B romme raass XVI MOKAa3aHA TeCHAd CBA3EL C 33aja4aMM yCTOHYHBOCTH
ABYX saMmedaTedbHHIX TeopeM A. A. Maprosa u II. JI. YeOmmera, KoTOpHe
. 6BLIM MOJYYeHH 3HAMEHUTHIMI ABTOPAaMd Ha OCHOBE TEOPHH Pa3JIO;KEHHA B PAX
no yOHBaOIIIM CTemeHAM apryMeHTa HeKOTOPHX HeNPePHBHHX Apofei cme-
OMaJBHOI'O THIA. 3MeCh ke AaeTcd MATPUIHOE [OKA3aTEIBCTBO STHX TEOPEM.

Takos KpaTKuii mepedYeHb CONEP:KAaHMA HACTOANIEN KHHATH.

B sakiao4enme aBTOp NOPMHOCHT CBOK WCKPEHHWOK 0JarofapHOCTH
H. K. ®angeesy, B. II. ITotranosy m [{. M. Hortenarckomy, mpoYmTaBIInM
PYKOINMCH KHATH M CHAENABIIMM MHOI0 CYIMIECTBCHHBIX 3aMedaHHU, KOTOPHe
OBLIN YYTEHH ABTOPOM NP HOAIOTOBKEe KHUIM K medati. ABTOP BHIpaKaeT
Tax:;xke ¢csopo OmarogaprocTs M. I'. Kpeitay u A. 1. ¥Y3KoBy 3a IeHHEIE COBETH,
HCOOJIb30BAHHEE ABTOPOM NPH HAaNMMCAHAM KHWUTH.
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Cpenm cymecTByoomeidl nmTepaTypH @O TeOPHH MATPHE, MOHorpadus
@. P. 'amrmMaxepa 3aHEEmMaeT OOmMENPH3HAHHO ONHO H3 JYYIMHAX MECT. JTO
00BACHAOTCA CHCTEeMATHYHOCTHIO, MIMPOTOR PacCMOTPEHHHX BOIPOCOB M YeT-
KocThio m3aoskenusa. [lepBoe wmamamme »sroifi KEMrm, BHmenmee B 1953—
1954 rr., OBUIO 3aTeM IepeBelieHO HA HeMENKHHA W aHTJIHHCKHI SA3LIKH.

B nocnepEme ronu croeit :xuzen @, P. 'arTMaxep oueHhr MHOTO BpeMeHH
YAeIHN mepecMOTPY M pacHIAPeHHI0 3TOH KHuTH. VsMeHeHHA, clelaHHLIe MM,
YaCTAYHO KACAIOTCH CTHJIA (IPHBEJEHAE HEKOTOPHX TEPMHHOB B COOTBETCTBHE
C HOBHIMI TPaJUNHMAMH, YIydileHHe OTJAEeNbHHX [0Ka3arelhbCcTB B T. 1.).
Onmarko moMmMo 3TOro OHIO J0GABIEHO MHOTO HOBOTO MAaTepHAla, TIABHEIM
oGpa3oM BO BTOPOM, clemuaNbHOM, JacTy KEurn. OTnenbHas HoBaA rmasa XIV
(«PasnuuEbie KpATepHH pPeryIadpPHOCTH H JOKAAH3amUA coOGCTBEHHHIX 3Hade-
HHAH») DOCBAINEHA PAa3iIAYHHIM MEeTONAM NPUOGIHKEeHHOTO OTHCKAHMA COOCTBEH-
HHX s3HaveEnid. Jlo6aBmens taxixe § 5 ra. V («Heroropsie cBoiicTBa $yHKIMmiA
or matpump), § 17 ra. XVI («Csass Mesway ompenennrenamMd I'ypeuma @ ompe-
nenarenamMa Mapkosa») u nsa maparpada (§ 5 ra. I, § 16 ra. IX) o ncespmo-
o6paTHHIX OmepaTopax W MaTpUOAaX.

N3pecTHO, 9T0 aBTOP OBLI HAMEPEH BHIKYATEL B CBOI0 KHHUTY pAJ HEJaBHO
paspaboTaHEKIX BOOPOCOB, CBA3AHHKX ¢ KOMOHHATOPHKOH coGCTBEHHHX
3HaueHMH B amrebpe marpmm. K »TEM BompocaM OTHOCHTCA, B 9acTHOCTH,
3aja4ya o paciupefieleHHH cOGCTBEHHEIX 3HAYCHAN CYMME I NPOM3BE/IeHHA IBYX
MAaTpHL, 4 TaK:Ke H3BeCTHHE HepaseHCTBA Belina um mx oGo6menusa. B macroa-
OeM H3NaHFA COOTBETCTBYIOImee nobamimenme Owino mHammcano B. B. Jlmpg-
CKHM, KOTOPOMY DpPHMHAJJIE:KAT OJHA M3 MepBHX paboT B 3TOM HAIPABICHOH,
B. b. Jlapckumi Tarke DpPHHMMAN yuacTHe B HOATOTOBKE U PefaKTHPOBAHAM
BTOPOrO HM3NAHHWA 3TOHM KHHTH.

MosmHEO HANeATHCA, YTO HEKOTOPOe YBelndeHHe o0beMa KHUTH He
3ATPYAHAT ee UTeHWA, HO, HAIPOTAB, JOCTABHT YATATEIAM MHOI'0 HHTEPeCHOMH
U NeHHOH wmedopMamuu. :
. II. Heaobenro
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T'IABA 1

MATPHIBI 1 TENCTBUA HAJ HIMHA

§ 1. Marpansl. OcHoBHEIEe 0GOsHAYEHMA

1. Ilyctep mamo HekoTopoe wmcaosoe moxe K1).
Ounpenexnenme 1. Ilpamoyroasuyw Tabauny umcen ms moaa K

gy Q43 .. Qin
oy Q39 ... Qop (1)
am1 am2 s 0o amn
6yneM HasuBaTh Mampuyei. Ecim m=n, TO MaTpHna Ha3HBaeTCsa keald-
pamwoii, a d9mCIO M, pPaBHOe n, —ee nopadrom. B obmeM ixe cmygae

MAaTpHIA Ha3LBAGTCH NPAMOY204bHOL (C PasMepaMu m X n) UiAn m X n-MaTpH-
neti. Ymeaa, cocraBagomue MaTpuny, Ha3HBAaOTCA €€ dLeMEHMAMU.
‘Q6o3pavueHna llpm IByXHHIEeKCHOM 0003HaYeHUHU 9JI€MEHTOB HeDPBHIM
MHIEKC BCerfa yKasmBaeT HOMep CTPOKM, a BTOPoll mHAeKc — HoMep cronbna,
HA NepecedeHHMH KOTOPHIX CTOMT JAHHEIA BJeMeHT.
Hapaay ¢ o6ospagenmamm matpunsl (1) Oymem ymorpebaare m corpa-
mennoe o0o3HadYeHHE:

lew! (=1,2,...,m; k=1,2,...,n).

Yacro marpuny (1) Oyaem obosHauars Takme ofmoll OykBoil, HampmMep
marpuna A. Ecim A—xKBafipaTHasa MaTpuna HOopsAfka n, To OyneM mAcaTh:
A =||a;z|p. Onpeseanrens kBafparTnol MaTpuNu A = || a; ||} Oynem oGoszma-
garh Tak: |a; [P wam |4

Beenesm corpameHnanle 0003HadeHUA AJA ONpelennTesneil, cocTaBIeHHHX
¥3 BJIeMeHTOB JaHHON MaTpHHE:

Qiyky  Qighg + -« ailkp
i:liz PR ip a; a; P a:
A — Izkl 22k2 Izkp . (2)
ks ... kK
a; a; o @
2pk1 zpkg ipkp

1) Ilop wucaogeim nosey IMOHEMAT MIO6YI0 COBOKYIOHOCTH UHCeN, B Ipefellax KOTO-
po#t BCerja BHIOJHEMEL H OJHO3HAYHE YeTHpe OIepalHH: CJOyeHNe, BRIYATAHAC, YMHO-
jKeHHe H Jejiende HA UYHCIO0, OTJHYHOE OT HYJIA. _

IIpuMepamMn YHCHOBHX n0Jiell MOTYT CIYKATH COBOKYIHOCTH BCeX pPallHOHAIBHHEX YH-
cell, COBOKYIHOCTh BCEX ACHCTBHTEJNbHHX YHCe] HJIH COBOKYIHOCTh BCeX KOMIIEKCHHX
qHuCedl.

Ilpegnoxaraercs, 4T0 BCe BCTpedawmuecs B JaJibHeHINeM YHCla NpHHAAIEsKAT JAaH-
f0MY MCXOJHOMY YHCIOBOMY LOII0,
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Oupegenmresns (3) HasHBaeTCH MUHOPOM p-TO TOPAAKA MmaTpaust A,
el 1<l <<ip<< ... <lp<mua 1<k <hky<<... <kp<n.
m X n-matpuna A =| a;;| mMeer CRC, MEHOPOB p-ro HOPsAXKA

A(il Iy « v ip) (1<i1<i2<..'.<ip<m

klkz...kp .p\<‘m"n)' (2)

i
1<y <<ke<<...<<hpn’
MunopH (2'), ¥ KOTOPHX iy =Ky, ia=£Kg, ..., ip=Fkp, HASHBAIOTCA 2.1A6HbLMLU.

B o6osEazenmAx (2) OIpeReIETENb KBagpaTHOH MaTpEmul A= a; |1
BamAImeTCH TaK:

|A|=A(1 2... n)

12...n
Han6onpmuil 13 HOPAJKOB OTJIHYHKX OT HYJS MEHOPOB, IOPOKTaEMHEX
MaTpHNEH, HA3HBAETCH paHz04 MATPHOH. Kelm r— palr OpAMOYTOJBHOR
MaTpEOH A ¢ pasmepamMm m X nh, TO, O4eBHAHO, rm, n.
IIpAMOYroJBHYK MATPHNY, COCTOAIMYI0 W3 OZHOIO CTOJOLa
Zq
Lo
In
MH GygeM HasHBaTh cmoabyesoli @ oG0BHAUATE TaK: (T4, Tay - «.y Tn).
IIpAMOYroapHYI0 MATPHENY, COCTOAINYI0 W3 OJHOW CTPOKH
| 215 220 « vy 2Zn|s

MH OyZeM HAsHBATH cmpouroli m 0003HAYATH TaK: [24, Z2, ..., Z5].
Kpagparayow Marpmny, y KOTOPO# BCe 2JIeMEHTH, PacHOJIOKeHHHE BHE
rJIaBHOM MHWArOHAJIH, PaBHH HYJIIO,

d 0...0
0 dy...0
0 0...d,

o n
MK GyaeM HasHBaTh OuazonaabHoii B o6osmadars Tak: || d;6;x|1') mam

{dy, day ..., dy}.

Beemem eme chenmalbHHEe O003Ha9eHHS JJIA CTPOK H CTONGHOB
m X n-Matpuusl A=| a;s|. Dysem o6osmauarh i-lo cTPOKY MaTpmun A
yepes a;., a j-i cronbem—vuepes a.;:

a;. = [aih Qigy +v oy ain]!
a.;=1Ia15 2js «+ -y @mj] (3)

(=1, .~.,m; j=1, ..., n).

1 (i=k),
1) 3pech ;5 —cmmBon Kpomekepa: S;z=1 ¢ (i == F).
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llycre m Beaw9un Yy, Ys, ..., Ym BHPAKAIOTCHA JIMHEHHO M OJHOPOIHO
4epe3 n OPYTUX BEIWYUH Xy, Loy ..., Lpt '
Y1 =apZy + ;% + ... 1 Qinn,
Yo = A%y -+ ATy + . . . + Gony, ®
Ym = Amy Ty + A%yt .« o T Cuna,

WIN, B COKPAIllEHHO# BalHCH,
. n
yl-_-—_kz1 aQiply (l=1, 2, .oy m)i (4')

IIpeoGpasoBanue BEAMYHH Ty, T, ..., Tn B BEIWIUHH Yy, Y2, « .., Ym
npu nomomu ¢opmya (4) HasHBaeTCHA JAUHElHBIM Npeol pasosaruem. Roadpdu-
IUEHTH 3TOT0 HpeoOpasoBauusa oOpasywr m X n-matpuuy (1). 3amanme
auHeiHOTO MpeobpasoBanusa (4) opgHO3HAYHO omnpegeaser wMarpuny (1)
¥ HAaoBOPOT.

- B caegyomem maparpage, ucxomda u3 CBONHCTB JHHEHHHX npeo6paso-
BaHNH (4), MH ONIpegeJuM OCHOBHHE ONepanuu HajJ OpPAMOYTOJIBHEIMU
MaTpPUIAMH. '

§ 2. CnoskeHne m ymMHOMKeHnHe IPAMOYTOJBHBIX MATpHIL

OnpemeauM OCHOBHHE ONEPalMM Ha¥ MATPUIAME: CJOMKEHMEe MAaTpPHl,
YMHOKEHHE MaTPHIB Ha YHCJ0 M YMHOMKEHHE MaTpPHII,

1. llycts BEOWYHUHH Yy, Y2, ..., Ym BBHPAIKAITCH Ye€pe3 BEIMIMHE
Xy, g ..., %, NPH NMOMOLIM JMHEHHOrOo NMpeolpaszoBaHUA
T
Y; == kzi A Tp (i=1, 2, ..., m), (9)
a BEJIUYUHH 24, Z9, ..., 3p—9€PpE3 Te€ K€ BEJIWYUHH Xy, L, ..., Tp OPH
noMoliu mpeoGpazoBaHUA '
n .
Z; = 2 bikxk (l: 1, 2, cvey m). (6)
k=1
Torga
n
yi+Zi=kEi (aik+bik)xk (1217 2, “ ey m)° (7)

B cooTBercTBHMU ¢ 3TUM MBI yCTaHaBIHBaeM

Onpepenenue 2. Cymmolt deyxr npamoyzorvnur mampuy A =| ap ||
u B=| byl ogunakoBHX pasmepoB m X n HaswmBaeTca Martpuua C =| c;z||
T€X K€ pa3MepoB, 3JEMEHTH KOTOPOH pPAaBHKE CcyMMaM COOTBETCTBYIOIIUX
DIIEMEHTOB HAHHOI MaTPHIKL:

C=A4-+B,
eCcJau
Cik:aih":'_bik (l"‘=11 21 e ooy Mg k:""/l, 21 o ey n)~

Onepanua HaxOKIEeHWA CYMMH JaHHHX MaTPHI| Ha3HBAETCA CAQMNCEHUEM
Mampuy.
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IIpamep.
ay as ag €4 €y C3 ay+c¢q astce  azt-ca
by by b3 || || dy da d3 by+dy bytdy  bg4dy

Cornaceo ompesieneEmio 2, CKIAAHBATE MOKHO TOJNBKO HPAMOYTrOJIbHHE
MATPHITH OJWHAKOBEIX pPasMepOB.

B cmny aroro ke ompefenenma Marpuna Koadduuuentos B mpeoGpa-
sopagmM (7) ecTs cyMmMa Marpuy Ko3QQEIHEETOBR B IpPeoGpa3soBaEMAX
(5) m (6). '

W3 ompeneneEmaA cioskeHEuMA MaTpPHI HEIOCPEACTBEHHO CIENyeT, 4TO 3Ta

omepanua o0magmaer * MepPeMEeCTHTEJbHHEM ¥ COYETATEIDBHEM
CBOMCTBAMH: ‘

1° A+B=B-+A,

2° (A+B)+C=A+(B+C).
3necs A, B, C —npouspoabHNE IPAMOYIrONbHEE MATPHIH OJUHAKOBHX pas-
MEpOB. '

Onepanusa croKeHHA MAaTPHI[ eCTECTBEHHKM 06pa3oM pacnpocTpaEaeTcs
Ba caydail d06oro umcia caaraeMsaIx.

2. YmrO:xEM B npeoGpasoBanuu (9) BEIWYHHH ¥, Y, - .., Ym Ba HEKO-
Topoe gwumcrno o u3 K. Torga

_

ay:= 2 (0a;s) Tr (i=1,2, ..., m).
k=1 _

B cooTrBeTcTBMM ¢ 3THM HMEET MECTO

Onpenenermme 3. II poussedenuem mampuyst A=|lapn|(i=1, 2, ..., m;
k=1,2, ..., n) na wucso a us K sasuBaerca marpuna C =||¢; || (=1, 2, ..., m;
k=1,2, ..., n), oneMeHETH KOTOPOH# NOAYYAWTCA N3 COOTBETCTBYIOMHX
37eMeHTOB MATPHIH A yMHOKeHHMEM Ha YHCJIO O

C=uad,
ecau
Cip = ;3 i=1,2,....,m; k=1,2, ..., n).

Onepauna HaxXO}KACHHNA IIPDOH3BEJEHHMA MATPHIIHI HA YHCJIO HAaA3HBaercda
YMHOJCEHUEM MaAmMpuUysl HA HUcao0.

IIprMmenp.
ay @z ag|i llGay aay aag
by by b ab, aby abg ||’
Jlerxo Bn;c[erf,, qT0
1° a(A+ B)=0A-}aB,
2° (@+p) A=ad+pA,
3° (@B) A =a (BA).

3aecs A, B—IpAMOYroJabHEE MATPUIH OAMHAKOBHX PasMepoB, @, f—gmucaa
u3 noas K.

Pasnocrnv A — B 1BYX NpAMOYrOJbHHX MATPHI, OJUHAKOBHX PasMepoB
olpegeaaeTca PaBeHCTBOM

A—B=A+4+(—1B.
Ecim A-—xBagpaTHag MarpuIia ndpa;ma n, a a—uucao #3 K, rol)
|ad|=am|A]

1) 3nmecs cmMBonmr |A| m |ad| obosmHagalor ompemenuTen:m Martpmin 4 m ad
{cMm. cTp. 13).
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3. Iyers BennawHH 3;, Z3, ..., 2, BHPAKAITCH YEPE3 BEIHYHHH
Y1, Yoy .., Yp IPH IOMOMH HPeOODPA3OBAHHA
n .
zizsz apyr  (E=1,2,...,m), . (8)
a BEJWYHWHH Y, ..., Y, BHPHKAKTCA 4epe3 BEINYWHH Xy, Tz, ..., LTg HPH
noMomy GopMya ' _
q
yr= 2 byz;  (k=1,2, ..., n). (9)
f=1
Torga, mMORCTABIAA 3TH BHpaskendaa fud Y, (k=1, 2, ..., n) B popmyan (8),
MBl BHIDa3®M Zy, Zs, ..., Z;, 9€pes &, Tz, ..., Tg HPA HOMOIIA «COCTABHOTO»
npeobpasoBaHHA:
n q q n
0 .
Zi:kzl Qip Z bhjacj:: Zi(k a,-;,bk,-) Z; (l:l, 2, ‘eey m). (10)

B cooTBeTCcTBAH ¢ 3THM HMEET MECTO _
" Onpepnenxenne 4. Ilpouseederuem OGgYyxr NPIMOY20AbHBIL MaImpPuy

ay Qqs ... Qyp bii' bj_g “ o biq

oy oo ... ‘ boy bon ... b
Ao | G Q22 m || g % 2 2g

« & e« a4 s+ & s

lbni bn2~-- bnq |

ami amz PR a/mn

. Ha3HBAETCHA MATPHIA

€y €12 .-. Cig
Co Caz ... €y
c—| @t
1 Cmi sz “« a0 Cmq

Y KOTODPO# B3JIEMEHT C;j, CTOAMMUA HA INEPEeCedeHWH (-d CTPOKH H j-TO
cTog0Ia, paBeH IPOU3BEJICHWIO» (- CTPOKHM HepBO# maTpuimn A Ha j-#
crosabery Bropoil marpumet B1l):

n

Cij:}]aikbkj (t=1,2,....,m; j=1,2, ..., 9. (11)

Onepanus HaXORICHHS NPOHM3BENEHHH [JAaHHMX MaTPHL, HA3HBAaETCH
YMHOHCEHUEM, MAM DUY.

IIpuMenp.
o @ a ¢y di e [
1 %2 a3
- * e do . =
bi b2 b3 2 2 ‘82 fz

cz dy ez T3 -
8461 astyt-ascs, aydy-asds f-agds, aje;|ases+age3, ayfy+asfs-+asfs
bicy+boco+baca,  bidy+-body+bads, biey+baea+baes,  byfy+bafa+-bafa ||

1) Tloj wpousBefleHHEM /BYX PHAKOB dHCEX 4y, 4dp, ..., @ H by, b2, ..., by MH
n

OOHKMAEM CYMMY HOpPOU3BefeHHl COOTBeTCTBYIOMIHX YHCEN B3TUX DAJOB: 2 a;b;.
i=1

2 o.p TanTMaxep
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. Tlo ompexmenennw 4 mMarpuna kospdunuentoB B mpeobpasoBanum (10)
paBHa IPOHEBEAEHHUIO Ma'.rpmm xosppunuenToB B (8) HA MATPHLY. Ko3(pdu-
nueHtos (9).

damernM, UTO onepayus YMHOMCEHUS O8YT NPAMOY20AbHBL MaAmPUYy
GRNOAKIMG AUULDL 6 MOM CAydae, K02da 4uUca0 cmoabyoe ¢ Nepeom CcOoMHO-
Fcumene PAGHO HUCAYy cmpPok o emopom. B dacTHocTH, YMHOKEHHe BCerja
BHIIOJHAMO, ecJad 06a COMHOMHTEeNA — KBafpaTHHEe MAaTPUNH OJHOTO
u TOro ke mnopagka. OOpatruM BHUMaHUHe YHTATEIA M HA TO, 4TO JlaKe
B 3TOM HYacTHOM ClydYae YMHOKeHHe MaTpuil He o0JajaeT mepeMecTUTE]LHBIM
cpoiticreom. Tak, Hampumep,

l 1 2 4
5 —

2 ‘ 2 0 8

4 1|3 —14 118 —1 0 2
Eciu AB=BA, to matpuusl A u B Ha3HBAWTCA nRepecmaH0goHbMIL
WIH KOMMYMUDYIOWUumL MeKIY coboil.

[Ipumep. MatTpuuu

1 2 —3
A= u B— 2 I
-2 0 —2 —4
IepeCTAHOBOTHH MeMAy CoGOi, Tar Kak
Y —T —
AB=— 6 BA= l 6
6 —4

Jlerxo mpoBepAeTcA COYETATEIbHOE CBOICTBO YMHOKEHHA MAaTPHI,
a TaKKe pacHpegedHTeIbHOE CBOHCTBO YMHOKeHHA OTHOCHTEILHO

CIO/HEeHNA:

1° | (AB)C = A (BC),
2° (A-+B) C = AC+ BC, (12)
3° A(B+C)=AB+AC.

Onepaliug YMHOKEHUsA MaTPUI eCTeCTBeHHHM 00pasoM pacnpocTpaHAEeTCA
Ha CJay4ail HeCKONBKHX COMHOKHTeIeil.

4. Ecam BocmoabsoBaThCA LPOHM3BENEHHEM NPAMOYTOABHHX MAaTpHI,
TO JAHHeiiHoe npeobpasoBaHme

Y1 =0Ty + 812%s + .+« + A1pp,

Yo = A%y —F Qo —+ . oo 1 Gopn, (13)
Ym == Am1 Ty + @maXa -+« - o+ GmnZn
MOKHO 3aIMCcaTh OJHHUM MATPHUYHEM pPaBeHCTBOM
|] Y ayy Az .o Qi Iy
Yo dpy  Qgz «.. Qop X
. -= - ’
ym \ ami am2 " e amn xn

HIH B COKpAaIlleHHON 3aluUCH:
y = Az. (13"

3mech &= (T, Tyy + -y Tn)s Y= (Y1, Y2y .« +4 Yp) —CTOAOIEBEHE MATPHIIH,
A =|| ajx || —IpAMOYTOAEHAaA MAaTpHIA DasMepPOB m X M.
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Pasencrpa (13) Bupaskaror coGoil ToT (akT, uro cronxbenm y ABIAETCA
duneiinott Kom6umanueir croabumos Marpmusl A ¢ xospumuenramMn
Xy, oy ooy Tpo

n
Y=2x40. 1+ Lott.0+ ... +xna.n=h21 Th. pe (13")

Bepremcsa: Temeps kK papencTBaM (11), KOTOPHE SKBUBAJIEHTHH OJHOMY
MaTPUYHOMY PaBEHCTBY |

C=AB. (14)
JTH paBeHCTBA MOTYT OHTH 3aIMCaHH B BUIE
n
c.,-:hgi brar (=1,2, ..., 9) (14')
UJId B Buje | _
n
e = ) aipbr. (i=1,2, ..., m). (14")
r=1

Taxum o6pasom, mw6oit j-ii cromben MaTpuub-nmpoussefenus C=AB
ABJISETCA JuHEIHOW KoMOuHammeil cToJ0OIOB NEPBOFO0 COMHOKUTENS, T. €,
Martpuiisl 4, mpudeM KooPUuueHTH STOH JIHHEHHOU 3aBMCMMOCTH 00pasyor
j-it cTonGen BO BTOpOM comHOjkuTene B. Awmanormumno, jmwobag i-A CTPOKa
B Marpune C ABIdeTcA IMHEIHOH KOMOWHAUMEH CTPOK Marpuus B, a koap-
PumuenTaMu STOW JWHEHHON 3aBUCHMOCTH ABJIAITCA SJEMEHTH [-H CTPOKR
Marpunsl A').

OcTanOBUMCA €Ie HA4 TOM 4YacTHOM CJy4ae, Korja B NPOU3BEJEHUN
C = AB BTOpOIl COMHOKUTEJb ABIAECTCA KBAJPATHON U ONPUTOM MarOHAJIbHOM

matpuneit B={d,, ds, ..., d,}. Torga u3 gopmyn (11) cmegyer:
cij:aijdj _(i=1,2,...,m; j:.1,2,...,n),
T. € )
Qyy Q3 ... Qn di ) S 0 ’ - a11d1 - aizdz - ,aindn
Aoy oz ... Qgp 0 dg ... 0 a21d1 a22d2 .o aann
Qi Ama .. Apn 0 0o ... dn am1d1 amzdz e amndn :
Anamormuno
di 0 ...0 iy Q43 ... Qn dia“ diaiz “ae diain
0 d2 e 0 agi Qo3 +.. Qop — dzazi dzazz e d2(12n
0 0 ...dn Am1 Amz - -- Amp dmlmy  Amlmz . -« dnlpy

TaxuM 06pasoM, npu YMHOMEHUU RPAMOY20AbHOL mampuys A cnpase
(caeea) Ha Ouaeonaavuyro mampuyy {di, ds, ...} ece cmoabys (coomeem-
CeeHHO cmpokun) mampuyst A nommoxcaromea Ha uwucaa dy, dp, ...

1) CnegomaTenbHo, MaTpuunnie ypasHeHmsa AX=—C, rne A m C—3ajaHHEe COOT-
BeTCTBEHHO M X n- H m X g-MAaTpHIH, & X —HCKOMasg n X ¢-MATpHLIA, HMeeT pedIeHUe
B TOM M TOJNBKO B TOM e¢llydae, Korfa crolbun marpunu € ABIANTCA JHHeHHHIME
roMOumuaimamu cTonbnos Matpulinm A, Hduas ypasuenus XB—=C neobxogumoe m gocra-
TOYHOE VCJAOBHE CYII€CTBOBAHAA pemresnsg X COCTONT B TOM, 9TO CTPOKM MaTpmIM C
NOJGKHE OHTH JWHEHHEME KoMOMHanmaMm CTpoR MaTpmul B,

2%
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5. llycre kBagparHasa marpuna C =||¢;; HT ABJAETCA IPOU3BEeJeHHEM
ABYX OPAMOYroassuix Marpunm, A —=||la;n|| u B=| bs;|| coorBeTcTBEHHO
pasMepos mXn M nX m: '

bii . s bim
€1 -. - Cim @1y Q2. ... Qyn b b
. : 2] e om
== e s e s e e ) , (15)
Cm1 ... Cmm ami amz ... amn b b
n LY nm
T. €
n
Cij = Ei aiabaj (lv ]= 1-? 2’ oy m)-. (15’)
=

YerarosuM BakHYID GopMyay bure—HKomu, sBapaxaomyio ompe-
neaurendb [C| 4epe3 MuHOPH Marpun 4 u B:

Cig o« Cim Qik; ov - alkm bkli bklm
. Dy e T T | R I 1+))
Cmi -+« Cm 1Shi<he<. .. <k <n| Qmky -+« Gmk_ | bkmi . e bhmm_

&

nId B CHEIUAaAbHEIX 0003HaweHWAX (cM. cTp. 13):

C(l2...m): 3 nsn'A(l :z.-..m)B(ls1 kz...km) 16

12...m 1<hy<ke<. .. <k k1 kz...km 1 2...m

Cormacao sTolf ¢opmyne onpedeaumenv mampuysk C pasen cymme
npou3eedeHUll 8CeEOIMONCHILL  MUHODOS MAKCUMAALHO20 (M-TO) nopadkal)
smampuyvt A na coomeemcmsyrowue MUHODPH MO20 e nopadra mampuys B.

Busopg gopmynu Buee—Homu Ha ocrosammm dopmyam (15°)
onpenenuTeas Marpuusl C MOKHO HPENCTAaBUTL B BHIE

n n
2,1 alalbali vee 2 . ariambamm
Oi= [
C11 ++ . Cim ! m
== 4« v e & ¢ & 2 a * 8 = e & &8 & & @ —
1 n n
{ Cmt +« Cum |
2 ammba]_i v 2 . amambamm
| o=1 o, =1
n ‘ aialbali ‘e aiambamm
o1, ...,0 =1 '
1 m amalbali P amambumm
n 1 2 ... m ,
- . E A N . . bal‘]_bazz e bumm. . (16)
g, ..., O =1 a Oy ... 0y
Ecam m>n, T0 CPeIH UHCOI Oy, Os, ..., &y BCELA HAHAYTCS paBHHE

MeRIy coGoH udcaa M, CIef0BATEABHO, KajKAOe ClaraeMoe B MPAaBOU YacTH
pasencrsa (16”) G6ymer pasHO Hyxiwo. 3HaduHT, B 3TOM caydae |C|=0.
IIycte temeps m<n. Torma B cyMMe, CcTOAmE# B OpaBod dacTh
pasermcrsa (16”), 6yAyT pasHE HyJi0 Te CJaraeMble, ¥y KOTOPHX XOTA Om
[IBa M3 MHIEKCOB Oj, Os, ..., Gy PABHE Mexmy coboii. Bce ixe ocrambmHe
craraeMele 9TOfl CYMMH MOKHO pasGHTh. Ha Tpynnsl mo m! caaraeMmx

1) Ecam m >n, TO MATPUOH A M B He HMEOT MHUHOPOB m-ro mopsjgka. B stom
caydae Ipaske uacra gopmyr (16) m (167) caepyeT saMeHHTs HYIAMH.
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B KayKAOH, 06BeMHAA B OJHY TPYIIY Te cJaraeMule, KOTOPHE OTIMYANTCH
APYyr OT APpYyra TOJBKO HOPSAZKOM HHJIEKCOB Qg Oz, ..., Op (HHIEKCH
oy, Op ..., Oy B Tpefedax KaKZOH TPYyNNH CIAraeMEX HMET OJHY
H Ty e COBOKYIHOCTHL 3HaueHmil). Torjga B npemesax OfHOH Takod rpyIIEl
CcyMMa COOTBETCTBYWINHX ciaaraeMeix Gymer paBHal)

12 ...m |
Eg(al, s, __,_,am)A ki kz--- km baliba22 bamm:

1 2 ...m- : .
=41y, kz__'km)zs(ai, gy « ooy Gm) bagtbag - - ba_m=

| A(l 2...m'B ky kg .
R VA N 1 2 ..

=
S 3
g

Iloaromy m3 (16”) momywaem (167).

IMpumep 1.
¢y dy
aje1+ agcy+ . .. -+ ancn ady+agde -+ ... +-andn ag az ... ap ¢y dy
b101+b262—|- .« +bncn b1d1+b2d2.+ . +bndn b1 b2 [ bn
¢n dn

MosTomy dopmyaa (16) maeT Tak HAasHBaeMoe TompgecTBo Homn

aiey-+-aye2t- ... Fanen agditapdy - A-andn | 2 a; ag| |ec; d;
biey+bacat+ ... Fbuen bydy+bada+ ...+ bpdn _ bi by | |ck dp
1<i<h<n
IMomarasg B aTOM TOKAeCTBe a;=—c;, bj=d; (i==1, 2, ..., n), TOIYyINM:
ai +af + ... +a} a1b1+ﬂzbz+---+§‘lnb.n B 2 a; ap |
aby+ asba+ ... +anby b2 4 b3 ... +b2 s<ich<n | Ui br

B caygae, xorja a; B b; (i=1, 2, ..., h)—BellecTBeHHEIe 9HUCJA, 0TCIOf|A CleAyeT
H3BeCTHOe HepaBeHCTBO

(a1by+agby b . .. -+ enbn)? < (@} Fad+ ... +ad) (B b3 ... Hbh)

lel 9TOM 3HAK paBeHCTBa uMeeT MecTO TOrja M TOJbBKO TOT[aA, KOorAa BCe dHCla a4 Ipo-

HOPIHOHAILEE COOTBETCTBYIOMMM YHCIAM b; (i=1,2, ..., n).
Dpumep 2 '
agey+bydy ... agentbidy @y by y
............. - €4 Cn
e e e e e e e e e e e e o .- dy ... dp
ancy+bndy ... ancp+bady an bn

IToaTomy?2) mpu n > 2 _
age1--bidy .. aen+bidn

-------------

1) 3nech ks < ky < ... < kpy—HOPMAIBLHO® PACHONOKEANE HHACKCOE Oy, O, « .-y Ay
a e(ag, Az, ...y am)=(—-1)N, rge N —d9uHci0 TpaHCHO3UIIME HHJEKCOB, HeoOXOAIMMEIX
aaa upeofpasoBanuA HepecTaHOBRU Oy, O ..., Oy K HOPMAIBHOMY PacHoJIOHeHHIO

by kel ... B

2) CM. coocky Ha crp. 20.
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PaocMorpuM wuacTHH#E cayuait, Korma A um B -—kBagpaTHHE MaTPUIH
OJHOTO ¥ TOrO ;e MopAfkKa n, u noioxuM B (16') m=n. Torga npuxogum
K H3BECTHOH TeopeMe 00 VMHOKEHHHM ONIpeIesIuTeseii:

CiZ...n 4 12...n312...n
M 2...n/"%\12...n 12...n)°
- WMIIM B Apyrux o0603HAUEHNAX:

|C|=14B|=[A][-| B]. (17)

Tarum o6pasoM, onpedeaumead npoussedeHus 08Yx KeadPAMHBLL MAM-
Puy pasen npousgedeHuio onpedesumencii nepemHONAEMBL MAMPUY.

6. ®opmyna Bume —Komm pmaer BO3MOMHOCTH B camMOM oGmEM ciayuae
BHPa3uTh MUHODH HPOU3BEREHUA ABYX IPAMOYTOJNBHHX MATpHUI[ 4Yepe3 MH-
HOpPs comBoxuTeneit. [lyctn

A=|awl, B=|bn;l, C=liei]
(=12, ....m k=1, 2,...,n; j=1, 2,...,q)

( =AB.
PaccMOTpEM IPOMBBOJBHHIE MuHEODP Marpmnst C:
C(i.i iﬁz...ip) (1 <i1<€2<...<ip<m
JiJze«ejp Lh<<je<<...<jp<(q

Marpuua, cocraBlieHHAad ©3 3JEMEHTOB B3TOT0 MHHOpPA, NpPeXCTaBIAET
co0oit mpousBeeHEMe IBYX IPAMOYTOJIBHHX MAaTpPHUII

;o psm, Q) .

by .- b,

A1 Qiyo . Qin b2 K b s

.« e e . , 10 Y27,
Ii alpiq aip2 Ainn I

‘bnjl bnjp

Ilosromy, nupumenas ¢opmyny Bume—Homu, monygaem:

iy lgeo.l ‘ iy Qoe.. i Ry kg .. kp\t
C(.i ;2 .p)____ 2 A(;;}cz kp)B(-i 2 .p)) (18)
Ji Je .-+ ]p I <hicha. <hy<n 1 ff2 ... Fp J1 Jz2-..Jp
Mpu p=1 ¢opmyna (18) mepexogur B dopmyny (11). IIpu p > 1 dop-
myaa (18) asasercAa ecrecTBeHHHM ofoOmEEnmeéM dopmynn (11).
OrmeTnM eme OXHO cliefcrBue usd gopmyan (18).
Pane npoussedenus 0syx npAMOY20AbHELE MAMPUY He NPESOCTOIUM paHead

wwbozo us comrHoxcumeanetl.
Ecan C=AB un r,, rg, rc— paurun Marpur 4, B, C, ro
rc‘\‘; T4y T's
7. Ecniu X —pemerne MarpuuHoro ypasuesHd AX=C (pasmepr marpun 4, X u C

COOTBETCTBEHHO m X n, n X g © m X g), To rx > rc. lloramem, 9T0 cpedu pewenuii mam-
puunozo ypasnenus AX==C cywecmsyem pewenue Xo MUHUMANBHOZ0 paH2a, 0af KOMODPOZO

PXD:-——FC.

1) U3 roii e fopmynu Bure — Homir creayer, 9T0 MOHOPH p-T0 MOpAAKa MATpHIEl C
OpH p > n {eCli¥ MAUHODH TAKHX IOPAAKOB MMEIOTCA) BCe PABHH HyIW. B srom cixydae
npaByio 4acTh gopMyas (18) cregyer samenHTs HyxeMm. CM. cHOocKy Ha cTp, 20,
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JlelicTBUTENbHO, NyCTh F—=rc. Torga cpefm cTOXOMOB MAaTpHuLl C HMeETcda r JH-

Heitno HezaBHCHMEX 1). IIyCTh NI KOHKPETHOCTH HepBHeE r croddmoB C., ..., C.;
JMHEHHO HEe3ABHCHMB, a OCTibHbE CTOAOOH C,ry4,...,C.q ABIAKNTCA JTHHEHHBIMH
KOMOMHANMAMHA TEpBBIX !
r
Cj= D ajpC.h  (G=r-1 ..., 9. (19)
k=1
Iyers X —upoussoinbroe pemenue ypapuenua AX—C. Torga (em. ctp. 19)
AX ,=C.;, (b==1,...,r). (20)
Ompeneanm croabnet X.riq, ..., X,y PAaBEHCTBAMHA

"
X.j= 2 ajrX.n G=r+1. ...,9).
k=1

YMuo;kas 9TH paBencTBa cjiesa mowienno ma A, B cuay pasescts (19) m (20) maxojpum:

AX.j=C.j  (=r+1,..., 9. (20"
Cucrema u3 ¢ paseHcTB (20) m (20') sKBHBaJElTHA O/JIIOMY MATPHYHOMY PABEHCTBY
AXy=0C,
rie Xo=(X.1, ...s Xorr Xupits oves f,q)—Mannua panra r2),

Pewenue Xy munumanviozo panea rg mampuunozo ypasnenus AX=C ecezda nped-

cmasumo 8 eude
XO:VC,
rjie V—Hexoropaa n X m-MaTpHILA.

HeiicTeuTensuo, us pasenctsa AXy=—C ciexyer, 4To CTpOKH MaTpHum C ABIA-
0TCA IHHefBHMA KOMOHHAOHAMHA CTPOR MaTpuibl Xg. IIoCKOIBKY Kax CpelH CTpOK
maTpunbl C, Tak H cpelu CTPOK MaTpHOH X, MMeeTCA OJHO M TO e YHCIO ' IHHEMHO
He3aBUCHMHX 3), TO M, 06paTHO, CTPORM MATPHUB X( ABIATCA IHHEMHBIMH KOMOHHA-
OUAMH CTPOR maTpuou C, a oTclofa yiKe ciaenyer pasexHcTBo Xo=—=VC.

HJoraskem Temepp ciefyicmee OpeiiodKenne 4).

Mampuuroe ypasweHue

AXB=C, (21)

2de A, B-—3zadannpie, o X —UCKOMAZ NPAMOYLONLHAS MAMPUYQ B), umeem DeEUEHUE 6 MOM
U MoabEe moM Cayuae, K020a GOMOSPEMEHHO UMEIOM DEULEHUR MATMPUBHLIE [JDASHEHUR

AY=C, ZB=C, (22)

m. e. wozda emoabyw mampuyrl C asasiomes AunelHolMu KOMOUHAUUAMU cmoabyos mam-
puyst A, a cmporu mampuyvt C 64%10MCcA AUHCTHBIMU KOMOURAYLIMY cmpOE Mampuys B,
B camom pmeme, ecnm matpuna X —pemenme ypaBHeruda (21), o matpunm Y=—=XB
un Z=AX ABIAKTCA peIleHNAMH ypaBHeHMH (22).
ObpatHO, mycTh cymecTByioT pemenua Y, Z ypapaenmii (22). Torma mepsoe
U3 3THX ypaBHEHUH HMeeT pelieHHe Y, MHHUMAJIBLHOTO PAaHTa rg, KOTOpoe N0 J0Ka3aH-
HOMY TpejCcTaBNMO B BHE

YO: VC
TMoatomy
C=AYy—AVC=AVZB.

Torpa matpuna X—=VZ Oyfner pemenuem ypasHeunmsa (21).

1) Mu ccrmaeMcAa Ha XOpoIO H3BeCTHOE MOJNOMKEHMe: paHT MATpPHUOH DaBeH IUCILY
JHHEHHO He3aBHCHMLBIX CTOJMOIOB (CTpoK) MaTpmibl. JOKa3aTelbCTBO 3TOr0 HOJIOMEHESA
opusegedo B ra. I1I, ctp. 68. : '

2y B marpune X, mociaefinme n—r CTOJAOLOB ABIAKNTCA TAHEANHMH KOMOMHADAAMA

HepBLiX 7; mepeee ke 7 cTouabuoB X.q, ..., X., JHHEHHO HE3ABHCHME, TaK KaK JTHHeH-
H85 3aBHCHMOCTH MEMJY 3THMH ¢ToaOmaM¥ B cuiIy paBeHCTB (20) moBleKaa OW JHHEH-
HYI0 3aBHCHMOCTH MeXKAy croxbmamu C.q, ..., C.,.

3) Cm. cHOCKy Ha cTp. 19.

) Cm. [232], [199].

5) Ilpeamomaraercs, uro pasmepnl mMatpun 4, X, B, C TakoBH, WTO HpPOH3BEJeHHE
AXB mmeer cmbici W umeer pasMephl MaTpuubl C. '
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§ 3. Keaaparnsie MaTpuibl

1. ReagparHyio Marpumy rn-ro HOPAAKA, Y KOTOPO# HA riaBHON AHAro-
HaJIH CTOAT eJUHUOL, & BCE OCTAJbHEE BIEMEHTH PAaBHH HYyII0, 6yxem
Ha3HBaTh edunuunol mampuyeli m o6o3Hauwars ueped K™ umam mpocro E.
Haspanne «eZMHMYHAA MAaTPHOA» CBA3AHO CO CIEYIOIIAM CBOHCTBOM MAT-
punu F: pna mo6oit mpAMOYTOABHOH MATPHIH

A=|lai]] (@F=1, 2,...,m; k=1, 2,...,n)

HMEIOT MECTO PaBeHCTBA
Ouesnpgno,
EM =8|}

Ilyecre A=||a;||? —kBagparraa marpuna. Torga cmenens mampuyw
ompefensaeTcA OOHYHEIM 00pasoM:

AP=AA...A (p=1,2,...); A°=E.
Ner— —
p pas

I/I3 CO0YeTaTEIhHOT0 CBOMCTBI yMHOPRGHI/IH MarTpun CJIexyer.
AT = ArHa,

371eck p, ¢-— IPOU3BOJLHHE IE.KEe HEOTPUMATEILHAEE YHCIA.
Paccmorpum MHOTOWIEH (meayl0 panmuMoOHANBHYI0 (YHROUI0) ¢ Koadon-
nuentamMu n3 moaAa K:

F () =agt™-Fot™ 14 L. - apy,.
Tormna mopm f(4) OygeM nmoHMMATh MaTpHLY |
f(A)=0a,d" a0 A™ 1 L apnE.

Tar OmpeRenAeTCA MHO204.AEH OM MAMDUYLL.
Ilycts MHOrounmen f () paBeH IpomsBefeHHI0 MHOTOWIEHOB A (t) m g (I):

fey="n(t)g ()

Mguorounen f(t) momyuaercss u3 h(f) u g(f) myreM TOWIEHHOTO II€pPEMHO-
JMEeHHA M IpuBefeHNA mOXoOHHX wieHOB. Ilpm arom mcmommsyercs mpasmio
nepeMHOeHHA cTeneHei: (Pt?=¢P", Tak Kak Bce »TH HelcTBHA IIpaBo-
MEePHH H IPH 3aMeHe CKAJApPHOH Bf "MUMHH ! Ha mMatpuny A, To

f(4)= (4)g(4).
Orcioga, B wacTHOCTH,
h(A)g(A)=g(4)h(4)1),

T. €. 0dsa MHO20U.AeHa OmM OJMOL U moil Jce mampuywl sce2da nepecmaHo-
BOUHBL MEHOY CcO6O0LL.

1) Tark Kark KakJ0e H3 OSTAX NPOH3BeleHHH DpAaBHO OJHOMY M TOMY ke f (A),
OOCKOMBKY u g (1) h (1) =/f (). CaeayeT OTMETHTH, YTO MOJCTAHOBKA MATpHL B aaredpam-
9ecKoe TOMKIECTBO ¢ HOECKOI b K EMH HepeMeHHHME HempaBOoMepHa. Bopouem, nepe-
CTAHOBOUHEE MEKIY cO00H MATPHMI{H MOKHO HOJCTABIATL H B 3TOM CIyIae,
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Mpumeps.

VeaopaMesl p-i nadduazonaavio (nodduazoHaabio) B NPAMOYTOJBHOH  MaTpuie
A=/|| a;p || HABHBATL PAJ BIEMEHTOB a;p, ¥ KOTOPHX k—i==p (COOTBETCTBEHHO i—k=p).
OfozHauAM "depes H KBAZpaTHYI0 MATPHILY A-TO HOPANKA, Yy KOTOPOH 3JeMeHTH IHepBOi
HaJAMAroHaAd pPaBHE eJMHNIE, a BCe OCTAJbLHEe IEMeHTH PaBHH Hyl. Torpga

0014 ...0
01 0... 0 L. .
0 O 1 . - . - - -
gl - - -1, ge=| . . Jillmr g
R . ) 0
000..°0 0 00..0
HP=0 (p>n).

B CHJIY 8THX paBeHGTB, eciin
} () =ag-agt-Fagt2+ ... +an " L

—MHOTOWJIeH OTHOCHUTEJIBHO ¢, TO

2, a3 a2 ... A4p—{
0 a ay . .
f(H)za0E+a1H~[—a2H2+“,z . . . 2 .
. a4
0 0 O e Hlo

AHQIOTUYHO, ecau F-—xBagpaTHasa MaTpulia n-To 'OOpAAKA, Yy KOTOpOil BCe 3lle-
MeHTH mepBOH mOJPAarOHATH DABHH = eJHHHIE, A BCe OCTAJbLHEE 37eMEHTH pABHBL
‘HYII0, TO

ag 0 ... O

ay ap y
f(F)=aoE +ayF+apF2...=| « - - " .

LT

An-1 ++- 21 Qg

IpeparaeM 4UTaTeJI0 HPOBePHTH ClefyioIde CBolicTBa MAaTpun H u F:

1° "B pesyavmame YMHOWCEHUR RPOU3BOABHOL M X n-mampuyvlt A caeéa HA mam-
puyy H (mampuyy F) m-z20 nopadra ece cmporu mampuysl A nodxumanomcs (onyckaiomea)
Ha o0Ho mecmo gsepx (8nu3d), nepeas (nocaednas) cmpora mampuydt A ucuesaem, a nocaed-
naa (nepeas) cmpora npoussedeHusn sanoinsemcs Hyasmu. Tax, BaOpuMep,

0 1 0) |lag a2 a3 a4 by by b3 b
0 01 by by by byil=|lcx ¢p c3 ¢ |,
0 00 e ¢y €3 €4} 0 0 0 O
0 0 0 ay az ag a, 0 0 0 O
1 00 by by by b, ||=|a1 as as a.| .
0 1 0 € €y C3 €4 by by b3 b,

2° B pesyasmame yMHOMCEHUA TN POU3GOABHOE m X n-mampuyw A cnpasa Ha
mampuyy H (F) n-20 nopadka sce cmoabyn mampuybst A cdeucaromcs enpaso (sae€0) Ha
00H0 Mecmo, npu smom nocaednut (nepewiil) cmoabey mampuybl A ucuedaem, a nepevil



20 MATPHUIE U OENCTBUA HAL HUMHI (. 1

(rocaednuil) cmoabey npouseedenus sanoinsemcs wyasmi. Tak, HanpuMep,

0100
ay as agz a, 00 1 0 0 a1 as aj
by by b3y by o 00 1II7 0 by by b3,
€4 €3 €3 ¢ 00 0 0 0 ¢ ¢5 ¢

0 00O
ay as az ‘a; 10 00 as as a; O
bl b2 ‘b3 b4 1 0 0 — bz b3 ’b[* 0 .
g €3 €3 ¢4 0 1 0 s c3 c; O]

0

2. Kpagpareyno wmarpuny GyAeM HA3HBATh ocobennol, ecam |A|=0.
B npormBHOM cayuwae kBajgpaTHas Mmarpuna A Ha3KBaeTCH HEOCOGeHHOLU.

Ionch A =||a:;x ||t —BeocoGernan wmarpuna (|4 |=z£0). Pacemorpnm
JUMHEHOE TpeobpaszoBaHMe ¢ Marpuueldl KosPPunuenTon A

Y= Z appxr, (i=1, 2,...,n). (23)
E=1

PaccmarpuBas paBeecrsa (23) Kak ypaBHEHHA OTHOCHTEIBHO Xy, Ls, ...
..y ¥p W 3aMe¥ass, YTO ONpeJeJHTeNb CHCTEMHl ypaBHeHHmH (23) mo ycao-
BHUI OTIHYCH OT HYJs, MH MOKeM OJHO3HAYHO [0 H3BECTHHM (OPMYIam

BHIPA3UTD Ty, Ty ». ., %n IEPE3 Yy, Yoy -« oy Ynt
a11 .o ah i1 yi ai,i_]_i DR am ' n
1 Qog » .. Qs ¢ a ce. @ o -1 .
&= 21«0 Q2,74 Y2 Ao, 11y lon || = Z ey (i=1, 2,...,n).
| Eet
Qny «+-Qnyiq Yn Qn, 441 -+ - App

(24)

Mu momyunam «obparsoe» npeo6pasoparue gas (23). Marpuny roagpdu-
NIMeHTOB 3TOTO IpeobpazoBaHuA

A7 =[lai” |}

MH Ha30BeM 06pammoli mampuyel gias marpunu A. W3 (24) xzerko ycmor-
perb, 4TO

(-1 Ap; . :
air = (ly }C:“i, 2a °'-,n)v (25)
rpe Ay, —anareGpamdeckoe AONOIHEHHE (QIBIOHKTA) 3IEMEHTA ap; B OIpe-

nemanrene |A|(i, k=1, 2, ...,n).
Tax, Hampumep, ecau

ay a; dag|
A=Uby by byl mw |A|s£0,
€4 C3 C3
TO
. bocs—bgcs  @scs—ascy  asbz;—azh,
A'1=—'—1—l— byey — bicg  agcs—asey  azby — a, by

|

bicz — bzcli QAoCy — Q4Co a1b2 — a251

O6pasya cocTaBHOE nIpeoGpa3oBaHue ‘U3 AAaHHOro mpeoGpasoBamma (23)
n obpaTHOro (24) B OHOM M B APYroM NOPsAAKe, MH B 0GOMX CaAydasx
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mosyuaeM TO;KIecTBeHHoe mpeoGpasopanme (¢ eAMHMYHON MaTpuneid Kosg-
<pUIUEHTOB); WOBTOMY

AAr = AA=E. (26)

B copapepnuBoctn pasenctB (26) Mo:kHO y6eiUThCA H HEIOCPE/CTBEH-
apM mepemuoxkenneM matpun A u A7l JleficrButensno, B cuay (25)7)
n n '
_ - 1 .

k=1 k=1

Anazorugso

n n

_ 1 .

[A-IA]”: 2 a%jl)aka I_ATZ Akiakaéij. (l, ]:'1, 2, . .',n).
h=1% k=1

Herpyano Bufgers, 9TO MaTpUYHEE YpPaBHEHUA
AX=E uw XA=E (J4|+#0) (27)

HUKAKUX APYTHX pemenuii, xpome pemennsd X = A1 ne umernr. [eiicrsn-
TeIpHO, YMHOKasa o6e 9acTH HmepBOTO yPaBHEHHs cleBa, & BTOPOTO— cIpaBa
Ha A™! W WCHONB3yA COYeTAaTeIbHOE CBOMCTBO IPOM3BE/EHUS MATPHI, a TaK-
ske pasemcTBa (26), MH B 060MX cIydasgXx HOIyduM 2): '

X=A"

DTuM ke cIoco6oM JoKasHBaeTcd, d4TO0 KasKJoe M3 MaTPUIHHX ypaB-
HeHN}

AX=B, XA=B (4|0, (28)

rae X u B — npsaMoyroinsHsle MaTPHUIEI PaBHHX pasMepoB, A——I{BaJJ;paTHa;I
MaTpuma CcOOTBETCTBYIOIErO0 pasMepa, HMeEeT OOHO H TOJIBKO OAHO pe-
ImeHnHne: ‘ '

X =A"'B u COOTBETCTBEHHO X =BA™, (29)

Marpums (29) ABIAWTCA Kak OB «I€BHM» H (HPAaBHIM» TaCTHEIMH OT «[€me-
Husy marpumsl B Ha marpuny A, M3 (28) m (29) caegyer COOTBETCTBEHHO
(cm. crp. 22) rp<rx U rg<rp, 1. 6. ry=rg Comocrasnasa ¢ (28), umeem:
II pu ymHodcenuu npAMOYeOAbHOT MAMPUYBL CA€64 UAU CNPAEA HA HEOCO-
Gennyio Mampuyy paHz UCTOOHOTL Mampuywsl He UMeHAemcs.
3amerum eme, uro m3 (26) Bmrexaer (A4|[A7'{=1, T. e.

1

|4 =157

Mins mpousBefeHus ABYX HeOCOOEHHHIX Marpui UMeem:

(AB)1= B4, (30)

1) 3peck MH HCHONb3YyeM H3BECTHOE CBOWCTBO ONpejelNTeNs, COTJIACHO KOTOPOMY
cyMMa IPOH3BeJleHMI 31eMeHTOB Kaxoro-nnfo crTonfna Ha HX a['BIONKTH DaBHA BeJ-
uUHe OIpeeuTeNs, 4 CyMMa LNPOH3BeJeHU 2JeMeHTOB CTONONA Ha ANBIOHKTEL COOT-
BETCTBYIOIAX 3JIeMEHTOB IPYroro cToifna paBHA HYIIO. '

2) Ecim A—ocofeHnas MaTpula, TO ypaBHeHHA (27) He mMeioT pemenwuii. [lehcT-
BUTENBLHO, ecad O Kakoe-Im0o U3 3THX YpaBHeHHH #Mel0 peileHde X=| zsx||T. .T0
Toraa |6wMo 6H B cmuy TeopeMbr 00 yMHOieHNM oOmpefeNHTeNedr [cM. dopmyay (17)]
|A|| X |=| E |=1, w0 HeBosmomxHO mpu |4 |=0.
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. 3. Bce Marpunu n-ro mopagka o0pasyoT Kouabuol) ¢ eJUHMYHEM sjyeMenToM E.
IlockompKy B 2TOM KOJXBLE ONpPEeJeleHA ONEPALMA YMHOKEHHS HA YMCIO0 m3 moiaa K
M CymecTBYeT Gasme u3 n? ImHeHHO He3aBHCHMEX MAarpHl, Yepes KOTOpHe JHHEHHO
BHIPAHAKTCA BCE MATPHIE n-TO MOPAAKA 2), TO KOJBLO MATPHI, n-TO NOPAIKA ABIACTCH
asezebpoli 3),

Bce kBajgpaTHHe MATPHLH n-I'0 MOPAAKA 06pasylOT KOMMYTATHBEYI TPYHITY OTHO-
CUTeJBHO Omepauud ciao;enud %), Bce meocobeHHEIe MATPUIH 7-T0 TOPAAKA 00pa3yoT
(HeKOMMYTATHBHYIO) TPYONY OTHOCHTEIBHO ONEpaldd YMHOKEHHH.

HKeanparnas marpunma A =] a;;||? HaseiBaeTcs eeprHeill mpeye0.4bHOl
(HuncHeil mpeyezoabroli), ecAd PaBHE HYII0 BCe 2AEMEHTH MATPHILH, paciio-
Jo/eHHEE TIOA TIaBHOH AuaroHanbio (Hafg IJaBHOW AHATOHAIEIO):

Ay Qg ... AQn ' ayq 0 . e 0

0 A3 ... Qop gy doo ... 0
A= . . . , A— . .

0 0... ap, Gni Qng ... Qpn

(1) (2)

JmaromanpHad MaTpHLA fABIAETCA YAaCTHHM CAydYaeM KAk BepXHed, Tak
I HWAHEM TPeyroJabHOH MAaTPHIIHL.

Tak Kak onpefexuTeNb TPEyroJdbHOH MATPHOH PaBed NPOU3BEEHHIO
€€ JUaroHaJbHHX 3JeMEeHTOB, TO TPeyroabHas (W, B 9aCTHOCTH, JMATOHAJIb-
Haf) MaTpUIa ABAAeTcA HeOCOOEHHOH TOMBKO TOrZA, KOTJA BCE €€ HAaro-
HaJbHHE 3JeMEHTH OTJAWYHH OT HYJIA. :

Jlerko npoBepHTH, 9TO CyMMa H INPOH3BE[EHUE JBYX [HATOHANBHHX (BePXHHX
TPeYTOJLHHX, HIGKHHX TPEYrOJbHEIX) MATPHI, -eCTh [(HATOHAJBLHAA (COOTBETCTBEHHO
BEepXHAA TPeyrojibHAs, HWKHAA TPeYTOJNbHAA) MAaTpHIA B 9TO ofpaTHas MaTphHna s
HeocobeHHO# AMATOHANBHOA (BepXHed TpeyroabHOH, HIWKHEH TpPeyroAbHOH) MaTpHIIH
ABIAETCA MATPHIEH TOro ke tuma. IloaTomy ’

1° Bce pmaromaanHsie, BCe BepXHAE TpPeyTOJILHEE, BCe HHMKHUE TPeyroJbHEIE MaT-
pHINH 72-TO mOpAfAKa 00pasyloT TPH KOMMYTATHBHEE I'PYNNH OTHOCHTENIBHO ONEepamum
CIOKEeHHAA. '

2° Bce meocobOenHEe AMATOHAJIBHEE MATPHANE 06pasyloT KOMMYTATHBHYKX TPYNILY
OTHOCHMTEIBHO YMHOKEHUS. _

3° Bee meocobenHsle BepXHEHE (HM/KHNE) TPEYTOJBHEIE MATPHL(H COCTABIAKT rpynmy
(HeKOMMYTaTHBHYK) OTHOCHUTEIbHO YMHOMKEHHSA.

1) Koavyom HABHBAETCA COBOKYHOHOCTL DJIEMEHTOB, B KOTOPOH ONpe[eleHsl M BCEr/a
OJHO3HAYHO BEIODOJHHMEl [Bé ONEPAIMH: «CIOKEHHe» HBYX JJEeMEeHTOB (C mepeMecTH-
TEIBHHM H COYETATENBLHHM CBOHCTBAMH) M (YMHOM(eHHE» JBYX SJEMEHTOB (C codera-
TeJbHHIM W PACIpPe/EIATENbHHM OTHOCHTEIBHO CIOKEHUS CBOHCTBAME), NPHIEM CJO-
yenne obpatumo. CM., mampmmep, [20], cTp. 15, 25 = 100 mam [39], cTp. 333.

2) JleficTBATENLHO, NPOWM3BONbHAS MATPEUA A==| a;; || ¢ snementamm ma K mpep-
iy Hpes

cTaBmMa B BHae A= 2 a;rEig, THe E;p—MaTpHLa n-T0O OOPAAKA, Y KOTOPO# HA mepe-
i,k=1 :
CeUeHHH i-H CTPOKH M k-ro croxbua cTouT 1, a BCe OCTAILHHE IEMEHTsl paBHH O,

3y Cwm., manpmmep, [20], cTp. 101.

4) I'pynnoli HABEIBAEFCH BCAKAA COBOKYHNHOCTH 0GHEKTOB, B KOTOPOH ycTaHOBIEHA
OmepanisA, OTHOCANAA JIOOHM HABYM 3I€MeHTaM & H b COBOKYIHOCTH OHpefeleHHSIl
TpPeTH# 31eMeHT a4 >K b TOH e COBOKYIOHOCTH, ecid 1) omepammsa o6Jaajgaer cOYeTATENE-
HEIM CBOHECTBOM [(a XK b) XK e==a X (b XK ¢}], 2) cymecTByeT B COBOKYOHOCTH ©MWHHIHHIN
aJIeMeHT e (a K e=e X a=a) m 3) naA A000r0 3IEMEHTa @& COBOKYHNHOCTH CyIMECTBYET
oOpaTHHE aaeMeHT a~l (a K a~1=a~1 X a==¢). 'pynina Ha3HIBACTCH KOMMYMAMUEHOE AN
abeseeot, eCIM TPynmoBaa omepanus o00JajgaeT nepeMecTHTEALHHIM CBOHcTBOM. OTHO-
CHTEJIBHO ODOHATHA IPYyOOH cM., HampuMep, [20], ctp. 310v-m pamee.
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4. B sakaioueHHe 3TOr0 maparpaga yKa)keM Ha JBe BayKHEe OIepPaInuu
HaI MATPHIAMH — M PAHCROHL POGakue MATPUNE W HePeX0x K CONnPAICEHHOU
Marpuile. :

Ecim A=llap| (=1,2,...,m; k=1,2,...,n), To TpaHCHOHHPO-
BagHag Marpuna A’ ompexeasiercs paBeEcTBoM A’ ={|aj |, rae arpi=ap
(i=1,2,...,m; k=1,2,..., n). ConpsmrerHaa mxe marpuma A*=|al|,
rae afi=api=a; (=1,2, ...,m; k=1, 2, ..., n)'). Ecan Mmarpuma 4

nMeer pasmMeps m X n, To Marpune A’ m A* uMelor pasMepH n X m.
Jlerko mpoBepsoTcs cBoOiicTBaA®):

1 (A-BY =A'--B', (A4 B)*= A*- B*,
A (ad) =ad’, (2 d)* = ad*.

3° . (ABY=B'4A’, (AB)*= B*A*.

4° (A7 =@y, (A=A

5° Ay =4, (A%* = 4.

Ecam xBagpatHas marpuna S =| s; ||? coBmajaer co cBoell TpaHCHO-
auposanHoi (S’ =S5), TO Tagam MaTpUila HA3KIBAETCA CLMMEIM PULECKOLL.
Eciu e rBajgparHas Marpuna H =| hy || coBmagaer co cBoeif comps:xeHHOH
(H*=H), 10 0oHa Ha3nBaeTcA Jpmumosoli. B cuMMeTpuIecKoidl MaTpuie
3IeMeHTH, CHMMETPHYHO PACHIOJIOKEeHHEE OTHOCHTEJBHO IJIaBHOM AMAroHAaJH,
paBHE, a B SPMHUTOBOH OHM KOMILIEKCHO CONPSKEeHH MexAy coboit. [maro-
HaJAbHEE 3JeMEeHTH 5PMHUTOBOH MATPUMIIM BCerga BEIECTBEHHH. OaMeTHuM,
9T0 OPOM3BeJeHUEe JBYX CHMMETPHYECKHMX (SPMMTOBHIX) MaTpuiu, BooOImIe
roBops, He SABISAETCA CUMMeTPMYecKo# (spmmuroBoit) Marpuueit. B cuny 3°
HSTO MMEeT MECTO TOJHKO B TOM CIy4ae, Korja AaHHHE JiBe CHMMeTpHUYeCKHe
UIM DPMHTOBH MATPHIE IePeCTAHOBOYHH Me:KAy CO0OI. ﬁ

Ecan A—sewjecmeéennas marpuna, T. e. MATPHUIA C BemeCTBEHHLIMHU
aaemMeHTamm, T0 A* =A’, OpMuTOoBa BemEecTBeHHAaA MaTpHUIa BCerJa ABIACTCH
CMMMETPHYECKOM. ‘

C raxpoi mpaMoyroabHoil MaTpuieii A = || a;; || pasMepoB m X n CBA3AHH
nBe opMuToBHl Matpunn AA* m A*A pasmepoB mXm m nXn. Jloboe
n3 paseHcTB AA*=0 mau A*4A-=0 Baeger 3a coGoii®) paseHcrBo A =:0.

Ecan kpagparBas Mmarpuna K = | k;;||* oramuaerca MHOKuTedem —1
OoT cBoeli TpaHcmomupoBaHHO# (K'= - K}, TO Takas MaTpuMIa Ha3HBaeTCH
rococummempuieckoli. B KococuMMmerpuuecKol Marpume Jgoo0He 1aBa 3Je-
MeHTa, PAacHoJO;KeHHHE CHMMETPHYHO OTHOCHTEJNBHO TIJIaBHOH MHATOHAJIH,
OTIWYAOTCA APYr OT APyra MHO)kMTedeM —1, a pguaroHadbHEE 3JeMeHTH
pasHN Hymlo. M3 3° camemyer, d9ro mpoumsBefeHHe [ABYX NepecTaHOBOYHHX
Mexay co0oii KOoCOCHMMETPHYECKHX MATpPMIlI ABJIAETCA CHMMETPUYECKOH
Marpuuei 4).

1) Yeproit 06o3HagaeTca mepexof K KOMIUIEKCHO COIPS:KEBHON BeaHIHHE.
2) B dopmynax 1°, 2° 3° u 5° A, B—OpOH3BOJbHEE NPAMOYTOJAbHEE MATPHIH,
Jiig KOTOPHIX COOTBETCTBYIOIIME OMePATHAH BHIIOJHHMH, 3 ((— IPOH3BOJBHOE KOMILIEKC-
HOe umcyao. B dopMyne 4° A— mpoms3BoAbHASA KBaZpaTHAd HEOCODEHHAH MaTPHIA.
3) 9ro ¢aemyeT W3 TOrO, 9TO CYMMa JHATOHAJBHEIX 3JEMEHTOB B KaKJOH U3 MATPHUI
m n
AA* u A*A pasma Z Z | a;n 2.
i=1 k=1
4) OTHOCHTENAbHO OpeAcTABJCHHs KBaApaTHON MaTpuum A B BUJe NIPOH3BEJeHHA

aByx cumMeTpmdecKHX (4=51S55) aubo AByx KococmmMmerpmiecKmx MaTtpuy (A=K K,)
M. [247].
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§ 4. AcconmmpoBanEEie MaTpunbl. MEHOPH 00paTHOi MaTpHIGHI

[lycrs gaHa Marpuia A =|| a;x ||}. PaceMOTPEM BCEBOSMOKHEIE MUHODHE
p-ro (1< p<n) nopagka Marpuust A:

Iy Ip...lp <l ... <ip
A (k‘l kz... kp) (1 k1<k2< <k \n)- (31)-

Yucmo aTux MuUHOPOB paBHO N2, rme NN = CL—4ucio coueramnit u3 n 1mo p.
dus Troro 9rodu pacnomomurb mubopsl (31) B kBagparayo raGauuy, samy-
MepyeM B ONPeJeleHHOM (HalpuMep, JIeKcHKorpadgudueckoMm) HOpAAKe BCe
coYeTaHusa IO p u3 n umEIEKcoB 1, 2, ..., n.

Ecnmu coueraHua MHIEKCOB iy <Tlip< ... <lIp U ky<hky<C... <k, npw
3TOM HyMepamum OyAyT HMETH HOMEpPA O u ['} 10 MuHOp (31) ﬁy;(eM 0603-

HA4YaTh U TaK: )
iy g .. ip
Ry ko o Ky

Hasas o« u [ Hesasmcmumo jpyr or mapyra Bce sHadeHmsa ot 1 mo N,
MEl OXBATHM BCE MUHODH p-ro mopagka marpunbl A = ay [T
Heagparaaa marpuua N-ro mopsangka

Up= | Gaf IHV
HA3HBaeTCA pP-H accoyuuposannol mampuyel paa Marpuun A= a; |[?;
P MOmeT OpUHMMATh 3HaveHus 1, 2, ..., n. [lpu srom A, = A4, a marpuna ‘ﬁ

COCTONT W3 OJHOTO DJEMEHTa, paBHOI'O A
3damMeganue. quﬂnon HyMepaluu COYeTaHnil MHACKCOB QUKCHUDYETCH
pa3 HapcerjJa M HE CBfi3aH ¢ BHGOpOM Matpumu A.

IIpamep. IlycTs

Gy Qg2 @33 Ay
Ggq Gz QGaz Qg
a3 @3 Q33 azs||
i1 Qo Gz Auy

[lepenymepyem Bce COYeTAaHMA M3 ueTHIpeX wuHAeKcoB 1, 2, 3, 4 mo fABa, PaCHOIOKUB.
HX B CcAeAyiolleM IOpAKe:

(12 (13 (14 23 (2 4) (3 4).
a(i3) 4(1s) 4Gi) 4 (Gs) 42
A(fi)AG?)AGE)A(”)A@)
a(42) 4(15) 41 ) 4(23) 4 (32)
A(fg)A(ls)A( ) 4(2s) a(Gh
A(?é)"(i:)“‘(?i) §§ A<24> (34,
(1) a(is) a0 4(Gs) aGa) 2 (s

OrmeruM HEKOTOpHE CBOHCTBA ACCOLMMPOBAHHHX MATDPHIL:
1° Hs C=AB caedyem Gp=UpP, (p=1, 2, ..., n).

Torma

)

(5
a6
(éii)
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JleficTBuTeaIpHO, Bmpamaﬂ MmuHOpH p-ro nopsaaka (1<<p<n) MaTpHIB-
npomsseferua C HEPe3s MHHODPH TOTO K€ HOPAAKA MATPUI-COMHOMUTENEH
no gopmyne (18), 6ymem uMers:

iy Ig o...lp iy ... dp Lily.. . 1y
clon )= 3l )
kp kz Py ’i:p 1‘<__l1<12<‘_.<1p5n li lz s a0 lp kj_ kz « e kp
1< <
( Sty bol o <k S

OueBngHO, B OGo3HAGeHHAX »Toro naparpada paBeHCTBO (32) MOKeT
OHTD 3alMCAHO TaK: -

(32)

N
Cop =}\.21 aa;“ﬁm (Ct, ﬁ: 1, 2, . vy N)
(3mech a, ff, A —HOMepa coueTaHHUil MHIAEKCOB Iy <dg<l voo <<lp; by <ko<l...
oo <Tky Li<<ly<< ... <lp). Orciona
‘ @p_——-szl:p%p (p:1., 2, ...,n).
2° U3z B= A" caedyem: B,=U;' (p=1, 2, n).

- 9To npejomKeHHe HBHOCpeﬂCTBeHHO BEHITEKAET na npefEy Mero, ecau
raMm moxosxuTs C =FE u olGparurb BHuMaHme Ha TO, 4T0 &p—equHHTHAA
Marpuna nopsagka N = Ch.

N3 npemmosenna 2° purTekaeT BaxkHadA OpMydia, BHPAKANMAA MUHOPHL
06paTHOH MAaTpPHIH dYepe3 MUHOPH JAHHOM MATPUIH:

li<l2< <lp

Eciu B= A1, ro npu mobux (1< )k1<k< <k (<n)

5 3
it k .0 P
(_1)v=1 v o vA (k1k2 ’l‘"n-p)
Iy La ip\ B8 oo Ip_p
B(kikz...kp)'— AT ’ (33)
_ 1 2...n
TAe g <ip<C ... <Ip BMecTe ¢ i;<i,< ... <lin-p, A by <<bko<< ... <<kp
BMecte ¢ ky<Ck,<C ... <knp_p COCTABJIAKT NOJHYI0 CHCTEMY HHIEKCOB
1, 2,
IefictBurensno, us AB=FE caepyer:
, %Ip%p:@p
win B 6ojee mogpoOHOK 3amucu:
N
1 (y=P)
X ’
3 ayabes = s = | (34)
a=1 0 (Y?&ﬁ)°
Papencrpa (34) MoryT OHITL 3almcaHBl €Iie TakK:
D
P . 1, ectu D) (jv—ky)2=
. e o ou. @ - =1
2 A (]-1].’2 ?p) B(k1kz ;; )___ vp |
ti<iag, . <ipsn 02 el ART e B 0, ecatu 2 (jv—Fkv)? >0
V=
(34")

J1<lfo<l ... <<jp )
1< <n).
( by < hyl v <l ST
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C pgpyro#t cTopoHH, mpEMEHAA K ompejenuTeno | A| msBecrHHE - pasio-
skenna Jlanmaca, moaydaem:

Y P
1] ] 2 i + }:I k N ’
2 A (]1]2 ].p)-(—l)"=1 v, VA (k1k ...']f:n_p):
1Sir<ia<. . . <ipsn l4l2 + oo lp A
D
|A|, ecam D) (jy—kv)?=0,
- - (35)
0, ecam ) (jy— kv)2>>0,
v=1

rae [ <li,<l...<Ip_pBMecTe Ci;<lip<T ... <lip, ak,<<lk,<...<<kn_p

BMecTe ¢ Ky <lkhky<< ... <<kp oO0pasynr HOIHyH cHCTEMY HHIEKCOB

1, 2, ..., n. Comoctasnerne (35) ¢ (34") w (34) mokasmBaer, 9TO DPaBeH-
idy «.. 1 '

©TBa (34) ylOBIEeTBOPATCA, €CIM BMecTO b,s B3ATH He B (kiz ]: ) , a
1 D e s ¥

D

D
2 i + z k ry.’ ’
(——1)‘\?:1 M v=1 VA (l‘:ll‘:2 e k“—p)

i1z oe. i;l_p
12... '
4 ' n)
12...n

Tax xax m3 cmcremn (34) smemeHTH byp OGpaTHOW MaTpHOH AaA Ay
onpeeNA0TCA OJHO3HAYHO, TO HMeeT MecTo paseHCTBO (33).

§ 5. O6pamenne npamoyroabneix mMartpuu. IlceBgooGpaTHaa marpmma

Ecim A —xBajgparHas m HeocoGeHHasA MATPHIA, TO AJA HEE CYMECTBYET
obparnas marpmma A7l. Ecam ke A--He KpajgparHad, a NpAMOYroJbHAA
m X n-matpuna (m=~n) uWIuM KBagpaTHas, HO ocofeHHas, TO Marpuma A
He umeer o6parHOH m cmMBon A™! me mmeer cMmicaa. OfHaxo, Kak Oygmer
TIOKA3aHo fiasnee, AJA NPOM3BOJBHOR IPAMOYroJbHOH MaTpuue A CymecTByer
«ncesfooGpaTHaag» Matpuma AY, KoTopasa o6iajgaeT HEKOTOPHIMH CBOMCTBAMH
06paTHOfI MATpPHMIE M WMeeT BA’KHEE HPUMEHEHMS HPH PEOIeHMHM CHCTeME
anHedHNX ypasHeHmit. B caygae, xorja A — kBajpaTHas HeocoOeHHAA Mart-
puna, ncerfoobpaTHas Matpunma A* cosmagaer ¢ ofparHoit 4711,

1. CkeneTHOEe pa3noKeHHEe MAaTPHOHE. B janpEeifmeM
MH OyJeM IO0JIb30BAThCA TNPEJCTaBIEHAEM HPOM3BOJBHOH HPAMOYTOJBHOM
m X n-Marpunsl A= |{a;, || paBra r B BHAEe NpPOM3BEJAEHHMA HABYX MmaTpun B
u C, AMemuX COOTBETCTBEHHO PasMepH m X r H I X n:

by ... by
bﬁ bi Ciy Cn o Cin

A=BC=| 2" """ el r=ra). (36)
bmi--° bmr Cry Crz o o0 Crn

1) IIpEBefennoe Jalee B 2T0M maparpafe ompefeleHHe NCeBAOOOPAaTHON MATpPHLE
Owro garo B 1920 r, MypoM, yKa3aBIIEM Ha Ba;KHHIe IPHMEHEHHA HTOTO TIORATHA [214].
[Tossxe mesaBucEMO or Mypa B ‘HeckKombko- HHOM $opme IceBRooOpaTHag MATPHIA OLpe-
fensAnack M HcclemoBanack B paGorax Brepxammapa ([159], Ilempose [227] u apyrux
A4BTOPOB.
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3necy pamru comMHOHTenell B u C o643arTenbHO PABHEL pPAaHTy IIPOH3BEfe-
gusg A, rp=r¢=r. [eficteareasro (cMm. ctp. 22), r<ry, re. Ho pamrm ry
M rc He MOTYT IPEeBOCXOAMThL 7, TAK KAaK r —OQHH M3 pasMepOB MATPHIl
B u C. IlosroMy rg=rg=r.
- Jas toro urobu momyuurh pasmoskenme (36), [OCTATOYHO B KadecTBe
cronbios Marpuisl B B3ars mg00He r JIMHEHHO HE3aBHCHMEX CTOJOIOB
matpunsl A, auGo awolwe r nuHeHHO HE3ABHCHMHIX CTOJGIOB, dYepes KOTO-
pHe JuHEeHHO BHpa;KaoTcA cToaOnH Marpumsl A'), Torga mpomE3BOIBLHEIR
j-i1 cronben marpunu 4 Oyper auHeliHON KomOGumanuei cronbmos MmaTpuns B
¢ ‘KOOQQUIHEHTAMH Cij, Caj, ..., Crj; OTH Kodpmmuentsl u obpasywor j-i
cronben marpunel C (j=1, ..., n, cMm. ctp. 19)3),

Ilockonpky MaTpunbl B m C MMeT MaKCHMAJAbHO BO3MOMKHHI paHT 7,
TO KBajgpaTHele MaTpunul B*B u CC* ABIAITCA HEOCOOEHHEIMU:

|B*B|5£0, |CC*|#0. (37)

JeficTeurenbro, mycTh croxlenm 2 — NPOM3BOJBHOE peNIEHHE YPABHEHUSA

B*Bz=0. | (38)

IToMuosKMM 9TO ypaBHeHHE cieBa Ha -CTPoKy z*. Torga z*B*Bx = (Bx)* Bz =0.
Orcropa®) caepyer Bx=(0 u (mockoabky Bz — numeiinag womOumamus
nuHe#iHO HE3ABUCMMBIX CTONONOB Marpumul B; cp. ¢ dopmymoit (13")) z=0.
s Toro, uTo ypaBmemme (38) mMeeT TONBKC HyJeBoe pemenue x = (), BHTe-
KaeT, 4T0 |B*B|#(0. AHaJOrw4HO YyCTAaHABIHBAETCA BTOPOE HEPABEH-
c¢reo (37)9).

Pasnomenne (36) Gymem HaswBaTh crelemHsM PABIOKEHHEM MAaTpH-
usr A.

2. CymecTBOBaHMe M €JUMHCTBEHHOCTD
Hol#i matpunu. PaccMoTpuM MaTpuuHOe ypapHeHUE

AXA=A. (39)

Ecnin A —xkBagpaTHag HEOCOOEHHAA MaTpPUIA, TO 3TO VPABHEHHE WMMEET
enuncteennoe pemerne X = A1, Ecau ke A - IpousBOibHAAZ NPAMOYIOIb-
Hasg m X N-MaTpHIA, TO MCKOMoe pemenue X ummeeT pasMepH n X m, HO He
ompejenferca ofHO3HaYHO. B obmeM cayuae ypaememme (39) mmeer Gec-
YHCIE€HHOe MHOMeCTBO pemenuil. Hmxe Oymer mokasamo, 4T0 cpeaum »Tux
pellieHWii HMeeTCA TOJBKO OFHO, obJaajamomee TeM CcBOMCTBOM, 4TO ero
CTPOKH H CTOXOHE ABIAITCA JHHEHHHEIMY KOMOMHAIMAMHE COOTBETCTBEHHO
CTPOK ¥ CTOAONOB compsaienmoit marpunel A*, HMenno »rto pemenue

MH OypmeM HaseBaTk IceBgoolparmoii warpumeit gas 4 wu oGosmauars
gepes AT,

nmcespoobpar-

1) Mu HCXORMM H3 HM3BECTHOTO MOJOKeHHS: B Marpuime A padra r mMeercd
r NuHeiHO HE3aBACHAMBIX CTONOIOB, UYepe3 KOTOPHEe IMHEHHO (T, e. B BHAE JHHEAHKX

KOMOMHAIW# ¢ 4HCIOBHME K0>QdmImeHRTaMH U3 JaHHOrO MOJIs) BHPAMKAITCA BCE OCTAIb-
HEIe CTONONH. AHAJAOrMYHO® YTBEDMK[eHHEe HMeeT MeCTO H Jad cTPOK. lloapoGHee
06 srom cm. ra, III, § 1. ‘ ,

. 2) Cosepmenno Tax ’Xe CTporamMum Marpunsl C MOTYT GHTE nI06H6 r cTpOK, dUepes
KOTOpHIe BEIPa;KalOTCA B BEAE NMHEHHHX KoMOmmanmil Bce cTpokm Marpunmi A, Toraa
ROoo(PUIAEHTH ITHX JIAHEHHKX KOMOWHAUmi 0GpasyioT CTPOKH MaTpHUH B,

3) CMm. xomeir § 3. _

4) Hepaseuctsa (37) Tarske HeIOCDEJCTBEHHO CIeAYIT m3 PopMyan Bmue — Komu.
Cormacuo 2Toii gopmyue ompefenntens | B*B | (| CC*|) paBeH cymMe KBajpaToB MOOyilei
BCeX MHHOPOB 7-TO 1HOPAAKA MaTpuuh B (cooTBeTcTBeHHO (). '

3 @, P. TaurMaxep
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Onpepgenernne 5. Marpuma A pasMepor n X m Ha3HBAETCA nCesdo-
06 pamnoll pasa m X h-MAaTPUIH A, €CIH BHIOJAHAIOTCA PaBeHCTBal)

AA*A = A, (40)
At =UA*= AV, - (41)

rge I/ uw V —HexkoTOpHE MaTpHIIH
HokaxieM cHaganma, 4To JJId JaHHOH MarTpumu A He MOKeT CyHIecTBO-

BaTh [BYX PasiMyHHX iiceBpooOpaTHmX MaTpuu, A, m A, IeiictButensno,

W3 pPaBEHCTB
AATA=AATA=A, A}=U,A*=A",, A} =U,A*=A*V,,

monarag D=A}—Af, U=U,—U,, V=V,—V,, Haligem:
ADA=0, D=UA*=A*V,

Orcrona _
(DA)* DA = A*D*DA = A*V*ADA =0

M, cIeOBaTerbHO (CM. KoHel § 3),
DA =0,
Ho torga DD*=DAU =0, r. e. D=4} —Af=0.
s roro uToOH yCTaHOBUTH CYN[€CTBOBAaHME MATPHIH A¥, MH BOCIOIb-

3yeMcA CKeJeTHHM pasnosxeHHeM (36) m Gyzem mCKaTh CHawaga IICEB006-
patHoie Marpunuw BT m C*2). Taxk Kak IO OODpeJeNeHMI0 [OJKHH MMEThb

MECTO PaBEHCTBA
BB*B==B, B*=UB*, (42)

—_—

rae U —HeKoTOpasg Marpuina, TO
BUB*B=B.

YMHO®ag caesa Ha B* wm 3amevas, uro B*PB —HeocoGeHHaa KBajpaTHas
MAaTpHUIia, HaiixeM:

U = (B*B)™.
Ho torpa sBropoe m3 paBeHCTB (42) maeT mcKoMoe BHpa)KeHWe aag B*:
Bt =(B*B)™'B*, (43)

CoBepmeHHO aHAJOrUYHO HAHJEM:
Ct=C*(CCH™. (44)

TloxkasxkemM Temepsh, 4TO MaTpPHIA
A*=C*B*=C*(CC*)"*(B*B)" B* (45)

ynosiersopsaer ycaosuaMm (40), (41) m, caegoBaTenbHO, ABIAETCA WCEBJO-
obparnoil Marpuneir gaa A.

1) Yenoma (41) osmagaoT, 9T0 CTPORE (CTOMOLH) MaTpann At ABIAOTCA AHHEH-
HHMH KOMOHHanuAME cTpPoR (cTonbroB) MaTpuOK A* (cM. crocky ® crp. 19). Vemxo-
BuA (41) Moryr OHTL 3aMeHeHH OJHEM yciaopdeM A+=—=A4*WA* rge W —mHeroTOpasg

MaTpuna (cM. KoHem § 2).
2) Ua ompegenenust 5 cpasy caegyer, d9To ecaum A=0, To m A+=0. Ilostomy

B JansHelimeM npegmosaraercd, 4ro A == 0, m noromy r=r, >0.
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B camom peae,
AA™A = BCC* (CC*™1 (B*B)* B*BC = BC = A.
C ppyrofi croponnt, u3 pasencrs (43), (44) m (45) ¢ y4eToM papeHCTBA
A*=C*B*, monaraa K= (CC*)1 (B*B)™, maxogum
At=C*KB*=C*K (CC*1CC*B*=UC*B*=U A4*,
At=C*KB*=C*B*B (B*B) 1 KB*=(C*B*V = A*V,
rae ,
U=C*K (CC*™C, V==B(B*B)1KB*
Taxum o6pasom f0Kasano, 4TO JJA HPOM3BOILHON HPAMOYIONBHON MaTpun A
CymecTByeT OAHA W TOJBKO OfHAa HcesjoobpaTHas Marpuma A*, koropas
ompenenserca ¢gopMyaol (45), rne B m C —COMHOKHTEIH B CKEJICTHOM
pasmomenun A= BC marpunu A'). U3 camoro ompenenenus mcesgooGpart-
HOIl MATPHOB HEHOCPeACTBEHHO cjlefyer, 9TO B cilydae KBaJpaTHON HEOCO-
6ennoil marpunu A mcepfoobparmaa marpuna A' cosmamaer ¢ of6patHoil 471,
IIprmep. Ilyers
t —1 2 0
—1 2 —3 1
0 1- —1 1

A=

3neck r=2, Ilpumem B KadecTse cT0a010B MaTpULL B IepBHe ABa cTon61a MaTpUIE A.
Torpga

1 —1
1 0 1 1
A=BC =1 —14 2 IO
n
2 -3
B*B:H H , (B*B}‘l_—..‘ 2 1 '
—3 6 1 2/3’
3 0 174 0 1
CC*= CCH—1= =—F.
i P B A

IToaromy cornacro gopmyde (45) :
1 0 s 0 3y
Ar— L]0 1 Hz 1 H t —1 0|‘= Yo Yy 2y
1234 0] —1 2 1‘ 2o —1p 1y

311 —1
t t 4/9 19 5/

3. CeoiictBa ncesgooGparHoit Mmarpuns. OTMeTnM ciexywo-
H{ie CBOMCTBA ICEBIO00OPATHON MaTpPHIHI:

1° (A*)+: (A+)*;

2° (A%)* = 4;

3° (AAY*=AA*,  (AAYE=AAY
4° (A*A)*=A*A,  (A*A)P=A*A.

1) Pasmoxenne (36) He ompefiesiseT ojiHO3HAUHO coMmHommTeneii BC. Opmako
IOCKOALKY, KaK OHJIO J0KasaHo, CymIecTByeT TONBLKO OfiHa uceBgoo0paTHaa MaTpHma A+,
dopMyna (45) IpH BCeX CKeNETHHX PpasloMeHHAX MaTPUIE A J1aeT OJHO W TO Ke 3Ha-
uwenne Ana A+, B ra. I, § 5 Gyner manosken [pyroii MeTom BHYHCICGHHA IIceBH0ooGpaT-
HO#l MATPHOH, HCHOAB3yOIMAE pasbueHme McxoAno# MarTpMuu Ha Gaoku (cM. dop-
myay (101) na ctp. 64).

IF
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ITlepsoe cBoO#iCTBO 03HAYaeT, 9T0 OIEPAUH Iepexofa K COHPSKEeHHOH
H K mcepgooOpaTHON MaTpuie HepecTaHOBOUHH MeRay cofoit. Pasermcrso 2°
BHpakaeT coGol B3aHMHOCTE MOHATHsA HCEBROOGDATHOM MAaTpuIE, TAK Kak
cornmacHo 2° mcesgoofpatHOR Matpmnme#r pasa AT saBiAstercas  WMCxojHasA
matpuna A. CormacEo paseHcrBam 3° m 4° Mmarpuuu AA* m A*A seaswrca
9PMMTOBHIME M UHE0AMOMUEHLMU (KBAJpaT KaKHOH M3 H3THX MATPHI[ PAaBeH
camMoil MaTpuie).

Jlns BriBO#ma paBeHCTBa 1° BOCHOMB3yeMcA cKeleTHHEIM pasnoxenmem (36):
A=BC. Torma paseactrBo A*=C(C*B* paer CcKeJIeTHOe pasIOAEHHE
matpuun A*. IlostomMy, sameHsas B ¢opmyme (4D) marpuny B ma C¥*,
a mMatpuny C ma B*, moanyumm:

(4*)*= B (B*B)™1 (CC*1C =[C* (CC*)™* (B*B)™! B** = (41)*.
Pasencrsa At=C*B*, B*=(B*B)' B*, Ct+=C*(CC*)™! asnaioTca cxejuer-
BEIME pasnoxeHmsamu. (ClaegoBarelbHO,

(A+)+ —_ (B+)+ (C+)+ —_ (B*)+ B*BCC’* (C*)+.
Hcmonwpsys ceoiicteo 1°, a Tam:xe BHpaxkeHHs maa BY m C*, mafigem:
(AN =B (B*B)'B*BCC* (CCH1C=BC=A.

CopasenIuBOCTE paBeHCTB 3° ¥ 4° mpoBepsieTcs HEMOCPEACTBEHHO OyTeM
II0JCTAHOBKA B 3TH paBeHCTBA BMeCTO A¥ COOTBETCTBYIOIIEIo BHPAKEHHSN
3 dopmyas (49).

3aMermM, 9To B ofmeM ciyyae, Korja pasnoskeaue A=DBC He HABIAECTCA CKeleT-
HHIM, He BCerja mMeerT MecTo paBeHcTBo A*=—=C+*+B+, Tak, Hanpamep,

‘ 1
a=ti=io 1y ”=Bc.
3necs
’ 1 1
==, B0 apr=qiaiio aie=| o hiti=] gl
+ .
cr=| o = ) =nennzin timp e,
IlosToMy
CHBr=|| Y2 M2 [ 1Y =11 Y2 )i o~ A%

4. Hamnydmee npunbanskeHEHOe pemende (0 METORZY HAaHMEHE-

mMHUX KBagparoB). PaccMOTpHM IPOM3BONBEYIO CHCTEMY JMHEHHHIX ypaBHeHHH
A4y -+ QyoZs + o oo+ Qup Tn =Yy,

A%y + A2o%2 - - . . -+ Qon Tn = Y2, (46)

-----------------

A%y + AmaZa - . - . + A Tp = yma

WX B MATpHYHOM 3amucH

Az =y. (46")
31eck Yi, Yz, - -y Ym—BaMAHHEE TUCIHA, & Ty, Ty, .. ., Lp— MCKOMEIE.
B obmem cayuae cmcrema (46) Mo:keT GHTH ¥ HECOBMECTHOW.

Croabern
®=(z°, x, ..., T%) (47)
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HA3BIBACTCA HAUAYHLUM NPUGIUNCCHHBIM peulenUem cHCTeMH (46), ecim mpu

3HAYCHUAX Ty =1I), Ly =23, . .., Tn =Ty (KBAJPATHIHOE OTKIOHEHHE)
m n
2 ___ 2
|y —Az| —'21 lyi—kﬂi aikxhl (48)
1= =

AOCTHraeT CBOEr0 HAMMEHBIIEr0 3HAYEHHA M CPeJH BCeX CTOXOIOB Z, AIA
KOTODPHX 3TO OTKJAOHEHHe MMeeT MAHEMAJbHOe 3HaveHHe, croiaben z° mMmeer
HaHMCHBINYIO «IIAMHY», T. €. AJA 9TOTO CTOJ0IA BeJdWYWHA

[x|2=x*xzi§1 | ¢ |2 (49)

HMeeT HauMeHbINee 3HAYCHHO.

[ToxaskeM, uro cmcrema (46) Bcerna mMeeT OgHO M TOABKO OfHO HAMIydY-
mee NpEOJHKEHHO® pemeHHe H 5T0 NpubIM;KeHHOe PeIleHme ONpefelAeTcH
mo gopMmyae _
0= 4%y, (50)

rae A* —mucepfoobpaTHaa MaTpunma AaA MaTpunnl 4.
Jna sroro paccMoTpuM OPOMBBOABHEIH cT0d0eN x K IHOJOKHM

y—Az=u-+v,
rae
u=y—Az’=y— AA%y, v=A4(2"—1z). (51)
Torpa ' :
ly— Az 2= (y—Az)* (y— Az) = |
= (u 4 v)* (u+v) =v*u+v*utu*v--vi. (92)
Ho
v¥u = (2° — z)* A* (y — AAYY) = (2° — x)* (4* — A*4A4™) y. (53)

Hcexona ms pasnomenua (36) m dopmyan (45), Halifem:
A*AA* = C*B*BCC* (CC*)™ (B*B)™ B* = C*B* = A*,

IToaToMy w3 paseHcTBa (D3) caegyer

v¥u =0, (54)
HO TOrja H '
u*v = (v*u)*=0. (54")
IToaToMy u3 paBeHCTBa (92) HaXOIMM:
Y —AzP=|ufty vt =]y — Az® [ 4 A (@ — )], (55)
H, CJefoBareanHO, AJAA A000ro croadma z
ly—Az|>|y—A2°|. (56)

ITycrs Temepn
|y —Az|=|y—A2*;
TOIJla COTJIACHO PaBEHCTBY (00)
Az=0, (57)

Tie
z2=x—x°
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C gpyroit cropowHh,

[P =(x°4-2)* (2 2) = | 2" P+ | 2|2+ (=®)* 24 2*2°. (58)
Bemomunas, uro A*=A*V (cm. ompemenemme 5), moxyumm B cmay (57):
(20)*z=(A%Y)* z = (A*Vy)*z = y*V*4z = 0. (59)

Ho torga m
2¥0 ((xO)* z)*=0
IToaromy u3 pasencTBa (H8) HaxogmM:
|2 [P =]2°[*+] 2],
u, CIeJOBATEIBHO,
RE e (60)
IpHdeM 3HAK = HMeeT MecTo ToJbkO npm z=0, 7. e. upn z = 2°, rge 20 = A*y.

ITpnmep. Halityu manayqizee npubimdeHHOe pemedde (0 MeTORY HAMMEHBLIEMX
KB3a/IPATOB) CHCTOMEl JIVHEHHHX yPABHEHMI:

Iy— $2+2$3 23,
--:L‘1+2$2—l3$3+$4:6,
rg— rg-t+z,=0,

31ech
1 —1 20
A=j—1 2 —31
0 1 -—11
Ho rorpa (cm. mpumep ma cTp. 35)
' /3 0 1
g g 29
+__
4 29 —Yo Ygii°
49 s 3y
U IOTOMY
2} Yz O sl .
20— z§ _ 1/g g 29 6
B 2/e —lly 1y 0
_ 3 49 9 5
CrenoBsaTennuo,

ey=1, zf=1, x}=0, zi=2.

Onpegeanym mopmy || A || m X n-MaTpunst 4 = [ ay, | Kak HEOTPHNATENLHOE
THCIIO, 3a7aBaEMOE dopmynoi

|4|2= zzk | asn 2. (61)
IIpu arom oueBmgHO, 4TO |
| A[*= Z | AP = ZI’A : (617)
PaccMorpum MaTpuuHOE YpaBHEHHE
AX =Y, (62)

rke A m Y —3amagEne m X n- B m X p-MarpunH, a X — HCKOMaA n X p-
MaTpHUHA.
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OnpemenuM Haudyamee npubiamienHoe pemenne X° ypaBHEHHS (62)
#13 YCJIOBUA '

Y —AX?||=min || Y —AX|],
TpudIeM B clIydae, KOIZA
1Y —AX || =Y —AX" ],

Tpebyercsa, 9rodm

| X< X
Nz coorHOmeHmit
p
||Y——AX}i2=h211Y.k~—AX.h12, (63)
D
| XP= 2 | Xl (64)

cleqyer, 910 k-ii cronben mckomoii marpuiel X', HOMKeH OHTH HAUIYUMIHM
TpHOINHEHHHIM pelMeHneM CHCTeMH IWHEeHHEIX ypaBHOHUI

AX =Y ..
TlosTomy
X% =AY ..
TIocKONBKY DTO PaBeHCTBO chpasejauBo mpm mio6om k=1, ..., p, To
X0=A4", (65)

Tarkum oGpaszoM, ypamenue (62) Bcerja uMMeeT OJHO H TOJBKO OJHO HAUIyd-
mee HpuOIM;KEeHHOe pemieHue, ompefenseMoe gopmynoir (65).

B uwacrHOM ciywae, Korga Y = K —eAupndHasg MaTpula m-ro HOpANKa,
umeeM X°= A*. CuegoBarennHO, ncesdoobpamnas mampuya A* ssasemcs
HOUAYUUM NPUOAUNCEHHBIM DeuteHuesm (RO Memody HAUMEHOVUWUL KE8a0pamos)
MAMPULHOZ0 Y PABHEHUS,

AX=E.

JTO ¢BOiCTBO HCeBHo06paTHOM Marpuumsl A* Mo;er GHTH IPUHATO B KadeCTBe
©e OIpedelIeHusd.

9. Metog I'pesuanga mocnefOBaTEIBHOTO0 HAXOMAEOHUS
mceBgoobparHoil Marpumm coctourT B caepgylomenm. Ilyers

ay— k- cronben B m X n-marpune A, Ap=(a;, ..., az) —MaTpuna, o6paso-
BaHHafg NepBeMH £ cronOmamu Marpunu A. b, —HoclefHAA CTPOKA B MarT-
pune Af (k=1, ..., n, A;=a,, A, =A). Torgal)
+_ o+ af
A =a] = aa; (66)

u ana k> 1 HMeT MecTo PEeKYPPeHTHHE (POPMYIH
B
A = ( b: ) , By=A;_ —dpby, dp=Af_ax; (67)

Tpu 3TOM, €CU Cp = ap — Ap_1dy %0, 1O
by = cf = (ar— Ap—1dp)™; (63)

1y Eean Ay—a; =0, To u AT=0.
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eci me ¢z =0, 1. e. ap=Ap_4dr, TO
b= (1-+dids) " didf.,. (69)

B
IlpegnaraeM uwuTareno OpPOBePHUTH, UTO MATPHOA ( b") ABNIAETCA ICEBIO-
3

oGpatnoil maa Matpunst A%, ecnm Marpuma B, u crpoka b olpemendnICH

dopmyaamu (61)-—(64). ITor Merox He Tpebyer BHUHCICHEA AETePMHHAHTOB

W MoOKeT OHTH HCHOJB30BAH [AJdA BHUYNCJCHHA OGPATHOH MATPHILH.

IIpaMep. Ilyers

N 1 —1 0
—1 2 1
A=1 9o _3 _qf-*
g0 1 1
3aMeTHM, 9TO ANA Ka:KA0H BemecTBegHoil MaTpunsl M M MOmeM mucath M’ Bmecto M¥*.
Tormga ‘
’ ’ 1 r
A = (A4 A= A= Yo, —/s, Ys, O,
/s
Fy 3 I . 1/2
dy=ATap=—3/3, co==apg—Aydp = o |,
1

’ ’ 2 ’
by=cF =(cge9)"1 ca=-3-6=I s Yz 0 2/,
By =Af —daby =|| 2/3, _1/3, 175, 1]

Taxkum oGpasoM,

Af=

2/3 Y3 14 1“
2/30l”

1/3 1/3 0
[amnee
dy = Afag— H i H W ¢3=a5— Agdy =0,

[Toaromy

by==(1-4d3ds)~1d3 Af = i|l/3, Y3l| A =|11/3 /g Yo B/l
)

2/5 13 Y3 A 173 2/9 Y9 /9|l _||Ys Yo

By= 4§ — dghy= 1/2 1/; 03 2/3l_ 1/; 2/ 1/2 5/q ‘_H 0 1/

173 1/ 2/9 4y
0 19 —1/5 1
173 2/g 179 5/g

2/9
—1/g

4/9
1/

|



TAABAII

AJITOPUTM T'AYCCA W HEKOTOPBIE EI'O0 NPUMEHEHR

§ 1. Meron mermouenna aycca

i. Ilycrn pmama cmerema n JIMHEHHHX YPaBHEHHE € 1 HEM3BECTHEIME

Ziy Xgy «..y Tn M OPABHIMH 9ACTAMU Yy, Yo, « .+ Ynt
Agp Xy 4 QX . . o ;- Qin¥n = Yy,
Ay Ty + Qo2%s 1 - - - - Qopln = Yo, (1)

An1 %1+ AnoLa 1~ -+« T A == Yn.
B marpuunOii ¢opme sTa cmcTeMa MOkeT OHITH 3aIMCAHA TAaK:
Az =y. (1)

3Bnecy = (21, Zoy +-., Tn)s Y= (Ys, Y2, - - -, Yn) —cTONOOB u A=| apn|P—
KBajpaTHAd MaTpuOa Ko3(QPuIueHTOB.
Ecan A —meocobeHHaAg Marpuna, TO MOKHO HAHHMCAThH:

r=A"ly (2)

UM B PasBEePHYTOM BUHe:
n
m= 2 ai’yy (=1,2,..., n). (2')
K=1

TakuM 06pa3oM, 3a7ada BEIAHCIICHNA 31eMeHTOB 06paTHOI MaTpune 4 1=

=|lafz" ||} sKBUBaNeATHA 3a/ave PeMeHMA CHCTeMsl ypaBHeHui (1) npy 1w 6 R x
OpPaBHX YacTAX Yy, Yoy - - -5 Yn. OJEMEHTH OGPATHON MATPULIK OHpPeReIAITCH
dopmymamu (25) rmaem I. Opgpako QaKTmdecKoe BHYHCJIEHHE JIIEMEHTOB
matpunsi A1 no atum gopmynam Hpu OoapmoM n BeckMa 3aTPYRHHTEJLHO.
I{osroMy Gompmoe npaxTwdecKoe 3HaueHume wuMeloT 3(QJPeKTABHHIE METOMH
BEUUCJICHUA B3JIEMEHTOB O0OpDAaTHON MATPHOH M, CIEIOBATEJBHO, peINeHus
CHCTEMBl JMHEeHHHIX ypaBHeHuiil).

B macroAmell riaBe Mm M3IOKUM TeOpeTHIECKHe OCHOBH HEKOTOPHIX
73 ITUX METOJO0B, HPeACTaBIAKIMuUX c000ii PasHOBHIHOCTH METOJa MCKJII0Ye-
HuA [aycca, 3HAKOMCTBO ¢ KOTOPHIM ¥ dYHTareld HAdZajJoch €lle B Kypce
anreGper cpepHeil ITKOJEL.

1) JIns mogpo6HOTo 03HAKOMIEHHS ¢ HTEME MeTOJaMa ME peKoMeHayeM ofpaTuThes
k xumre Magneesnx [33], a Taxwxe K UAKAY CcTaTed, HanedaTaHHLIX B «Ycmexax MaTe-
MaTUZeCKUX HAYK», T. 9, Buim. 3 (1950).
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2. Ilycrs B cucreme ypasHenuit (1) ay; == 0. MH HCKIO9EM z; H3 Beex
VpaBHeHHI, HadmHAaf €O 2-T0, [AA 9ero KO BTOPOMY YpaBHEHHIO IIOUYNEHHO

at

npubaBuM IlepBoe, MOMHOKEHHOE Ha — —=-, K TperbeMy I0WIeHHO IpudaBuM
t

a ‘o
nepBoe, IIOMHOMKEHAOE HA -a—M—, u T. 1. [locae atoro cucrema ypapueruit (1)
11 :
BaMEHHUTCH JKBHBAJEHTHOH CHCTEMOMH
A%y Qa1 .« - + AgpTn =Yy,
(1) (1) — 3(1)
wZat o ATy =Y, (3)

a(l)xz _{__ + a(l) -’Ln — y;:':.)

Hospdunumenrss npn HemaBecTHHIX H CBOGONHHE WIEHH B IOCaegHHX (n—1)
YPaBHEHHAX ompefendiTca dopMyTaMu

Qayy, y(ll)_yi_" (iv .7:2’ LI n) (3')

Hycry all £ 0. Torma rakmM sie 06pa30M MBEl HCKIIOUUM Ty M3 IOCIE]-
HAX n— 2 ypaBHeHHH cuCTeMH (3) M IOJYYMM CHCTEMY ypaBHeHWi

) __
aiy =a;—

au

@424 - A1oxy -+ A43x5 -+ . o o - Qip Tn = Yy,
a®z, + alxy+ . ..+ a:n)xn =y,
(2)x3 + __r_ a(%) — y:(f)’ . (4)
ot e <y

A

Ilpn sromM HOBRIe KOBPOUIMEHTH W MpaBHE YACTH CBA3AHH ¢ Hpej By muMH
Qopmymamu: ,

at a

(2) y 12 1) (2} ___yil) ag) yél) (L, ]: 3, e n)‘ (5)

= .
a'L] ij a(212) az_;’ yl
IIpogomxaa sror amropurM faxee, M ma (n— 1)-M sTame mpmeegeM
UCXOAHYI0 cucTeMy (1) K TpeyroiasHOH peKyppeHTHOH cHcTeMe

~

A%y 1+ Aa%y -+ Ay3Ts -+ . . . Ay =Yy,
(1) (1) (1) i)
a22x2+a x3+ +a "—yg )
; 2)
aj )5’33 ot aénrcn =y®, | (6)
(n-1),, -1
ann tn == ynn [,

ITo IIpEBEeJeHHAe BHIIOJHAMO B TOM H TOJLKO B TOM cJlIydae, ecJaun

B Iiporiecce NMPHBEJEHHs Bce THCAA dyy, at, al, ..., ag;’,_, OKa3HBAIOTCH

OTIHYHEME OT HYJIA.
Namomennnii mavn anropurm [aycca COCTOMT W3 OJHOTHIHBIX
Ollepanuil, KOTOpPHE JEFKO BHIOJHAKTCA Ha COBPEMEHHHX CUETHHIX MAIIMHAX.
BripasuM KodppHOmeHTH M IpaBhle WACTH NPHBEJEHHOH CHCTEMBI
9epes KodpPUIMEHTH W IpaBHe dgacTH mcXomuoi cmeremer (1), Tlpm arom

MBI He 6y,ueM mpeguoaaratbk, 4YT0 B JIpOIecce IIpHBEICHHA BCe YHCJIA

@44, A%, ..., a3, , OKA3HBAKTCA OTIMYHKME OT HYIfA, 3 PACCMOTPHM 06 mil

caydail, KOrjga NepBbe D W3 3TUX UMCEe] OTAMYHEL OT HYJA:

a1 50, ay #0, ..., ¢V =0 (p<n—1), (7)
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9TO HaeT BO3MOMKHOCTL (HAa p-M Ddrale HDPHBeJIEHHS) OPUBECTH HCXOMHYIO
CHUCTeMY YPaBHEHUH K BHIY

[N

A%y - ApXs - e e . T Agnln =1,
dBro- . +abr, =yib,
—1 ~)y, = y(p=1
ap=Dap 4 oL -+ ale=a ye-b, 1 (8)
“gopﬁi, p+1xP+1+ T ~[—a§)7°_|)_1 nn == gnp-zi"
agf”)pﬂxpﬂ + ...+ = yP
Marpuny koaddunuenTor 3TOH CHCTEMHI ypaBHeHHH 0003HauMM depes Gp:
' @Gy Az +.. Gip a4, p+1 - Qin
1 (1 (1 t
0 af) ...a)  afl, ..
(p—1 (p—1) (p—1)
GP - 0 App ) Ay, pet Gon (9)
(p) (p)
0 0 Gp+1, p+1 Gpit,n
o 0 ...0 a® . alp)

Tlepexox oT MaTpuIs A K Marpure G, COBEPIIAICH CleyIoIuM 00pasom:
K KaRmoH cTpore marpunst A, HauMHAsA CO 2-H M KOHYas n-i, MOCHE0BA-
TeILbHO NMPHGABAMINCH KAKHE-TO IPEIHYIIUe CTPOKH (M3 4GHCHA NePBHX p),
IIOMHOKEHHEIE HA HEKOTOPHe Koapgumuents. Ilosromy y marpunm A u G,
OZWHAKOBHl BCE MUHOPHI p-TO HMOPAAKA, COJEP:KAalluecs B IEPBHIX p CTPOKAX,
a4 TaxkKe BCe MUHODH (p--1)-ro mopspka, comep;kaiinecss B CTPOKAX C HOMe-

pawm 1, 2, ..., p, i (> p):
1 2 ... 1 2 ... )
P ECA P
ky ky ... kp ky ko ... kp
(1<k1_<k2<...<kp\<jn), ? (10)
A(12 .pz)G(12...pz)
by ko ... kp kpe P \kw ke ... kp kpy
A Lhy<ky<< ... <kpey<n). )
W3 stux ¢opmya, yudaTeBas CrpyKTypy (9) marpunu G,, HadgeM:
12...p a .
12...p = agaly) ... el (11
12...pi _ .
12.. . pk :auag‘g. .. ale=Da{p) (G k=p+1,...,n). (12)

Jlens mo4deHHO BTOPOE M3 HTHX PABEHCTB Ha INePBoe, MOJTYYHM OCHOBHEIE
dopmynsrt)
t2...pi
A P ‘)
...pk

12
'a(_?J):
12...p>
A(iz...p)

ik

G, k=p-+-1,...,n). (13)

1y Cm. [88], cTp 89.
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Ecam ycnoBus (7) BHIOOIHEHH [JA JAHHOTO 3HAYeHHS P, TO TaKHe Ke
YCAOBUA BEHIIOOJHEHH HJaA Ja00oro MeHbmiero 3HadeHus p. [lostomy dop-
myas (13) umMeT MecTO He TOINBKO [AJA AAHHOTO 3HAYeHHA p, HO W JIA
BCeX MeHpIIHX 3HadeHHit p. To ke MOKHO ckasats ¥ 0 gopmyae (11). IoaTomy
BMECTO 3T0i# QOPMyIH MOMKHO HamMcaTh PaBeHCTBA

1 1 2 (¢} 1 2 3 (1) ,(2)
A 1] = A { 9] = 0l A 1 9 3] = %10y - - (14)
Taxum obGpasom, ycmoBha (7), T. e. HeoOXOUMHIe U JOCTATOYHBIE YCIOBHUSA

BHIOOJAHMMOCTH HEPBHIX p »Tamos anrroputma ['aycca, Moryr GHTH 3aOHCaHE
B BHAE CJeyIOMHNX HEPaBEHCTB:

1 0 1 2 0 12...p 0 .
(o 4l Yoo a[12 w0

Torpa m3 (14) Haxomum:

weafl) - 33

F)
et A(12) .
(2) —— 2(P—1) —
T WEE: voee O WE N (16)
12 12...p—1
Jas Toro 4TOGH B aNrOPUTME HCKIIYSRUS I‘aycca MOKHO OHJIO IO CJe-
MOBATENbHO HCKIIOUHTD Iy, Tz, - . - Zp, HYKHO, "a706H Bee Beawauas (16)

ORLTM OTIMYHEL OT HyJs, T. €. 9TOOH BEIIOJHAINCH HepaseHcTBa (15). B To xe
BpeMst OPMYJIH AJA @{f) MMEIOT CMEIC., eCiu BHIIIOJHAETCA TOJBKO IOCAeTHee

n3 ycaosmit (15).

4, Tlycts martpuma xoaddmmuentos B cucreme ypaBmeHmit (1) umeer
paur r. Torga Hagme)kamel mepecTAHOBKON YPaBHEHHH W H3MeHeHHEM HyMe-
panuy HEM3BECTHHIX MOKHO JOOHTHCA BHIIOJHEHWsI HEPABEHCTB

1 2.
A(lz )#U (G=1,2, ...,7). (17)
3T0 mO3BOAAET HOCIEZOBATENIBHO MCKIIOUHTH Xy, %o, ..., Tr H HOIYIATD
CHCTEMY yPpaBHeHUU
a2y 4 12X e - Ann = Y1,

N L alr, =y,
=Dz, b L + Al D, =y, (18)

a?y, r+1m7'+1—1— oAy =Yy,

a£1>,.+133r+1 + .o +aDz, =y, |

3necy Koapdunuentn ompepensrca mo gopmyraam (13). Us stmx ¢opmya,
HOCKONbKY DPaHT MaTpuOsl A =} a; ||} paBeH r, ciefyeT, 9TO

af) =0 ((, k=r+41, ...,n)



s 2] MEXAHMYECKAA WHTEPOPETAIINA AJITOPHUTMA TAVCCA 45

n matpuna G,, HOIydamwmasacs M3 MaTPHUIBL A=|] @z |7, mocie ONPUMeHEHMA
r-3TamHOro AJIropuTMa McKiaIueHus l'aycca, mmeer Bup ~

ayy 413 --. Qyy Ay r+1 - - - Qn
1 1 1 1
0 .‘,l(zz) T a(Zr) af?,)r+1 e a(Zr)
— — 1 — —_
G,=||0 0 ...a-b afjj”ri)i cooal=n, (19)
o o0 ...0 0 ... 0
0O 0 ...0 0 ... 0
Tlocnenrue n—r YpaBHeHnﬁ (18) cBomsATCcA K YCJIOBHAM COBMECTHOCTH
yin=0 (i=rt+1,...,n). (20)

3aMeTuM, 4T0 cTojben CBOOOMHLIX WIEHOB HPH AJTOPHTME MCRIIOYEHUS
HOABEpraeTcs TAKHM K€ npeoGpasopaHMaAM, Kak M jgio6oit croaben rosddu-
nuenros. [Joaromy, npomommaa wmarpuny A=|ay|? (n+1)-M crombmom
n3 cBOOOOHHX YJEHOB, ME IIOJYUNM:

A (1 eop i )
1...pnt+1 .o
1\P p+ (i=1,2, ...,n; p=1,2,...,r). (21)
1...p
B wacrrOCTH, ycaoBus coBMectHOCTH (20) cBOgATCA K M3BECTHHIM YCJIOBHAM

1...rrj
A(l...rn+1

Ecau r=n, T. e. Marpuna .A=H a ||} HeocobenHas, H

yip) =

)30 G=1,2,...,n—7r). (22)

12... _
A( | ].)¢0 (i=1,2,...,n),

1 2
TO mpu HoMomM ajropurMa I'aycca MOHO HOCIEZOBATENBHO MCKIKYATH
Zy, %zy +.., Tp-q W HPMBECTH CHCTEMY ypaBHEHEA K Bugy (6).

§ 2. Mexaunueckas mHTepuperamus ajiropatMa Iaycca

PaceMoTpnM NpPOM3BOJABHYI0 YHODPYTYIO cTaTH9ecKylo cAcTeMy &, 3aKpeIIeHHEYO
Ha Kpafx (HaOpuMep, CTPYHY, CTepieHRb, MHOIOIPOJIETHHI cTep:KeHb, MeMOpaHy, IIaCTHHY
OAd [JUCKPETHYIO CHCTeMY), H BO3BMeEM
Ha Hell n Tower (1), (2), ..., (n). E _ 5 .F‘

Mm Oyaem paccMaTpaBATH Iepeme- , l,! ¥ 2 ln
menuA (OporubH) Uy, Yo, ..., Yn TOTEK '
1), (2), ..., (n) cmcTems! S mox HeiicT- o A
BHeM cHal Fy, Fo, ..., Fp, DPHAOMKEHHHX ‘ L
B 9TAX e Toukax. Mm 6ymem mpepmo- '
Jarath, 9TO CHNH ¥ - TepeMelmeHus Puc. 1.
mapajeAsHsl OJHOMY # TOMY 3Ke Ha- B
OpaBIeHHI0 ¥ NOTOMY OIPEREJAIOTCA CBOMMH ajarebpamv9ecKEME BeamdmHamz (puc. 1).

KpoMe TOTO, MBI mpAMEeM, YTO HMeeT MECTO N PHHIHO JAHHeHHOTO HaJo-
MeHNA CHI

1° IITpu cymmapHOM HAAOMCERUU OSYT CUCIMEM CUA COOMELIMCIMEYIUUe npo2ubby ckad-
derearomes. o

2° ITpu ymnoowenu 6eAUdNUN 8CeT CUAL HA 0DHO U MO JtCe GEUJECTNEEHRHOE YUCAO 6CE
npozulivt YMHONCAIOMER HA MO HUCAO.
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O6ospaaum depes a;; KOsQQuUImedT BINAHHA TOUKm (k) Ha Toury (i), T. e. mporub

B TOUKe (i) mMoJ HeHCcTBHEM eIMHNYHON CHH, UpanoKenHo# B Touke (k) (i, k=1, 2, ..., n)
(pme. 2). Torja mpu coBMecTHOM HeiicTBHE cma Fy, Fo, ..., Fp, uporubu yy, yo, ..., Un
onpeeadaTcA mo fopMmyraMm
n
D) wnlr=y; (i=1,2, ..., n). (23)
k=1 '

ComoctaBasasa (23) ¢ mcxopmoil cmcTeMoit (1), MBI 3aJavyy OTHICKAHAA peNIeHHA
cHcTeMH ypaBHeHmi# (1) MO;KeM HHTepIPETHPOBAThL TaK:

Hanw npoaubst yy, ya, ..., yn. Huwgymes coomeememeyrowue cuas Fyy Foy ...y Fy.
OGosmaumm wepe3 S5, CTATHYECKYIO CHCTeMy, HOJYYAIOMIYIOCH M3 S BBOJCHHEM p
HeNMOABH/KHKX INAPHEpPHEIX omop B Toukax (1), (2) ..., (p) (p < n). Hospdminmentn
BIASHNA [AJA OCTABIIAXCA TOABIKHEIX
E.=] Touex (p-+1), ..., (n) cacremm §, 06o-

i 3HAYAM dYepes

(i)
A~———"3 B—— & (G, k=p+1, ..., 1)

Tix
(eM. pume. 3 masa p=1).
Puc. 2. Koaddmumert alf) moxmo paccmar-
pHEBaTh Kak mporumb B Touke (i) cEHCTeMEHI
S npum nedcTBHH eNMHMYHON CHIH B ToUKe (k) M cul peaknui Ry, Ry, ..., Ry B 3aKpen-
aeHHHEX TogKax (1), (2), ..., (p). Ioaromy
aB)=Ryay+ ...+ Rpa;p+app. (24)

C ppyro# cTOpOHE, IpPA BTUX jKe CHiAax OpormGH cmcTeMH § B TouKax (1),
(@), ..., (p) paBHH HyIO:

Ryay 4+ ...+ Rpayp+ap =0,

(25)
Riapi—l— e +Rpapp+aph=0. J
Ecam
1 2...p
4 1 2... p) + 0.
TO MH MO;KeM W3 (25) onpenenuTs Ry, Ry, ..., Rp A DONyYeHHEE BHpaKeHus NOJCTABUTH
B (24). 9To mermiouenne Ry, Ry, ..., Ry MOMHO clenaTh u Tak. H cmcTeme paBencTs (25)
DpubaBAM paBeHCTBO (24), 3amucagHOe B BH[e
Riay+ ...+ Rpaip+aip—alf) =0, (24')
PaccmaTpuBas (25) m (24") wak cmcTeMy p--1 OZHOPOAHBIX YypaBHeHHH, HMEXNIYI>
HemyaeBoe pemenme Ry, Rs, ..., Ryp, Rpyi=1, moayvaeM, 9T0 OUpeJelmTeNb 3TONM
CHCTeMHEl paBeH HYIIO: '
g4 --- 4ip " Byp
@p1 @pp 2pk =0.
(127 aip aik—agg)
Otcrona
1 2 i
(p) 4 (1 2... ﬁ k) )
a\l) = (i, k=p+1, ..., n). (26)

th — 12... p)
41
1 2...p
Mo stam dopMyram KosdPUIHEBTH BAMAHUA «ONOPHOM» CHCTEMH Sp BHpAKAIOTCA depes

K0o$pOHIMEHTH BIUAHHA UCXONHOH CHCTEMH 5.
Ho ¢opmynur (26) copmagaioT ¢ fopmynamm (13) npensymero naparpada. IloaTomy

das awbozo p (L n—1) rosgduyuenmui agﬂ) (i, k=p-+1, ..., n) e aseopumme Iaycca
ABARIOMCA KOSPHUYUCHMAMU BAUAHUSL ONOPHOU cucmemst S p.
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B copaBeAamBOCTH 3TOTO OCHOBHOIO IOJIOKEHHA MOMKHO yOefmThcA H3 YHCTO Mexa-
arvecknx coolpamennii, He onmpasgcs Ha anrebpanveckmii BEBOX opmya (13). Has sroro-
PacCMOTPHM cHadaja JacTHEIA claydai ofmoit omopri: p=1 (puc. 3). B srom cayuae
KoaPPUNEeHTE BIUAHAA CHCTEeMH S; OmperenaTca o gopmynam [momaraem p=1 B (26)]:

a(i4 !
T - —a;p ——2 aqp @, k=1, 2, ..., n).
ayy

Q=N =
| 4 <1>

drm $opMysH coBmajawT ¢ gopmynamu (3°).

TakuM oGpasoM, ecnu Kooddmumentw a;p (I, k=1, 2, ..., n) B cucreMe ypapHe-
umit (1) aBnaoTes kosdPUUTEHTAME BAUAHRAA CTATAYECKOHN CHCTEMH S, TO KosppumeHTEY
ay) (i, k=2, ..., n) BaaropaTMe Taycca asnsiorca KosgdUIEeHTAMHE BIXSHAA CUCTEME 4.
IlpEMenss 3TH Ke COOGpaKeHHA K CHCTeme Sy M BEOAH B Heil BTOPYI0 omOpy B ToUKe (2),
nonyunM, aro Kosddunmentm a{f) (i, k=3, ..., n) B cucreme ypapHeHmir (4) ABNAOTCA
KospPHurmeRTAME BIMAHAA ONOPHOH cHCTeME Sy, @ Boo6me Ana mwboro p (<L n—1)
K09 punACHTH a(i:g) (i, k=p+1, ...,n) Baxa-
roparme Caycca sBamorca Kospduumentamua (1) ) l.t,'fsf
BIANAHAA ONODPHOH CHCTEMEI Sp,. e~ 7

M3 MexammueckHX CoofpaKeHHH Ode- y }\\

BHHO, 9TO nociedosamenvioe geedenue p onop 7 T
PABHOCUABHO OOHOBPEMERHOMY 66E0EHUI0 SMUT Qjx %
onop.

Pmc. 3.

3daMeuanme, O6pamaeM BHAMaHHE

HA TO, 94TO MpPA MEXaHAYECKOH HHTepIpeTannu
QITOPHTMa MCKJIYeHHA He GEI0 He00XOfMMOCTA Hpefmojnararb, 9T0 TOYKH, B KOTOpPHX

paccMaTpHBAIOTCH HPOTHOH, COBHATAIOT C TOYKAMH MPAJOKEHHH CHI Fi, Fo, ..., Fp.
MomBO CYATATB, 9TO Yy, Yo, «--» yn—jnporrfaﬁm TOYeK 1, @), ..., (), a cuam
Fy, Fo, ..., Fn opunosmens & Toukax (1), (2, ..., (r'). Torma a;; —xoagdunment

BINSHAS TOuKH (k') HA TOouky (/). B 2TOM ciayuae BMeCTO OMODH B TOuKe (/) Ciepyer

paccMaTpuBaTh 060GIeHAY Omopy B TouKax (;), ('), mpm koTopo#t mporuG B TouKe (/)
IOfepKUBAeTCH BCe BpeMs PaBHRIM HYJIO 3a Cd9eT Haje;Rammm o0pasom BHOpaHHOM
BCIIOMOTAaTeNABHON cuas Hj B Touke (;'). YCjI0BHe BOSMOYKHOCTH BBe/IeHHA P 0000 meHARIX

omop B Toukax (1), (1'); (2), 2"); ...; (p), (p), T. e. BO3MOKHOCTE YAROBJIETBOPUTD.
yenosmam y;=0, y3==0, ..., yp==0 mpm n06ux Fpyy, ..., Fp 32 CUeT HAAJERAMUX
Ry=Fi, ..., Rp=Fp, BEpakaeTca HepaBeHCTBOM :

12...p
A(l 2...p>#0'
§ 3. JlerepmnnanTtHoe ToEKxecTBo CHibBecTpa

B § 1 myrem comocrasienusa Marpup A m G, MH OPHOIIN K PaBeHCTBAM
(10) = (11).

9tE paBeHCTBAa IIO3BOJIAIOT CPa3y HONYUHTh BaKHOE MeTEePMHUHAHT-
Hoe Toxpgecrso CmanBectpa. [leiicrsurensno, u3 (10) u (11) maxopmm:

alP) a‘p)
12...n 12...p\| prlp+t p+1,
IA[::,A( ):A( ) T (27)

12...n 12.]) c;(10‘). _.'“a(p)
n, p+1 nhn
12...p
Bsenem B paccMOTpeHEE OKaiiMiaomue Muacp A 19 D OTIPENeIATSNH -

; A(iZ...pi) . 1
p = 12.. pk (¢ E=p+1, ..., n)

MaTpuny, COCTaBJIeHHYIO H3 DTHX ONPeNeIUTENeH, 0003HaUYNM Yepe3

B=|buly,,.



48 AJITOPATM TAVCCA U HEHKOTOPBIE EI'o IIPHMEHEHHA [FJ. 11

Torma cormacao ¢opmymam (13)

bpi1, p+1 +++ Upst,n
P e
........... i b, p+t  -+- ban _ | B
----------- T 12...p\ n2 12...p\ }»-0p"
(o)) G
P al) L \12...p 12...p

Ilosromy pasercTBO (27) Moier GHTH 3aIMHCAHO TAK:

m=[alyy 0T 4 (28)

dro m ecrb pgerepmmHaHTHOE TO;kpectBo Cuabsecrpa. OHO Brlpaskaer
onpefenuTens | B, cocrTaBlenHH W3 OKAMIAIOMHUX ONpefeNHTeNIed, Yepes
ACXORHHN ONpeNeNnTeNb W OKAHMJAEMBIH MUHOP.

PasercrBo (28) 6hI0 HaMu yCTAaHOBIEHO Aaf MaTpun 4 =| axp|[?, aae-
MEHTH KOTOPBHIX Y OBJETBOPAIOT HEPABEHCTBAM

A(”"'f) 0 (j=1,2 29)
12'..]-5’!: (]"—!!'-'!p)' (

Opnaxo m3 «coo6GpakeHnii HENPEPEIBHOCTH» CJAEAYET, 9TO B3TH OrpaHHYe-
HI5 MOKHO O0TGPOCHTE H 49TO TOdAectB0 CHIbBeCTpa cHpaBefanBoO I a000i
marpuis A = || a;||?. B camom mexe, mycrs HepaseHcTBa (23) He BHIMOJHAIOTCH.
Beemem Marpuny

Ag=A4-eE.
OugeBngno, limA4,=A4. C gpyroi cropoHE, MHHODH
g0
p 12...7 i —
£ 12---]')=E"t—"' (]=, ’--'1p)

upefcTaBasior co0oil p He PaBHHIX TO;KIECTBEHHO HYJII0 MHOTOYJIEHOB OTHOCH-
TeanHO £. IlosTOMY MOKHO BHOPATH *TaKy0 IOCIEA0BATENBHOCTH &, —> 0, 4TO

12...j ]
Agm(12_”].);é0 G=1,2,...,psm=1,2, ...).

Ilna marpunm A.,, Mu MO:keM Hammcarh ToxgecrBo (28). Ilepexons B oGenx
9acTAX 9TOr0 TOMKAECTBA K Ipefeay HpH m—> cO, M HOJIYYOM TOMAECTBO
CuabBectpa ansa mpemenbHO marpuiu A =lim 4., 1).

m—><o

Ecam Mb tomaectBo (28) NpHMeHHNM K ONpPEeIHTENIO
(1 2...p iy i ...iq)' ( <i1<i2<...<i¢
1 2. phiky. . by \PTh<hi...<kg

TO MH HOAYdYuM YROGHHE ana mpuMeneRmd Buj Tomectsa Cmiabsecrpa:
i iy ... 12 ..p\Jt (1 2...piip...i
Iy ko ... kg 12...p 12...p ki ky... kg
1) Tiox npedesom (mpm p-~>00) nocaedosameavnocmu mampuy Bp=|| bgﬁ) || moEuHMAIOT
marprny B=|| bz ||T, THe b;p= lim bgﬁ) (i, k=1, 2, ..., n).
- pooo

<)
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§ 4. Pasnoskenne KBAaJIpATHOII MATpPHIBLI HA TPEYroJbHbIE MHOMKATEIN

1. IIycre mama marpmma A =||a;, ||} pasra r. Beegem caemylomme oGo-
3HAYEHHA [JA IOCAeI0BATENbHBX I'NIABHHEIX MHHOPOB 3TOHM MATPHIHI:

12...k '
Dsz(1 5 k) (k=1,2, ..., n).
HomycTuM, 9T0 HMEIOT MECTO chIOBnﬁ BRIIOJHHUMOCTH aiaroputma [aycca:
Dyt0  (k=1,2,..., 7).

O6osmaanm gepes G MaTpumy Kosdpdunuentos cucremun ypapHeHH: (18),
K KOTOpPOH IPHBOJHUTCA CHCTeMa ypPaBHEHHH

hgi aptr=y;: ((=1,2,...,n)

MeTonoM HcKiIlogeHus laycca. Marpmma G HMeeT BepXHIOI0 TPeyTLOJBHYIO
dopmy, nIpmYeMm sMeMEHTH ee IMEPBHX ' CTPOK ompefensiorcs Gopmynamu (13),
a SJeMeHTH IOCJeJHUX N --T CTPOK BCe DPABHH HYIH0'):

@1 Qg2 - -. Q4p Qi,r+1 - -- Ap
1 i | 1
0 af) ...a) afl, ... af)
— —1)  glr—1 —1
G= 6 .. .rag ) aﬁfw)i . alr=1
0O 0 ...0 0 ... 0
0 0O ...0 0 ... 0

Tlepexonq or mMarpumu A K Marpume G coBepIAaJiCA IPH IOMOIIM HEKOTO-
poro umciaa N omepamuil clegyiomero THma: K (-if CTPpOKe MaTpWOH IpPH-
GaBnanack j-A (j<<i) cTpoKa, IPeABaPUTeIbHO IOMHOMEHHAA HA HEKOTOPOE
queao . Takasg omepanusA PaBHOCHIBbHA YMHOMEHHIO IpeofpasyeMoil MaTPHUIEL
clleBa Ha MATPHOY

G ©
1...0...0...0
.1
. (31)
0. .a...1...0
0...0...0...1

B sroit MaTpume Ha rIABHOH AHArOHAIM CTOAT eJIMHHIE, a BCe OCTAJbHEE
aJeMeHTH, 38 HMCKJIIOYeHHeM 3JeMeHTa ¢, PAaBHH HYIIO.

1) Marpmma G coBuajaer ¢ Marpumeit G, (cTp. 45).

4 @. p. ranrTMaxep
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Tarkum o6paso..,
Gﬂ WN « .. WZW_ALA,

rpe kaxpas us marpun Wi, W, ..., Wy umeer Bup (31) u, cregoBatensHo,
ABNAETCA HWMKHEU TPeyTrOJABHOM MaTpumeil ¢ [WACOHAJBHLIMM 3JIeMeHTaMMH,
paBHEIMu 1.

Hyers
W= WN ... W2W1- (32)

G=WA. (33)

Marpuay W Oynem HaswBaTh 1 peob pasymougell MaTprLei AAs MaTpuusl A
B MeTofle McKIodeHusa lLaycca. Ob6e marpurnms, G m W, opgmosmauno ompe-
mensuorcss samammem matpunel A. Ws (32) cmexyer, utro W —mmmuas Tpe-
YrolbHAA MAaTPUIA C [MATOHAJbHHIME 3jieMeHTaMu, paBEBIME 1 (cm. cTp. 28).

Tlockombky W —HeocoBenras matpuma, to m3 (33) mAXOmmM:

A=W-G. (33")

Mu mpepctapuiu MaTpuny A B BUAe NpousBefeHNsA HUKHeH TPeYTONbHOM
Matpums W™l ma BepxHIOIO TpeyroipHYI0 Marpuny (. Bompoc 0 pasmokeHHH
MaTpuOe A HAa MHOMKHTENM TAKOTO THIA NOJHOCTHIO BHIACHAETCH Clie[ylomel
TEOPEeMOM:

Teopema 1. Bcaryw mampuyy A=|a;||P panea r, y xomopoi nep-
gule 1 nocaedo8amMesbHbIT 2AABHNT MUHOPOE OMAUYHBL OM HYAR,

Torma

12...k 0 k—1. 9 a4

MOJCHO npedcmasumb 8 eude npouseedenus HudicHel mpeyeoabiol mampuyst B .
Ha eepxHiol mpeyeoavnyr mampuyy C

b“ 0 ... 0 Ci1t Cig -«. Cipn ‘
bg; bay ... 0
A—pollP2 P2 0 cCop...Cop . (35)
bat bna ... bnn 0 0 ---cnnl
II pu amom
D D,
byt = Dia baaCaz = ”3?‘ yoaeey bpplpp= D—r:i— . (36)

Ilepsvim r Ouaconasvuois asemenman mampuy B u C moscro damb
npouseoAbHbe 3HaueHus, ydosaemsopaiowue ycaosuam (36).

3adanue nepgwix r OUAROHAALHWZL dsemenmos mampuy B u C onpedessem
00HO3HAUHO daeMeHmb nepswr r cmoabyos mampuysl B u nepsuix r cmpok
smampuysl C. [as smux ssemenmos usmeiom mecmo gopmyat

12 . k-1 12...k—1k
bgh=bkkA it i) > g = Chk ( k—i 8 (37)
A< ) A( )

(g:k,k—g—l, coan k=1, 2,

B cayuae r<<n(|A|=0) & nocaednur n—r cmosbyaxr mampuys B
MONCHO BCE INEMEHMEL NOAONCUMb DABHLIMU HYAW, d 8 ROCACOHUT N — T CMmpo-
kax smampuywt C ecem saemenmam 0Jamb npousgosbHble 3HAveHUR, AubO
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Haobopom, nocaeduue n-—r cmpok mampuyn C 3anosHumsd HYLamui, a nocaed-
Hue n—r cmoabyos mampuyst B esamv npoussossHumu.

JloxaszareasbcTBo. Bo3MOMKHOCTE mpejcTaBIeHUSA MaTPHUIH, YIOBIeE-
TBOpAKmEeH ycaosuio (34), B BuNe npousBeNeHus (3D) ObLIa JOKA3AHA BHIIIG
[em. (337)].

Ilycrs teneps B m € — mpou3BONbHEE HWKHAA U BEPXHHAA TPEYTOJLHHIE
MaTpuimsl, Tponssegenne Koropux pasHO A, [loassyacs dopMymnoit nas Mmuno-
pPOB TpOW3BENEHUsT NBYX MaTpHUIl, HAUNEM:

12... k-1 1 2 ... k—1 0 Uz ... CQ
A(12..k~1 i): 2 B((li s ... Op—g 5k)c(11 22...kk)
. : ap<lCa<l.., <ak
(38)
(g=k k1, ....n k=1,2, ...,7).

Ilockoapky C — BepXHAH TpeyroapHas MATpuUOa, TO IePBHE Kk CTOIGHOB
marpunsl C COmEp:HaT TOABKO OMH OTJMYHHIH OT HYJIsA MUHOD k-T0 IOpAgKa

12...k
(1 9 k) . llosromy papencrso (38) MoKeT GHTH 3amHCAHO TAR:
(1 2 ... k—1 g) B(l 2 ... k—1 g)c(i 2... k)
Al o k) Bl r—1 k)0 k)T
= bygbgs ..\ bpy, p-1bgrCiiCas . .. Car  (39)
(g=k k-1, ...,n k=1,2, ...,71).
Ilonoxum cmadazma spech g=£k. Torma momywmm:
b11b22 coe bhhciiczz ‘s Chh:Dk (kzi, 2, . 7'), (40)

OTKY/Ja yiKe BHTEKalT cooTHomeHus (30). -

He mapymas paseHcTBa (35), MH MOKeM B HEM YMHOKUTh Matpmny B
clipaBa Ha MPOMBBOJABHYI0 HEOCOGEHNYIO INar OHANBHYI0 MATpHIy M = || ;s |2,
ONHOBPeMeHHO yMHOmas marpumy C caesa ma M= u;§;, |[». 910 pasHo-

CHJIBHO YMHOMEHUIO CTONGIOB MAaTPUOE B COOTBETCTBEHHO HA [ly, Wa, - .., fin
u crpok marpumsl C ma p;h, wp;', ..., up'. Ilosromy muaromaasmmM smemen-
TaM by, ..., bppy Cyqy ..., Cpp MOMKHO NIDUAATH JNIOGHE B3HAYCHUS, YJOBIE-

TBOpAKIue ycaosuaMm (36).
Haxee, us (39) u (40) maxopum:

A<1 2...k—1¢g
bgn=bpy, 1 21zk—;ei - (g=k Ek-+1, ...,m k=1,2, ..., 7),
a(ys )

T. e. mepBee ¢opmyan (37). CoBepmeHHO aHANOTWYHO YCTAHABIUBAKTCH
BrOpEe ¢gopmyau (37) maa sieMmentoB Marpumul C.

O6parzM BHEMaHwe Ha TO, 4TO IIPU NepeMHOeHuu Marpum B u C sie-
MEHTH bpg IOCHEQHUX n— r CTOJAGNOB MATPHOH B ¥ BIeMEHTH Cgp, IOCHENHAX
n—r CTpOK Marpumit (' TIepeMHOMKAIOTCA TONBKO Mekny coboi. Mul sugenn,
qT0 BCE DJIeMEeHTH IOCIEeIHUX n— 7 CTPOK MaTpunsl C MOKHO BHIGPATh paBHEIMH
Hymwol). Torpa aneMeRTH mociaenHuXx n—r cTOAOHOOB MAaTpumbl B MOMHO

1) 910 cmepyer us upepcraBienua (33°). Ilpm oToM JgHATOHANBHEIM 3JIEMEHTAM
bigy ..vy byp. €44, ..., Cpp, KAK ORJIO y3Ke IIOKA3AHO, MOKHO UPUAATEH J100HE BHAMEHUA ,
YAOBIETBOpAIKE YCAoBHAM (36) 3a cueT Hajieamiux MHOKATeldeH @y, Moy ..., Wy

4%
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sulpars mpom3BoAbHEIMA. flcHO, 4TO mpom3BemeHnme marpmnm B m C He m3-
MeHHTCH, eCJH MH IOCIeTHAE n — 7 CTOJ0I0B MAaTPAOK B Bo3bMeM HYJIeBHMH,
a SIeMeHTH HOCHefHHX n—T7 CTPOK Marpuis (' HpOM3BOJBHEIMH.

Teopema pmoxasana.
W3 moxazaHHON TeopeMbl BHITEXAaeT PAX HHTEPECHEIX CIeACTBHM.

CnepmcrBue 1. Saemenmut nepsuix r cmoabyos mampuyst 5 4 nepevix r
cmpok mampuysi C cessansl ¢ ssemenmamu mempuysl A pekyppernmHumu
COOMHOWLEHTAMIL:

R—1 ~
aik-—z bijcin
b= - =1 (izk; i=1,2, ....n k=1,2, ..., 71),
Chh
i f (41)
ayp~— ) bijcjn
Cip= jt; (<k; i=42,...,rnk=1,2,...,n). j

CoorHomerns (41) HemocpeACTBEHHO CAEAYIOT H3 MATPHIHOTO PaBeHCTBA (30)
M ymo6HO MOIB30BATBCA JIA $aKTAIECKOr0 BHYHCIACHHS SIEMEHTOB

marpan B m C.

Cxegcreue 2. FEcau A=| a;|*— neocobennas mampuya (r=n),
ydosaemeopatowas ycaoeuw (34), mo 6 npedcmasaenuu (35) mampuya B u C
onpedeasiomcs OOHOIHAUHO, KAK MOABKO OUG2OHAABLHBIE IAEMEHMBL MU

Mampuy esbpanst e coomeemcemsuu c ycaosusmu (36).
Caemcrue 3. Ecan § =| sj |[P — cummempuveckas mampuya parearu

{1 2.

k
D,—S 0 (h=1, 2, ..., 7),
B (12...]{:)#: (k 7)

mo
S =BB’,
ede B=||by ||} —Huxnas mpeyeosbras mampuya, & KOmopou
(_t 4 (12 k‘“”) (@=k kt, .o k=1,2,....7),
bgk':'—iVDka-i 12 ... k—1k
0 (g=k,k+1, ...,nk=r+1,...,n).

2. llycres B mpeacraBaesm” (39) y MaTpuns B 3JeMeATH OOCTIeTHHEX
n—r cTonbmoB paBEH HYA0. Torga MOKHO HOJOMKHTH:

(42)

B=F. bry . C= e L (43)

0 0 0 0.
rpe F —EmxEAA, a L —BepxHAA TPeyrolbHAasA MATPHMIA; OPH 3TOM NEPBHE
r IWATOHAJLHHX 3JeMeHToB y Marpun F wm L paBEH 1, a sxeMeaTH mocaep-
HEX h—r cToabmos Marpuon F wm mocaegHnx n—r CTPOK Mmarpunuw L

BHOpaEm coBepmenHo mpomsBoabHO. llozcraBasa B (35) Bupamenus (43)
naa B m C uw mconoasays paseHcrea (36), mpmaeM K ciaepywomei Teopeme:



§ 41 PA3JTOEHHE KBAIDPATHOW MATPUINBL HA TPEVIOJbHBIE MHOMUTEIN 53

Teopema 2. Beakan mampuya A=| a;||? panea r, y xomopoi

12 ...

Dy=4
* (12...

:)#0 k=1, 2, ..., 1),

npedcmaguma ¢ sude npousgedenus Huxdchell mpeyzonvroli mampuyst F, Oua-
eonaavnoli D u eeprrell mpeyeoavkol L:

1 0 ...0 D, 1l ... Uy
D,
Dy
for 1 ... 0 01... 1,
A=FDL = | D, ‘ v (44)
) .pr—f
for frm e 1 ol o 0.1
a0e
et R ek
fer= 12, % » g = 12 ..k : (45)
A -4
(12...14:) (12...k)
(g=k+1, ..., ns k=1, 2, ..., r),
a fgn, lng npousgoavnr npu g=k-+1, ..., n; k=r-4-1, ..., n.
3. Meron uckiawogenua [aycca, 6ynyan npumenes k Marpune A= | a; ||}
paura r, gaa Koropoir Dyp5=0 (k=1, 2, ..., r), naer HaM [iBe MaTpPHIH:

HIDKHIOI TPeyroJbHEy0 Marpuny W ¢ nguaromaidbpEmMu saemenramu 1 m Bepx-
HIOK TPEYrOJbHY® Marpuny G, Y KOTOpOil HmepBHE 7 [WAarOHAJBHHX Ble-

D D
MeHTOB pasHW D,, 22, ..., =, a IOCJeIHHE n—r CTPOK 3aMOJHEHH
Di 7 Dry '

mynamu. G--rayccosa ¢opma marpunu 4, W —mpeoGpasymomas Marpuma.
o KOHKPETHOrO BHUYHMCJIERWS 31eMeHTOB MaTpumel W MOKHO peKo-
MEH/IOBATh CJAENYIOMUNA IIPUeM. :

Mu noayuuM marpuny W, ecam K elMHWYHON Marpume £ OpuMeHHM
Bce Te mnpeoGpasoBaHuA (3ajaBaemble marpumamum W, ..., Wy), Koropue
MH B ajiropurme l'aycca penanm Hax Marpunein 4 (B sTOM ciyduae BMeCTO
npoussenenusa WA, pasaoro G, mm 6yaem mmers npoussenerue WE, pas-
moe W), Tlosromy K marpunme A DIpununcHBaeM CHpPaBa eJUHWIHYI0 MarT-

puny E:

......... B (46)

---------

GM... annO...l

Ilpumensa K aToii DIpAMOYTOJIBHOH MaTpHMIEe BCEe MpeoOpasoBaHMA alro-
putma I'aycca, MoaydYumM IPAMOYTOJBHYI0 MAaTpPHIY, COCTOAWMYI H3  JIBYX
KBajgpaTHHX Marpung G u W

(G, W).

Taxum o6pasom, npumenenue aszopumma Iaycca & mampuye (46) daem
odnoepemerno u mampuyy G u mampuyy W.
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Ecin A —meocoGermaa marpuma, 1. e. | 4|50, 1o u |G[5=0. B arom
crygae us (33) caexyer A= G 'W. Ilockonbky Marpuns G w W ompene-
JeHH mpH noMomu amropurma [aycca, To HaxomaeHEme o6paTHON MaTpWIlH
A7 comurca K ompenexendo G u ymuORenuio Gl ma W,

Xors HaxommeHwe oGpaTHo#l Marpuuu G™!, mocae TOTO Kak ompefe-
J1eHa Marpuna (, He IpeACcTaBIsAeT 3aTPYJHEHWH, HOCKOIBKY G — TpeyroJb-
Hasd MaTpHIQa, TeM He MeHee MOKHO u3Ge;rars aroil omepammu. [{aa sroro
Hapany c¢ marpmiamu G m W BeemeM amamorwgmeie Matpunsl G, u W, maa
TpaECHOENpOoBaHHOi Marpuun A’. Torma A" =W;['G,, 1. e.

A=GW ™. (47)
ComocraBuM Mexny coboit paseHctBa (33') m (44):
A=W-1G, A=FDL.

ITH paBeHCTBAa MOTYT OHITh pPacCMaTPHBAaeMBl KaK [JBa pA3IU4YHHEX PAa3iao-
aeHNA BUAA (35); mpu stoM Mel mpousBepenme DL paccMarpuBaeM Kak
Bropoit mHO;xuTeah C. [loCKONBKY mepBre r [QWATOHAJLHHX 3I€MEHTOB
y DEPBHIX MHOKHTENEH OZWHAKOBH (0HH paBEH 1), To mepBHe r CcTO0IGIOB
Y HHX COBHAafa®moT. Torga, HOCKOJBKRY IIOCHETHHE 72— I CTOJOIOB MaTPHIH
F Moryr OmTh BHOpaHH DDOH3BOJIBLHEIMI, TO BHOEpeM HX Tak, 4To0H

F=W1, (48)
C nmpyroit cTOpOHH, comoCcTaBiaeHWe PaBeHCTB (47) u (44):
A=GW ™, A=FDL

IIOKa3HBAaeT, 9T0 MOKHO TaK HOJ00paTh IPOU3BOJLHLIE DJIeMeHTH B L, 9To6H

L=W/, (49)
IlogcraBnsasa B (44) Bmecro F m L wx BHpaenusa w3 (48) m (49), momyuum:
A=WADW (50)
Comocrasnsisi 870 paBeneTBO ¢ pasencrsamu (33°) m (47), mm Haiipem:
G=DW™, G, =W7D. (51)
Beegem B paccMoTpeHHEe AHMATOHAJIBHYIO MATDHIY
5:{—5—1—, %- %":5—,0, 0} (52)
Torga, DOCKOIABKY
D=DDD,
o w3 (50} m (51) caexmyer:
A=GDG. (53)

@opmyna (53) mokasmiBaeT, 4TO pasiokeHWe MATPUIH A Ha TpEyroJbHHE
MHOJKHTEJIH MOKeT OHTH IOJYYeHO IpuMeHeHHWeM aaropurma I'aycca K mar-
pumam A u A’.

Hycre remepr A —mBHeocobemmaga Marpuna (r==n). Torma |D|=£0,

D=Dm Ioaromy m3 (50) caenmyer: -
A =W .DW. (54)
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dra dopMmyna maeT BO3MOKHOCTE dPdexTHBHOTO BHYNCICHHA 00paTHOM
matpme A~! myrem npumeEeHRHma aaroputva I'aycca K IPSAMOYTOJIBHEM
MaTpHIAM

(4, E) (4, E).

B gacrHOM caygae, Korga BMeCcTO MAaTPpHOH A BO3bMEM CHMMETPHYECKYIO
matpuiy S, marpuna G; copmagaer ¢ G, a marpuma W, —c¢ wmarpuueit W,
n noroMy ¢opmyas (93) m (94) DPpHHEEMANT BHJ

S = G'DG, (55)
S = W/ DW. (56)

§ 5. PasOuenne Marpumpl Ha Onoku. Texmmxa omepupoBaHm:A
¢ OnounbiMun Matpunammn. (O0oOmiennbiii anropurm aycca

YacTto DpHXOANTCA MOAH30OBATHCA MAaTpHMIaMu, pasbHTHME Ha IPAMO-
YTOJBbHEE YaCTH — «KJIETKHY HIH .«0JM0Kmy. PaccMOTpeHHI0 TakHX «GJIOYHEIX»
MaTpHUI[ MH DOCBANO[AeM HACTOAMMIA Iaparpad.

1. IlycTs maHA DpAMOyrolbHag MaTpHIA

A=|laglf (i=1,2 ..., m k=1,2, ..., n). (57)

IIpn moMomiym ropusoHTaNBHKWX M BEPTHKANbHHX IHHHH paccedeM mart-
puny A Ha NIPRMOYronbHEE OI0KH:

ng, Ny ... Ny
Aii Aiz PN Ait } my
A4 = A.‘Zi A22’ - Azt } mz. (58)

Asi Asz a4 & ‘4'3t } ms
IIpo marpuny (58) GymeM rosopuTh, 9T0 OHa pasbura Ha s¢ OIOKOB
Agp pasmepoM mg X ng (=1, 2, ..., s; p=1, 2, ..., ) uam u9ro oOHa

npepcraBieHa B Bujge 0a09HOH marpuni. Bmecro (58) 6ymem corpameHEO
IACATh:

A= (Agp) (a=1, 2, ..., s p=1, 2, ..., 1) (59)
B caygae s=1¢ 6yaeM moap3oBaThCA M TAKOH 3aIHCHIO:
A = (Agp);. (60)

HeficTBua Hajg OI0YHKIMHM MaTPHIAMH TPOM3BOXATCH IO TeM ke (op-
MaJlbHHEM IPaBHIAM, KaK H B CJydYae, KOTJa BMeCcTo OJOKOB MMeeM YHCIO-
Bue siaemeHTH. [IycTe, Hampmmep, HaHH JBe NPAMOYTOJLHEE MAaTPHIE OJH-
HAKOBHX pas3MepoB H ¢ OJMHAKOBHM pas0OHeHHEM Ha OIOKH:

A= (Agp), B=(Bgp) (=1, 2, ..., s; [3_:1, 2, ..., ). (61
Jlerko ycmoTpers, uTo
A+ B = (Agp+ Bep) (a=1, 2, ..., s; p=1, 2, ..., 1). (62)

ITogpoOHEe ocTaHOBMMCA Ma YMHOMKEHMM OJ0YHHX MaTpun. H3aBecTHO
(cm. ra. I, crp. 17), 9T0 Ipm yMHO)KeHMH JABYX DOPAMOYTOILHHX MAaTpPHII
A m B giWHA CTPOK B IEPBOM COMHO;KHTENe A NOJKHA COBOANATEH € BHCO-
TOA cTonOmoB BO BTOpOM comHO;RUTene B. Jias BosmoskHOCTH «OI09HOTO»
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YMHOKeHHA 9THX MATPHI MH [ONOJHHTeNbHO morpebyeMm, 4To6H Hpm pas-
OmeHum Ha OJOKHM Bce TOPUBOHTAALHHE PA3MEDHL B HEPBOM COMHOXKHTENE
COBHAJANH ¢ COOTBETCTBYIOIMHMHU BePTEKAJILHHMH pasMepaMH BO BTOPOM:

ng ns ...MN ' Py Pz ... Pu
- —— o, - ot
Ay Agp .0 A\ } my By Bz ... B\ } ny

A= Ay Ay ... Ay ‘}mz, B=| Bu Bn ... Bau } nz (63)

.
* e a & 2 & s =
-

Asi Asz---Ast }ms By Biy ... Bty } n;
Toiga Jerxoc mpoBepuUTb, 4TO
i =1, 2 s
AB=C=(Cqp), rHE Cmﬁz 2 AgsBsp ( DR ) . (64)
2, B=1,2, ..., 1,

OTgensHO OTMETHM TOT 9YacTHHIE Caydal, Korja OJHMM U3 COMHOMKHTE-
Jell ABuIAeTcsa Keéasuduazonasvras Mmarpuna. Illyers 4 —xBasmpmaroHanbHas
Marpuna, T. €. s$=¢ 0 Aep=0 npm a5=p. B arom crydae q)opMyJIa (64)
HaM [aer:

Cop=AgaBup {fa=1,2,...,8 p=1,.2, ..., ). (65)

HIpu ymroxcenun 640uHOL MAMPUYLL CAEBQ HA K6Q3UOUA20HAALHYI
MAmpuyy cmpoku GA0UHOU MAMPUYLL YMHONCAIOMCE CAL8A HA COOMSBEMCM-
gyouge OUAZOHAAbHEE KACMKU K6a3uOUuazoHalbHOU MaAm PUysL.

Ilycrs Temeps B — KBasHAMaroHaAbHAasA MaTpHUIA, T. €. t=u u Bep=0
ope o= p. Torma ua (64) oIy qaem:

Caﬂ-—AaﬁBﬂﬂ, (0!.':—1, 2, ey S} ﬁ—'=1, 2, ey u) (66)

IIpu ymroxcenuu 6.404HOU MAMPUYL CRpasa HA K6a3udua2oHAALLHYI 6ce
cmoabysl GA0UHOL MAMPUYSBl YMHONCRIOMCA CRPABA HA COOMEEMCMEYIOWuUe
OuazondAbHbE KEACMEU K6a3u0ua2oHaabHoll Mampuyn.

3ameTnM, 9T0 YMHOMKEeHHMe KBaJZpPaTHHRX OJOYHHX MATPHUL OZHOTO
W TOTO ’Ke HOpPHJKa BCerJa BHIOJHAMO, KOT'JAa COMHOMKHUTeNHM pasfuTs
Ha OJMHAKOBHE KBaJpaTHHE CXeMH OJOKOB M B Ka)XZOM M3 COMHOMKHTeJeHl
Ha [UATrOHAJBHEIX MECTaX CTOAT KBaJPAaTHHE MATPHIEL.

Baounas matpuna (08) HasmBaercsa eepxHell (HuicHel) Keasum peyz0ab-
no, ecnm s=1 u Bce Agp=0 npr a>p (cooTercTBEHHO BCe Ayup=0 mpm
a<§) YacTHHM CJAy9ae€M KBasHTPeyTONbHOM MATPHOH HBJISAETCA KBa3H-
AHATOHAJHbHASA MAaTpPHHA.

U3 dopmyan (64) merko ycMmorperb, 4ro

II pousgedenue Oeyx eepruuxr (HUNCHUL) K6QUM PEY20AbHBIL  MAM PUY
a6a8emes CHo6a éeprHell (HUXNCHel) Keasum pey20.abKoli mampuyelil); npu smor
duagorarvrble 640KU nNpou3sedeHus NOAYUAOMCA NYmem NePEMHONCEHUSR
coomeememeyowur O0uazoHaibHelr 040K08 COMHONICUMEAEl.

HeficrBurentHo, momaraa B (64) s=t¢ n

Agp=0, Bgz=0 mpm a<<B,
HalmeM: _
Cop=0 1pm a<<P
u (a, p=1, 2, ..., s).
' Caa":'AmaBaa

1) TIpm aToM Hpegnojaraercd, 4To 0J0dHOe YMHO)KeHHe BHIIOJHUMO.
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AHajorugHo pasbmpaercs ciydall HIKHNX KBA3HTPEYroOJAbLHEIX MATPHIL.

OrMeTEM OpPaBHAO BHYNCIEHHUS ONpPEfeNIHTeNd KBA3HTPEYroJbHOH MAaT-
pHIE. JTO OPaBHIO MOKHO IOJYYATh, HCXOAS M3 pasno;eHua Jlammaca.

Ecau A— keasumpeyeoavhas (6 HacmHocmu, £K6a3uduazoHaibHAR) MAM PUYA
¢ xead pamuuimu OUQ20HAAbHEIMU O40KAMU, MO ONpedesumend IMoL Mampuys
paéen npouseedenuro onpedesumencli duaconarvuuz 6.40K06:

lA[::’AMl [A22l---lAss|- (67)
2. Ilycrs nama 6moyEHas marpmnma
ngy Ns ... Ng
—— - ——
A“ A:lZ res A“ } m,
A=| Ao Az ... Au |} My (68)
A.si Asz “ e Ast } me

pnGasum ® @-it GiouHOl cTpoke P-I0 CTPOKY, OPEABAPHTENLHO HOMHOKECH=
HYI0 cjieBa Ha OPAMOYroAbHYK Marpuny X pasMepoM my X mg. Ilomyamm

0JI09YHYI0 MaTpHIY
Ay Ay \

B={ .

\

Aﬂi

Agy

Agi+XApy ... Agp+XAp
Ap:

Agt

/

. (69)

BBepgem BcmomorarenbHYI0O KBafipaTHYH Marpuny V, npepcraBieHHYIO
B BHUAE CJAEAYIOIEeH KBagpaTHOH cXeMH OJOKOB:

mygi.. Mg .
(E.. 0
0 E .
V=| .
0...0
ko...o

. mg.
-
0

0.

. .mg

.?\_

8

} m,

(70)

B amaromanbpEEX Kaerkax Mmarpune V CTOAT €SUHHYHHEE MAaTDPHIH,

OOPAJKH KOTOPHX paBHE COOTBETCTBEHHO m,, Mg,

..., Mg, Bce HeaHAAro-

HajdbEHe Onokm Matpmume V paBHH Hyd0, 3a HCKJIKOYeHmeM 0ao0Ka X, CTOSA-
mero Ha HepecedeHHM a-if O6m09HOH CTPOKH ¢ f-M OM09HEM cTOAOIOM.

Herpyaro BHOeTrs, 4To

nmeeM 1):

I Cu. cTp. 22.

VA=B.

Orcioga, mockonbky V - HeocoGeHHast maTpuna, Aag panros marpun A m B

r'a=1rg.

(71)

(72)
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B wacrHOM cayuae, Korja A —wBagpaTHag Mmarpuua, um3 (71) mmeem:

|[VI1A|=]B]. - (73)
Ho ompegenmrenn wpasurpeyroanHoil Marpuuu V paseH 1:
| 1V |=1. (74)
CaemoBaTeabHO,
|A|=|B]. (75)

K raguM ;e BHBOJAM MOKHO IPHATH, €CIM K KakomMy-nubo croadmy
matpunt (67) mpmbasasits gpyro#l croxfer, IpegBAPHTENLHO MOMHOKEHHBLH
cIIpaBa Ha OPAMOYTOJABHYI0 Marpuny X HaJJIeKAOMX PasMepOB.

Hon’yquHHe pe3yanTaThl MOTyT OHTE cOPMYJMpPOBAHKE B BHIE CIe-
AYIOmeH TeOpPeMHL.

Teopema 3. Ecau 6 6aounol Mampuq,e A Kk o-ii 6a0unoil cmpoke
(cmoabyy) npubasumsv P-to 6aounyno cmpoky (cmoabey), npedsapumenvro
nomuoxceHnylo caeea (cnpasa) Ha npamoyeoadbHylo mampuyy X coomeemcm-
BYIOWULT PA3MEP08, MO RPU IMOM RPeobdpPa3oéanu. He UIMEHAMCE DPAH2
smampuybt A, a marwe é cayiae, koeda A—readpamuas mampuya, U onpe-
deaumeavr mampuysr A.

3. PaCGMOTpHM Temeph TOT UACTHEIA cJay9aid, korga B Marpune A
AMATOHAJBHHE OI0K A; — KBajjpaTHag H INIPUTOM HEOCOGEHHAs ManHua
(1 41,15 0).

K o-i CTPOKE MATPHIL A upubaBuM HEPBYI0 CTPOKY, NOMHOMKEHHYIO
caesa Ha — Ay A7 (a=2, ..., s). Torga momyumm MarTpumny

AI_’L Aiz PR Ait
Bi: 0 A;].) A(l)

------

0 A;]; A(l)

(76)

rjae .
AR= —AadiMp+Aap  (@=2, ... 5 p=2,..,8).  (T0)
Ecan A% — kpagparHass HeocoOeHHAsA MATPHUIA, TO DSTOT IPOLECC MOFKHO
OPofoENTE. MH mpuxomum, TakmM 006pa3oM, K 06006MeHHOMY aJaro-

purmy Taycca.
Ilyere A —wBamparmaa marpurna. Torga

A;;) . A(l)
T (78)
A(s]é) . A(l)

@opmyaa (78) ceomur BEUNCIEHHE oNpeAenurend | A |, cocrosAmero ua st
6I0KOB, K BHUACICHWI0 OTPEJICTHTENA MEHBINIErO NOPAMLKA, COCTOAMETO

n3 (s—1)(t—1) 6aoros?).
Pacecmorpum ompepeaurens A, pa3bumrhi Ha qumpe OaoKa:
A B
C D

|Al=|B|=[Ay]

(79)

rpe A u D -—KBaJpaTHHE MATPHIHL.

1y Ecam A§Y —xBagparsas Marpuna # | A | = 0, TO K moJdydeHyoMy oupemesH-
Temawo u3 (s—1){(t—1) 0I0KOB ME MOKeM CHOBA IPHMeHHTH TaKoe jKe NIpeoOpaszoBanme
u T, m.
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Mycre | 4|5 0. Torga BHYTEM M3 BTOPOW CTPOKH I€pBYIO, IIpexBapu-
TeIbHO NMOMHOKEHHYI ciaesa Ha — CA™L. Ilomyqmm:
A B
0 D—CA'B

Touno rtar me, ecan |D|=£0, T0 MH BHYTeM B A W3 NEPBOil CTPOKH
BTOPYIO, IpefBapUTEIbHO IOMHO;eHHYI0 ciaepa Ha — BD™L Ilonmydqnm:

A—BD1C 0
C
B wacrHOM caydae, korga Bce vermpe Marpmnel A, B, C, D —xsan-
paTHEe (0HOTO M TOro ke Xopaaka n), n3 (I) m (II) caegylor popmMyam

Ilypa, cBOLAIIME BHYUCIECHWE ONpeneanTels 2n-r0 MOPAZKA K BHIYHCIE-
HUIO OIpPeNeIuTe]s A-T0 NOPAMIKA:

Azl ]:[A\ |D—CAB| (I)

A= =|A—BDC||D

: (I1)

A=|AD —ACA'B| (| A1s=0), - (Ia)
A={AD—BD?*CD| (|D[5=0). (ITa)
Ecam marpuns A u C nepecTaHOBOYHH MexIy co60ii, To n3 (Ia) caenyer:
A=|AD—CB| (upu ycnosmum AC = CA). (16)

- Touno ian swe, ecin C m D mepectaHOBOYHH MexAy co6oii, To
A=|AD —BC| h (zpu ycaosum CD = DC). (I116)

dopmyna (16) 6mna momyveHa B npepnonosxerun |A|==0, a dpopmyia
(1I6) nmpm ycaoBum | D | 0. Oggako, Mcx0la m3 COOOpaKeHUIl HenpepHB-
HOCTH, TH OTPAHMYEHHS MOJKHO OTODPOCHTL.
Wz gopmya (I)— (1I6) momHO DmONYdUNTh eme necTb GOpMyJ, HOMEHSAR
MmecTaMu B npasHX uactax A u D m ommoBpemerno B n C.
ITpumenp. '
1 0 by by
0 1 by by
€y Co dl dz

e3¢y dy d,

Ilo dopmyme (I0)

A | di-—cibi——(}zbg d2—61b2—62b4

| dg—c3by—cyby dy—c3ba—cby

4, Vcramosum ¢opmyny @Dpobenmycal) mma ofpamenns 6aounoH
matpunsl. Ilycrs HeocoGemmas kpapparHast marpuna M (| M |+ 0) pasbura
Ha OMOKHM ' |

-
w11 ED)

n nycrh A —rakme HeocofGeHHaa KBaJgpaTHag MaTpHOa (| A|=%0). Tpe-
6yerca onpegenaurs M1

1) Cm., mampumep, [44].
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[Ipumerum k marpmue M o6oGmenmnii aaropmrm I'aycca. U3 mropoi
0a0YHOM CTPOKM BsIYTEM IEepPBYI0, NIPeABADPUTEJIHHO ITOMHOKEHHYIO CJIEBA

ma —C(CA™l. Jra omepanmAa paBHOCHIbHA YMHOKeHHIO Marpuuu M ciesa
Ha Matpuny?l) (E 0) , Tme X = —(CA"1. [losTomy
X E |
E 0 M= Y| B . (81)
—CA E 0 D—-CAB
Beegem o6o3zHauenme
H=D—CA'B
7 3aMeTuM, 4T0 M3 paBeHcTBa (81) caexyer:
|M|=]A||H]| (82)

[losTomy, mockoasky |M |40, ro u |H {5402, Ilepexoas k o6parHEIM
marpuiaM B paBeHcTBe {81), momyumm

—1 —
ma| OO\ (4B (83)
—CA1E 0H
06 A MATDROH 4 B OyzeM HCKaTh B BHNE AU
MaTpH A MaTpH .
PaTHYIO pany 1 puI, (O H) YA (0 H‘l)
Torga B3 paBeHCTBA
AB\ (AT U\ [(E LO)
(0 H) 0 H’l) 0 E
HaxoxmM, uT0 U= — A"1BH™1, Takum o6Gpasom,
AB —1: A1 —A1BH1 - (84)
0 H 0 H7

Ho rorga ums pasemcrBa (83) maxommm
M1 A B\-1 E 0 _ A"l —AT1BH1 ( E O) . (85)
0H —CA™ B 0 H™1 —CA1 E

BHOoosHEAA yMHOMeHHe OJOYHHX MATpHI, B npaBod wactm paseHcTBa (85),
npuxonuM K ¢opmyae DpobGermyca '

- - - -1 __ A-1RH"
M A1+ ATBHYCAY —A'BH , (86)
— H1CA? H7
rje '
H=D—CAB. ' (87)

@Dopmyna Dpobermyca (86) crogur obpamenne MarpHIE DOPAAKA 1 -+ q
K o0paileHNIc ABYX MATpHI, HOPAAKA n H ¢ W K OnepanmusaM CAOKEHHA
M YMHOMEHHUA MAWPHUI[ ¢ PasMepaMm nXn, gX ¢, nXq 1 g X n.

1) B mepsoit Gmounoit crpore Oyksa FE o0003HasaeT eIMHHIHYH) MATPHOY PR-TO
MOPAAKA, & BO BTOPOA—EeJUHMIHYI0O MATPHOY IOpAAKa ¢.

2) Ham HeT HeoGXORMMOCTH 3apanceé yCTAaHABIMBATH HeocoOemHOCT> Marpuou M,
TaR RAaR 9TO cBOHCTBO Marpumel M caemyer us Toro, 9ro |A|==0 m |H| = 0. Ecin 6
OKazanock, 4To | H |=0, 10 Torga u | M |=0, @ B aTOM ciyuac HE cymmecTsyer oGpar-
HOHX Marpuou M1,
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Ecam npepmomoskmnts, uro |D|5=0 (BmecTo |A|7£=O) A IIOMEHATH

poaaymu Matpuusl A m D, TO MOMHO IHOJYYATH APYroil BHE QOPMYJIH
®pobennyca:

A B\t K- — K-BD 88)
CD D-1CK-! D™ D'\CK-\BD/’
rjge
K =A—BD-C. — (89)
lipumep. TpebGyercda maiiTu HJAeMenTH 00paTHOli MATPAUE ANA MaTPHIE
1 —1 01
M —1 2 —-10
o 0 2 01
2 0 12
Ilomaraem
1 —1 01 I 0 ZL ]0 1
A= ’ 1 = = .
—1 2 | 20 I 1 ZH
HaxofuM nociefoBaTelbHO
21 02 2 1 22
A1 = A-1= = »
il Hzol\ a1l
S e
S I \‘1—10} ’12 —24) ||3 —2
2 —1 —1 2
-1 -1
ma=|y T 4= ” I -tel= Zail
—1 2 2 —1 4 —3
~1BH~1 — —_
T I | P
4 —3 —b 2
~1BH-10 41— —
amirica=| | T H4 o= "]
—23
A1 - A-1BH-1CA 1= :
—1 1}
A-1ca1=|| 2 1
o3 =2 _._22

IToaToMy mo dopmyae (86) maxopmm:
—2 3 —4 3
—1 1 —1 1
0 —2 2 —t
2 =2 3 —2

M-1=

5. W3 teopemsl 3 BHTEKaeT TakKiKe
Teopema 4. Ecau npamoyzoavhas mampuya R npedcmasaena e 6.aou-

HOM 8sule
A B
— (_C D) , | (90)

ede A — Kead pamuasa Heocobennas mampuya nopadra n (|A|=~0), mo pane
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mampuys R pasen n 6 mom u moavko e moMm cayuae, kKoz20a
D=CAB. (91)

NNoxasareanrcTso. Buirem u3 BTOpoil 6I09HOA CTPOKN MaTrpunsl 17
HepBy0, IpeJBapPHTEIRHO NMOMHOMKeHHy® caesa Ha (A7, Torpa momydmm

Marpuny A B
= ( 0 D-CA—lB) ‘ (82)

Marpunst R m T coraacHo TeopeMe 3 HMEOT OJHH M TOT ;Ke PaHr. Panr ixe
maTtpuns I cosmajaer ¢ paHromM mMarpunkl A (T. €. ¢ n) TOTrZa W TOJBKO
rorga, korga D —CA1B =0, r. e. worgma mmeer mecto (91). Teopema
JTOKasaHa.

N3 TeopeMH 4 BHITERAET aATOPUTM HOCTPOeHHs o0parHoil mMarpupel A71
n Boo6me mpoussenenusa CA™B, rue B, C —npAMOyroiapHe MaTPUIK pas-
MepoM n X p, g X nl).

Ilpmsegem npr momomu anropurma I'aycca?) marpumy

A B
(mc O) (| 4150) (93)
K BAXLY
G, B,
(O, X) . (94)
Hoxramem, 9T0
X=CA™B. (95)

B camoMm mexe, To s;xe mpeobpasoBaHme, KOTOpoe OHIO MPEUMEHEHO K MaTpumne
(93), mpupeger MaTpuOy

A B
( —c — CA-IB) (96)
K BHAY

G B o7

| 0 X—CAB)" 1)

CoraacHo teopeme 4 marpuna (96) mmeer paHr n(n-—NOPAZOK MAaTpH-

ma A). Ho torma m Mmarpuna (97) momxma mMers paHr n. Orcoza

X—CAB=0, 1. e. umeer mecto (95).
B wacrHOcTH, ecam B =y, rge y—cronbuesag marpuga, u C=E, 1o

X=A"y.

Crnegosarenpno, npumenss -aaropurm I'aycca k marpume

Ay
[z 0)
1) Cu. [88].

2) 3mecr MH npuMensieM K MaTpume. (93) me Bech amropuT™ I'aycca, a TOIBKO eTo
mepBHe 7 3TANOB, TAe n— IOPANOK MATPHIH A. 9T0 MOMKHO CAelaTh, €CJAN BRIOIHATCA
yeaosua (15) npu p=n. Ecim e 9TH yCJIOBMA He BHIOOIHEHH, TO, HOCKONLRY | Al == 0,
MH MOMXeM TaK IepeHyMepoBaTh HepBHe n CTPOR (WIN HepBHe n cTOAOHOB) MaTpumel (93),
9T00H n 3TamoB aaropuTMa laycca Oxasanuch BHOOJTHUMHME. Taxo# BUJOM3MEHEHHBIH
anroput™ [aycca MHOTAAQ OPUMEHANT M NPH BHIOIHEHMH ycioBuit (15) fuaa p=n.
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MH T10JIy9aeM PeIIeHHe CHCTeMH ypaBHeHHOI
Ax=y.

Nanee, ecnm B (93) monomxurs B=C = E, To nocie NpAMeHeHUA AIIO0-
purma I'aycca K MaTpHIie

A, E

(—'E’ O)
MOJYIUM:

G, W

o, x)-
rae

X=4"1

[IponaiocTpEPYEM 3TOT CIocod HaxoxAeHNA A~ Ha caeqylomewM mpuMepe.

Npumep. Hycrs

2 11
A=yt 0 2
3 1 2

Tpebyerca BuaucauTts A-1,
pEMeHseM HeCKOZbKO BHAOMBMeHEHHEIH MeTON MCKIHUeHMs 1) K mMarpuie

2 1 1100
470 2010
30 4.2 0 0 1
1 0 0 0 0 0f
0—1 0000
0 0—1 0 0.0

Ko BeeM cTpOKaM IpEGaBisfeM BTODPYIO CTPOKY ¢ HeKOTOPHIM MHO;KUTexeM M 100H-
paeMcs TOTO, 4TOOEl BCe 9MeMEHTH IepBOTO cTOM0Na, KpoMe BTOpPOrO dJieMeHTa, pPaBHA-
aucp Hydio. Iocme HTOTO KO BceM CTPOKAM, KpoMe BTOpOH, upuOaBisgeM TPeTBIO CTPOKY
¢ HeKOTOPHM MHOKHTelleM M NOCTHTAeM TOr0, WToOHK BO BTOPOM CTONOIe BCO BICMEHTHI,
KpoMe BTOpOTO M TpeThero, Ommm pasuel mymio. Ilocae aToro x mocxeHAM TpeM CTpOKaM
mpufaBiadeM mepBYH CTPOKY ¢ HEKOTOPEIM MHOKHATeNeM X IOJiydaeM MATpUIy BHIa

X ok ok X ox X
KoK X KX X
Kok XX X X
0 0 0 —2 —1 2
0 0 0O 4 1 -3
0 0 O 1 1 —1
HosTomy _
-2 —1 2
A-l= 4 1 —3
1 1 —1

6. PasGuenme Marpuisl Ha GJOKH MOMKeT OBITh HCIIOJIB30BAHO TaKiKe
qiA HaXORIeHus ncepgoobparmoii marpmmsl (cM. ra. I, § 9). Ilycre cmosa

1) CM. cHOCKY 2) Ha cTp. 62.
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MpAMOyTOJbHAA Marpuna R npejcrasjieHa B BHJE

(A B 08
rqe A —meocoGemHag kpagpatHag Marpuma (|4 |- n r,—rg Torma
COTJacHO TeopeMe 4 cIpaBedJHBO PaBEHCTBO D=CA“1B H IIOTOMY

R= (‘g) A= (4B). (99)

Tak Kak oTa ¢opMyJaa HBIAETCA PpE3YJABTATOM JABYX IIOCJHEJ0BATENbHRIX
CKeJeTHHX pasao:enuit (cM. rix. I, § 5):

A
R= ( c) (E A™'B), (E A™'B)=A"1(AB),

TO
, AN\t AVt
R*=(AB)* (4A)* (C) =(AB)* 4 (C) . (100)
Tpumeras dopmyas (43) m (44) EHa cTp. 34, OKOHWATeJNbHO HalimeMm:
A*
Rt = (B*) (AA* -+ BB*)™ A (A*A 4- C*C)™ (4*C™). (101)

Qopmyna (101) maer sABHOe BHpaskeHWe A mceBRoobpaTHO# Marpumer R*
gepes Gaoku A, B, C

IIpaMerp.
1 —1! 2 0
! 4 B
—| —1 | —3 1=
R= 2 =\c D
0 1j—1 1
3mech rp=2 H
t —1 2 0f
f—t == == N D:— ’
B R s AL SN POy

2 — -1 115 3
% £y—1 . —_
(A% BE%) —<3H——3 5H> "3’3 2”
t 2 —3 -1__1_’6 3
_3|

(arateoreyr=||_2 73
(AA* 4 BB*)1 A (A*A 4 C*C) 1= ”15 SH

Torga mo gopmyne (101)

1 1

3 03

1 —1 _i 1 2
I S [ = DO

9 2 —3 9 5 —1 2 1 i-'

0 1 9 9 9

4 15

9 9 9




I'’IABA III

JNHEVHBIE ONIEPATOPHI B »n-MEPHOM BEKTOPHOM
ITPOCTPAHCTBE

MaTpuusl cocTaBIAKT OCHOBHOH aHAJWTHYECKMIl ammapar JZiad M3yYeHUA
AVHEHHHX omepanyi B n-MepHOM IpPOCTpPaHCTBE. D €BOIO odepens HW3ydeHUE
9THX Ollepanuil AaeT BO3MOKHOCTL Pa30HTL BCe MATPHIE HA KJACCH M BHA-
BHTE BajKHEIC CBOMCTBA, IPHMCYIIME BCEM MATPHIAM OFHOrO H TOTO K6 KJacca.

B nacrosmeil rmase mamaramrca HamGosee OPOCTHE CBOMCTBA JIHHCHHEIX
OIIepaTOPOB B #-MEpPHOM IpocTpaHcTBe. [lampHelimee mccaemoBaHue JIUHEHHHX
OIepaTopoB B R-MEPHOM mpocTpaHcTBe Oyaer mpomosxero B raasax VII m IX.

§ 1. Berropnoe mpocTpaHCTBO

1. Ilycts pmama HeKOTOpasg COBOKYIHOCTHh /i OPOM3BOJBHHIX 2JE€MEHTOB

Y, 2, ..., B KOTOpOil OmpefielieHH [Be OIEpPAlMH: ONEPAIMA «CIOKEHIA
I oIepanua «yMHOKEHWA Ha gnciao w3 moas K»1l). [lomycrum, uro srtm
omepapuy Bcerjga BEINOJHHUMEI M OFHO3HA4YHH B B H AAA M100BX 2J€MEHTOB
x, ¥y, 2 u3 B u umcen a, f us K:

1° | xty=y-tx.
2° (x--y)+z=x+(y+=).

3° CymectByer takoii asaement 0 B R, 910 mpoussemeHnume ugmciaa O
Ha mo0oil smemeHT X M3 B pasHo amementy 0:

0.x=0.
4° 1-x=x.
o | a (Pae) = (af)
6° _ (a+p) x=o0x 4+ Bx.
7° - a(x-+y)=ax-+ay.

Onpegexenue 1. CoBokymHOCTE 2aeMeHTOB R, B KOTOpOH Bcerpga
BEIIOJTHUME M OFHO3HAYHH JBE OIEPAIUU: (CIAO;KEHHE» 3JeMEHTOB M «YMHO-
skeHHe dJeMeHTa M3 R Ha dmcao m3 K», OpUYeM »TH ONEPaTOPH YOBJIe-
TBOpAOT mocrynaram 1°—7°, Me OyjeM Ha3HBATH GeKMOPHLM RPOCMPAH~
cmeom (Hag monem K), a caMu 3lIeMEHTH — 6eKmOPamu 2).

1) J1u omepanuu OyZeM 0TMedaTh OOHIYHEIMH 3HAKAMHM «--» B €-», DpHYEM HOCIET-
HAl 8HAK MHOIJA HE CTABHTCA, a TOJIBKO HOApa3yMeBaeTcH.

%) Herpyano BHAeTH, YT0 W3 CcBOHCTB 1°—7° cIefyIOT Bce OOBIYHEI® CBOMCTBA
onepanmil cA0KEeHHA W YMHOMKenmsa Ha wywmexo. Tax, mampmmep, Dpm mwboMm « ms R:
c+0=1-¢c+0-x=(1+0)c=1-c=x, -+ (—x)=0, rpe—x=(—1)- 7 T. m.

5 @.pP. TaurMaxep
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Onpegenernune 2. Bexkropu %, ¥, ..., % U3 I} HasuBaOTCA AUHELHO
3aguCUMBLMY, €CIH CYMECTBYIOT Taxme dmcaa o, f§, ..., 0 n3 A, He paBHEIe
OSHOBPEMEHHO HYJI0, 9TO

ax+py+ ... +ou=0. (1)

B cayuae, ecinm me cymecTByeT MOLOOHOH NHHEHHOHW 3aBHCHMOCTH, BEKTOPHI
€, Y, ..., W HABKIBAIOTCHA AUHELHO HE3AEUCUMBIMU.

Ecau BexTopsr 2, ¥, ..., ¥ JINHEHHO 3aBHCHMBEI, TO OQHMH H3 BeKTOPOB
MOKeT OHITh IPEJCTABICH B BHJe NMHEHHOH KoMOMHAUUY OCTANBLHEIX C K03(-
¢ummenramu n3 moaa K. Tax, Hampumep, ecadm B (1) a0, To

x=—Py .. Oy
a [+

OQupenenenune J. Ilpocrparcteo J HA3HIBACTCH - KOHEUHOMEDHBLM,
a 9HUCI0 B — HUcAOM UBMEPeHUL 3TOro MPOCTPAHCTBA, €CIN B I} cymecTByeT n
JMHEHHO HE3aBHCHUMHEIX BEKTOPOB, B TO BpeMs Kak xawbwe n--1 Bexropos
n3 K numeiino 3asucuMiul. Ecam ke B mpocTpaHCTBe MOKHO HAlTH JHHCHHO
HE3aBHCUMYI0 CHCTEMY U3 Ji000T0 9HCIa BEKTOPOB, TO ITPOCTP&HCTBO HA3HI-
BAGTCH OECKOMEUHOMEDHBLM.

B macrogameil KEure B 0OCHOBHOM N3y 9al0TCA KOHEYHOMEPHHIC IIPOCTPAHCTBA.

Ounpepgeanenne 4. CucreMa W3 » JIHHEHHO HE3aBUCMMEX 3aJaHHBIX
B OTIpeeIeHHOM IOPATKe BEKTOPOB €, €;, ..., €, B N-MEepPHUM IPOCTPAHCTRE
HA3LIBaeTCA 6a3ucOoM 3TOTO IPOCTPAaHCTBA.

2. Mpumep . COBOKYNHOCTH OOEITHHX BEKTOPOB (HAIIPDABIEHHHX I'eOMeTpHYeCKUX
0Tpe3KOB) ABIAGTCA TpeXMEDHBIM BBHTOPHHM IIpOGTpaHCTBOM. YacTh sTOTO OpoCTPaHCTEA,

COCTOAMANA W3 BeKTOPOB, NApallelbHHEX HEKOTOPOH INIOCKOCTH, ABIATCH [JBYMEPHEIM
OpOCTPAHCTEOM, a BCe BeKTODH, HapalllelpHhle HEKOTOpo# npaAMoi, 006pasyoT OFHO-

MepHOe BeKTOpHOe IPOCTPaHCTBO.
Mprumep 2. Cronben m3 n aucen nons K: x=(x4, 9, ..., T) HAB0BEM BEKTOPOM

(n —¢mrcupoBanHoe 4uca0). OCHOBHEE OIEPallNy OIpeeINM Kak Oepalldd Hall CTOJIOLe-
BEHIMH MATPUIAMH:

($11 T2y «v oy xn)‘f‘(yh Y5 -+ s yn)z(x‘.l_i_yl’ x2+y27 SERE x‘n‘}‘yn):
a(xy, X ..., Tp)=(axy, a3, ..., ATH).
dnemenToM HyJap O6ymer ctomben (0, 0, ..., 0). Jlerko HpOBepHTH, YTO BCe NOCTYJIATH

1° —7° BRIONHAIOTCA. ITH BEKTOPH 00pa3yioT n-MepHOe IpocTpaHCTBO. B KadecTse Oasuca
3TOTO MPOCTPAHCTBA MOKHO, HAOPKMep, B3ATH CTOJOIE e {HHAYHO# MATPHUIEL 7-TO MOPALKA:

(t, 0, ..., 0, 0,4, ...,0), ..., (0,0 ..., 1}).
IIpocTpaHCTRBO, PAcCMOTpeHHOe B 9TOM IpHMepe, 9acTO HABHIBAKT WUCACHHBIM N-MeDHbLA
nPOCMPAHCMEOM. :
Hprmep 3. CoBoKynHOCTh 6€CKOHETHHX NOCTeJOBATeIBHOCTRMH (X, L2y +. ., Tn,y . .. ),
B KOTOPOil onepaipum ONpefelleHK eCTeCTBeHHHEM o0pasoM, T. e. '
(X1 oy «ovy Tn)FWey Y25 <o oy Yno -2 ) =(B1-+ 1 Ta-+Y2s ooy TndYns -2 )
A (Tyy T2y cuey Tny ...)=(ALy, AT, ..., QLp, ...},

TpeECTABIAST 000l GeCKOHEIHOMEPHOe MPOCTPAHCTEO.

Hpumep 4 CopOKyNHOCTE MHOTOWIEHOB Og-+ait--...-+o, 471 cremennm < n
¢ kospdmumenTamu w3 K mnpepcraBiafgerT cofoil n-MepHOe BEKTOpHOE IPOCTPAHCTBO ).
BasdacoM Takoro OpocTpaHCTBA ABIAETCA, HAIpAMep, CHCTeMa cTenmemeit 0, &, 12, ..., " 1,

Bce sxe Takme Mmmorouidenst (0e3 orpaHH4eHHA cTemeHH) 00pa3ylT OeCKOHEYHO-
MepHOe IPOCTPAHCTBO.

Mpumep 5 Bce yuxkumu, ompefeleHHHe B 3aMKHYTOM HHTepBale [a, b], ofpa-

3yi0T GecKOHEYHOMEPHOEe HPOCTPAHCTBO.-

1) B kadecTBe OCHOBHHIX Onepauuii OepyTca OOKYHOEe CIO;KeHMe MHOrOYJIEeNOB
¥ YMHOMKEHHe MHOTOWIeHa Ha 4HCJIO. '
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§11] ‘

3. IlycTe BeKTOpH €, €, ..., €, oGpasyloT 06asuc N-MEPHOIO BEKTOP-
HOro mpocrpancTsa K, a o — ODPOM3BOJBHBIH BEKTOD STOr0 MPOCTPAHCTHA.
Torga BeKTOpPH X, €4, €5, ..., €, JUHEHHO 3aBUCHMEI (K60 YHMCIO UX PABHO
n-+1):

Qo - 0 ey + 0oy + . . . e, =0,
, Op OTJIHYHO OT HYJIA.

rjie mo KpaitHeii Mepe OZHO M3 YHCEd g, O,
.., €, HE MOTYT

OnHako B MAHHOM Clydae oy~ 0, Tak KaK BEKTOPH €, €3,
GHTH CBA3aHH JHHeHHONK zapumcuMocThio. [loaTomMy
€= 1€y Loyt . . . | Lnln, (2)
o '
rjae x;=— —— (i=1, 2, ..., n).
Qg
3aMeTHM. 9TO YHCIA Xy, Lo, , T OJHO3HAUHO ONIPEJEIAIOTCS 3ama-
HEeM BeKTopa X u 6asuca €y, €5, ..., €,. B caMOM pene, ecam HapAny
¢ (2) umeercst Ipyroe pasioiKeHWe S BEKTOpA &:
X =16+ 2,8+ ...+ Tnen, (2)

TO, BHYMTAH HOYIEHHO (2) w3 (2), momyumm:
(2, — ) € +(z,—x) €3+ ...+ (En—2,) €, =0,

OTKYJa B CHJIY JUHE#HOI He3aBHCHMOCTM BEKTOPOB Oazmca caefyer

Xy— Ly =Xy Ly == ... = Ln+—2p =10,

T. €.
X, =Xy, Ty=1To, ..., Tn=In. (3)
Yucaa x,, %5, ..., &, HAZHBAIOTCHA Koopdunamamu BeKTOpa x B OGasmce

31, 62, L ] en-
Ecan
n
Zi€;, Y= 21 yi€;,
1=

R

X =
i

TO .
x4y = _Zi (xit-yi) e, o= 21 QL€

T. e. Koopdunamdl CYMMbl 6EKMOPOE NOAYUAIOMCS NOYACHHBLM CAOHCEHUEM
coomeememeyuur K00 pOUHAM CAG2AeMVT 66KMOPO8 U NDU YMHONCEHUU 6eK-
mopa Ha “UCA0 O 8Ce KOOPOUHAME BEKMODA YMHONCAIOMOS, HA 3MO YUCAO.

4. Tlycrs BeKTOpH
n
Xp = Z Zin€;

1=

k=1, 2, ..., m)

JWHEeHHO 3aBHCHMBI, T. €.
m

Z Crdlp = Ov

k=1

THe N0 KpaiiHell Mepe OJHO M3 4MCeI €y, Cy, ..., Gy HE PAaBHO HYIIO.

Ecau BexTOop paBeH HYJAI0, TO BCe €ro KOOpPAWHATHI PAaBHH HYIIO.

ITosTOoMy BeKTOpHOE paBeHCTBO (4) SKBUBAJEHTHO CACAYION{eH CHCTEME CKAJMAP-

HHX paBeHCTB: '
1%y F CoZiz+ - . -+ CmZym = 0,
C1%oq + CoZoa 4 . .. + CpTom = 0,

(4')

Clmn1+czxn2+ SR +cmxnm"—""0a .
5
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Jra cucTeMa OHOPOTHLIX JMHEHHHX yPaBHEHUI OTHOCHUTEIBHO Cy, Ca,
..., Cm, KaK HM3BECTHO, MMeeT HeHYJieBOe pelleHHe TOTAA M TOJBKO TOTHA,
KOrja padr MarTpumsl Ko3(QPUIMeHTOB MEHBINe duCja HEeM3BECTHBIX, T. e.
Meubie m. 1103ToMy paBeHCTBO ATOTO PAHTA YHCHIY m ABJIAETCA HEO0OX OTUMEIM
U JOCTATOYHEIM YCIOBHEM I JTUHEHHON He3aBUCUMOCTH BEKTOPOB Xy, X2,
e ey X |

Taxkum o0paszoM, HMeeT MecTO CIeAyIOIas

Teopema 1. /[aa mozo umobe 6eEmopsl Xy, Xz, . . , Ly OBLIU AUHETHO
Hesasucumbl, HeoOxodumo u docmamouno, wmobvl pawe r mMampuysl, Cocmag-
ACHHOU U3 KoopOunam smux eeKmopos 6 npouasoabrom basuce,

Tyg Tz - o0 Tym
Loy Loy ... Tom

. o

| xni xnz - a0 xnm

Owa pasen m, T. €. YUCAY 6eKMOpos.

- 3aMeuaHu e JIuHeHHAS HE3aBUCUMOCTb BEKTOPOB X4, X3, . . ., Lnm
03HavaeT JMHHeHHYI0 HE3aBHCMMOCTh CTOJOIOB MATpHIB X, MOCKOIBKY B k-M
cTonbIe CTOAT KoophauHatel Bektopa X (K =1, 2, ..., m). Ilosromy,
COTJIACHO TeopeMe, eCJIu B IPAMOYTOJbHON MATPHIE CTOJOIE JTHHEHHO HE3aBH -
CHUMEI, TO PAHI MATPHIE paBed uncay croxbuos. Orclona ciegyer, 9T0 B mpo-
Y3BOJIFHOI HPAMOYTOJNBHOW MATPHIE MAKCHMAJNbHOE UHCIO JUHEHHO HE3aBH-
CHMBIX CTOXOUOB paBHo padry Marpupn. Hpome TOoro, ecam MBI TpaHCHOMH-
pyeM Marpuiy, T. €. CTPOKH jeaaeM cToabumaMu (m Hao0opoT), TO paHr MarT-
PHUIEL IPH 9TOM, 0YeBHHO, He MeHseTcs. ITosToMy 6 npamoyzoasrol mampuye
8ce20a wUCAO AUHETHO He3aAsUCUMBE CMoaby08 DPABHO YUCAY AUHEUHO He3asl-
CUMBIL CMPOE U PAGHO PAH2Y MAMPUYLL.

5. Ecam B n-MepHOM IpOCTpaHCTBe BHOpam Oazmc ey, €3, . ..., €,, TO KaKAOMY BEK-
TOpY z OJHOBHAYHO OTBedaeT cTomben x = (x4, s, - . ., ¥y}, I7€ 24, %3, . » ., %, —KOOPIH-
HATH BekTopa x B janHoM Oasmce. Taxmm ofpasom, 3aflaEme Gasmca ycTaHABINUBAeT B3a-
F¥MHO 0JHO3HaYHOE¢ COOTBeTCTBUE MeRAy BEKTOPaMU IpOM3BONLHOTO R-MEPEOr0 BEKTOPHOTO
HpocTpancTsa B 1 BEKTOpaMH n-MepPHOI'0 YHCICHHOTO IpOcTpaHCcTBA R, paccMoTpeHBOro
B npumepe 2. [[pm3ToM cyMme BEKTOpPOB 3 B oTBewaer cymMma COOTBETCTEYIOIIUX BEKTODOB
13 R’. ABaJOrmaEoe UMEeT MecTO m s NPOMsBelleHHs BeKTOpa Ha gmciao o u3 K. Jlpy-
IIMH CI0BaMH, IPOU3BOIBHOE N-MEPHOe BeKTOPHOE IIPOCTPAHCTBO u30MOpHHo IUCAEHHOMY
n-MepHEOMY HIPOCTPAECTBY H, CIe[OBATENBHO, 8C¢ GEKMOPHbe NPOCMPAHCMEL 001020 U mMO20
Hce wucaa usmepenuti n wad o8HuM u mem vce wucsosum nosen K usomopgdrr mexmcdy coboi,
DT0 03HAYAET, 9TO ¢ TOYHOCTBIO [0 M30MOPPHU3MA CYMECTBYeT TOABKO OJHO n-MEePHOE BeK-
TOPHOe IPOCTPAHCTBO NP 3aJJAEHOM 9HCIOBOM IOINe.

Moser BOSBAKHYTE BOIPOC, 3a9eM ME BBeNU «afCTpaKTHOE» n-MePHOe IPOCTPAHCTERO,
eCIH C TOYHOCTHIO [0 HM30MOPHH3MA OHO COBHAJAET C N-MEPHHIM YUCIEHHHRM IPOCTPAaH-
cTBOM. JeHCTBUTeNbHO, MOMKHEO ORUT0 O ONPEAeNInTh BEKTOP KAK CHCTEeMY n Yucel, 3afaH-
HHX B ONpeflelecEHOM IOpSJKe, W YCTAHOBHThL ONEpaIrAio paj 3THMHU BEKTOPaMu, KaK 3TO
OEn0 cheraso B DpuMepe 2. Ho Dpu 3TOoM cMemannck Ob BOeJWHO CBOMCTBA BEKTOPA,
He 3aBpcampe oT BuOopa Gasmca, co CBOHCTBaMuU clenuanbaoro 6asuca. Hanpumep, paBeH-
CTBO HYJNI0 BCeX KOOPIWHAT BEKTOPA €CTh CROUCTBO CAMOI'0 BEKTODA; OHO He 3ABHCHUT OT BEHI-
Gopa Gasmca. PaBeHCTBO Me:KLY coGoii Bcex KOODANHAT BEKTOpPa He eCTh CBOHCTBO CamoOro
BeKTOpa, m0o npu ¥sMeEeERH Oasmca oHO mcHesaeT. Axcuomamuueckoe onpedeserue eexmop-
K020 NPOCMPAKCMEA Henocpedcmeenno ewdessem céolicmea eexmopos, He 3aeUCAWUE OM
snbopa basuca. :

6. Ecnim HeKoTOpas COBOKYIHOCTH BeKTOpoB R, cocTaBiswoman vacth I,
ofJiagaeT TeM CBOHCTBOM, 9TO CcyMMa nI00BIX ABYX BeKTOopoB w3 R’ w mpo-
m3Benenue Ja06oro BekTopa w3 R’ wa wwmcno o€ K Bcerga mpumagneskar R,
TO Takoe MHoroo6pasme R’ caMo ABIAETCA BEKTOPHBIM IPOCTPAHCTBOM, R0O-
npocmpancmeon B R.
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Ecau gamer mBa mopmpoctpanctea R’ m R” B R u m3pecTHO, 4TO
1° R’ u R’ He uMewnT o6mux BeKTOPOB, KpOMe HYJIH, M
2° mwb6oi BeKkTOp % u3 R mpencrapisercA B BUIE CYMMBE

k=x+x  (#ECR, 2 CR), )

TO Mul OygeM TIOBOpPHTh, 4TO IpocTpaHcTBo I pacugenasemcsa HAa OgBa IOI-
npocrpancTBa R’ u R" u 6ygem nucaTs:

R=R-+R. (6)

3ameruM, 49to yciaosie 1° 03HauzaeT eZMHCTBEHHOCTH IPEJCTABIEHHA (J).
B camom peme, ecoum GH A HEKOTOPOrOo BeKTOpa & MLl UMeJIH JBa PAa3HBIX
NpefCTABIeHAA B BHAE CyMMH caaraeMmx w3 R u R’, mpexpcraBienume (9)
u Tpe/iCTaBIeHUe

2 :%r J[_';:” (5:: E RI’ :Eu ER”), (7)
TO, BHYmTasg MowiaeHHo (7) m3 (D), Mu moayduau Omi:

x —u' =x"—x,

T. €. PABEHCTBO MEXY OTAMYHBIMM OT HYIHS BEKTODAMH x — % E€R ux —
—x" € K", 410 HeBO3MOMKHO B cuay 1°,

Taxum o6pasoM, ycaosume 1° MoxHO 3aMeHuTs TpeboBaHHEM eZUHCTBEH-
HOCTH INpejcTaslenus (D). B TakoMm Bupge ompepneneHue paciienieHds HeTo-
CpeJICTBEHHO PAacIpOCTPAHAETCA HA JH0H0e 9UCI0 ciaaraeMux HOJIPOCTPAHCTSB.

ITycrs

R=R-+ R

U e, €, ..., €pr U €, €, ..., €nr—0Ga3ucH coorseTcTBeHHO B R’ 1 R’
Torga wurarenr Ge3 Tpyna ZOKAKET, 9TO BCe 3TU 1’ --n” BEKTOPOB JIUMHEHHO
He3aBECHMH # 00Gpasyor Gasuc B R, T. e. 4T0 u3 06asuCcOB ciIaraeMbx NOJ--
TIPOCTPAHCTB COCTABIAETCH Gaauc BCETo HpOCTpaHCTBa B wacrrocTH, OTCIOA
Oyuper caepoBaTh, 4to n=n'-+n".

Mpumep 1. IlycTs B NpocTpaHCTBe TpeX H3MepeHHU AaHE TPH HeTapaiieIhHEIX
OJHOM M TOH ;e maocKocTH HaUpapienusa. Tak. Kar w060l BEeKTOp B ODPOCTPAHCTBE
MOFKHO PAa3JI0:KHTh HA COCTABJIAKIIAE IO 3THM TPEeM HAUPABIEHUAM, IPHTOM efAHHCTBEH-
HHIM 06pasoM, TO

R:R’+R”+ R’”,

rxe I —COBOKYOHOCTh BCeX BEKTOPOB HANIETO MPOCTPaHCTBA, R’ —-COBOKYNHOCTH BCEX
BEKTOPOB, IapajilelbHEIX DNEepBOMY Hanpaslenurno, R"--Bropomy, R”-—TperkeMmy.
B pannoMm caywae n=3, n’=n"=n"=1.

Ipumep 2. HyCTL B NPOCTPAHCTBE TPEX H3MepeHHMH JAaHHK NJAOCKOCTH M Hepece-
Rammasg ee OpAMaA. Torpa

R=R'--R",

rie B —COBOKRYNIHOCTh BceX BeKTOPOB HamIero HPOCTPAHCTBA, R’ — CcOBOKYNIHOCTh BCEX
BEKTOPOB, NApajlIeNbHHIX aanamion OJA0CKOCTH, U R”——-COBORyl‘IHOCTB BCEX BEKTOPOB,
napajLieIbHEIX 3aflaHHON mpAMoi. B atom upumepe n=3, n' =2, n"=1.

dananue Gasuca e, €,, ..., €, B OpocTpancree R 10 cyimecTBy O3Ha-
9geT HEKOTOpOe paciieneHue Bcero IpocTpancTBa K Ha n OJHOMEpPHHX
HOATIPOCTPAHCTB.
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§ 2. JInneiinoiii oneparop, otoGpaxkawmuil 72-MepHOEe HPOCTPAHCTBO
B M-MepHOE

1. Paccmorpum nmmeiiHOe mpeoGpasosaHue
Y1== A%y + @a%s + . - .+ Ay,

Yo == ATy - Qoolly -+ . . . -1 Gonly, (8)

Ym = QmTy + Auala - . . . - Gualy,

KO2(pPUIUEHTH KOTOPOr0 NpHHAJIEKAT UHCIOBOMY moao A, n ABa BEKTOp-

HHX IPOCTPAHCTBA HAJ STHM mojeM: n-mepHoe I m m-mepHoe S. BrGepem

g R mexoropuii 6a3uc ey, €,, ..., €, 1 B § HeKoTopHIl 6a3uc g, goy - - -, Jm.
n

Torpa npeobpazoBanue (8) OTHOCHT KAKAOMY BEKTOpy &= X 2;6; u3 R
_ 1

1=

m
HEKOTODHII BEKTOp 4 = Y| ¥»gx u3 &, T. e. mpeobpasopanue (8) ompegenser
h=1

HeKOTOpHI onepatop A, OTHOCAN K BEKTOPY & BeKTop ¥: ¥ = Ax. Herpyznno
BHIEThL, 9TO STOT omeparop A obGmagaer cBOIiCTBOM JIHHEHHOCTH, KOTOpoe
MH cpopMyaupyeM Tak:

Qupepgeanenune 5. Omeparop A4, orobpaskaromuit )& B §, v. e. OTHOCA-
muil KasgaoMy Bekropy ¢ us R HekoTopwiii Bekrop - = Ax u3 &, HazH-
BAETCH JAUHElHBM, €CIOH NJg JI6HX X, x;~us R u o us K

A (¢ +2;) = A+ Ax,, A(ax)=oadx. (9)
Takum o6paszom, mpeoGpasopanme (8) Hpu 3agaHHHX Oasucax B B un §

ompejeidAeT HEKOTOpHIT auHelinnii omeparop, orobpaskaromuii K B 8.
IloxkakeMm remeps oOpaTHOe, T. €. UTO [JfA HPOM3BOJBHOIO JNHHEHHOrO

omeparopa A, orobpaskawpmero B B S, 1 Ipou3BOJBHEX 0asUCOB €y, €, ..., €,
B Rug¢g,9g....,9n B S CyImecTByeT Taxafd OpAMOYIOJbHAA MaTpPUIA
¢ sieMeHTamMu u3 moas K
Ay Qg2 ... Qqn
Az Q23 ... Qon
, (10)
Amy Am2 - .- Cmn||

9TO COCTaBIeHHOe IpH IOMOINE STOM MATPUITH JHHEeHHoe mpeoGpasoparue (1)
BHpajkaeT KOODAHHATH LpeoGpasoBaHHOIO BEKTOpa ¥ = AXx 1epes Koopiu-
HATH HCXOQHOTO BEKTOpa .

NleiicTBuTENBHO, MpuMeHHM omepaTop A K 6asMCHOMY BEKTOPY €; W KOOD-

JUHATHL HNOJIYYEHHOI'O BEKTOpa Aey B pasuce g, J2y ---3 Om 0003HATUM
gepes aygp, Qagy ..., Qmp (/Iﬂ-:fl, 2, .o ey n):
m
Aen—= S apg; (k=1, 2, <.y 0). (11)
i=1{

Tlomuo;as ofe wacTm paseHcrsa (11) Ha 7, U CyMMEpPYs B mpefenax or 1
o0 n, IOJYyduM:

n m n ‘
2 wrde, = 2 (X anz) g
h=1 i=1 h=l
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OTKYJa

y=Ax=A(D mes)= X wnder= 2 yig:
k=1 k=1 d==1

rje

n
yiﬁhgi Ay (l=1, 2., ey m),

4T0 ¥ TpebOBAlIOChH YCTAHOBHUTD.

Takum o6pasoM, mpu safaEEHX Oasucax B KB u 8§ EKawdomy auneli-
Homy onepamopy A, omo6paxcawowemy R e 8§, omeevaem Hekomopas NpR-
moyeoavnan smampuya (10) ¢ pasmepamu m X n u, Haobopom, kaxcGol makol
mampuye omeevaem HeKOMOPHIL AUHEUHsUL onepamop, omo6 pascarwul e §.

Hpn stom B Marpune A, orBewawmeidl omeparopy A, k- cmoabey

cocmoum us nocaedosameavibir koopdunam eekmopa Aex(k=1, 2, ..., n).
OGosnaumm uepes T = (Ty, Tay ..y Tn) T Y=Y, Ya» ...s Yn) CTOAOIH
KOODAMHAT BEKTOpPOB x M ¥. Torma BeKTOPHOMY PaBEeHCTBY
y=Ax

COOTBETCTBYET MATPHYHOEC DPaBeHCTBO
y=Ax,

KOTOpOe ABIAETCA MATPAYHOR 3ammcbio mpeoGpaszoBanus (8).

IIpumep.

. PaccMOTpEM COBOKYIHOCTh BCEeX MHOIOWIEHOB OT ¢ cTemeHH < rn—1 ¢ Koadpduun-
€HTAM# N3 YHCJI0BOrO Iois K, 3Ta COBOKYOHOCTH MPEACTaBIAET c000H HEKOTOpoe n-Mep-
HOe BEeKTOPHOe mpocTpaHcTBo R, (cM. mpumep 4 ma cTp. 66). Toumo Tak :Ke MHOrO-
Qeds OT ¢ cTemeHu < n—2 ¢ Koadpuumenrama m3 K obpasywor mpocTpancTso Bn_j.

d

Ounepatop pupdepeRIMpPOBAHHSA —; OTHOCHT KaKIOMy MHOTOWIEHY M3 R, uexoTopH#
MHOrounen ua R, 1. Taxum oGpasom, sToT omepatop oTobpaskaer R, B B,_y. Omepatop

andpepenIIpoOBaHNA SABAASTCA JWHEHHHM OHEpaTOpoM, TaK Kak

d d

B mpocrpancreax B, m R, , Bubepem 0asucul m3 creneneir ¢:

10=1, ¢, ..., "t m 0=1, ¢ ..., t"2

IMonpaysice ¢Qopmymnoir (11), mnmocTporM NPAMOYIONBHYI0 MATpHUY pasMepoMm

(n—1) X r, COOTBETCTBYIYO omepaTopy auddepeHUUPOBAHUA —; B 9THX Haamcax:

01 0... 0
00 2... 0

6 0 0... n—1
§ 3. Caoernnme m ymMHOKeHHme JuHeHHBIX OIEPATOPOB

1. Ilycry mamm ppa aumeiinmx omepartopa A nm B, oroGpamamwniue BB §,
# COOTBETCTBYIONIME MM MATPHULI

A=llapll, B=|byil (i=1,2, ..., m; k=1, 2, ..., n).
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Onpemenernue 6. Cymmol onepamopos A nm B masmBaeTca omepa-
Top C, ompenenseMBlii PaBEHCTBOM

Cx=Ax--Bx (xeR)Y). (12)

Ha ocHoBe aToro onpesenenns Jderko mposepgercd, 9to cymma C= A+ B
JUHEMHHX omepatopos A u B ecTs TaxsKe JuHEHHEH omeparop.
Iamee,

n
Cey, = Aey - Be, = kzi (@ip + biz) €p.

Orcroga caegyer, uTo omeparopy € OTBedaeT MAaTPHUIA C=||cill, rae c;=

=ap+br (=1, 2, ..., m; k=1, 2, ...,n), 7. e. oneparopy C orBeuaer
MaTpHia

C-=4-B. (13)

K aromy jke BHBOSY MOMHO NPHATU U3 PACCMOTPEHMA MATPHUHOIO PABEHCTBA

Cx=Ax - Bz (14)

(z —cronben; KOOPAMHAT BEKTOpa a), COOTBETCTBYIOWIEI0 BEKTODPHOMY paBeH-
cry (12). IlockonbRy & — mpomsBoabHEI croabem, To u3 (14) caemyer (13).

2. Ilycty JaHBl TpH BeKTOPHHX mnpocTpanctBa K, § u 7' coorBer-
CTBEHHO ¢, » W M U3MEpeHWH W [ABa JHHEUHHX omepatopa A u B, M3 KOTO-
pux B orobpamaer B B 8§, a A orobpamaer § B 7'; B CUMBOJINTECKOIL
3amuCH:

A B
T« 8 <R.
Onpepenennme 7. IIpoussedenuem onepamopos A u B HaseBaeTcs
omepatop C, OJA KOTOpPOTO mpm Jio06oM ¢ u3 R
Cx =4 (Bx) (x€ER). (15)

Omneparop C oroGpaxaer R 8 T':
C=AB

T<«——R.

Wz numeitnocTu omepatopoB A m B BHTeKaeT JHHEHHOCTEH omeparopa C.
BriGepem B mpocrpamcrBax B, §, 7' npousBOJbHHE 6as3ucH u 0603HATHM
aepes 4, B, ¢ MaTpume, cooTBercTBylomue omeparopam A4, B, C npu aroM
BriGope OasmcoB. Torjga BEKTOPHBHIM pPaBEHCTBAM

#=Ay, y=Bx, z=Cx (16)
OyAYT COOTBETCTBOBATH MaTpPWYHEIE DABEHCTBA
z=Ay, y= Bz, z="Cx,
rae z, Yy, z— cToabupl KOOPAHHAT BEKTOPOB X, ¥, #. OTcioma HaxomuM:
Cx=A {Bz)=(4B) z,

I B Cmiy HOpPOU3BOJBHOCTH CTOJI6II8. X

C=4B. (17)
Taxkum o6pasom, mpoussegerutlo C = A B oneparopo A u B oTBedaer
marpuna C=|l¢;|| (=1, 2, ..., m; j=1,2, ..., q), paBHaag NPOU3BeJCHAI

Marpul 4 u B.

1) & ¢ R osmagaer, d9r0 DJIeMeHT & NPHHANJEKHT coBoKymnuoctu R. Ilpeamoia-
raeTced, 4TO paBeHcTBO (12) mMmeeT MecTo mpu JlGom x us R.
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IlpemocraBisieM 4HMTATEN0 CaMOMY MOKasaTh, U4TO OHEPATOPY

C=oad (0€K)Y)
OTBEYAET MaTpHIA

C =aA.

Takmm o0pazoM, ME BuguM, 49to B raase | peficrBmaA HajJ MATpUIAME
OBIM OTIpefeNeHH TaK, 9TO cyMMe JHHedHWX omeparopos A - I3, mpouspe-
mernaM AB m oA orsedamr coorBercTseHHo Marpunmni A+ B, AB u o4,
rge A mw B-—Marpumbl, cooTBercTByfomme omeparopaMm 4 u B, a a—
apcao u3 K.

§ 4. IlpeoOpasoBanHue ROOpAUHAT

PaccMoTpuM B R-MEPHOM BEKTOPHOM HpOCTPAHCTBE ABa 0asuca: e, €y, . .., e,
(«crapbtity 6asuc) u ey, €, ..., €, (¢HOBHIy Oasme).

Bzaumnpoe pacnoomoskeHnme BeKTOpOB 6asHca OmpefeluTCA, €CIH 3a7aTl.
KOOPAUHATH BEKTOPOB OJHOTO 0asmca OTHOCHTENBHO IpYyroro. '
MBI HOJTOKEM:

1

ey =ty e +1ty eyt ... 1+ Ilnsln,
ey="tppe + Ines+ ... +Ilnzén, (187

€n = e+ lan€s+ s "Ttnnem

WIN B COKpAIeHHOH 3amHCH:
eh=_21 tine; (k=1,2, ..., n). (18"
1=

YeraHOBEM CBA3h MEKIY KOOpAMHATAMH OJHOTO H TOr'0 7K€ BEKTOp&
B pa3IMuYHBIX Oasmcax.

—~

Ilyers x4, %9y ooy Tn B Xy, Xy ..., Tn— KOOPOUHATH BEKTOpa X COOT-
BETCTBEHHO B «cTApPOM» U (HOBOM» 0asmcax:

n

) . ‘

x = Z'xiei = 2 Zper. (19).

= R=1

Tlogcrasmm B (19) BMecTO BEKTOPOB €5 ux BHpamenns us (18). IMomyamm:
T

n ~ n .n ~
x= 2 7 X tikei=_2 (D) tins) es.
=1 i=1 i=1 K=t

ComocraBaasa ato paBeHcTBO ¢ (19) M yumreBag, 9T0 KOOPOUHATH BEKTOPA
OIHO3HAYHO OHpeNelAIoTesa 3ajaHWeM BeKropa H Gasmca, HaXOIHM:

Ti= D) tinin (i=1, 2, ...,n), (20)
h=1

1Y To ects omepaTopy, AJdA Koroporo Cr=o0Adx (X ER).
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UIan B moApoOHOH 3amucu:

Ty =ty + LpTo -t . o o Linn,

Ty =Ly - tea Lo . . - - Eann, (21)
- A: . . . L L - ';I L
Zp, = lps®y + tnalo~+ . . . - Lnnn.

GDopmynn (21) ompepenswT npeofpasopanme KOOPIMHAT BEKTOpPa HPH
mepexoe OT ofHOro 6asmca K gpyromy. OHH BHpPaKalOT «CTapHey KOOPIMHATHL
qepes «HOBHe». Matpuua

T=|tull (22)

Ha3HIBAETCH Mampuzpeﬁ npeof pasosanus kKoopduwam WIH npeobpasyloujel
Mmampuyeii, B meit k-f cronGer cOCTOUT M3 «CcTAPHX» KOOPAMHAT K-TO HOBOTO»
0asucHOTO BeKTOopa. B srom MO:kHO ybGemurbca u3 POpPMYJIH (18) Uy Hemo-

cpescTBeHHO m3 gopmya (21), nomomms B mocaesHEHAX Ip=1, z;=0

opu i~ k.
JamernM, 4T0 Marpuma I HeocoOeHHad, T. e.
| T |50, (23)
HeiicreuresnsHo, nonosuB B (21) 2y =2y = ... =2, =0, HOJTY9HM CHCTEMY
1 JWHEeHHHX OJHOPOAHHX VPaBHEHWH ¢ 7 HEH3BeCTHHIMH Ty, Tor o vy Xn
u ¢ ompefienuTeneM |7'|. JTa chmcremMa MOMKET MMETh TOJbKO HYJIeBOe perme-
HHe :1:1_-0 T,=0, .. ,xn_-O TaK KAaK B leOTI/IBHOM cnyqae u3 (19) cleno-
Basta OBl jaMHelHad 3aBHCHMOCTH MEKAY BEKTOpaMH e ez, . IToaromy
[ T{=#01).

, Beegem B paccMOTpeHnHe cTonbueBnle MATPHIBL L = (g, Tay .., xn) "
xr == (xi, Loy < sy xn)

Torma dopmynnt mpeoGpasosanma roopamHar (21) mMOryT ObiTH 3aMHCAHEL
B BUJe CJEYIOMEro MaTPHIHOTO PaBeHCTBA:

z=TZ. (24)

ITomuomad cHoBa 06e dacTH 9TOro papeHcTBa Ha 17!, HalieM BHpamKe-
‘HHe IJd o6paTHOrO mpeoOpazoBaHUA

z=T"z. (25)

§ 5. IxBuBamenTHHIe MaTpuubl, Panr omeparopa. Hepasencrsa CmiabBecTpa

1. IlyeTes maum JBa BeKTOPHHX mpocrpancTBa B m §, coOTBETCTBEHHO
n U m HU3MepeHMH Haj dYHCJAOBHEM HmoleM K, m jmHednHi omeparop A,
oroOpaxkaomuil B B §. B macroamem naparpage MH BHACHNM, KaK MeHAETCA
Matpuna A, CcOOTBeTCTBYKOIAA NAaHHOMY JmHeliHomy omeparopy .4, npu
uaMeHenun OasmcoB B B u §.

Bubepem B B u 8§ npousBoJbHEeE 0A3UCH €y, €3, ..., €, H J1, G2y« s I

B oarux 6asucax omeparopy A 6ymer coorBeTcTBOBATH MaTpuua A=} a;|
(=1, 2, ...,m;sk=1, 2, ..., n). BekropHoMy paBeHCTBY

y=Ax (26)

1) Hepaeerctro (23) BETeraer U u3 TeopeMul 1 (cTp. 68), HOCKOIBRY BIEMeHTAMH MAa-
~ e~ ot
Tpuys T ABIAIOTCA «CTAphe» KOOPANHATH JHHEHO He3aBHCHMEX BEKTODOB €y, €3, .. ., €n.
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€OOTBETCTBYET MATPHYHOE PaBEHCTBO
y=Auzx, (27)
rme & M Y — KOODAHMHATHBIE CTONOUH AJdA BEKTOPOB & u Y B 0Oasucax
"31,32,---,3n1’191,92a---,gm- -
BriGepem temeps B B u § gpyrue 6asucH e, €z, ..., e
B HOBHX 6asmcax BMecro z, Y, A Gymem umers: %, y, 4. Ilpm srom

s

y=A . | (28)
‘O6osmauum depes () u N meocoOGeHHHE KBaJpaTHBE MATPHOE COOTBETCTBEHHO

TMOPAAKOB 1 M m, OCYOECTBAAlOe npeobpa3opaHme KOOPAMHAT B HOpPO-
crparcTBax J w § nmpu pepexome or-CTapux 06asmcoB K HOBHIM (cM. § 4):

x=0Qz, y=Ny. (29)
Torma us (27) u (29) moxywaem:
7==Nly=N"1dz=N"14Qxz. (30)
ITomarag P=N"1, mu us (28) u (30) maxomum:
A-—=PAQ. : (31)

Onpepgenernune 8 e mpamoyroinbasie MAaTpuUs A ¥ B OIMHAKOBHX
PasMepoB HAZHBAIOTCH IKEUEAAECHMHbIMU, €CIH CYNIECTBYIOT JiBeé HEOCOOEHHEIe
KBajpaTEHe Marpuunm P u @ rakumel), 4TO

B =PAQ. (32)

Hs (31) cnepyer, uro ABe MAaTPUIH, COOTBETCTRYIOIME OJHOMY M TOMY e
JuHeTHOMY omepaTopy A Opm pasiaudHOM BHOOpe Oasuco B B um §, Bceraa
SKBUBANEHTHH Me:xny coboit. Herpymao Bupmers, 9To u 00paTHO, ecau
martpuna A oTpeuaer omepatopy .4 Dpu Hexoropumx Oasmcax B R u 8,
a Marpuma B sKBuBaleHTHA MaTpume A, TO OHA OTBedaeT TOMY jKe JIHMHeN-
HOMY ONEpaTopy Opm HEKOTOPHX Apyrux basmcax B B u §.

Takum 00pasoM, KamaOMy JMHEHHOMY OLepaTopy, OToOpasKalmomeMy
R B S, cooTBeTCTByeT KJIacC SKBUBANCHTHHX MEMIAY co00it MaTpuI ¢ die-
MeHTaMu w3 nmoaa K.

2. Cuepmymomada TeopeMa yCTaHABINBAaeT KPUTEPHMH BKBUBAJICHTHOCTH JABYX
MaTpuI: '

Teopema 2. Jas mozo umober dse npamoys0avHile Mmampuyst oduna-
KOBBLL pasmepos Oulall 9KBUSARLEHMHB, HeoOzodumo w docmamoino, umobsl
Amu Mampuysl umeau 09UH U mom e pauz. :

JNorkasaTenbcTBO. Y CIOBUE HeoOXOoaAMMO. ITpu ymuOmxeHHH
1IPAMOYTOIBHOR MATPHUIH HA KaKY0-THG0 HeOoCOOEHHYI0 KBA/[PATHYI0 MaTpPUIY
(cmeBa mim copaBa) paHEr MCXOAHON NPAMOYTONBHOH MATPHIB HE MOIKET
nsmernThCA (cM. ra. I, crp. 27). Iostomy ms (32) caenyer

F'a=Trg.

Veaoeue goctatodno. Ilycrs 4 —npaMoyrojpaas MaTpuma pas-
mepa m X n. Ona onpegensier Jumefipwii omepatop A, oToGpamalonuii
mpoctpascTBo R ¢ Gasucom e, €, ..., €, B OPOCTPAHCTBO § C fasucom

1) Ecnp Matpunsl A m B uMeT pasMepH m X n, T0 B (32) mBagpaTaas MaTpuua P
uMeeT mOpAJOK m, & KBaJpaTHas MaTpuua ( —IOPAAOK n. Kcam 5ieMeATH SKBUBAIEHT-
HHX MaTpun A 4 B upuBajfiNerEaT ReKOTOPOMY YHCIOBOMY MOJ0, TO MATPHIL! PnQ
MOTYT GHITh BHGPAHE TAaK, YTOGH KX SJIEMeHTH IIPHHA/IIERAIN TOMY e THCI0BOMY MO0
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g1, G5 - - -y Q. OC03HATAM uUepe3 r YUCJIO JHMHEHRO HE3aBHCHMHX BEKTODORB
cpenm BeKTopon Aey, Aes,. .., Ae,. He mapymaa o6mHocTn, MOMEM cUMTATE,
9T0 JIHHEHHO HGBaBI/ICI/IMI:IMI/I ABJIAIOTCA BEKTOpH Adey, Aes ..., Ae; ),u
a ocrambHee, Aeéi, ..., Ae,, BHPARAKNTCA JHHEHHO Hepes HUX:
T

Aep= D cyAe; (k=r-+1, ..., n). - (33)

=1
OnpeneauM HoBHil Oasuc B K caenyomuM oOGpas3on:
€; (i=1,2,...,r),

—

= r (34
€ ei—Z‘, Cij€; (L=r+1, ,n) \34)
i=1
Torga B cury (33)
Aer=0  (k=r-+1,...,n). (35)
Jlajee mOJIOKHM: |
Ae;=g; (j=1,2,...,7). (36)
Bexrops g, 52, .. ,g, INHEHHO He3aBHCHMBL I[ono.mﬂm UX HEKOTOPBIMH
BEKTOPAMH (riy, - .., Um KO Oaszmca gj, gg, ..y gm B S.
Tor;[a Mannua _OTBeYamAA TOMY e OIepaTopy A B HOBHX 0Oaszmcax
€ s €} Ji - s Gm, cOTaacHo (35) m (36) Gymer mmeTh BHR
r
1 0...0 0...0
0 1...0 0...0
0 0...1 0...0
Ir=lo 0...0 0...0 (37)
0 0...0 0...0

B marpuue /. Bmoas raasHOY JMAroHaIu cBEPXY BHH3 HAYT I eHHHUI;
BCE OCTAJIbHHE 3JeMeHTH MaTtpullel [, paBHH HYJA0. Tak Kax MaTpHIBl
A u I, COOTBETCTBYIOT OJHOMY M TOMY e OIepaTopy A, TO OHH JKBHBA-
mMeHTHsl MemkaAy coboi. [lo JoKazsaHHOMy SKBHBAJEHTHHE MATDPUIB AMEHOT
OZMH M TOT ke paHr. IlooToMy paHr MCXojHON MaTpumH A paBeH r.

Mu nokasamm, dUTO OPOM3BOJBHASA NUPAMOYTOJAbHASA MAaTPHIA paHra r
9KBUBAJICHTHA «KAHOHHUECKOi» Mmarpuue [, Ho wmarpuma [/, HDOIHOCTHEI>
onpenenseTcs 3amaHueM pasMepoB m X n u gducaa r. [losromy Bce mpsamo-
YroJpHEE MAaTpPUIH AAHHHX PasMepoB m Xk M [JaHHOTO pPaHra r 3KBHUBA-
JeHTHH OJHOH M TOHM ;Ke Marpume [/, Hu, CIeI0BaTeIbHO, SKBHBAJIEHTHEL
mexay coboii. Teopema morazaxa. '

3. Wlycrs pmad nunelinnii omeparop A4, orofpaskawmuili n-MepHoe IIpo-
cTpaHCTBO K B m-mepHOe §. COBORynHOGTL BEKTOPOB BHaa Adx, roe x ¢ R,
o0pasyer BEKTOPHOE HPOCTPAHCTBO 2). JTO NPOCTPAHCTBO MK OyaeM 060anaTaTs

1) 3roro MOMKHO [OCTUTHYTL HafJde:Kamedl HyMepanweld G0asHCHHEX BEKTOpOB
€i, €2, ..., €Cp. ] ! .
2) CoBorkymaocTh BeKTOpoB Bufia Ax (x € B) ynosmeTBopsAeT mocTyiaTaM 1°—7° § 1,

IIOCKOJBKY CYMMa ABYX BeKTOpOB BUAA Ax (x € B) ¥ mpomsBeleHEme TAKOTO BEeKTOpa Hf
YHCJ0 CHOBA JalOT BOKTOD TAKOTO BHJA.
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gepes AMK; OHO cocraBideT dacTh OpOCTpaHcTBAa & MIM, Kak TOBODAT,
sBaAAeTca nodnpocmparcmeom B TOpPOCTPAHCTBe §.

Hapapy ¢ nopmpocrpanctBoM AR B & pacCMOTPUM COBOKYNHOCTH BCEX
BEeKTOPOB 2 € X, ynOBJIETBOPAIMHUX YpPaBHEHUIO

DTN BEKTOPH TaK:;ke 06pasylT HOANPOCTPAHCTRO B IE; 3TO MOAHPOCTPAHCTBO
MR 0003HaduM uepes IV 4.

Onpenexenme 9. Ecam aumeiinsii omepatop A4 orobpamaer BB §,

‘TO IUCI0 M3MepeHui r mpocTpancTea Al HasHBaercd pakeom omepaTtopa A 1),

a umucao uaMmepenuit d mpocrpaHcTBa [N,4, COCTOAMEro M3 BCEX BEKTOPOB
x € R, ynosmersopaomux yciaosuwo (38), — defexmon omeparopa A.

Cpepim BCeX SKBHUBAJEHTHHX NPAMOYTOJBHHBX MaTpHUN, 3aJal0NIMX NAaHHEI
~omeparop A B pPasIMIHHX 6a3ncax, uMeeTCA KAHOHMIECKAd MATPHOA I,
{em. (37)]. Obosmauamm depes ei, ez, R en i gl, gz, ce ey gm COOTBETCTBYIO-
mme ey Oasucet B B u §. Torpa

Aei’“:‘gls ---’Aer:grs .= Ae,=0.
W3 onpemeaenna AR u N4 caemyer, 4TO BEKTOPH ¢y, ..., Jr 0o0pasywor
Oasuc 8 AR, a BeKTOPH €,.y, ..., €, cocrasaaior Gasuc B IN,. Orcioga
BHITEKaeT, 4TO I— paHr omeparopa A H
d=n—r. (39)

Ecau A — npon3sodpHasd MaTpuma, COOTBETCTBYKIiag omeparopy A, TO
OHA 9SKBHBAZEeHTHA [, W, CIe[0BATEIBHO, HMeeT TOT e paHr r. Taxrum
-00pasoM, pare onepamopa A cosnadaem ¢ paHeom NPAMOY20AbHOIE mam putsl A

Gp” Q2 - .. Qin
a a a
A= 21 22 ||
ami-\ amz T amn1
«onpeae./t.;afoweu onepamop A @ - HEeKOmopuix 6asucaz ey, € ..., ER u
g gz .- -, ngS
B cronbmax ManHII,LI A cToAT KOOPAMHATH BeRTOpOB Ae;, Ae,, ..., Ae,.

Tn
’TaH KaK M3 &= 2 z;e; caegyer Ax = Z x;Ae;, TO panr omneparopa A,
i=1 i=1 : :

T. . 4ucao maMepenuii KA, paBHAeTCHd MAKCHMAIbHOMY YHCIY JHHEHHO
HE3aBHCHMEIX BEKTOPOB cpenu Aey, de,, ..., Ae,. Taxum obpasom, pare
MAMPUYLL COERAOAEM C HUCAOM AUHEIEHO HE3AUCUMBLL CIMOAGYO0E MAMPUyLL.
[TockoapKY TpH TPAHCIOHUPOBAHMH CTPOKM MATPHIH AeJalorcA CToIduamu,
2 paHr He MEHAeTCHd, TO HUCAO AUHEUHO He3a8UCUMBIT CIDOK MAMPULbL MAKIie
PAGHO DaH2Y Mam puyel ).

1) Uumciro naMepenuil npocrpancTsa AR Beerfa < 1ucia HaMepenmii ipocrpanctea R,
n .

“T. . I < n, 3TO cllegyeT W3 TOr0, 9TO PABEHCTBO & == 2 x;e; (eq, ey, ..., e, —0basuc B R)
i—1
T
BJI€9eT paBeHCTBO Air— Z xide;.
i=1
2) K aTuM sxe sHBOAaM MH mpumurd B § { ms JpyrHx coofpameHud (cm. crp. 68).
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4. Tlyers manmle fBa IHHEHMHBIX omepatopa 4, B u WX IpOH3BEJeHUE
C=AB.

ITycrs onepatop B oroGpaskaer R B 8, a omeparop 4 orobpaxkaer § 8 7.
Torga omeparop C orobpaxaer K B T':

TS ER TR

Beemem marpunu A, B, C, coorsercreylomue onmeparopam A, B, C upn
HEKOTOpOM BHOOpe 6asncos B R S m T. Torga OIIepaTOpHOMy paBeHCTBY
C = AB Oyper coorBercTBOBaTh Marpmuxoe pasercrso (= AB.

O603raUuM U€pes ra, r'g, Fc paHru omeparopos 4, B, C, nau, 9T0 TO iKe,
paurn marpun A, B, C. 3rum uHcxa oupefeNA0T YHMCIO0 M3MEPEHHH IOA-
npoctparcte AS, BR, A4 (BR). Ilockoasky BR— 8, To 4 (BR)(C AS8?Y).
Kpome roro, umciao usmepenmii A (BE) se MoMeT HPeBOCXOJHTh YHCIA
msmepenuit BR?2). Ilosromy

re<ra, rc<rs
Idrn HepaseHcrsa OBIM HAaMHM DodydeHHn B raase [, § 2 us dopmynn gis
MUHOPOB OpOM3BEJeHHA NBYX MaTpHil.
PaccmorpuM omepatop 4 Kak omeparop, 0T06pamamuum BR3BT. Torpa

paEr aToro omeparopa GyAer paBeH 4HCJNy M3MepeHui mpocrpanctsa A (BR),
T. e. rg. lloaromy, npuMessa dopmyay (39), moxyamm:

rC=rB'—d11 ‘ ([.1:0)v

rae d,— MaKCHMaJbHOE WYHCJIO JHHEHHO He3aBHCUMHIX BekTopos u3 BRH,

YIAOBIETBOPAIMHUX YPAaBHEHHIO
Ax=0. (41)

Ho Bce pemmenHsa 3TOTO ypaBHEHMNA, npnnannemamne S, 06pa3y10T O ITIPO-
cTpaucTBO d M3MeDeHHi, rfe

d =n— ra (42)‘

—;:[éd)em omeparopa A, oroGpaskatomero § B T. Ilockonsky BR— 8, To-
' d, < d. (43)-
N3 (40), (42) n (43) maxopum:
ra-trg—ngre.

Takum 006pasoM, MH HOIYYHAHM caejaylomue HepaBencTBa Cuap-
BecTpa AaA paHra IpOM3BeJleHMA [BYX HpAMOYroibHHX Martpun 4 u B’
¢ pasMepaMu mxXn H nX4q:

rA"}_rB_"'—ngrABgrAv Tg. (44)4

. Ecam marpuunoe ypasHeHme AXB=C, rme pasMmeps HpAMOYLOJIBHBHIX.
marpury 4, X, B—mxn, nXp, pXgq, umeer pemenwe X (cMm. crp. 23),.
T0 13 HepasenctB CHibBecTpa Jerko clexyer:

TeKTxy SR+ Pp—Ta—Tp.

A
Mosxno 1oKa3aTh, uTo ecau ypasHeRHe AXB = C mMeer KaKoe-1u60 peirenue,
TO OHO HMeeT pemeHue Ja06Or0 paHra r, 3aKJIIOYEeHHOT0 MeKAy UACIaAMU

rc M n-+p—Tra—7ra.

1y R § osumawaer, 4TO0 COBOKYHHOCTH B cocrasiader wuacTh coBoKymHOCTH S
2) Cm. cHOCRY 2) Ha crp. 22.°
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§ 6. JImneiinnie onmepaTopsi, oro0paKanmine 7-Mepuoe
DPOCTPAHCTBO €aMo B cedsa

1. JImmehnHii omepaTop, OTOGpaKalImuil n-MEpHOe BEKTOPHOe IIpo-
crpancTB0 R camo B cebs (B mamnoM caydae R =8, n=m), Mu Oynem
HOPOCTO HABHIBATH AUHELNM onepamopor 6 R. '

CyMMa ABYX JuHeilnHx omepaTopoB B K, a TaK:Ke Ipow3BeJleHNEe TAKOTO
OIepaTopa Ha WYHCJO — CHOBAa JMHENHEe omepaTops B RB. YMmomenue aByX
TAKUX JMHEHHHX OIEpPaTOpPOB BCer[a BHIIOJXHHMO, M IPOH3BEeHHE HUX €CTh
cuoBa numpeiinmit omepatop B K. TaxuM oOpasoM, IuHelHHe omepaTops B fi
o6pasyloT Koabuol). B sToM Konbie HMeeTcs eMHWYHHI OmepaTop, T. e.
omeparop E, gng KoTtoporo

Ex=x (xcR).

Ilpu sroM paA mpowssoabHOro omeparopa 4 B R
EA=AFE=A.

Ecau A — auHeiinwii omepatop B R, TO mMeeT cMecas A= A4,
A3=A4AA, ... wBoobme A™=AA ... A. Kpome Tor0, nonaraem 4°= E.

m pas .
Torma, XKak Jerko BHIeTh, OpH JIOOHX IEJHEX HEOTPHUUATENBHHX D U ¢

APAQ' — Ap+q.

Oycers f(1) = apt™+at™ 4. . . - @p - 0m — MHOTOGJICH OTHOCHTEIBHO:
CraJApHOrO apryMenrta ¢t ¢ Koapduumuentamu us moas K. Torpga monaraem:

f(A)=a, A"+ 0 4™ 1. o Ao B
IIpu atom f(A)g{Ad)=g(4A)f(A) npaA FOOHX ABYX MHOTOWICHOSB:

f(&) m g (t). .
IIycts .
O6o3nauuM uepes Z;, ZLsy ..., L, KOODHAHMHATH BEKTOpa J¢ B IPOM3BOJILHOM
Gasmce ey, €5, ..., €, 2 9ePe3 Yy, Yo, .. ., Yn — KOODAMHATH BEKTOPAa ¥ B TOM.
ke Oasuce. Torpma
T
Y= ;1 aipty (=1, 2, ...,n). ' (46)
B 6Gasuce ey, €, ..., €, JuHeiiHoMy omepaTopy A OTBedYaeT KBajpaTHASL
Matpuna A = || a; ||y, 2). Hamomuum suratenio (cM. ctp. 71), uro B k-M cTonbue
0TOIl MaTpUIH CTOAT KOOPHUHATH BekTopa Aex(k=1, 2, ..., n), 1. e.
™"
Ae,= 2 age; (=1, ..., n). | (47).
i=1
| BOAA KOODAMHATHEIC CTONONUB X == (L1, Xy ...y Ln) B Y= (Y1s Y2s -+ .+ Yn)»
MBl TIpeoGpasoBanue (46) MojeM 3ammcaTh B MATPUUHOU dopme
y=Ax. (48)

1) 3ro romeHo sBasgercsa amrebpoit. Cp. ra. I, crp. 28, .
2) Cm. cTp. 70—71. B pmamdom cayuae mpocTpascTsa B u § coBmajfamoT; TOUHO-
TaKA e OTOMIECTBACHH Oa3uCH €y, €, ..., €x U Gy, P2, ..., gm B 9THX HPOCTPAHCTBAX.
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CyMMe n npomsBeeHHI0 BYX omepatopoB A M BB oTBedarT CyMMa H Hpo-
u3BejleHNe COOTBETCTBYIONMX KBafpaTHhx Matpum A= | a;|f 1 B=| bl
ITpoussenennw ad coorsercTByer Marpulla oA. Epmamamomy omeparopy K
OTBedaeT KBajfpaTHAfA eIHHUIHAA Marpuna E = || 6ix ||y Taxum o6paszom, BeOOD
$asnuca yCTaHABIHBAeT U30MOPPHOE coomeemcmene meHcoy KoAbYOM AUHEHHBLL
onepamopoe ¢ B u kKoabvyom K8ad pamuuxr mampuy n-20 nopadka ¢ siemeHmamis
uz K. Ilpu arom coorercTBin MHOTOUIeHY [ (A) cooTBeTCTBYyeT MaTpHNa f(A).

2. PaccmoTpuM Hapany ¢ 6asucom ey, ey,. . ., e, APyToi 6asut ey, €y, . . ., €,
B R. Torga amamoruano (48)

y=A1, (49)

rge x, Y-— CTOAOIEeBHe MaTPUIH, COCTABIEHHBE H3 KOODPIMHAT BEKTOPOB X, ¥

B Gasuce ey, e, ..., €, a A=|| ap|] —KBagpaTHasg MaTpPUIA, COOTBETCTBYIO-
mas omepatopy .4 B »ToM 0asuce. JampmeM B MaTpUIHOH (opme GOpPMYIIH
mpeoOpasoBaHKA KOOPAUHAT

=Tz, y=Ty. (50)
Torma u3 (48) n (50) HaxozuMm:
y=T"4T7z,
410 B comocTaBleHHH ¢ (49) maer:
A =TAT. (51)

Dopmyna (H1) mpemcrapiser cofoil CHENMUAJbHHIN YAaCTHHIA Cciaydai ¢op-
myas (31) ma ctp. 75 (B maEHOM caydae P=T71, Q=T).
Qupenmenenue 10. Jlpe marpuust A u B, cBA3aHHEE COOTHOMEHUEM

B==TAT, (51)

tae T — HexkoTopasg HeocoOeHHAA MaTpHMLa, HABHBAIOTCH nodo6runmut).

Takum 00pasoM, ME HOKasaau, 9To 0ée mampuyul, COOmeemcmeyoujue
o0Homy u momy e aAunelinomy onepamopy ¢ R npu pasiuwnuiz Gasucaz,
nodo6Hut Mencdy coboil, nmpmdem Martpumna 1', CBASHIBAOIAA TH MATPHIH,
coBmajaeT ¢ Marpumeil mpeoOpasoBaHHA KOOPAMHAT IpPH Hepexofe OT HePBOTO
Hasuca Ko Bropomy (cm. (50)). _

Jlpyrumu cioBamu, IuHeiiHOMy omepatopy B R orBeuaer HeJHil Kiace
NOAOGHEIX Memy co00i MaTpuil; STH MAaTPUIL HpPe/ICTaBIAT MAHHHH ome-
paTop B pasnuuHbX Oasmcax.

Mayuag cpoiicTBa JMHEIIHOro omeparopa B J, MH TeM CaMbIM H3ydaeM
CBOMCTBA MaTpHI, HPHUCYINHe OJHOBPEMeHHO BCeMY KiacCcy mOAOOHBIX MATpHII,
T. ©. M3ydaeM CBOJiCTBA MAaTpHI], OCTAIOIIHAECA HeH3MEHHHMU HHBAPHAHTHHIMU
IIpu Hepexoje OfF /AHHOH MaTpHIHl K MartpHIe, eil momoOHOI.

3ameTum eme, 9T0 [Be HOMOOHHKE MAaTPUIE HMEIOT BCErJa PaBHEE Ompe-
pmenarenu. Jeiicteurensro, us (31°) caeayer, dro

|B|=|TIA||T|=|Al (52)

Pasencrso |B|=|A| aBngerca HeOOXOIUMEIM, HO He [OCTATOYHEIM
ycaosneM s mojoGus matpun A u B :

1) Matpnny T Bcerhna MojkEO BHOpPaTh Tak, 9To0H ee daeMeHTH HPHHAIERATN
OCHOBHOMY WHCJI0BOMY IOII0 K, KOTOpOMY NpHHAfIexaT dIeMeHTH MaTpull A # B. Jlerxo
TOpoBepAIOTCA TPH CBOMCTBA nofo6ua MaTpun: peGrexcUBHOCTH (MaTpuLa A Beerja
mopobma camoii cefe), caMMeTpEIHOCTh (ecin A momo6HAa B, To m B mopobua A)
@ TPAHSUTHABHOCTH (ecam A nopobaa B, B mogobua €, 1o A nogodua C).
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B rmape VI Oypmer ycramoBieH KpuTepuii nmomobusa ABYX MaTpum, T. €.
6yayT 7Jane HeoOXOJHMMHE H JOCTATOYHBIE YCJOBHA JJA TOTO, 4TOOH ABe
KBAJ[PATHHE MATPUNH 71-TO HOpsAAka Owm DOJO0OHH MeKAy €000,

Coracao paBeHCTBY (D2) MR MO@eM NOj OIpefelNTeseM JIHHCHHOTO
omeparopa A B R (| A|) noumMars ompefieldTeas M060H MATPUNE, COOTBET-
CTBYIOMEH HAHHOMY OLEepPatTopy. |

Ecmn | A{=0 (s£0), To omeparop A HassiBaerca 0coGerHuiM (COOTBET-
cTBenno Heocobennuiam). CorsiacHo TOMY ompejelenuio B Jrobom OGasnce ocolen-
moMy (HeocoGeHmmOMy) omeparopy oTBegaeT ocoOeHHAg (COOTBETCTBEHHO
meocobennan) Marpunma. [as ocoGemmoro omeparopa:

1) Bcerga cymecTByeT BeKTOp & =~=( Takoil, TTO Ax =0,

2) AR cocrasuaer npasmwibayo dacts R. lna meocobennoro omeparopa:

1) m3 Ax=0 caegyer x=0; , '

2) AR=R,T.e. Bexktopn Buga Ax (x€ R) 3a00IHAIOT Bee IPOCTPaHCTBO 7,

Jpyrumm ciaoBamu, JMHEHHHHA onepatop B R sABiaserca ocobeHHHEM
wan  HeocoOeHHHM B 3aBHCHMOCTHM OT TOro, 0OJBMé HIM paBeH HYIIO eTo
gedeKT.

3. Ecainm 4 —neocobenEmil omeparop, TO B paBeHCTBe ¥ = Ax 3ajpaHue
BexTopa y € R ommosmauno ompepenser Bextop x € . [eficrBurensHo, cyme-
CTBOBAaHWE BEKTOPAa 2 CIeAyeT W3 TOro, 4T0 BeKropsl Buia Ax (€ R)
gamoJHANT BCe mpocrpaHcTBo R, C mpyro# CTOPOHEL, M3 PABEHCTB Y = A X'
n y=Ax" (x',x" €R) caegyer: A (x'—x")=Ax'— Ax"=0 u orciopa:
x'—ox' =0, v. e. 2’ =uax". IloaTomy, mcXons W3 paBeHCTBA Y = AX, MOKHO
onpegenurh obparmmii omeparop A paBencrBoM x = A7'y. Jlerko BupgeTs,
qro of6parHmil omepatop A™! pgas amHeiimoro omeparopa 4 B J& Taxkme
ABIAETCH JHHEHHWEM omeparopoM B I, npum stom

AAY=A"A=E,

rme F —epunudnmii omepatop. Kcam B HEeKoTopoM (asuce He0cOOEHHOMY
oneparopy .A orseuaer meocoOexuas marpuma A, To B arom Oasmce obpar-
HOMy omeparopy .A71, coorBercrByer marpmma A7l

PaccMoTpnM HEKOTOpHEe YacTHHE THOH JIWHEHHHX omepaTopos B R.

1°. Omepatop J B R HasmBaeTcs UHeosiomusHbis, ecnn J2=F. HBOIK0TABHE}
onepaTop HeOCOGeHHH X Aid Hero J ~1=J. VIHBOMIOTABHOMY OmepaTopy B MH060M Gasmce
COOTBETCTBYET UHB0AMMUSHAR Mampuya J, T. €. MaTpuua J, Aisa KoTopoit J2=E.

2°. Omepatop P B R Ha3HBaeTCH npoekyuoHibim, ectn P2=P, Ilycts pano mpo-
M3BOJILHOE pacieniiennme IpocTpaHcTea B Ha nBa mogmpoctpanctsa 8 m T B=S417T.
Torga mgus awoforo BeKTopa & € B uMeeT MeCTO pasiiOiKeHHMe X—ag--L, I'ie LSES,
a7 € T. BeKTOp s HA3HBAeTCHA npockyuell 6ekmopa X Ha nodnpocmpancmeéo S naparieabHo
nodnpocmpancmey T 1). Paccmorpum omnepaTop P, OCYmieCTBIAIOIIANA IPOGKTHpPOBAHHE
npocTpancTea K ga DOAOPOCTPAHCTBO S HapajulenbHO mofmpocTpaHcTBy 7', T. e. omepa-
Top B R, onpefensiemulit pasencTBoM Px=—a&g Huad mwoboro sektopa @ € R. OgesupHo,
HTOT ONEPATOp SBIfETCH TWHEHHHIM, HO OH ABIAETCA H HPOSKTHBHEM, TaK Kak IPo=—xg,
P2x— Prg=xg 1, Clel0BaTeJbHO, ! (P2—P)xr=5—x5=0, T. e, P2=P,

Jlerxo mposepsieTcss H o0paTHOe yTBep:genne. [IpoH3BOIBHEI IPOeKTHOHHHA onepa-
Top P B R ocymecTBifeT HPOeKTHPOBaHMe BCEI'0 IPOCTpaHCTBA R ma mOAIpOCTPAHCTBO
S = PR napannensro nogupoctpanctsy T -—=(K—P) R.

JIwbag HaTypaldbHafg CTeleHbh HPOCKIMOHHOTO OmepaTopa ABIACTCA NPOCKOHOHHEIM
omepatopomM. Ecnu P —DPOGKIHOHHBIA OIEpaTop, TO B K — P —IpOeKIHOHHKE omepa-
T0p, Tak Kak (K —P)2=E—2P - P2=E—-P.

KBagpaTaas MaTpuna P HasHBaeTCA RPockyuonHoi, ecnm P2=P, Ogesnno, B Opo-
W3BOIBLAOM 0a3rce OPOSKIMOHHOMY ONEpaToOpy COOTBETCTBYeT HPOEKHHOHHAs MATpHIA.

1) AHAJOTHYHO, BEKTOp Xp-—IpOeKIWA BEKTOpa & Ha mofimpoctparcTBo 1' mapai-
NelbHO HOAMPOCTPAHCTRY S. :

6 @ P T'aHTMAXED
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§ 7. XapakrepucTHYecKHe UACARX M COGCTBEHHBIE BERTOPHI
IMHEHHOTO omepaTopa

IIpu wuccmemoBamwmEm CTPYKTYPH iamHeiiHOro omepatopa A B R Goapmymo
poJib UIPAlOT BEKTOPH %, OJSI KOTOPHX
Ax=\x (AEK, xz5£0). (53)
Takwe BEKTOPH HA3SHBAITCA COGCMEEHHBIMU BEKMOPAMU, A COOTBETCTBYIOLIUE
HM 9HACAA A — XaparmepUCmuUYecKuMU HIN COGCMEEHHBMU 4UCAAMU OmepaTo-
pa A (Marpunu A).
Jlns HaXOKZeHUA XaPAKTePUCTHIECKUX THCe] i cOOCTBEHHEIX BeRTOpOB ome-
patopa A BHGepeM npomsBoibHO 0asuc ey, €3, ..., e, B R. Ilycrs & = Z xi€;
5 .
n A=| aik“i—-Mannua, oTBegaromasa omepatopy A B Gasuce ey, €, ..., €,.

Torma, mpupaBHMBas MeXAY Cco60H COOTBETCTBEHHBIE KOOPAUWHATHL BEKTOPOB,
CTOAMUX B JeBOH W HpaBoii FacTAX paBeHCTBA (O3), MOJYIUM CHCTEMY CKRA-

JAPHHX ypaBHEHUI
ag4Ty + Qe Lo+ -+ o - QpLn = ATy,

A%y + Qo2 T2+ . . . -+ QonTn = A2y, (54)

Ap12y + Apals + v ;"‘ Annlp = A‘xny

KOTOPY0 MOKHO 3aIHCaTh W TaK:
(@1 — A) 24+ @paZa+ . - o + Qg =0,
2124 + (azz - 7‘) I + . Qo tn =0, (55)

an1x1+an2x2+ tae +(ann"'"l) T = O
Tak KAk UCKOMHI BEKTOp He [AO/KeH GHTEL paBeH HYJIO, TO CPefH er0 KOOPXU-
HAT Iy, %3, ..., ¥, OO KpaiiHell Mepe OZHA KOODAWMHATA HOPKHA OHITH OT/IMTHA

OT HYJA.
Ilns Toro 9ro6ml cucreMa JHNHEHHHX ONHOPOXHBIX ypaBHeHuWi (50) mMmeraa

HeHyJeBoe pemeHde, HeoOGXOQUMO H JOCTATOYHO, 9TOGH OMpeREIHTENb 3TOk
cucreMsl OBIJI paBeH HYJIIO:

11— A Qg .- G
A24 App—h ... @ —0. (56)
ani an2 "ee ann— A«

Vpasrenne (56) mpexcTaBaser cobofi anreGpawdeckoe ypaBHeHUe n-i cTe-
nmeEn oTHocuTeabHO A. HosddummeHTH 5TOro ypaBEEHUA NPUHAIIEKAT TOMY 3Ke

n ‘
YHCIOBOMY OO, 9TO W 3JIEMEHTH MaTpPHIIE A=| aka {» T- €. KO0 K.

Vpasrerue (56) 7acTo BCTpeuaeTCA B PasAMIHHX HpobieMax reoMerpud,
MEXAHWUKW, ACTPOHOMHYM, (U3NKH W HOCUT HA3BAHUE IQPAKMEPUCMUYECKO20

n
Y PaSHEHUS WU 8€K06020 1) ypasnenus MatTpunu A = || a, || 1 (JIeBYI0 9acTh 3TOTO
ypaBHEHUS HABHBAIOT IaPAKMEPUCTIUNECKUM MHO20YAEHOM).

1) Takoe HasaHWe CBABAHO C TeM, UTO BTO YPaBHEHIe BCTPOYASTCA HPH HCCIe0-
BaHHE BEKOBH X BO3MYIXeHWH NIIaHET,
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Taxmm obpaszom, KayiAoe XapakTepHCTHUECKOe 9UCIO A JHHEHHOTO onepa-
Topa A ABIAETCA KOpHeM XapakKTepucrmuecKoro ypasHeHusa (56). 1 maoGopor,
ecIH HEKOTOPOe 9HCI0 A fABJIAeTcS KOPHeM YypaBHeHHA (56), To mpu aToM
3HaYeHAA A cucTema (D) M, CIefOBATENBHO, (D4) HMeeT HEHYJEBOE pelmeHHe
X1y Tgy o0, Tp, T. €. DTOMY YHCIAY A OTBedaeT COOCTBEHHHEH BEKTOP I — Z zie;
onmepatopa A. ;

N3 cxaszamHoTOo Cchenyer, aro gioGoil muHeitHni omepatop A B R mMmeer
He Oolee 4eM 1 PasIMYHHX XapPaKTePACTAYECKHX YUCEJ.

"Ecam K ecth mose BceX KOMIJIEKCHHIX 9Hcel, To J000i JHHEHHHI onepa-
Top B J? Bcerjja mMeeT o KpaiiHel Mepe OAWH coOCTBeHHRH BeKTOp B B W coort-
BETCTBYWOIIee 3TOMY coOCTBEeHHOMY BEKTOPY XapaKTepHcTHYecKoe gucio A 1), dro
clefAyeT W3 OCHOBHOH TeopeMH aire0pal, COTJIACHO KOTOpPOoil amrebpamueckoe
ypaBHeHHe (D6) B mIone KOMOJIEKCHHIX 9YHCEN BCeIAa MMeeT N0 KpaiHeH Mepe
OJHH KOpPEHb.

Hanumem ypasmenwe (56) B passepEyTOM BHIE

|A—AE | = (— A"+ 8y (— A1k S (—A)" 24 ... +

| + S (—1)+8u==0;  (57)
3[AeCh, KAK HETPYAHO BUMETh,

n . k .
Si=Nay, S= 3 4 (i k) A (58)
i=1

1<i<h<n
H BooGme S, paBHO CyMMe INIABHHX MUHOPOB p-T'0 MOPsAka MaTpunsl A = || a; |7
(p=1,2,...,n)?%. B gacraocrn, S,=|A
- OOozHaumM uepes A MaTpPHLy, COOTBETCTBYIOIIYIO TOMY e oNepaTopy .A
B ppyroMm Gasmce. Marpuna A momo6ma matpume A:

A =T"14T.

.

Orciona
A—AE=T1(A—XE)T

1) 9ro nomoienme copaBefInBo B B Gonee 06HieM caydae, KOria K — npoH3BOILHOE
anreGpamvecK: 3aMKHYTOe nomxe, T. e. TAKOE IIOJNE, KOTOPOMY NPUHAJNEsKaT KODHH Bcex
anrebpamueckux ypapHeHHH ¢ KoePHIMEHTAMH W3 JAHHOTO HOMIA.

2) Cremenb (—A)"~P uMmeeTcA TONLKO B TeX WIEHAX XaPAKTePACTHYECKOTO OIIpe-
mAenuTens (56), KOTOpEIE cojpep;KaT Karue-auO0 n—p /IHATOHAALHEIX DIIEMEHTOB

Ay oo, @; ;0 —A.

—A, @
' ‘n-p'n-p

i jeje”

IIponssefieAre 3THX AMArOHAJBLHHX JIeMEHTOB BXOJAMT B COCTaB onpegenurens (56)
€O MHOJKHTelNeM, PaBHEIM IIaBHOMY MUHODY

A<i1 zz...z‘p)’

iy iy ... ip,

rie WHJeKCH Iy, ip, ..., ip BMECTe C HMHJIEKCAMH J 4, [2, ..., Jn—p 00pasylT mHONHYIO
cmereMy mHmaexcos 1, 2, ..., n:

— iy iy ... 1p
| A—AE l“”(ajm""?”) (25,5,—A) ... (ajn_pjn_p—l) y: | (il i ip> -+ (k).
i1 iz v
iy ig...
Jis J2s <oy fp—p 10 np m—3 wEAeKcoB 1, 2,..., n, MH NOXYyYHAM B KagecTBe Koafdm-
nmedata S, upE (—A)""P cymMy Bcex IIaBHEIX MRHOPOB p-TO HOPAJKA MaTpmIu 4.

G

—p . i
3mecs (—A)" P ymaomaerca Ha A ( ip> . HepeGrupaa BceBOBMOKHEE COUETAHHA
P
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H, CJefoBaTeIbHO, N
|A—AE|=]|4—AE|. (59)

Taxmm obpasom, mogobHEEe MarpuuH A m A MMeOT OQUH H TOT ;Ke XapaK-
TePUCTHIECKAH MHOTOYJEH. JTOT MHOIOYIEH MHOT[A HA3HBAKT XapaKTephcTH-
geCKMM MEHOrowieHoM omepatopa A m obosHavawr uepes |.A— '

Ecau 2, Yy, z,...—cobcmeennsle sexkmopst onepamopa A, coomsem-
cmsyrougle 0OHOMY U MOMY Jce XA parme pucmudeckomy wucay A, a o, B, v, ... —
n pousgoavnbie Yucaa us K, mo sekmop ax -+ Py +vz-+ ... aubo pasen nyaiwo,
aubo marxce feasemcs Co6CMEEHHBIM GeKmMOopom onepamopa A npu mom e
yucae h. JefcrBurenbHO, U3

Ax=>Ae, Ay=»~cy, Az=1M»Az, ...
A(ge+Py +v2+ ... )= (e +Py+vyz+...).

IlosroMy nuHElHO He3aBMCHMEE COOCTBEHHHIE BEKTOpH, OTBedYaOIIue OXHOMY
U TOMY ’Ke XapaKTEepHCTHYECKOMY 4YHCIy A, o0Gpasyior 6asmc HEKOTOpOTO
«co6CTBEHAOr0» MOANPOCTPAHCTBA, KKK BEKTOP KOTOPOTO ecTh COOCTBEHHHH
BEKTOp mpu TOM jKe A. B gacrHOCTH, KayKAHI coGCTBEeHHHI BEKTOP HOPOYKZAET
OJTHOMEPHOE co6cTBeﬂHoe OOJIPOCTPAHCTBO, «COOCTBEHHOE HANPaBICHME).

Onnaxo, ecam coGCcTBeHHHE BERTOPH omeparopa A coorsercTByiOT pas-
ANYHKEM XapaKTePUCTHYECKMM 9MCJIaM, TO JuHeiHasm xkoMOMHAIMs STHX CO00-
CTBEHHHIX BEKTOpPOB, B0oOIle rosops, He Oyder co0cTBEeHHHM BEKTOPOM OIepa-
- Topa A.

3ragenne cOOCTBEHHEIX BEKTOPOB M XaPaKTEPUCTHIECKHX YHMCEN IPH MCCle-
DOBAaHMM JMHEHHHX O0uneparopoB OYEeT NPOWLIIOCTPEPOBAHO B CJIEHYIOIEM
paparpage Ha IpEMepe OIepaTropoB IPOCTOH CTPYKTYPHL.

caegyer:

§ 8. Jluneifinbie omepaTopsl IPOCTOH CTPYKTYpHI

Haurem co craegyomei JeMMEL.

Jdemma. Cobcmeennsie 6exmopbi, coomgememayujue RONA PHO DPAZAUNHBLM
ZAPAKMEePUCTULECKUM YUCAAM, 8Ce200 AUHELHO He3asUCUMDL.

Hlorasareabcrro. Ilycrs

Amizhiwi (mz;éo, M 5= Ap opu l#k; l, k::l, 2, r ey m) (60)
A 1ycTh

m
2 cixi::O. (61)
i=1
Ilpumenas K ofemM dacrsM 3TOro paBeHCTBA omeparop A4, DOXYyINM:
m
2 eihoe; =0, (62)

i=1
YmuomnM o6e gacru pasencrsa (61) ma A, m BuareM mogwiaenHo (61) ms (62).

Torma momygum:
m

20 € (hy—Ny) 22 =0, (63)
i_

Moxuo ckazaTh, ¥TO paBEHCTBO (63) Grmo moxyueno us (61) myrem
NOYJEHHOT0 npuMeReRyA oneparopa A —ME. [lpavenas x (63) mounenno
oneparopel A — A ¥, .,., A— Ay, MH OPUAEM K CJIEAYIOIEMY pPABEHCTBY:

Cm (b= D) (= R ) + +« (hn = M) 202 =0,
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oTKYyZa cm=0. Tar wrar B (61) mwGoe caaraemoe Mos;ker OHTE HOCTABJIEHO
Ha mocaefHee Mecro, To B (61)

C1=C2=..o=cm'—_—0,

T. €. MeKAY BEKTODAMH &y, X, ..., Xy, HerT IHHEHHOH 3aBUCHMoCcTH. JlemMma
DOKAa3aHa. :

- Ecnm XapakTepucTHYecKOe ypaBHEHHe OmepaTopa HMeeT 72 DPAasIHIHHX
KOpHElf W orH KOPHH HpHHAAJIe;kAaT momio K, T0 HAa OCHOBaHMM JEMMH c00-
CTBEHHHE BEKTODH, COOTBETCTBYIOIIHE 3THM KODHAM, JHHEHHO HE3aBUCHMEL

"Onpepenenune 11. Jlumeiinsiii omeparop A4 B R HazHBaerca onepa-
mopom npocmoii cmpysmypet, ecii A mMeer B B n IHHEHHO He3aBHCHMHIX
coOCTBEHHBIX BEKTOPOB, TJe N — THCI0 H3MepeRHi.

Takum oOpasoM, JuHelHHH omepaTop B I uMeer HPOCTYI CTPYKTYPY,
ecIE BCE KOPHH XAaPaKTePHCTHYECKOTO YPABHEHHA PAa3IuIHH Mexmy coboi
¥ npuEaguae;xar moaio K. Opmako 310 yCIOBHEe He SBIAETCA HEOOXOMMMEIM.
CymecTByOT JUHEHHBE ONEpaTOpH HPOCTOH CTPYKTYPH, Y KOTOPHX Xapakre-
PUCTHHECKUN MHOrO4YJeH HMMeeT KPaTHHE KOPHU.

PaccmorpuM pmpowsBONBHHI JuHelHmil omeparop A DPOCTOM CTPYKTYPHL
O6osnaauM wgepes ¢y, (2, ..., Jn Oasmc B B, cocroamuil m3 coGCTBEHHBIX
BEKTOPOB OIlepaTopa, T. €.

Agkzlhgk (k"‘——‘i, 2,000, n)
Ecau

n

= D Tpgr, TO Aw=h21_ xkAgk:.hZI ALTar.

JpyruMu ciosamm, BosfeiictBme omeparopa A TpocToil CTPYKTYPH Ha
n

BEKTOp X = Z Zpgr MOer OHTH ONHMCAHO CiaefgyomuM obpasom:
B=—1

B n-meprom npocmpancmee R cywecmsyem n aureliHo HEZABUCUMBLE
HanpasaeHuily, 8004t KOMOPHX onepamop npocmoli cmpykmype A ocyuje-
cmeasem «pacmaxcenuey ¢ koaguyuenmamis Ay, As, ..., An. Il poussoavnuiii
BeKMOD X Moxcem Ovimb pA3ACHEH Ha KOMROHeHmdl, udywjue 6004b MU
cobcmeenHbL Hanpasaenuli. Smu KOMROHEHMbL Nodéep2alomcs COOMEEmCcmayio-
WUM «PACMANCEHUAMD, ROCAE He20 OHU 8 cymme daiom eexmop Ax.

Herpynuo Busers, aro onepatopy A B «coGcTBeEEOMY Dasuce ¢y, Jo, - - -, Jn
COOTBETCTBYET [HMArOHAJIbHAA MaTPHIA
T n
A=A ;-
Ecau MH gepes A 0603Ha9uM MaTPHIYy, OTBEYAOM VIO omeparopy A B opo-
H3BOJBHOM Oasuce €;, €, ..., €,, TO
nm-
A=T| Adir ;T (64)

Marpuny, nofjoGHYyI0 AMATOHAILHOH, 6yJeM HA3HBATE Mam puyel npocmoil
empyrmy pui. TakuM o6pasom, omeparopy mpocToil CTPYKTYpPH B moboM Gasuce
OTBEY9aeT MAaTPHIlA IPOCTOH CTPYKTYPH M Haobopor.

Marpuna 7' B paBenctBe (64) ocymecTBaser mepexof ot 6asuca ey, €, . .., €,
K 0asucy ¢,  Go, ..., gn. B k-M cronbme Mmarpuums 7T crofgT KOOPAHHATH
(B Gasuce e;, €, ..., €,) cCOOCTBEHHOTO BEKTOPA ¢, COOTBETCTBYIOMEr0o XapakK-
TePUCTHIECKOMY guciay Ay Mmarpunnl A (k=1, 2, ..., n). Marpuna 7 BasH-
Baerca gyndamenmaavroli Marpunei AaA Marpuis A.
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Papencrso (64) mepemmmeM Tak:

A=TLT1  (L={\,Ag, -, hn}). (B4')

Ilepexons k p-m acconmmpoBaEEM MaTpunaM (1 < p <n), nonyunmm (cm. ria. I,

§ 4):

AUp=23p gngi; (65)
Q,— gmaronansHan Marpuna N-ro mopagka (N = C%), v KoTopoii HA raaBHOI

AHATOHAJIH CTOAT BCEBO3MOKHBIE LPOM3BEJCHHS 1O P U3 Ay, A, ..., Ay Como-
crasiesme (69) ¢ (64") maer mam Teopemy: :

Teopema 3. Ecau mampuya A =| a; |l§l umeem npocmyin cmpykmypy,

mo npu awbom p<n accoyuuposannas mampuya U, makrsce umeem npo-
cmylo cmpykmypy; npu 3mom Tapakmepucmuieckum wucaamu mampuyst Ap
AGARIOMCA  BCEB0IMONCHBE NpoUdsedenus no P Ayhi, ... Ay, (<<t <
<...<<ip< n) us raparmepucmu4ecKur uuces ki, Az, ..., Ay, mampuyn 4,
a pyndamenmanrvroti mampuyeti mampuys U, asasemes accoyuuposannas T
oan pyndamenmanavroti mampuysr T mampuys A.

Canepcrsue. Ecau xapakmepucmuieckomy Yucay Ay mampuyst npocmoll

cmpykmypst A =| ap|; omeewaem coGcmeennnii eexkmop ¢ koopduramami
tiny oy ooy bnn (B=1,2,...,n0) u T=|tn H’;, mo apakmepUucmULecKomy

wweay Aughag .. hny, (I<bi<ko<<...<kp<n) mampuyw Up omseiaem
cobcmaennriil 6eKmop ¢ K00pIuHamamu

(") G iy <ip <), (66)
ko koo ke

Ipomasoasnyo MaTpany A =1 a; |} MoxHO mpexcTaBETE B BEAE Hpefena

[OC/Ie/TOBATEILHOCTH MAaTPHIY Ay (m—> o), Kamjag H3 KOTOPEIX HE HMEeT
KpaTHHX XapaKTePUCTHUeCKMX 4YHCEI H HOTOMY HMEET HPOCTYI0 CTPYKTYPY.

Xapaxtepuctmueckme wmeaa ALY, A, ..., AY™ marpmmm A4, B mpeseme mpm
m—>co INepexofAT B XaPaKTEPHCTHYECKHE UHACHA Agy Ag, ..., Ay MATPH-
ner A, 1. e
lim AW =x (k=1,2,...,n).
Mm=rco
Orcroza
Jim AT A = Ay Ay (A< <... <kp<n).

Tak kak, kpome Toro, lim Uimyp=Ap, T0 H3 Teopemn 3 BITEKaer

Mmoo

Teopema 4 (Hpomexepa). Ecau Ay, Ay, ..., Ay—noanan cucmema
TAPaKme PUCTIUMECKUT HUCen N poussoabHoll mampuyst A, mo noaHas cucmema
TaparmePUCIUNECKUT Ylices accoyuu pogarHoll mampuys A, cocmoum u3 ece-
B03MONCHBE npousgedenuil no p us uuces A, he, ..., Ay (p=1,2, ..., n).

B »ToM maparpage ME HCCIEROBAaJH OIEPAaTOPH H MATPMIIE IPOCTOH
CTPYKTYPH. YlayueEme CTPYKTYPH OIEpaTOPOB M Marpmn obmero tuma Oypmer
nposefeso B raapax VI m VII.



F'JABA IV

XAPAKTEPHCTMYECKUN N VMI/IHI/IMAJII)HBH'/'I MHOI'OYJIERDBI
MATPHUNBI

G Hamnoﬁ KBaJpaTHOH ManHueﬁ CBA3aHH [Ba MHOTOYJeHAa: XapaKre-
PUCTAYECKHA M MHUHMMAIbHHIE. OTH MHOrOWIEHH HTpaloT Ooabmylo poab
B PasIMYHHX BONPOCAX TeOpHH MaTpmi. Tak, HaOpuMep, HOHATHE O QYHKIMM
OT MaTpPHITH, KOTOpOoe MHl BBEIEM B CJe[yWlleil IiIase, Oymer meanKOM OCHOBH-
BaTbCH HAa IOHATHM O MHUHMMaJABHOM MHOTOYIeHe MaTpmue. B sroil raase
pPaccMaTpHBaOTCA CBOCTBA XapaKTePUCTHIECKOr0 M MUHMMAJIBHOIO MHOTOWJIe-
Ha. JTOMY HCCAE[0BAHUK NPEANOCHIAITCH OCHOBHHE CBEJEHHA O MHOIOYIe-
HaX C MaTPpUIHBIME KO3pQPuUIMeHTaMu H O HeHCTBHAX HAa/J HHMMH.

§ 1. Caokenne M yMHOKEeHUEe MATPHYHBIX MHOTOYJIEHOB

Paccmorpum KBafpatHy0 MHO204AeHHYw Marpuily A (M), T. e. KBagpar-
HY0 MaTpPHLY, 3JeMEHTAMH KOTOPOll ABIMIOTCA MHOI'OWIEHE OTHOCHTEIBHO A
{c Ro3pPuIUeHTAMI U3 JAHHOTO 9uciaoBoro mong K):

A (7\’) — H an (x) ”71!-____ ” (O)Km+a(i)7\,m— 4. (m) Hi . (1)

Marpuny A (A) MOHO HpefCTaBUTb B BHJE Mﬂoroq.neﬂa ¢ MaTpUIHHMU
K09 PUIINEHTAMH, DPACIOJOKEHHOI0 IO CTENEHAM A

AA) = AN+ AA™ L4 A, (2)
rae

A;=|dRllf  (G=0,1,...,m). (3)

Upcao m HA3HBAETCA C(mMeneHwvly MHOrowieHa, ecam Ags=0. Yucao »
Ha3HBaeTcA nopadrom wmHOrowiesa. Muorowmen (1) Gymem HasmBarb peey-
agpHbim, eean | Ao |==0.

Mzorowren ¢ marpuuHbME KoaduimenTamu Mel Gy/eM MHOr/Ia HABHBAThH
MAMPULHBIM MHO204AEHOM, B OoTIaMdme OT MaTPUYHOr0 MHOTOYJIEHA OOHYHELH
MHOTOYJIEH CO CHRAJAPHHME KodpduimentaMu GyJeM HA3HBATL CKA.LAPHLIM
MHOZOUAEHOM.

PaccMoTpuM OCHOBHHE JeHCTBHA HAJ MATPHYHHEIMH MHOTOYJIEHAMH. HyCTb
JAHH [Ba MATPUYHHX MHOTOYJIEHA OHOIO u TOro ke mopsapka A (A} u B (A).
6o3gaguM depe3 m HanOOABHIVIO M3 CTeHeHel HTMX MHOI'0YJIEHOB. JTH MHOTO-
YjleHE MOKHO 3alHcaTh B BHIE

AN = AA™ L AAI LA
B(M)=Be™--B wn—1+ .+ B
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Torma
AMQ) L BA)=(4o = Be) A"+ (Ay £ B) A"+ ...+ Ay £ By,

T. €. cymma (pasmocmdv) 08YT MAMPUUHBIL MHO204AeHO8 O00HO20 U MO020 He
nopadka modxcem Obvlmb npedcmasieHa @ eude MHOZOUAEHA, CMENEHb KOMOpo2o
He npesocrodum Haubosbvuwiel U3 cmeneHeld OAHHBIT MHO20UAEHOS.

ITycre mamn fa maTpuueEmXx MHorouneHa A (A) m B (A) crememeit m u p
OFIHOTO W TOTO K€ TMOPsfKA n:

AR) =AM+ AN+ Ay (Ao == 0),

B (L) = ByA? + BiAP14 ...+ B, (B, 5= 0).
Torpga _
A (M) B (M) = ApBoA™® 4~ (A,By + Ay Bo) NP1+ | 4 Ap By (4)

Ecaiu 6m Mu mepemHouan B(A) ma A(A) (1. e. usMeHuau OH HOPANOK
COMHOKUTeNel), TO MH Doayuuam OH, BooOImEe ToBOpA, APYroil MHOTOYJIEH.

YMHOKEHNE MaTPUIHHX MHOTOYAEHOB 00JaJaer eme OJHUM crenun(uaHbM
cBoiicTBOM. B oTaMYMe oT mpOM3BEMEHHS CKANAPHHX MHOTOUIEHOB IPOU3BE-
HeHne MATPHYHHX MHOIOYJIEHOB (4) MOKeT MMeTh CTeNeHb, MEHBINYI M - P,
T. €. MEHbINYI0 CYMMH cremeHeii coMmuo:kuteneii. Jleiictsurensno, B (4) mpo-
ussefpenne Marpun A,B, Mo:ker paBHATHCA Hydo mpE Ag=%=0 um Byz=0.
Opnaro, eciu xorsi Om ogHa u3 Mmarpun A, u B, HeocoGenHas, to us Ay = 0
u Bys£0 cnenyer: AgBys=0. Takum obGpazoM, npoussedenue Osyx mampui-
HBLEL MHO20UAEHO8 DPABHO MHO204AEHY, CMENEHb KOMOPO20 MEHbULE UAU PABHA
cymme cmenenell comroxncumenei. Ecau zomsa Owv o0un us 0eyx comHoNcume-
A€l pe2yasi pHBIL MHO20UAEH, MO 6 3MOoM CAYLAE cmeneMd npoussederus ece2da
PAasHA cymMme cmeneHel comHoIcumenell. .

Martpuannii MuOrouaer n-ro mopapka A (A) MOKHO Bammcarh JABOAKO:

AQ)=AA™ AN L L Ay (5)

AQ)=A"A, LA™ 14, + ..+ A (5')

Ofe 3amucd NpH CKAJAAPHOM A [AalOT OFMH # TOT ke pe3yasrar. OpHAKO
ecay MEl [O/KEeJaeM BMECTO CKaJApPHOrO apryMeHra A HOJCTABHThL KBaApar-
HyI0 Marpuny n-ro HOpAAKa A, TO pe3yabTaTH HOACTAHOBOK B (D) u (9')
Oynyr, BOOOIIE TrOBOps, pA3AMYIHBI, TAK KaK CTemeHM Marpunsl A Moryr

He OHITH TMEpPecTAHOBOYHHKIMH ¢ MATPUIHHME Koapdunuenramu Ay, Ay, ..., An.
IMomoxum ‘
A(A)= A"+ AN+ .+ Ay, (6)
i} _
A(A)=A"Ag+A™A, L. A, (6")

.
n Oynem HasmBarh A (A) mpaBeiM, a A (A) jepnM 3HaveHHEM MaTpUIHOTO
mHOroYIeHa A (A) mpu mopcraHOBKEe BMecTO A Martpuusr Al).

PaGGMOTpHM CHOBAa ABa MATPHYHHRIX MHOTOYJCHA

m P
AA) = EOAm_N, B(M= 20 By_pA*
i= R=

1) B «opaBoM» 3HaueHHH A (A) cTemeHH MAaTpHLH A cTOAT cmpapa OT Koaddmiuex-
TOB, & B «JeBOM»— CJIeBa.
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H UX NpOoU3BeJeHHe
' m p m+p

m P .
P(K) = 2 2 Am_ilin_klk‘: 2 E Am—in-kA-i-l-h: Z ( Am—in—h) ?\'J
i=0 k=0 i=0R=0 =0 ifk=j
u (7
m  p m p m+p
PA)y= Y MAn AMBpa= 2 2 M*A, Byw= 2 A X AniBp
i=0 k=0 i=0 k=0 ' =0 k=]

(7"}
IIpeoBpaszosapua B TomaectBe (7’) COXPAHAKT CBOK CHIY NpH 3aMeHe A
p p p

MaTpuuell n-ro mopAgKa A, eCaM TOJBKO MaTpuma A mepecTaHoBOYHA CO BCEMH
MaTpraHEME Kosdunuentamn Bp_pl). AHamoruumo B TOoMgectTse (7”) MOKHO

3aMeHMTh CKajAp A Mmarpuimeit A, ecam marpura A NepecTaHOBOYHA CO BCEMH
KosppunmentaMmn A,_;. B mepsoM ciaydae momydaem: '

P (A)=A(A)B (A), (8")
BO BTOPOM
P(A)=4(A) BN, (8"

Taxum olpa3oM, npagoe (aesoe) 3sHauenue npouseedeHus O6YT MAMPUUHBLL
MHO20UAEHO8 DAGHO NPOusEedeHlly Npasbly (Ae6blr) SHAUEHULL COMHOMcUumenel,
ecau mampuya-apeymenm N nepecmarosouna co ecemu KoIGPHuyueHmMamU
npasoz0 (4€6020) COMHOMCUMENR. .

Ecan S (A)—cyMMa [BYyX MATPHUHHX MHOrOUYJEHOB n-ro mopsapxa A (A}
u B(\), To npu sameme craiApa A mi00o0ii marpumeil n-ro mopsapxa A

BCerjga cIlpaBeJJHBH TOMIECTBA
SM)=AN)+B@N), SA)=4N)+B @) (9)
§ 2. IlpaBoe m JaeBoe MejeHWe MATPUIHBIX MHOT'OYICHOB.

OGoGmennana Teopema besy

Ilycrs gamH gBa MarpuuHblx mHorouwreHa A (A) m B (A) ogHOTO I TOTO K€
nopanxa n, npuuem B (A) — peryiapHHH MHOTOYJIEH:

AR =AM+ AN An (A2 0),
B(A) =B\ +BAP1+...+By  (|Be)5=0).

Mu GyaeM roBopHuTh, 9T0 MaTpuaHEE MHOTOWIeHH () (A) n R (A) asrawrcs
COOTBETCTBEHHO nIpAgblM HACmHbM U npasus ocmamkom Opu penenum A (A}

Ha B (A), ecan
AM=QMB(M+R(@H) | (10}
n cremeHs R (A) meHbme cremenu B (A).

~~ —~
Comepmenno agazoruuHo GyAeM HasHBaTh MHOTouwJeHH () (A} m R (A)coor-
BeTCTBEHHO €6BLM UACMHBLM U JAesuim ocmamkom Uph pelenmun A (A) na B (}),
ecsIu

AM=B®MQ M +E®M) (11)

n CTeneHb ﬁ(l) MeHbIIe CTeleHH E(A).

1) B aTom caylae ¥ npiofad creneAh MATPHEOR A IepecTaHOBOIHA CO BCeMH Koad-
danmearaMa Bp_p. ‘ ‘
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Q6paTuM BHHMAHME YHTATENs, ITO LOPH < Pa BO M» JeJeHHH (T. e. OpH
HAXOM/eHAY M PARBOT O FACTHOTO W IPaBOro OCTATKA) B (D) HA JEIANTLIE»
B (A) gacraoe @ (A) yMHOMKaeTcA cOpaBa, a IPH «IeBOMy feireHnn s (6)

ma peauteas B (A) dacrHoe 6(?\.) YMHO;RaercA cJaAeBa. B ofimeM caygae

mEorowreHn @ (A) m K (A) He coBmajawT c ’Q\(R) I ﬁ(?\.).

ITorkameMm, 49TO kax npasoe, mak U JAegoe OeseHue MAMPUUHLEL MHG20-
Y4eH08 O00H020 U MO020 Mce hopadra ecezda 6INOAHUMO U O00HOZHAYHO, eCAl
deaument — pecyAipHELL MHO204AEH.

PaccMorpuMm mpasoe nenerme A (A) Ha B (A). Ecam m <C p, MoxHO momo-
aatb Q (M) =0, R(A) = A (A). B ciyzae m > p gas HaxoskpaeRnA gacTHOro0 Q (A)
i ocraTka R (A) opuMeHUM OOHUHYIO cXeMy AeeHAA MHOTOYJIeHA HA MHOTOYJIeH.
«Pazgennmy crapmuit aien geamMoro A,A™ Ha crapmuil wieH geamntens BglP.

o ~1 -
IlosyunM crapmupil 9iIeH HCKOMOro gactHoro AyB, A™"F. YMHOKHM 3TOT WIeH
cmpaga Ha fjeanteab B (A) m monydueHHoe mpomssejeHHe BhUTEM U3 A (A).
Haiinem «mepsmir ocraTory AV (A):

A ()= A4eBy A™P B (M) + A® (A). (12)
Crenens m mHorownteda AY () meHbme m:
AD (M =Af,”7&°f’_‘m—{— . (Af)” 0, mV < m). (13)

Ecau m™ > p, To, mosTopAA 3TOT Hmpomecc, mOJydaeM:

AP (M) = AP By WP B (M) 4 A% (W), } (14)

A®(R) =Af,2’?um(2) T (m® < m®)

aT. [

Tak rax crenenn Muorounenos A (A), A (A), A® (A), ... yOusaioT, TO Ha
HEKOTOPOM dTame MH mpupgeM K octatky M (A), cremeHs KOTOPOIO MeHbIIe p.
Torpa ms (12) — (14) Oyger caremosaTh:

AN =QMBM)+RM),
rae :
Q (M) = AoBy A™ P 4+ APBIAY P - L,

JlokasxeM Temepp 0 THO3HAYHOCTH Opasoro AeleHnda. llycrs omHo-
BPEMEHHO ,

AN =Q(M)BM)+R() (15)

A(M)=0Q* (M) B(M)+R* (M), (15°)

rje creneqn Maorowrenos R (A) m R* (A) memsmme crenern B (A), T. e. MeHbme p.
Brrauras mounemso (11) ms (12), momygamm:

[Q (A) —Q* (M] B (A) = B* (M) — R (). (16)

Ecan 6m Q (A)—Q* (A) =0, To, mockonsry | By|5%0, cremenr neBoil wacTn
pasemcTsa (16) pasHAmTack 6 cymme cremereidt B (A) m Q (A) —Q* (A) n moToMy
6ulma GH > p. OTO HEBO3MOKHO, TAK KAK CTEIEHH MHOTOUYJEHA, CTOAIIErO B Ipa-
soit uwactm paseHcrsa (16), mempme p. Tawum oGpasoM, Q (A)—Q*(A) =0,
a rorga m3 (16) R*(A)—R (M) =0, 1. e.

QM)=0Q* (1), R(A)=FR*(}).

u
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CoBepImeHHO aHAJOTMYHO YCTAHABIWBAIOTCA CYMECTBOBAHUE W eUHCTBEH-
HOCTH JIEBOr0 YacTHOr0 W JIeBOrQ OCTaTka l). '

IMIpawmep.
) x——‘ A3 A 223 +A2 )
()*’ —AS—2A241 3A3A
Ay
1 2] 0 1 10 0 0
:H—i 3”””“”—2 OHWFHO 1”“”1 0{’
_ 5
22243 —AZ41 2 —1 31
B(M:”—m_1 x2+2lt:l{—1 1 m—'—l'—i 2“

_' -1 1 1 —1
X.Bol——i, BO =H1 2}, AoBO =‘

3 5 _ A24-4 2)24+13
2 5 H ’ AUB(}IB (1’)2 ” ” ’

—A%241 3A212

Am(x)—-” A8+ 203+ A2 ’ AS 4N 2A313A ‘_
Tl —as—2a241 3asaa | || —As4+A SAS12pi|
. —33 A2 —13A ”
—” 222 —A1 —11n i
0 1 —3 —13 0 0
AD (A=
vw=| o) | Z5 Tl s o
wut=| 3 o)l =l= Sl
—2 0 1 2 —2 —
AB“BS'lB(?»)z” 1 2‘,”29»%3 ——h2+1l=‘ 1 m+5”,
—2 2| [|—a—1 A2 —2A2—4 —6
R(M=A%(\)—A; By B (M) =
__’ —3A A2 — 133 1 M5 | —3h—1 -—13x—5l
o ’uzx —A4+1 —112 1 "I|—2h2_4 —6 ‘"‘ —A+5 _m-w]’
et s |35 t 2] ||3h41 5A+2
Qh)=4AoBy A+ 4By =| 5“14- “ —2 —2| lzx—~2 5x—2l]'

Hpe,tmaraeM YUTaTeN0 B KadecTBe YIpajkKHeHUS HENOCPeACTBeHHO IIPDOBEpHTH, MTO

AM)=Q ) BM-+R M.

1) 3aMeTyMM, UTO BO3MOKHOCTL W OAHO3HAYHOCTH JeBoro medenus A(A) Ha B(A)
cllefyeT U3 BOBMOKHOCTH W OXHO3HAYHOCTH OPABOTO JejeHUs TPAHCIOHHPOBAHHEX
matpur; A’ (A) # B’ (A). (M3 peryasprocti B (A) BETeKaer peryaapuocts B’ (A).) [leilcTBH-
TeNbLHO, W3

A (N=0Q; A B (W+ Ry (A
chepyer (cM. ra, I, cTp. 29):
A(A)=B ) Qi (M) + Ri (A). (11")

B cuny sTux jxe coofpaxenmii nepoe menexne A (A).Ba B (M) OLHO3HAYHO, TAK KK
73 HeoJHOSHAYHOCTH JeBoro demenus A (M) ma B (L) ciemoBama OH HEOJHOZHAYHOCTD
opaBoro penenmsa A’ (A) Ha B’ (A).

ComocraBmenue (11) m (11") naeT:

0 =Q;(), R(M)=R;i(M.
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PaccMoTpuM HPOM3BOJIBHHI MATPUYHEA MHOTOYIEH n-T0 HOPSIKA
FAL)=FM\A"+F A" 14 .. Fn (Fo=~=0). (17)
Pasmeaum ero ma Ommom AE — A cmpara u cresa:
FM)=QM(E—A)+R, FMN=QE—A)QM)-+R (18
B nmannoMm cayuae mpasmii ocrarork R m meBHE: ocTaToX R me OyayT 3ARMCETH

o~
or A. Hus ompememenus mnpasoro sHadenus F (4) u mesoro F(4) MoxHO
coOTBETCTBEHHO B Tokpecrsax (18) samennts cramap A Ha Marpumy A,
OOCKONBRY MarTpuma A [epecTaHOBOYHA ¢ MATPUYHHIMH KO3QPUIIMEeHTAMM
6unoma AE —A (em. § 1):

F(A)=Q(4)(A—A)+R=R, TF(4)=(A—A)QA)--R=R. (19)

Hamn noxasana
Teopema 1 (06o6mennasn reopema Besy). Il pu npasom (aceom)
deaenuu mampuunozo mroeodaena F (X) na Gunom AE — A ocmamor om dene-

Hus pasen F (A) (coomeemcmeeno /F(A)).

W3 morasaHHOi TEOPEMEI CIeIYeT,- 910 MHo20uAeH F (X) deaumcs 6e3 ocmamea
cnpasa (caesa) Ha 6unom AE — A moezda u moavko moeda, koeda F(4)=0

{coomeemcmaero F (4) =0).

Opumep. Myers A=]|[a;3]|7 u f(A) —MHOrowien orHocuTensHo A, Torga

FM=fM E—](4)

pemurcsa (ciesa m cmpaBa) Ges ocraTrka ma AE —A. 910 clefyeT HemOCPENCTBEHHO U
0606 menKol TeopeMEl Besy, MOCKONBKY B JaHHOM ciydae F (d)=7F (4)=0.

§ 3. XapakrepucTHUECKHii MHOTOUIEH MaTpumsi. lIpucoeinnenHaa MaTPHLA:

1. Paccmorpum Marpumy A =| a; |,. Xapaxmepucmuneckoii mampuyei
aia marpunns A HasmBaercs Mmarpunma AE — A. Ompepmenurelh XapaKTepHCTH-
YeCKOM MATPHIIEL

AQ)=|AE—A|=|Mp—any

opeacTaBasgeT co0ofl CRAJAPHBIA MHOTOYJIEH OTHOCHTEIBHO A H HA3HBAETCH
xapaxmepucmudeckum muozowseronm marpunsl A (em. ra. III, § 7)%).
Marpuny B (M) = b (M) ||y , Te by (A)—anreGpamdeckoe HOmOIHEHHE
anementa AO;y — ax; B ompejennrene A (M), Mu Oy[eM HaskBaTh It pUCOedUHEH-
Holl mampuyel nas MaTpuns A.
Tax, manpumep, KOs MaTPHIE

@y iz Q43
» A=i0a dgs ao3

azy (32 d3z

1) 9ror MHOTOUNEH OoTIMUaeTca MHOKEHTEdeM (—1)" or Mmmorounesa A (A), BBemen-
soro B ra. III, § 7.
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OyneM WuMers:

A—ayq ~—a42 — Aig ¢!
AE—A=} —ay Ai—ay — Qg3
—— 3y — a3y A-— agg

A (k) :} AE —A I :Ka—(a11+a22+-a33) 7\,2"1—‘ .« ey
A2 — (@g3 1 as3) A+ Goola3 — G332 K X

B (A) = Aogh + Q235 — Anz3 K K
A3 -+ Ap1@30 — Ag2ds; K XK

-

|

M3 npuseseHHBIX oOUpefeNeHNH CIEIYIOT TOMKIECTBA OTHOCHUTENBHO Al

(O.E—A)B(M\)=A()E, | (20)
B () (AE— A)=A (M) E. (20"

IlpaBeie gacTu 3TMX PaBeHCTB MHE MOKeM pacCMaTPMBATh KAaK MHOIOWICHEI
¢ MATPUYHEIMH KodpdmumeATaMy (KaKIHH H3 3THX Ko3PduumueHTOB paBeH
1pPON3BeleHNI0 CKAJIsApa Ha eAuANIHYyI Marpnuy FE). Mmorouremmyio marpn-
ny B (A) MO;KHO Tak;ke DpeJCTaBHUTh B BHAe MHOTOYIEHA, PaCHOJOKEHHOIO
no cremeraMm A. Pasemctsa (20) um (20") morasmmBator, uro A (A)E meanrcs
cieBa n cupaa Ha AEK —A Ges ocrarka. CoraacHo 0GoGmeHHOI Teopeme
Besy arto Bo3MO3xHO Jnmb Torfa, Korga ocratok A (4) E=A (A4) paBeHn Hyio.
Hamu moxasama

Teopema 2 (Tamuabrorna—Hosan). Beakas ksadpamnas mampu-
ya A ydosaemsopaem cgoemy Taparmepucmuieckomy YpagHenuio, T. e,

A(4)=0, (21)
IIpuMep.
2 1
a=| _; 3”
A=—2 ~—1 -
A(}\,);—_H " k—3”=7\,2_.57\,+7,

3 5 2 1 1 0 0 0
A(A)-—-A2——~5A+7E_—H_5 8”—5”___1 3”+7”0 1”=HO O”T—O.
2. O6o3maauM d9epes Ay Asy, ..., Ap BCe XapaKTepuCTHIeCKHe YHCIA

Marpuis A, T. e. Bce KOPHM XapaKTePECTHIECKOro MHOrowiera A (A) (mammoe
n3 qucea A; NOBTOPAETCA B 3TOM DPAAY CTOJXLKO pas, KaKOBa ero KPaTHOCTH
Kak KopHa muorodmena A (A)). Torma

AQ)=|AE—Al=("A—r)(A—1y) ..o (A—2Ap). (22)
IlycTs mam mpoM3BOIBHEIN CKRaJApHBIA MHOroumen g (p). Haiimem xapax-

TepucTHYecKue ducaa marpuusl g (4). [laa aroro pasmomum g (p) HA JAuMHENH-
HEE MHOKHTEJH

g (W) =ao (1 — ) (L —pa) .. (B—p2). | (23)
TlogcraBuM B 0fe 9acTH 3TOre TOKJECTBA BMECTO b MaTpuny A:

g (4) = a (A—WE) (A—pwE) ... (A—p,E). @
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Ilepexoms K ompepennTedsiM B 00eMX YacTAX paBeHCTBA (24) M HMCHOTB3YH
paBeHcTBa (22) m (23), momydmm:

lg(d)|=ap|A—mE||A—mE| ... |[A—WmE|=
=(— D™ alA () A (ng) ... Afpy) =
1) n
=(—0"a; [I [l (u—2)=g () g (A ... g (ha).

3aMeHHE B PaBeHCTBE ‘

18(A)[=g (M) g () ... 8 (M) (25)
MHOIr'vuneH g(u) Ha A—g (1), rge A — HEKOTOpHH mapaMeTp, Haigem:
[AE—g (A)|=A—g (MIA—g ] ... A—g ()] (26)

M3 aroro paBeHCTBA BHITEKaeT CleayIOINasd

Teopema 3. Ecau Ay, Aoy, ..., Ap—6ce zaparmepucmuueckue uucaa
(¢ yuemom Kpammuocmeil) mampuyst A, a g (1) — HeKOmO poilh CKAAR PHBL MHO20~
yaern, mo g (M), g(h), ..., g(An) —6ce xapakmepucmuueckue yucie mampu-

yu g (A).
B wacrHOCTH, ecim marpuma 4 HMeer XapaKTepuCTAYECKHE UYHCIA A4,
A2y +..s Ap, TO MaTpmma A* mMeer xapaKrepmcTHYeCKme IHCIA AR, AE, ..., AR

(k=0,1,2,3, ...).
3. YraxeMm 3fderTuBHYI0 (QOpPMYITy, BHPaKawINy0 IPACOCTHHEHHYIO
matpuny D (A) depe3 xapakTepuCTHYECKHH MHorowieH A (A).

Ilycrs
AA)=A"—p)A" T — pA™"2— ... — Dn. (27)
Pasmocte A (A)— A (p) meantcs Ges ocrarka mHa A —p. Iloatomy
A)—A n= n n—
8 (b ) =G = AT (e p) AR (W — pp— ) AR (28)
eCTh MHOTOWIEH OTHOCHTEIBHO A m .
Toxmectso
AM)—AW) =8, ) (A—np) (29)

He HApYIMHUTCH, €CIH B HEro BMECTO A H [I HOACTABATH IHEpPeCTAHOBOYHHIE
Me;kzy coboit marpmmei AE m A. Torma, HocKoIbKy coriacHO TeopeMe
T'amuaprona — Hamm A (4) =0,

AN E =06 (AE, A) (AE— A). (30)

ConocraBiasg Mexay coboit pasemcrea (20°) m (30), m3 omHO3HaYHOCTH
YACTHOIO IIOJYYaeM HCKOMYI (OpMyIy

B(M)=48 (ME, A). (31)
Orciona B cnay (28)
B(A)=A"14- ByA™ 2 - BoA" 3 4- ... 4 B, (32)
rae
Bi=A—pE, By=A>—p A—pE, ...
A BooOIme '

B,=AF— pAFi— p v _pE (k=1,2, ...,n—1). (33)
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Marpuunt By, By, ..., Bp-{ MOKHO BHYHCJIATE IOCHER0BATEILHO, HCXOAA
13 PEKYPPEHTHHX COOTHOMIEHHH
By = ABp.y— ppE (k=1,2,...,n—1; Bo=E). (34)
Ipn arom _
ABp1— pnE=01%). (39)

CooTrOomenus (34) u (35) HenocpeACTBEHHEO MOy Ya0TCA U3 To:xkAecTsa (20),
ecIi B 00eMX yYacTAX 3TOTO TOKIECTBA IIPHPABHATE MekAy co0oit koadpdnm-
ONEeHTH TIPU OJWHAKOBHX CTeNEeHAX A.

Ecan A — HeocoOemHAs MaTpuOa, TO

Pr=(—1)"1[A|0
u u3 (35) cmenyer:

Al -;_. By (36)

Ilycte Ay,— XapakTepmcTHYeckoe uwmciao Matpmoel A, 1. e. A (Ag)=0.
llopcrasus B (20) BMecTo A 3HauweHHEe A(, HaiimeM:

(MoE — A) B (Ay) =0. - (37)

Homyctum, uro matpuma B (Ay) =0, m oGo3Hayum wepea b 11060i HEHYIeBOH
cronben oroii marpune. Torma us (37) (AE —A)b=0 nmm

Ab=M\,b. (38)

Canemosarenbro, M060i HeHYyTeBoil cTonben Marpuonl B (A,) ompenmenseTr cob-
CTBEHHHH BEKTOp, COOTBETCTBYIOIMMII XaPAKTEPHCTHYECKOMY WHCIY Mg ?).

Takum o0pasoM, ecau koadfuyuenmsl xapaxmepucmuneck020 MHO20AEHA
useecmus, mo npucoedunennas mampuya moxcem 6wmdv Halidena no ¢dop-
myae (31). Ecau dannas mampuya A wneocobennasn, mo no gopmyae (36)
Haxodumcs 06 pamuas mampuya A™l. Ecau Ay— rapakmepucmuyeckoe Hiucao
mampuyss A, mo Henysesvie cmoabywv. mampuyst B (hy) ssasiomes cobemaern-
numu sexkmopamu mampuyst A das A=Ak,

MDpamenp.
2 —1 1
4= 0 1 1y,
—1
A—2 1 —1
AMy=|AE—A|=| 0 A—1 —1|=A3—4A245)h—2,
1 —1 A—1

A —
8 =" B b b5,

B (M) =8 (AE, A)=M2E 4\ (A —4E)} A2—4A+5E.
1 2

1) Uz (34) cnepgywor pasencrsa (33). Ecimm B (35) mojcTaBATEL BhIpaskeHme AIH Bp_y
m3 (33), To momyuum: A (4)=0. IT1or BHBOR TeopeMs l'aMEnbnTOHA — 31K He onmmpaeTcsa
apgRM 06pa3oM Ha 0600mIeHHY10 Teopemy Bedy, HO HeABHO cOJlepKHT B cele 3Ty TeopeMy.

2) Cu. ra. 111, § 7. Ecam XapaKTepACTAYECKOMY THCAY Ay COOTBETCTBYET d THHEHHO
He3aBACHEMHX ¢00CTBEHHHX BeKTOpOB (n-—dg—paHr MaTpENH AgE — A), TO paHsT MaTpUULI
B (hy) Be mpesocxopur dp. B wacTHOCTH, eciEm 9YHCAY Ay .COOTBETCTBYET TONBKO OJHO

cobcTBeHHOe HaNpaBieHHe, TO B MaTpume B (Ay) 9IeMeHTH I0ONHX ABYX ¢TOX6II0B TIpO-
DOpIHORANLHH.
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Ho

-2 —1 4

Bj=A—4E= 0 —3 1,
—1 1 —3
0 2 =2

By=—AB|\-5E=|| —1 43 —=2}|,
1 —1 2

L A2 —2) —A4+2 - A—2

B(M=| —1 AZ—3A+3 y ,

—h1 A—1  AZ—3A4-2
—1

—1
|4]=2, Al=—B;=

-
|

= e o

pofea tofoo e

Jlamnee
AQ)=Gh—-1)2_—-2)

IlepBait cronbGen Marpuusl B (--1) maer coberBemsnit sextop (41, 41, 0) mas
XapaKTepHACTAYECKOro Yucaa A—=1.

TlepBuit croxber marpmusl B (-2) Aaer cobersesgwit smextop (0, 1, 1), coorser-
CTBYWIMUHA XapakTePHCTAYECKOMY dmcIy A=2,

§ 4. Meroxg JI. K. ®agmeeBa oqHOBpEeMEHHOT0 BHIYMCAEHHA
K03()UOEEeHTOB XapaKTepPNCTAYECKOT0 MHOTOYJIEeHa
H HpHCOeHMHEeHHOH MaTPHIkI

. K. ®aggeer') npenuno:sua MeTON OJHORDEMEHHOIO OUPENENEHMA CKa-

JApHHX KodHPUIHEeHTOB py, P2, ..., Pn XAPAKTEPHCTHYECKOTO MHOTrOYJEHA

AN =A"—p A" — A" 2 — . — P (39)
I MaTpHYHHX K03(PuumentTos By, B, ..., By_; OpHCOeNWHEHHOH MaTPHIH
B (A). ‘

Maa wsnomerus Meroga JI. H. (agmeesa?®) BBemem moHATHE 0 caene
MaTPUIH.

Ilox caedom marpunsl A = | a;||? (oGo3HaueHHe: Sp A) NOHMMAIT CYyMMY
IUATOHAJBHEX 3JeMEHTOB DTOM MaTPMIKL:

n
Sp 4= Z ai;. (40)
i=1

Herpymao sugers, 9TO

n
Spf1=1rn=__2i A, (41)

by Cwm. [32], cTp. 160, _

2) C ppyrum 2ddexTEBEHIM MeTOgoM BHYHCIeHHA KOIQPHIMEHTOB XaparTepme-
THYeCKOro Mmuorodmena, ¢ MerogoM. A. H. Hpunosa, MH 003HAKOMEM YHTaTels
B ra, VII, § 8.
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ecaun Ay, As, ..., Ap— XapaKTepHCTHUYECCKHE UYHMCIA MaTpupowl A, T. e,
AN =RA—r)(A—2y) ... (A—Ay). (42)

Tax kak, COINIACHO TeopeMe 3, CTeNeHb MATPHHH A® mMeeT CBOHMH
XapaRTepHCTHYECKUMI YHCIAM| cTemenn A%, Ak, ..., A% (£=0,1,2, ...), 10

S AA
SpAt=s,=2 M  (k=0,1,2,...). (43)
i=1

Cymmer sp(k=1, 2, ..., n) cremeneii KopHeii MHOrowIeHa (39) ceaszaum
¢ woapunMeHTAMH 3TOTO ypaBHeHHA Qopmynamn Heorona?)

kpk:Sh“—pish_j'—'. .. — Pr-1$1 7 (k:'.l, 2, ey ﬂ) - (44)

Ecau BHYMCAMTE CHEAH Sy, S, ..., S, MATPHIl A, A% ..., A" 710 3aTeM
MOKHO H3 YpPaBHEHWH (44%) TocJIe/[0BaTeNbHO ONPEENNTb KOA()GHIUEHTH p;,
P2y +--» Pn. B arom cocromt meron Jlepeppbe ompepenenus woaddunmeHTOB
XapaKTePUCTHYECKOT0 MHOTOYJIEHA IO CJejaM CTeIeHeH MaTpPHIIHL.

. K. Magpees mpepnomua BMeCTO ciegoB cremeHeir A, A2, ..., A"
BRIYHMCJIHUTH MOCJIE0BaTeJbHO ClIefbl HEKOTOPHX ApyTrux marpun 4., 4,, ..., 4,
W ¢ WX OOMOIBIO OHPeNelIuThb Py, P2, ..., Pp U By, By, ..., B, ciegyomumu
dopMmyIaMu:

A1:A ‘ p1:SpA1, Blei_—piEy 3
1
Ay=AB,, pzzgsl)Az, By = Ay — p.E,
------------- 1- . . - . . . . . . - - . . * . - . - } (45)
An—i = ABn—Za Pn—1= n—1 Sp An—is Bn—i == An-—l — pn—iEa
1
An:ABn~1’ Pn= ;SP An, Bn:An_an:O-

-~

Tlocnenree pasenctBo B, =4, —p, =0 wMmoxer 6HTbh HCNONBb30BAHO 1JIH
KOHTPOIA BHYHCIEHHI. ‘

Jaa toro urobm y6eauTned, 4UTO, 9MCAA Py, Pa, ..., Prn U MATPHIE
By, B,, ..., B, mocmenosaTelbHO OIpejelseMHe 1o @opMmynam (45),
apiasgoTesa Koddpdmuuentamu A (A) m B (A), sameTum, 9ro u3 (45) BHTerajT
caeaviomue ¢opmyan ansa 4 m By (k=1,2, ..., n):

4k = Ah‘“—piA‘z_l—— e _pk—lAv Bh = Ah -——pIAkpl-— o _pk-lA —pkE (46)
IpupaBasgeM Mexay coGoH caensl NeBod M IpaBoii wacTedi mepBoil H3 aTHX
dopmy; TOJYyUHM:

kpyr =Sy — P1Sp—1— . . . — Pr-1Sy.
Ho »tm ¢opMmyan cosmapnaior ¢ gopMmyramu Helorona (44), mo xoTopsM mmocie-

LOBaTeILHO ONpeAedAnTCcsa KoPPMIUEeHTH XapaKTepHCTHIeCKOT0 MHOTOYJIeHA

A (A). CregoBaTenbHo, 9ucaa py, Ps, - .., Pn, OMpeaensaeMble mo gopmyaam (45),
u sasiAores Koaddunmentamu A (A). Ho rtorpa sropme gopmyns (46) cosma-
nawoT ¢ popmynami (33), IO KOTOPHIM OIPETeIATCHA MAaTPHIHRE KO3QPHIIEeHTH

B,, By, ..., B,_, mpmcoenmuennoi marpunm B (A). Cnegosarensno, ¢op-
myael (40) ompegensiior m Koapdupments By, B, ..., B, , MaTpHYHOTO
muorowieHa B (A). ¥ A

1y Cm., mampumep, [20], cTp. 224,
7 &, P. TanTMaxep
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Hpumepl).
N2 —1 1 2 |—2 —1 1 2
0o 1 10 0 —3 1 0
A= 1 1 1 1 py=5Sp A=4, B{=A—4E—= 9 § —3 K
1 1 1 Ol 1 1 1 —4
2 2 4 3
—~3 4 0—3“ —1 4 0-—3]
—f —2 -2 : q —1 0-2 1
Ap=ABi==| 5 g _o _s5|l) 2= SPpda= =2 Bo=Ap+-2E= 5 4 4_s|;
33— 3 —3—-3—1 3
—5—1-—5—4
—5 2 0-—2 0 2 0—2]
] 1 0—2—4 1 1 5—2 4|
As=ABy=| 4 - o , ,p3::—_3-SpA3=—5, 33=A3+5E:r C1—7 9 4l
l 0 4—2—17 ' ¢ 4—2-2
—5—1—7—9
—2 0 0 0!
0 —2 0 0'
4,=AB3= y Pia= 2,

0O 0 —2 0
0 0 0 —2
A (A) =A4—~4A3 232 4-50 -2,

0 —t 0 1
15
e — 1 =2
Aj=2, 1=t gyl 2 2
Py 4 7 —q —9
7 2
0 —2 4

3ameuwanue. Eecad MK XOTHM OUpeNelHTb Py, P2, P3, P; U TOIBKO ITepBHe
cTonbuu B By, By, B3, TO JOCTATOYHO BHYHCIHTHL B Ay dJIeMeHTH 1-ro crondma u TOABKO
AMArOHAJBHEI® DIEMEHTH OCTAJBHEIX CTONGN0B, B A3— TOJBKO 3JIEeMEHTH 1-ro croabua,
B A, —TONLKO [Ba mepBHIX daeMedATa 1-ro croabua.

§ 5. MuunMaJbHbIi MHOroOgYjJeH MaTPALbI

Oopepgenernue 1. CxanapHEHil MHOrouldeH f(A) Ha3HWBAeTCA AHHYAU
DYIOWUM MHO204ACHOM KBaApaTHOH MaTpuun A, ecin

f(4)=0.
ApHynupylomuii MEOrowIeH P (A) HaMMeHbIIEH CTENeHH €O CTapIiuM
K03 PUINeHTOM, PAaBHHM ERWHHIE, HA3BIBACTCA MUHUMALLHbIM MHOZOUACHOM

MaTpuun A. ,

Corzacao teopeme I'amminToHa — Houn xaparTepHcTHUeCKHit MHOTOYJIEH
A (L) maTpuusl A ABiIgeTcs AHHYIHPYOIHM Ajadg 3Toif MaTtpuue. OnHaKO,
Kak OyJeT mokaszaHO HIGKe, B 00meM ciydae OH He ABIAeT¢H MHHIMAJbHHM.

1) {ng KOHTPOJA 3a BRIYHCICHUAMMA MBI IO KamIold u3 Marpull 4y, Ay, Az mop-
NNCHIBAEM €e CyMMapHyio cTpOXy. IIpomaBelienmsa cyMMapHOH CTpPOKH mepBOro COMHOMKH-
TeldsA HA CTOJROIB BTOPOro LO/KHE JATh DJeMEHTH CYMMAapHOU CTPOKH NpPOH3BeJEeHHA.
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PasmenuM LPOM3BOIBHHI AHHYIMPYWOMui MHOTOYIeH f(A) H4 MuHH-
MaJIbHHIH:

FAM) =% Mg +r@),

rge creneHb r(A) meHpme cremeHm P (A). Orciofa mmeeM:

[(Ay=v(4) g (4)+r(4).
ockonskry f(4A)=0 u ¢ (4)=0, to, spavnr, u r (4)=0. Ho cremens r (A)
MeHbIe CTeNeHH MUHWMAaJbHOrO MHOrouideHa 1 (A). INoaromy r(A)=01).
Taxkum 00pazoM, nPpouseoAtHbIl AHHYAUDPYIOWUL MHO20UACH MAMPUYBL 6cezia
deaumesn 6e3 ocmamka HAQ €€ MUHUMAABHYL MHOZOUACH.

Ilyers fABa MHOTOYIeHa Y (A) wm ' (A) ABIAOTCH MUHAMAIBHHMY A
OJHOH M TOU e marpuuil. Torja KayKIHA W3 HOX JEeIUTCSA Ha APYroi
MHOro4jeH Ge3 OocTarTKa, T. €. 3TM MHOTOYJIEHH OTJIMYANTCH IOCTOSHHHM
MHOKHTEJNEeM. OJTOT IOCTOAHHBIA MHOJKHUTEIb paBReH EXUEBHIE, IOCKOABKY
paBHH efguHune crapmue KoaddumumenTH B P(A) m YP'(A). Mm pmokasanu
eduHCMELHHOCMb MUHUMAALHOZ0 MHO20YAEeHA TJIA JaHHOH MAaTpuih A.

BusemeM ¢opMyly, CBASHBAKINYK MHIHAMAJIBHHN MHOTOWIEH C Xapak-
TEPUCTHICCKUM. |

OGosnauum gepes D,y (A) Hambonpmuii oOMMA AEIUTEIh BCEX MHHODPORB
(n—1)-ro mopafKa XapakTepucTHIeCKol Marpunu AK — A, r. e. HanbGoxbImmii
ofImqumii JeIuTeNxb BCEX HIEMEHTOB NpUCOeAMHEeHHOH MaTpumu B (A)==| b (A)|?
(cM. upepblaymuii maparpad); mpu arom crapmuid Koapouuuertr B D, ()
GepeM paBHHM efuHulle. Torpa

B(A)=D,_1 (M) C (M), (47)

rge C (A) —Hexoropas MHOTOYIEHHaA ‘Mannua, «npusefernnHaa» npucoedu-
rennan mampuya giaa ME —A. Ws (20) u (47) Baxopmum:

A E=ME—A)C(\) Dn_y(A). (48)
Orcroga caepyer, aro A (A) geaurca Ges ocrarka Ha D, , (A)2):
A (h N
Dy =W (), - (49)

rge (M) -— Hexoropwiii MHorowieH. Ofe wacTu TojEAecTra (48) MOMKHO COKpa-
tath Ha D,y (A) 3):

Y (M) E=(AE — 4)C (). (50)

Ilockonbsry ¢ (A) E memwmrcs Ges ocrarka ciesa Ha AE — A, 10 B cmiy
0606mennoii TeopeMil besy
P (A) =0.

Takum o6pasom, MHOrowaeH W (A), onpefemeHHE ¢opmymoir (49),
ABRNAETCA AHHYJIHNPYOIUM MHOrowieHoM juasa Marpuuil A. Jlokamem, 910 OH
ABISAETCHA MUHAMAJIbHHM MHOTOUYIEHOM.

: 1) B OpOTUBHOM clIydae CYIEeCTBOBAA OH aHHYIUPYIOmMHil MHOrQYIEH, CTeleHb
KoToporo Gnura OB MeHBIMe CTENeHM MUHAMAILHOTO MHOTOY/IEHA.

2) B 9TOM MOIKHO W HeIOCPe[CTBeHHO YOe[IHMTHCH, pasjarad XapaKkTepUCTHYeCKH it
ompefleanTels A (M) mo dMemMeHTaM KaKOH-TuGO CTPOKH.

38) B pasuom ciydae Hapiany ¢ (50) mmeer MecTo M TOMMAecTBo fcm. (207)]

$ (M) E=C () (LE— 4,

7. e. C (A) sABIAeTICSH ONHOBPEMEHHO M JIEBHIM M INpPaBHEM 4YacTHHM OT JedeHud P (A)E
Ha AME— A,

id
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O6o3nayM MUHHMAJbHHH MHOTO4JIeH 4epes ¥* (A). Torma ¢ (A) menurcs
Gez ocratka Ha P* (A):

P (A) = $* (M) 1 (V). (51)

Hockoapky $*(A)=0, To B cuny oGobwennod teopeMnl Besy wmarpuausiii
muorowieH P*(A) E genurca ciepa Ge3 ocratka Ha AE — A:

V(M) E=(AE—A)C* (B). (52)

Wa (51) u (52) caemyer: :
Y (M E=RQAE—A)C*(R) 5 (}). (53)

Toxpecrsa (00) u (53)  moxasmpator, gro kak C(A), Tak u C*(X)y (L)
ABAAIOTCH JIEBHIMU YacTHHIMH nipu pgedemumn YP(A)E wa AE—A. B cuay
OQHO3HAYHOCTH JEJeHHA
C(A)=C*(M) x ().

Orcroga caepyer, 4dro 7y (A) ABagercda o6OmMM JeJHTeJEM BCEX 3JEMEHTOB
muorounennoil Marpunsl C (A). Ho, ¢ gpyroit cropons, maumGonbimuil ofmuii
JeJuTeNbh BCEX JIEMEHTOB IpHBEJeHHON mpucoefnHenHoN marpuns C (A) pasen
eIMHKIE, MOCKOJALKY 3Ta MarpHua Onina modydeHa M3 B (L) myrem pmenenus
Ha D,_; (A). Lostomy % (A) = const. Tax rax crapmue kosddunuenTsr B (1)
n {*(A) paBHH eJHHHALNE, TO B (O1) x (M) =1, 1. e. Y(A)=19*(A), ur0

1 TpeGoBaJIOCh JOKA3aTh.
MH YCTAHOBHIM CleyuIyio GopMyny Ias MEHNMAJBHOTO MHOTOY/I€HA:

A(r \
YA = (54)

Ilna npusemeHHOH TpucoenuHerHodi Matpunu C (L) umeeMm dopmyay,
ananorugnyio dopmyrae (31) (ma crp. 94):

C(\) =" (\E, 4), (55)
rge muorounen Y (A, i) olpelenseTcA PaBeHCTBOM
¥ (4, p) = P (l%:ﬁ (w1 . (56)
Hpome Toro,
(AME—ACM=v¢(A)E. (57)
Ilepexogs K ompefeaurensM B obenx JaCTAX PaBEHCTBA (57), monyyaem:
AM)CA) =M (58)

Taxkum o6pazoM, A (A) gexurcs Ges octaTka Ha P (A), a HeKoTOpaA creness P (A)
geaurcs Gez ocrarka HA A (A), T. €. COBOKYHHOCTH BCEX PAa3lIUYHHIX MEKIY

coboil KopHell y MHorodiaeHa A (A) u P (A) ogra u Ta ;xe. Hpyrumu caosamu,
kopraxu P (X) cayxcam sce pasauinvie Mexdy coboll raparmepucmuneckie

yucaa mampuyovt A.
Ecan

A= (—A)™ A —2g)™ ... (h—2)™ (59)
(hothy mpm is=f; nm>0, 4, =1, 2, ..., 9),

1y dopmyna (55) BEIBOZUTCA COBePIIEHHO TaK ke, Kak M dopmyua (31). B ofe uactu
tomgectea P (A)— ¢ (W=G—p) ¥ (A, p) BMeCTO A M U NOACTABJIAIOTCA MATpUNEl AE
1 A ¥ [oJydendaoe MaTpUYHOe PABEHCTBO corosTaBiserca ¢ (50).
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TO
P (A) = (A—A)"™ (A — )™ ... (A—R)™, (60)
rie

0<<mp <y (k=1, 2, ..., s). (61)
Ormerum eme ofgs0 cBofictBo Matpuum C (A). Ilycts Ag-— Karoe-mubo
XapaxTepucTHUecKoe THCA0 MaTpuilhl A = || |IP. Torma v (Ag) -= 0, n moromy

coraacHo (97)
(ME — A) C (Ag) =0. (62)

3ametum, aro Bcerga C (hg) == 0. [leficTBurensHo, B IPOTHBHOM Cxaydae
BCce DIEMEHTH IpHBeIeHHoit npucoenusennoii Marpuipl C (A) Aenuauch Obi
6e3 ocraTka Ha A —Ag, YTO HEBO3MOMKHO.

O6ossaanm depes ¢ mwoboit vemyaesoll croaGen marpuis C (). Torma
u3 (62)

(?\‘OE'_"A) C———“O,

Ac = hge. (63)

Ipyrumu caosamm, mo0off mHemyaesoit cronben marpunsl C (kg) (a raxoi
croafenm Bcerga MMeeTcsA) ONpefeaseT COOCTBEHHBIH REKTOp A A = A,.

IIpumenp.
3 —3 2
A=| —1 5 —211,
—1 3 0{
A—3 3 =2
A(?»)::‘i A—5 21 =A3—8A2-+20h —16=(A-—2)2 (A—4),
1 =3 A

o, u):w:pﬂﬂt (A —8) --A2— 8k 20,

B(W =42+ (A—8) A-+ (A2—8A L 20) E =

1 10 —18 12 3 —3 2 1 0 0
=‘—-6 22 —12 |l+(A—8)|| —1 5 —2||+(A2—8AL20)(|0 1 O |=
| —6 18 -8 —1 3 0 1 0 1

AM—5h1+68 —3A-+6 2A—4
= —AL232_3At2 —2h--4
A2 30 —6 A2—8A42

Bee aneMenTH MaTpHOM B (A) menarca Ha Dy (M)=A-—2. Cokpamas 3TOT MHOMKHTeNb,
MOy 9HM:

A—3 —3 2
—1 A—1 =2
—1 3 A—6

C ()=

vo=2 P —a_no-n
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IloacTasam B C (L) BMecTO A 3HaUeHMEe Ay=2:

—1 —3 2
CRQ=| —1 1 —2
—1 3 —4

Ileperii cronben Aaer Ham coberBennwit Bextop (1, 1, 1) maa Ap=2. Bropoii cToaber
Aaer HaM coOcTBeHHHI BeKTOp (—3, 1, 3) AUA TOro ’Ke XapaKTepUCTHUYECKOTO dHHCia
Ao=2. Tpernit cronben ecTs AuHeliHAs KOMOMHATIMA IEPBHX ABVX.

Tourno Tak ke, mojaraa A-=—4, u3 nepeoro croabua matpuni C (4) Haigem
cobcTBennrrit BekTOp (1, —1, —1), OTEBewawIMil XapaKTepHCTHUECKOMY ITHCHY Ap=4.

O6paTuM BHEMaHMe guTaTedd HA TO, 970 P (A) ¥ C (A) MOKHO OO OB OLpEAEHUTH
uHave.

Haxopum cnavanma Dy (A). Dy (A) MOKeT uMeTh CBOMMM KOPHAMM TOJBLKO dYucJa
1 A—5

1 -3
B HyJAb. lloaTomy Dj (4) == 0. Ilpn A=2 cTonbum MaTpuue A CTAHOBATCA LPONOPIH-
onanpHeIMHE. [loaTOMy Bce MHMHOPH BTOpOTO WOpAAKAa B A (A) mpm A=2 paBHH HYJIIO:
Dy (2)==0. Tar Kax BHYHCJTEHHBII MHHOpD MMeeT MepBYIO cTeleHs, To Ds (A) 11e MOsKeT
menurhes Ha (A—2)2. CaegoBaTeanHo,

2n 4 Ilpn A=4 B A (A) MAHOpP BTOPOTO HOpAJKA == —A -+ 2 He ofpainaercsa

Dz(}u):k—z.
Orcoaa
voy=a® g9 a—n=r—erts,
¥ (A, u)zm}‘iﬂl=u+;‘r6,
u

T . A—3 —3 2 ||

C W=y ME, A)=A+-(A—6)E=1 —1 r—1 —2

1 —1 3 A—6



I'TABA V

OYHRIIMNA OT MATPHIIbBI

§ 1. Oopenenense PyHKIHMH OT MaTPHIBI

[Iycre naHE KBagpaTHas MaTpHIA A-u[\atkHl n pyErmus f(A) cramap-
nHoro aprymenra A. TpeGyercs ompemeauTs, dro cAaefyer moHuMarb mox f (A4),
T. e. Tpebyerca pacupocrpanurs ¢GyHKIu© f(A) ¥ Ha MATPUYHHE 3HAYEHHH
apryMeHTa.

Pemenne oTo#f 3ajauM HAM HM3BECTHO IS IIPOCTEHINero cay4vas, Korfa
f(A) = YOK‘er ?J‘l+ . 4y, — MHOTOYJIeH OTHOCHTEIBHO A. B 3roM caydae
f(4) =vyod" + v, A" 4 ... 4y, E. Hcxoas u3 5T0r0 9acTHOTO CJydas, II0CTa-
paeMcsi OIPeNeNuTh f(A) B obmem c.nyqae

O6Go3nauuM Yepes

P ()= (A—h)™ (A — A)™ ... (A—hg) ® (1)

MUHUMAJBHEE MHOTOWIeH Marpumul A1) (3meck Ay, As, ..., As;— BCe pas-
quHLIe XapaKTepuCTHIeCKAe TUCAA MATPHIIH A). CTeHeHL 9TOr¢ MHOTOYJEHA

m——zmk
h={

Ilycts mBa MHorowiena g(A) u A (A) TaKoBHI, 4TO
g (4) =h(A). (2)

Torga pasmocts d(A)=g(A)—Ah(A), Oynyuu aHHYIMPYIOMUM MHOTOWIEHOM
nas marpuou A, geawrcs ma P (A) Oes ocraTka, 9TO 3amMINEM TaK:

g{(A)=h()) (modp(A)). | (3)

Orcroma B cuay (1)

d(h) =0, &' (=0, ..., d"* " ()=0 (k=1, 2, ..., 3),
T. €.
g =R(hs), g M) =h" (), ..., g™V R =R (M) (k=1,2, ..., s).
(4)
m quceja

Fw), )y ooy f™ ) (=1, 2,...,5) (5)

1y Cm. ta. IV, § 5.
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Oyaem ycloBHO HasHBaTh sHaueHuamu gynryuu f(A) na cnexmpe mampuys A
H COBOKYIHOCTh 3TMX 3Ha4YeHUH CcHUMBOIHIeCKEM o6osznauaTe uepez f(A,).
Ecmn pna ¢ymruum f(A) cyumecTBywT (T. e. HMEIOT CMEHCA) 3HadeHus (5),
TO MH OyaeM ToBOpUTh, 49T0 ¢pynkyus [(A) onpedesena na cnexkmpe
mampuysr A.

Papencrpa (4) MokasHBaI0T, 9T0 MHOTOWIEHH g (A) u A (A) umenor onum
U Te Ke 3HAYEHWA Ha CIIeKTpe MmaTpunh A. B cumBoamueckoii 3ammcu

g (AA) =] h ([XA).

Paccy:penna samu o6paTumMel: u3s (4) Burerawot (3) H, caefoBaTeakHo, (2).

Taknm obpasoMm, ecam 3ajaHa Marpuua A, To 3HadeHnA MHorowiena g (A)
Ha CHeKTpe Marpuusl A BHOJHE oupemedanT Matpuny g(A), T. e. Bce
MHOTOYJEeHH g (A), TPHEHMMAKOMWEe OJHM W TE€ K€ 3HAYEHUA Ha CIEKTpe
MaTpuliHl A, HMeT OJHO M TO jKe MAaTpU4YHOE 3Hadenume g (A).

Mn morpebyem, 9To0H omnpepenenue f(A) B ofmeM ciydae NOJIMHAIOCH
TAKOMY K€ NpPUHLHMNY: 3HaxeHus gdynryuu f(A) na cnekmpe mampuyst A
doaxcubl noanocmbulo onpedeaamsv f(A), m. e. ece Pyuryuu f(A), umnerowue
o0Hu U me e 3Hauenus Ha cnekmpe mampuysl A, doasxcuwt umems 00HO
w mo xe mampuinoe sHavenue f(A)?T).

' Ho rorpma, oueBupno, mas oupepenenus f(A) B ofmem caydae gocra-
TOYHO MOJHICKATh TaKOil MHOro4JeH g (A), KOTOpHilI npuHuMalx OH Te e
3HAUeHHA Ha cnexkrpe Marpuil A, uro u f(A)?2), U NOTOKHUTH:

f(A)==g (4).

Tagum o6GpasoM, IPUXOAUM K CIeZYIOIMIEMY OIpeJeseHnIo:
Onpenexenne 1. Ecam ¢ymsxkuua f(A) onpemeneHa Ha CIEKTpe
MaTpunel A, TO

F(A) =g (4),

rae g (A)— mo0oif MHOTOWIEH, NIPHHUMAIOIINI HA CIEKTpe MATPUUH A Te iKe
sHavenudg, 9ro u f (A):

f{Aa) =g (As).

Cpegu Bcex MHOTOWIEHOB C KOMIUIEKCHEIMH Kod(puimeHTamu, IpUHH-
MAKOIINX Te ke 3HAYEHMA Ha CIEKTpe, 910 u [ (A}, MMeeTcAa OfMH H TOJBKO
oguMH MHorouder r(A) cremeHu < m?®). Jdror MHOro4jdeH r (A) OZHO3HAYHO
olpefeNaeTcad MHTEPHOIAMOHHBIMH YCIOBUAMU:

()= )y 7 () = f (M), - PR () = 1Y () (=1, 2, .. 8).
(6)
Muorouaen r (A) Ha3HBAIOT UHMEPROAIYUOHHLM MHO20ULeHOM Jlazparnrca-

Cuaveecmpa ana ¢ysruum f(A) ma cmexrpe Marpunm A, Onpenenenme 1
MOKHO eme cHopMyJAHpPOBATH TaK:

1) Kpome Toro, mpeamoiaraercAd 4To o6miee omnpefelenue aaA f(4) B dacTHOM
clIydae, Korga f(A)—MHOrodleH, JOIKHO AaBaThb TOT e pPe3yIbTaT, 4YT0 W Hemocped-
CTBeHHAHA MOACTAHOBKA B MHOTOWIEH BMECTO A MaTpuilu A.

2) B § 2 O6ydeT mokasano, UYTO TAK0oil WHTEPHOJIANUOHHKIE MHOTOWIEH BCerja CyIe-
cTBYeT, B Oy/eT AaH ajJrOpMTM /A BEYUcJeHus# Ko3)PULNEHTOB UHTEPHOJIANMOHHOIO
MHOIOYJeHa HaWMeHbIIed CTeImeHU.

3) OToT MHOTOYJIeH ToJydaeTcs W3 JI000T0 APYroro MHOTOYIEHA, HMeWLero Te Ke
CHeRTpAaNbHEE 3HAYEHUs, YTO W OCTATOK OT AesmeHus na P (A).
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Onpepmenenue 1. Ilycrs f(A)—¢yHKnNA, OnpefeleHHAaA Ha CIEKTpe
marpunsi A, a 7 (A)— COOTBETCTBYWIIHI WHTEPHOJAIHOHHKEN MHOIOYJIEH
Jlarpamxa—Cuabpecrpa. Torga

f(4)=r(4).

3aMeuanume. Ecam MuauMaJIbHeIA MHOrod4wieH 1 (A) marpurmm A
He WMeeT KparTHHX KopHei !} [B pasemcrse (1) my=my= ... =my;=1; s=m],
T0 1J1A TOoro, 4ro6u f(A) uMmeso cMmbica, mocrarouHo, UTo0H (yHKmuA f(A)
OBJIa OmpeficlieHa B XapaKTePUCTHIECKUX TOIKAX Ay, Az, ..., Ap. BCIN sKe
P () uMeerT KparHEE KOPHH, TO B HEKOTODHX XapaKTePUCTUYECKMX TOUKaX
OOJKHEL OHTH OmpeleleHB WU IIPOI/IBBOI[HBIB oT f(A) A0 W3BECTHOTO HOPAIKA

[em. (6)].

IIpumep 1. PaccmorpuM matpmuy 2)

0 0
0 01 0
H=| .. .. ..
0 0 0...1
Ho 0 0...0
Ilna Hee MMHAMMANLHEIM MHorowieHom Oyger A™. Iloaromy sHagennaMu f(A) Ha
cuextpe H 6ypyr umexa f(0), ' (0), ..., =1 (0), u muoroumen r (A) 6ynmer uvMeTs BHJ
0 =1 ©) 40
r =1 O+ x+...+—f(n—_1‘)!)—x L
Taxum obpazom,
£ (0) 1 0q)
PO = - - sy
{(n—1) 0 f (0 ,
p=r @+ L0 mg L0 e DD
. . . O
. 1!
0 0 ... {0

Mpumep 2. PaccMoTpUM MaTpHILY
n

Al 0...0
0 A 1...0
J=l. . ..
0 0 0...1
0 0 0...2%

Bamernm, uto J =AgE-|-H u, caegosareasno, J —AoE=H. MuAUMaIsHHM MHOTO-

wreHoM axa J, ouesmpHO, 6yner (A—»Ay)”. HarepmomsimmoHusii MuHorowrexH r(A) s
¢yurpuu f(A) onpejelnTcA PaBEHCTBOM

F (Ao} (xo) 1"~ (h)

(n—~1)l (}"'_'7\‘0)n——.1

rMy=f (o) +—— A—Rho)+ ...+

1) B rm. VI 6yne’r BEIICHEHO, 9TO B JTOM M TOJNHKO B 9TOM CJIydYae MAaTpULa A
ABIAETCA MATPHIeH HPOCTOH CTPYKTYPH (em. ra. III, § 8).
2) CpoicrBa mMarpuns H pasofpans B mpuMepe Ha cTp. 24—25.
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IlosTomy

N i (M) £ (ho) pn1_
f(J)—'r(J)*—f(KO)E‘I‘T H—}—...—[—WH"‘ =
1" (ho) 1270 (ho)
f(;\'O) _"ﬁ' L (n_1)|
| © f (ho)
' ' "1 ()
. 11
0 0 ... f(o
OrmernM Tpu cBoificTBa (YHKIMH OT MATPHILHL.
1° Ecmu Ay, Ay ..., A,—XapaKTepUCTHYECKHE HUHCJIA MATPRIEL A-TO
mopagka A, To f (A1), f(As), ..., f(Ay)—moiHAZ cucTeMa XapaKTepHCTHYEC-

KHX umcesa mMaTpHnH f (A

B uwacrmom cayuae, korpma f(A)—MHOroYsien, 5T0 Npenao;keHHE OBLIO
nokazanmo Ha ctp, 94. [lokasaTeancrBo Aas 06mero Caydas CBOJHTCA K 3TOMY
9aCTHOMY CJIydak, DOCKOIBLKY (B cuny ompemenenus 1') f (A)y=r (4) u f (A;) =
=r (A} (i=1,...,n), rae r (A) — HHTe pHOAAMUOHHKI MHOrOYNEH Jlarpamma —
Crassectpa gana Gymxuuu [ (A).

2° Ecau 0eée mampuywt A u B nodo6us u mampuya T npeobpasyem
A e B:

B=T714T,

mo wmampuyst f(A) u f(B) nodobnvt u ma oce mampuya T npeob pasyem

F(4) e f(B)
| f(B)=T (A)T. ,

_ JHeificTBuTenbHEO, ABE MOMO0HHE MATPHIH MMEKT ONMHAKOBHE MHHMMAJb-
HEE MHOLOYJIEHH ') H, cregoBaTenbuo, GyHKOUA [ (A) mpHHEMAET OJHU H TE K€
3HAYEHHA KAaK Ha CHEeKTpe MaTpumum A, Tak H HAa CcpoeKtpe Marpuusl B.

~ Ilosromy cymecrByer mETepmOAANHOHHEIT MHOrowmseH r (A) Takoil, uro f(A4) =

- =r(4), {(B)=r(B). Hororga us pasencta r (B)=7"1r(4)T (cM. cHOCKY)

clefyer:

f(B)=T"f(4)T.

3° Ecau A— keasuduazonasvHas mampuya
A= {Aia AZ» “aey Au}s

FA)={f (41, (42, ..., [ (4u)}.

OGosmagum wepes r(A) wuETepmomANMORHKI MHorounsen Jlarpamua— Cuan-
pecrpa naa ¢ysknuum f(A) mHa cmektpe wmarpunnl 4. Torma, Kak Jerko

mo

BHJIETH,
f(Ay=r(Ay={r (4, r(4y), ..., r(4)}. (7)

C ppyroit cropomsl, MuHMMaNbHHI MurOorouwmen P (A) guaa A ABaserca
AHHYJIHPYWIINM MHOTOYJIeHOM [aA KaKgod wuz wMarpum Ay, A, ..., A,

[losTroMy u3 pamencTBa
f(Aa)=r(A4)

FAa) =7 (Aay)s oo o F(Aa ) =7 (An)

1) N3 B=T"14T lcnenye’r Bi=T-14"T (k=0, 1, 2, ...). Ortcoaa s mo6oro Mmuo-
I‘%‘IJIOH& g (M) mMeem g (B)=T-1g (4)T. Ilooromy m3 g (4) =0 Bureraer g(B)=0 m Ha-
obopor.

cleiyer:
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TloaTomy
f(A)=1(A), ..., f(Aw) =1 (4d),

H paBeHcTBO (7) MOKHO 3aHHCATH TaK:
F(AY={f(Ay), [(42), ..., [(AL)}. (8)

Opumep 1. Ecau MaTpuia IpocTOd CTPYKTYpPH
A=T {A1, ho, ..., Ag}T71,

=T {f (), f2)y ..., f(Aa)} T71.

f (4) umeeT cmuica, eciu Pyuxnua f (M) onpemeneHa B TOYUKAX Aq Ag, ..., Ap.

TO

Npumep 2. Marpuiia J HMeeT ciefyomuil KBasHAWATOHAJIBHEH BH:

Vi

.

}\110...05

0 A 1 0

0 00...1]

0 0 0 o A

J=
vu

Ay 1 O 0
0 Ay 1 0

] 0_000&1,

B memmaromanpHEX ﬁnonax BCEe DJIEMEeHTH paBHH aymo. CornacHO dopmyne (8)
(cM. Tak:xe upumep Ha crp. 105)

f (M) FY D)
f (M) . - _(1———T)l
0 f(M)'
' ' (A
. 1
0 0 ...  f0Og
f ()=
(v, —1)
i () v ()
e T ST
0 fOw)
' ' f ()
_ 11
0 0o ... "W

3nech, KAk # B Marpune J, Bce dJeMEHTH B HeIWAarOHAJBLHHX 0J0Kax paBHH EHYI 1),

1) B paneneimem (Ta. VI, § 6 mam ra. VII, § 7) 6yner ycTamOBIeHO, WTO NpPOM3-

BOJIBHAA MATpuia A=|| a;; ||l Bcerga mopoGHa HeI{OTOpOH MaTpHuile BHJA J: A=TJT-1.
Hoatomy (cm. 2° ma ctp. 106) Bcerpa f(4)=Tf(J) T~
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§ 2. Uarepunoaauuonnsiii muorodaen Jlarpamsa — Cuabnrecrpa

1. PaccmoTpuM cHagajda TOT caydaii, KOT[Ja XapaxkTepucTUUECKOe ypas-
meaue |AF —A|=0 ge umeer kparHHXx kopmeil. Hopru sroro ypasmemms —
XapaKTepPUCTHUECKHE Yuc]Ia MATPHUIEl A —oO0003HAUUM depe3 Aq, Ap, ..., Ag.
Torma

(1) = AE — A |=(h—hy) (h—hg) ... (A—hn),
v ycaosusa (6) samucHBAIOTCA TaK:
r(he)=F{h) (k=1,2,...,n).
B orom cayuae.r (A) Asiasgercsa OOHYHHM HHTEPHOJIANMOHEHM MHOTOYJIE-

HOoM Jlarpamwxa piusa gyEroum f{(A) B TOUKAX Ay, Ag, ..., An:

o (A=A e (D) (A—Aasy) . (=1
T =2 ) o Oa—Tt) a—harey - Gty (M)

CormacHo oupe;(eneﬂmo 1

2 <A~7»E (A hu_4E) (A— MHE) A—DnE) ;s
Fr—hr) oo b —Aa—n) or—har)) - (br—hn) RS-

[(A)=r(A)=

2. JlouycTuM Temepn, YTO XapaKTEePUCTHYECKHMA MHOTOUYJEH UMeeT KpaTHbIe
KOPHHM, HO MHHUMAJbHHEI MHOTOUJIEH, SBISIOMMACA HeauTeleM XapaKTepucT-
YECKOr0, MMEeT TONHKO IPOCTHE KOpHH '): :

PA)=(A—A) (A—h) ... (A—2Am).
B sroM caydae (kak HeB OpefbIAYIIEM) BCEe IOKaszaTenau my B (1) paBHH
egunune, u pasedacrsa (6) mpuEMMAIOT BU[
| r(?uk)=f(7hk) (k=_'1, 2,...,m).

r (A) croBa sBAfercA OGEHIYHBIM WHTEPHOJANMOHHHIM MHOrouleHoM Jlar-
paH:Ka u

(A—A E) (A=A E) (A—hpiE) ... (A— }\me
f(A)= 2 (Ar—A1) ... (Ag—Ar_q1) Ap—Ary1) . (}\,k__ F(As).

3. PaCCMOTpHM obmuit caygair:

POy = —A)mA—Ay™. .. A—A)™  (mytmy b ...+ m,=m).

r(A)

IIpepcraBuM mpasEIbHO-APOOHYI0 PYHKIKIO )

B BuUJe€ CYMMH 'IpO-
CTHX Apobei:

P g [t % LMJ 9
“"“—Ej[u—m’"h PRSI S | ®

rae ax;(j=1, 2,...,ms; k=1, 2,...,5) —HEKOTOpHE 4YHCJA.
g oupemenenns umcauTeNeli UPOCTHX ApPolell ay; yMEOKHM ofe YacTh
P (M)
(A—p) "

3TOr0 paBeHCTBA HA (A — Ap)" * moGosHawmM uepes Pp* (1) MEOTOWICH

1) CM. cHocky 1) ma crp. 105.
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ITonyaum:

r (M
P (A)

= iy -+ g (A — M) -« o Oy, (M — Ap)™ T -
+—r)"R0 (A (k=1,2,...,5), (10

e Q (M) — panmoHanbHaA (YHKIHA, PeryJspHAA mpu A = Ap!).

Orewaa
T (}u)_
Upy = !_’ka (M) -]lﬁmh’ 1
A I LN S G _
4= [ 56 Jan, =70 [ o, T ) gy e = 1020 9)
| (11)

@opmyanr (11) moKa3HBaT, YTO YHUCIAUTENN Of; B IPABOM YaCTH DaBeH-
¢TBA (9) BHIpAKAOTCA dYepe3 3HAUYCHHsS] MHOTOYJEHA r (A) Ha CHOEKTpe MaT-
puist A, a 5TM 3HAYEHHS HAM H3BECTHH: OHH DABHBI COOTBETCTBYIOIIMM. 3HA-
qennsiM QYHKNHA f(A) m ee mpousBogHbX. lloaTomy

1w _ 1
Qg1 = ,lpk (}“h) s ak2m ] 'lph( ) y s oe . (12)
(k=1, 2,...,s).
Dopmynst (12) MO{HO €Ille COKPAINEHHO 3aluCaTh TakK:
| - (i—1) , 4 |
G = ’_1)1 mekm ]Hk G=1, 2,...,m; k=1, 2,...,5).(13)

ITocnme Toro Rak Bce Op; HAWJEHH, MBI OompefenseM r(A) U3 caeaywimei
$opMysBl, KOTOpas INOJAydaeTcs yMHOKeHHeM ofenx wgactedi paBeHCTBa (9)
"a P (A): ' :

r(A) = 2 [any + Org (A —Az) + .. A, m, (A— M) TR (A). (14)
h=1

B stoit ¢opmyne BHpaskeHWe B KBaJPAaTHHIX CKOOKAaxX, CTOAINEEe B Kage-
cTRe MHOmHTensA mepex P~ (A), B cuay (13) paBHO cyMMe NepBHIX my UNEHCD
pasnorerns Teinopa mo cremensM (A —Ap) mgas ¢yurmmu f(A)/P* (A).

IIpumenp.
P (AMy=R—r)2A-—A23 (m=5).
Torpga '

rvy o« b Y 8 €
T G—r? TRy [_(l——lz)3+(?\, Wy pa

Orcooma .
rM=[a--pA—A)]A—A2)3+[y-+d A —Az)+ &R —A)? (A—7Ay)?

H, cleN0BATelbHO, |
r (4)=[0E B (A--ME)] (A—AoE)3+ [VE | 8 (A— o) & (A— ApF)2] (A—ME)2.

1) To ecTs He oOpamawmmancs B 00 IpH A=Ap.
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a, B, v, 6, € naiinem u3 cremyomux Qopmy:

_ T _ 3 1 X
G—(AI~A2)3 » P= (Ay— Ag) f (A1) +m§f (A1),
___ 1 () 2 1 ’
V==t T Ty [ MG e 1
3 2 11

Py f (R2) ~ Ba—h? f'.(?tz) +7m 7 (ha).

IIpumewanune 1. Mnrtepnoasuuonnmit muorownen Jlarpamua— Canb-
BeCTpa MojkeT OHTL HOJYdYeH HpefieIbHBIM IEPEXOFOM H3 WHTEPHOJIALHOHHOTO
MHOrowieHa Jlarpam:xa.

Myere

PYA)=A—A)™(A—Ay)™2 ... (A—Ay)™s (mz > mk) .

A—1

O6osnaunm wepes L (A) MHTepmONAIMOHHEIN MHOrowien Jlarpamwa, mocTpoeH-
HEWH [J8 m TOYeK

1 2 1 2 : 1 2
MY, AR, AT ASD AR, L agme LAl A ame),

Torma HETpyAHO HOKasaTh, 4TO HCKOMHIN MHorowideH Jlarpamsa— Cuin-
BecTpa onpegelsercsa $opMyIIoi

r(A)= lim L(A).
aMb, MM

?\g ),...,Tus( S)—)?\.s'

Hpumeuvanne 2. llyers A =] ai| — sewpecmeennas mampuya, t. e.
MaTpUllA C BeMECTBEHHHMH aieMeHTaMu. TOrja MHHUMaJAbHHE MHOTOYJIEH
P (A} HMeeT BemiecTBeHHHE Koap¢uumeHTH !} m ero KOopHH, T. e. XapakTepH-
CTHYECKNe 4HuCja A;, 1u60 BemeCTBeHHH, JH00 DONAPHO KOMINIEKCHO COIPS-

JKEHBI, IPUYEM, eCIH Ag==Ap, TO COOTBETCTBYIOIIME KPATHOCTH PABHH: My =
=mp. YCHOBHMCA TOBOPUTL, 4YTO @Pynryua f(A) sewpecmeenrna Ha cnexmpe
mampuys, A, ecam JAA BeMECTBEHHOIO A; BCE ee 3HaYeHHA HA CIEKTpe
f(A), F (A;),... BemecTBeHHH, a JAJds JABYX KOMILUIEKCHO CONpPSI:KEHHBIX

XapaKTepACTHYECKUX 4YHCed A, M Ay = A, COOTBETCTBYIOImMHE 3HAYEeHHWA Ha

cnekTpe KomImwiekcHO compskeHBL f(Ag)=f(An), ' (Ag)=1F (An),...2). Batom
cayqae f(A)-—seuypecmeennasn marpuna. [leficTBuTenbHO, B aHHOM caydae

cornacHo Qopmynam (12) @y, Oy, ... — BEeIMECTBeHHBle THCAA M g = Opy,

— . ; A-
(g2 == Opg, . ..; OPH DTOM JAJA BEMECTBEHHOIO A; MHOro4jeH 1’ (M:(_A%'
J— i 2

¥MeeT BelecTBeHHHe Kodpdunmears:, a xosdpdmumentsr muorowsenor P* (i)
u P’ (A) (mpu Ay = Aj)— KOMIUIEKCHO coONpsikeHH. IloaTomMy B cmay gopMyJisl
(14) nATEPHONAUOHHKI MHOTOYJICH 7 (A) HUMeeT BemMeCTBeHHNEe Ko3P@uimenTH.
Ho Torga r (A4), a smagut u f(4)=r (A), —BemecTBeHHasg MATpHIA.

1) 310 caefyeT HemOCPEeACTBEHHO H3 OIpejleleHNA MAHAMAILHOTO MHOrowiIeHa aubo
n3 fopmyns (54) Ha ctp. 100.

2) QyHKOHA, HMpeAcTABIAeMAaA CYMMOH CTEHEeHHOTO pAfa € BemecTBEHHHMH RO3(-
¢uaimeATaMH, BeI[eCTBEHHA HA cIeKTpe X000 MaTPHIE, XapaKTepuCTHYeCKHe YHCJIA
KOTODOH HAXOAATCA BHYTPH Kpyra CXOJAMMOCTH [AHHOTO- pAAA.
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§ 3. [Ipyrue dopmbt onpegenenusn f (A). Kommonentnr marpnunt A

Bepremcs & ¢opmyse (14) musa r(A). IlogcraBnsas B Hee Bupakenna (12)
nas kospdunmenTo o u o0BeUHASA WIEHH, COJAEp:Kamiue OTHO M TO jKe 3Ha-
venme GyuKnum f(A) wim Kakoi-auGo ee IPOUMBBOJHON, ML IIPefCTABEM I (A)
B BHUJE

.
r ()= 317 () @us W)+ 1 () @ao () - £ (M) g (M) (15)
3meck @r; (M) (=1, 2,...,my; k=1, 2,...,5)—J€rKo BHYHCISEMbHE MHO-
TOYJEHH OT A CTeIeHu < M. IJTH MHOTOWJIEHH BIOJHE ONPENeNANTCA 3aja-
nueM P (A) u He 3aBucAT oT BHGopa ¢yurmum f(A). Ymcao sTux mmorouie-
HOB. PaBHO UHCAy 3HaueHwil ¢ymxkmuu f(A) HA choexkTpe Marpunm A4, T. e.
PaBHO m [m —cTelNeHb MUHHMaJbHOTO MHOTOWIeHA P (A)]. DyHKIEA @p; (A)
HpefcTaBigeT co0oil MHTePHOIANMOHHEIE MHOroulIeH Jlarpamma — Cunbsectpa
mia GYHKIOMM, Yy KOTOPOH BCE 3HAYEHHA HA CHEKTpe Marpuubl A paBHBEI HYI:,
3a HCKIO9eHHeM ofHoro fU—1(Ag), pasmoro 1.
Us gopmyanr (15) caegyer ocuosHasn dopmyaa gaa f(A):

F(A)= 31 () Za+ 1 () Zigt oo £V ) Zum ), (1)

rae
Zhj:(ij(A) (j=1, 2, ...,mp; E=1, 2, ...,S). (17)

Marpunu Zp; BHONHE ONpEJeNAIOTCA 3alaHHeM MATPHNH A M HE 3aBUCAT OT
Beibopa ¢ymxmum f(A). B mpasoit wactm ¢opmyam (16) ¢pymxmma f(A) mpen-
cTaBJeHa TOJbKO CBOMMM 3HAYEHHSAMH HA CHEKTpe MaTPHIIh
Marpunw Zg; (=1, 2,...,mg k=1, 2,...,8) Oyaem HA3HBATH CO-
CMABAAIOUPUMIL MAMPUYAMY TN KOMROHeHmAaMy JaHHOA marpunsl A.
Hommonents matpunsl A Bcerpa JWHeHHO He3aBHCHMHI.

JlelicTBuTEIBHO, TYCTH
m

s B s
22 eniZuj= 2
R=1 j=1 k=1

OnpefenuM HHTEPHOJANMOHHHN MHOTOUJIEH r(A) M3 m yCJIOBHN

A

21 CriPrj (A)=O (18)

J=

r““i)(lh)=ck,— (]=1,2, v ..y Mg, k:='1, 2, ...., S). (19)
Tor,qél, coraacao Gopmyrae (19),
. s 'mk
r(}) :k21 21 ChjPrj (). (20
=1 j= . .

U3 comocrasiennsa ¢dopmya (18) m (19) maxogum
r(4)=0. (21)
Ho cremens HHTEPOOJANMOHHOrO MHOTowIeHa r (A), 3agaBaeMoro ¢opmy-

noit (20), menbme m, T. €. MEHbIIE CTENEHU MUHUMAJIBHOTO MHOTOWICHA P (A}
IlosTomy m3 pasenctBa (21) caemyer TOIECTBO

r(A)=0.
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Ho torpa cormacmo (19)
crj=0 J=1,2,...,m; k=1,2,...,59),

910 ¥ TPeGoBaJOCh AOKa3aTh?!).

W3 guBEHHOE HE3aBUCHMOCTH COCTABJSAIOIMIMX MATPHI Zj; CIAELYET, MEKIY
OpoYMM, 9TO HM OJHA W3 ATHX MATPWUI[ HE paBHA HYJIO. JaMeTHM elle, 4To
mio0bie [[Be M3 KOMOOHEHT Zj; HEDPECTAHOBOYHEL MEKIY co60#l m ¢ MaTpH-
el A, DOCKOJBKY BCE OHH CYTh CKaJAPHHE MHOTOWJIeHH oT A.

Mopmymoit (16) xasa f(A) ocobenno yaoGHO mONB30BATHCA TOTHA, KOTHA
OpPHXOJUTCHA HMETH JEJ0 ¢ HECKOJbKHMH (YHKIUSAMU OT OZHOH M TOH 7Ke
vatpunel A, nubo xkorga ¢yHkius f(A) 3aBHCHT HE TOABKO OT A, HO H OT
Hexkoroporo mapamerpa £. B mocmegmem cayuae B mpasoit gactu gopmynsr (16)
KOMIIOHEHTH Zjp; HE 3aBHCAT OT { ¥ mapaMerp { BXOMHUT TOJBKO B CKAJsp-
HBie KO3pPuiumeHTs] OPH 3THX MaTpPHUIAX.

B npumepe ma ctp. 109, Tge P (A) =(A —2A1)2 (A — A2)3, MBI MoskeM r (A) OpejcTaBATH
B BUe

r(M)=F ) @11 A+ (M) @12 (A) -1 (A2) !q321 (A)-=F (M) Qoo (M) + 1" (A2) oz (M),

rie .
oy (A=A NE T 3(h—Ay) oy (A —=h) (A —2g)3
(P“. (;\') - 7\‘1_}\’2 ) 1‘ }\41'—12 ? (PIZ (}\')_ (7\’1_7\’2)3 k]
S h—M N2, 2(h—hs)  3(h—Ap)?
M MM N 2l )"~
Pt (M) \Aa—7 / I_ Ae—2y (Ao —Ay)2 ] '
A=A (A—Ay) T 2 (A —Asp)
M) = t -0 ,
P2z (A) (Ae—Ay)? |_ Ae—Ag
_ (A—A)2 (A—Ap)2
Qo3 (}") — . 2 (}\‘2_;\’1)2
fToaTom
fA)=F ) Zyy4-1" (M) Zya+f (A2) Zog -+ 1 (Ao) Zog--1" (R) Zo:.
rre
g (A= e (A—dgE) | BB (A—MyE) |
11— P11 —(7\‘1_7\’2)3 — ME) [ 7"'1—}\-2( 1 ).,‘ .
1
Z12="92 (A):m (A—ME) (A—hE)® 1 1. 1.

Ecan nanma mMarpuma A, TO AJA KOHKDPETHOTO HAXOMSIEHHA KOMIOHEHT
3TOIl MaTpPUIB MOMKHO B ocHOBHOH (opmyae (16) monomwurs f(p):—ﬁ% ,
rjae A— HexkoTopmi mapaMmerp. Torga momyaum:

s — 1) Z
4 OO C Zp 11 Zps (ma hmy ]

R 1 _——— = « 2 @

(AE — A) O ;_'1 ot oo ar T e (22)

rae C (2) — npuBeieHHAasA TpHCOENMHEHHAA MaTpuna ans AE — 4 (ra. 1V, § 6).2).

1) U3 poxasaHuoil JTHHeHHOH He3aBHCHMOCTH MATpHL, Zpj=@r;j(4) caeayer rakme
JAMHeHHAaA He3aBMCHMOCTb MHOTOWIEHOB @pj(A); j==1, 2, ..., mp; k=1, 2, ...,s.

2y llpn f(p)= li}.l nmeeM f (A)=(AE—A)~1. HeiicTBuTensno, f (A)==r (4), rae

r (!‘L)_HHTGPHOJIHILHOHHHﬁ muorounen Jlarpamma— CuasBectpa. M3 Toro, uto f(p)
H r (W) COBIAJAIOT HA CIEKTPe MATPUNUH A, ciefyeT, YTO HA HTOM CHOEKTpe CORMAfaloT
(h—p)r(p) u (A—p) f(@)=1. Orciona AE—A)r (A)=RE—A4) [ (A)=E.
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Marpnus (j—1)! Zp; ABIAIOTCA YHCAMTEAAMM npocTedmux papobeit
B pasno;keHMM (22), W DOTOMY MO aHAJOTHE ¢ pasJjioxkeHueM (9) atm wmcam-
Team MOryT OHTH BHpa)KeHH dYepes 3HaueHHs (' (A) Ha cmexrpe marpunu A
no popmynam, momobGasiM (11):

. _C (M) cCH
—1 ! mE=-—-—— — ! my—4i = _—

(ma—1)! Zpm, W ) " (mr—2)! Zp, my—1 [wh(m]h——-kk’ cen

Otcrona :
_ 1 C (A 1™ 4 L

ij_(f—l)! (me—)! [IIJR () Ja=, G=1.2,....mpk=1,2,...,5). (23)

Hopcrapnsaa B (16) BMeCTO COCTABNAKNMUX MATPHI[ MX BHpaskeHHa (22), Mu
MoskeM ocHOBHYI0 dopmyny (16) mpencrarurs B BHIE

g
_ 1, C (N) (mp—1)
f(A)H—Ei (mp—1)! [q;k (h)f(h)]h=xk : (24)
Ilpamep 1.
2 —1 1|29 A—2 1 —1
A= 0 1 12, AE—A= 0 A—1  —1
—1 1 1}j1 1 —1 A1

B namEoM caywae A (A)=|AE—A{=(A—1)2 (A—2). IlocrOnbKy MHHOp 2HeMeHTA
[1, 2] 8 AE—A4 pasen 1, 10 Dy {A)=1, m moToMy,

PA)=aM=(A—1)2 (A—2)=2A3 —4A2+- 5L —2,
¥, =Y B =Y®) _ gy uae—aays

p—Aa
"
C (A=Y (AE, A)=A2+(A—4) A+ (A2—4L+5) E=
3 —2 243 2 —1 1 1 00
=|| —1 2 2|34+ (A—4% 0 1 1|+(A2—4A4+93) (|0 1 0.
—3 3 1)1 —1 1 1 0 01
Ocnosnaa fopmyna B IAaRAOM ciaydae mMeeT BHL
=1 1) 24+ (1)Za+f (2)Z3. (25)
ITonaraa sgece f (n)= h_i_ , HaAXOJHAM: ‘
1. C@®) Zy Zyp Zoy
—A)l=— -
CE—=ym=i—T o ti-z"
OTRYy /A

Zy=—C (1) —C" (1), . Zz=—C (1), Z3=C (2),

Ilonssysacs mpUBefleHHEIM BhIMe BHpamkenmem miasa C (L), BuudcaAfeM Zy, Zo, Z3 W LOA-
cTaBjasfeM IOogydeHHHE Pe3yiabTaTh B (29):

1 00 1 —1 1 00 0
f@=fM 1 0 0+ W1 —1 1)+7@)—1"1 0|=
1 —1 1 0 00 —1 10
FA+§ @) —f ) (1)
=|fM+O—f@ —fM+iE@ .
f)—f(@2) —fM+1@  f)

1) Kypcmsom HabpaHH 3JeMEHTH KOHTPOJBHOTG CYMMApHOTO CTONOIA. YMHOMAA

CTPOKE MATPHLH A HA CyMMapHEA cToabery MaTpuuu B, momydaeM 5ieMeHTH CyMMap-
HOTO cTONIOna mpomspejneHEs AB. '

8 o.p TanTMaxep
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MpuMep 2. ITorames, KaKk MOHO Onpenendth f(A4), HCXOAA TOIBKO M3 OCHOB-
Hol (opmyam. I[IycTh cHoOBa

2 —1 1
A= 0 1 1|, YA)=A—12(A—2).
—1 1 1
Torpga
FA)=Ff1) Zy+§ (1) Za+1(2) Zs. (25
MopcrasuM B dopmyay (25°) sMecro f(A) mocaegosateanso 1, A—1, (A—1)2:
. 1 00
Zy+Zz=E=|0 1 0|,
0 01
1 —1 1)1
Zo+tZ23=A—E= 0 0 1)1,
-1 1 0}|0
‘ 0 0 0]|0
=(A—E2=|—1 1 0}0.
—1 1 O}|0

Brrumras W3 DepBHX [BYX DPABEHCTB IOYJEHHO TpeThe, ompepmenmM Bce Zp. IlopmcraBiass
B (25'), monyumm BHpaxkenme jaA f (4).

Pazo6pagHEKRe @IpEMEDH HAJIOCTPUPOBAMH TPH CIOco6a IPaKTHIECKOro
maxosxpenns f(A). B uepeom cmocoGe ME Haxoguianm HHTEPNONANHOHHEIH
muorowten r (A) m nonarannd f(A)==r (A). Bo BropoM cmocobe ME, HOXB3YACH
pasaoerneM (22), BHpajKadum KOMIOHEHTH Zp; B gopmyne (16) dgepes 3sHa-
4eHNs NpHBeJeHHOH IpPHCOelMHEHHOH MaTpPHIH C (A) Ha cmexkTpe MaTpunoe A.
B Tperbem crocoGe MH WCXO[WIN M3 OCHOBHOH (opMysm (16) A NOJCTaBIAIN
B Hee BMecTO f(A) IociIenoBaTeNbHO HEKOTODHE IpOCTeiinine MHOTOYIEHE,
W8 NONY4eHHHX JHHCHAKX yPABRHU ONpe/e]sIN COCTAB/IAIONNe MATPHIH Zy;.

Tperuit cocoG ABasiercs, NOManyd, mpaxTmuecKu Hambomee yAOOHEIM.
B o6mem BEme ero MOKHO cd)opmynnposa'rb TaK:

" B ¢opmyay (16) Bmecro f(A) moacraBiseM moCNef0BATENbHO HEKOTOPHE

MHOTo4neHH g1(A), g2(A), « .., &m (A):
g (A)= Z [g: (Me) Zoa+ 85 ) Zuo 4 .. 827 () Zp,m, ] (26)
(i=1,2, .. ,m)

W3 m ypapmenuit (26) ompepmensieM m MaTpun Zp; W TOACTaBJIsAeM IOXY4eH-

EHe pHpaxenns B (16).
Pegyabrar mckiiouenns Zy; u3 (m--1)-ro paeeHcrea (26) m (16) mosxer

OHTE 3allIcaE B BUOE

FA) Fh) oo fmD () Ll f(A) f"“s‘”(x)
g1 (4) gi(xo,...g&m-“(m. gi(As) ... g (4y)

Zn (A) Em () oo (M) o g (Ag) oo 8V (M)
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‘Pasnarasa sror ompefenuTens IO DJIE€MEHTaM IEePBOro CToabUa, MEL HOJIYyYHM
nckoMoe BupaskeRme A f(A). 3pece npm f(4) B KadecTBe MHOMHTENA
Gyner crosaTs ompepenmrens A=|g{?(Ay)| (B i-ii cTpoke ompepmesmTena A
CTOAT 3HAYEHWA MHOTOYJeHa g; (A) Ha cmextpe marpunsl 4; i=1, 2, ..., m).
dna rtoro urobm MoKHO OHI0 oupefeauts f(A), HymHO, uT06H A =£0,
dto 6yner mMeTh MecTo, eclim HUKaKasA JHHeliHaA koMOmHanusa!) MEOTOYZIEHOB
g1(r), g2(A), ..., gm(A) He oOpamaeTcA CHOIOINb B HYJIb HA CHOEKTDE
Marpuoe A, 1. e. He jenutca Ha P (A).

Ycmosue A ==( Bcerga BHOOJHEHO, €CIAH CTeNEHH MHOTOWIEHOB g, (A),
g2(A), ..., 8m{A) coorBerctBenro paeawm 0,1, 2, ..., m—12),

B zaxmwouesne orMermM, uTO OO0dpmme cremeEnm Matpuoul A" yno6HO
BHYHCJAATH II0 OCHOBHOW (opmyme (16), samenas B meil f(A) mHa A™3).

MprMep. Jlama mMaTpHna A=”5 —4 l TpebyeTca BHYHCIATHL 3IEMEHTH CTe-

4 —3
neEn A100, MurumanbHHE MHEOTOUNEH P (A)=(A—1)2.

Ocuopraa dopmyna
=7 1)Z1+f" (1) Zs.
3aMmensas smech f(A) HA 1, a saTem Ha A—-1, momywmm:
' ZizE, ZzzA—E.
fA)y=Ff1)E4f (1) (A—E).
TTonaras f (A)=A100, galigem:
A100=E+100(A—E)—_=“(1) 2”-{-100“? B

TToatomy

4
4

_, 401 —400
*’400 —399 ”

§ 4. llpencraBnenne QyHRmEil OT MaTpup pAfaMm
Ilycrs pama Marpuna A=| ay; ||; ¢ MAEAMAIbHKM MHOTOUNEHOM Y (A) =
' 8

= (A—A)™MA—A)™ ... A—A)"s(m= > m;). Iycrs, namee, ¢ymx-

ma f(A) m mocaefoBaTebHOCTE QyHKOMIL f, (A), fa(A), ..., fp (M), ... onpe-
JeJeHH Ha cHexkTpe Marpunm A.

Mu 6ygeM roBopuTh, 4TO nocaedosamedsvHocmyv (fymryuld f, (M) npu
p=> 00 cmpemumcs K Hekomopomy npedery Ha cnekmpe mampuysl A, eca:
CYIIECTBYIOT IIpejieIsl

lim 75 (M), lim fp (M), ooop Him FmZD () - (B=1, 2, ..., 5).
p->o0

Py r—roo

Mu 6ygem romoputTh, 4T0 nocaedogameavHocmv PHyrryul fp (M) cmpe-
mumes npu p— o0 k gynukyuu f(A) Ha cnekmpe mampuywt A, m Gymem

OHucCaTh:
lim f,(As) =1 (A4),
p=»00
ecan
]z;l—ilo fp (;‘tk) = f (Kk), }Jlm ,f;? (lk) == f'. (;"k)s . ey ilm ]‘(pmk—i) (;"k) —_ f(mk.—i) (7\-,11)
(kml, 2’ ey S).

1y C He paBHHME ONHOBpeMEHHO HyN Kospmumentamm.
2) B nmocneanem mpEMepe m=3, g¢(AM)=1, go (A)=A—1, g3 A)=(A—1)2,
3) @opmyny (16) MOMHO HCIONB30BATH W IJIA BHYHECJCHAA 00paTHOA MaTpuuu A1,

nojaras f(?\.)=T uIE, 970 TO ke, momarag A=0 B dopmyne (22).

8*
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OcmoBHasa d¢opMmyaa

FA = 317 (M) Zaa 1 () Zaa b+« 1750 (M) Zimy]
. h=1 :

Brpaiaer f(A) wepes smauenums f(A) Ha cmextpe Matpunu A. Ecam pac-
CMaTpPHBaTh MaTpUOy KaK BeKTOpP B HPOCTpPaHCTBe n® maMmepeRmil .., To u3
OCHOBHOH (OpMYJH B CHIY JHHEHHOH HEe3aBHCHMOCTH MaTpun Zy; ciIeayer,
aro Bce f(A) (upm sagaEHOM A) 06pasyioT m-MepHOe HORIPOCTPAHCTBO B Ry2
¢ GasmcoM Zy;(j=1, 2, ..., mp; k=1, 2, ..., s). B arom Gasuce «BeKTOp»
f(A) vimeer cBOMMHM KOOpAHMHATAMH 7/ 3HadeHRMH (yHKnmM f(A) Ha CHEKTpe
MaTrpuoH A
ITr coobpasKeHHA HeJaloT COBEPIIeHHO OPO3PATHOH CASAYIOMYIO TEOpeMy:
Teopema 1. Jas mozo umobu nocaedosamesvrocmov mampuy fp(A)
npu p — o0 CMpemuaacv K HeKomopomy npedeay, neobxodumo u Jdocma-
mouno, umobu nocsedosamenvrocms fo (M) npu p—> co Ha cnekmpe mampuiybl
A cmpemunace ¥ npedesy, m. e. npedenst
lim f, (A), lim f;(A,)
pP—roc

D=0

ecezda cywpecmeywm 0008 pemento. Il pu amos pasercmeo

El fo(Aa)=1(A4) (27)
aaeuem 3a coboil paseHcmeo
Lim f, (4) =7 (4) (28)

u Haobopom.
HorxasareabeTBo 1. Ecam smauenma f,(A) Ha cmekTtpe Matpmum A

OpE p—> co CTPEMATCA K NpeAeNbHHM 3HaTeHHAM, TO 3 $opMyIH
[ ]
fo(A)= fp (M) Zas 5 fp (M) Zra+ oo o 15570 (M) Zimy)  (29)
h=1 .

caeayer cymecrsoBarne mpeferaa lim f,(4). Ha ocHoBammE 3T0# e hopMyaH

pProe
n Popmyau (16) ma (27) BHTeKaer (28).
2. OGparHO, mycTh cymectByeT lim f,(A). Tak Kak m cocrasasomux
o p—roo

MaTpuy Z JMHEHEO HE3aBACHME, TO MH MokeM H3 (29) BHpasuth (B BHAE
auHedHEX gopM) m 3HaueHMi fp(A) Ha cmexrpe Matpune A dWepes m axe-

MEHTOB MaTpuns f, (4). Orcioga caeayer cymecTsoBanme mpegenaa lim fp (A,),
D=0 .

u paBeHCTBO (27) MMeer MeCcTO IpHW HaJAWdYdH paBeHCTBa (28).
CorsacHO YCTAHOBIEHHOW TeopeMe, eCJH HOCJAeZ0BaTeJdbHOCTb MHOCOYIE-

HoB gp(A)(p=1, 2, ...) crpemurca k ¢yEKOEM f(A) Ha cmexrpe Mar-
punH A, TO . \
zlqlm' gp(4) =1 (4).

Idra fopmyia mOAYepKHMBAET €CTECTBEHHOCTh M OONIHOCTH XAHHOTO HAMH
onpegenemns f(A4). f(A) Bcerga moaIydaercs mpeleabHEM mepexoxoM us3 gp (4)
OpE p—> 00, eCJIH TOJBKO IOCJIeJ0BaTelbHOCTh MHOTOMIECHOB g, (A) cxogures
K f(A) Ha cmexrpe Marpuns A. Ilocmenmee ycmosme sBiaserca HeOGXOAEMEIM
RIA cymecTBOBaHMA mpefenaa lim gp(A4) mpm p— co.

P—roc
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o
YcenoBnMes TOBOPETh, UTO pad Dl up(A) czodumes Ha cnekmpe mam-

=0
puyw A r gynryuu f(L), u 6ynem I])II/IGaTI::
F(Aa)= 3 up(As), | (30)
=0

ecau Bce QUIypupyIOmue 37ech YHKIUK ONpefeNeHH Ha cHeKTpe Marpmuu A
U WMEIOT MeCTO pPaBeHCTBA

Ty = Sup )y 1 ()= STup(ha)y «- e [7H 0 (g) = S a1 (1)
p=0 p=0 p=0

k=1, 2, ..., s),

OpudeM B OPaBHX YACTAX 39THX PABEHCTB CTOAT CXOJAmMHNecH pPAAHL ,D;p}’I‘I/IMI/I
CJioBaMHu, €CJIH NOOJOMKATH

5= Su, () (p=0, 1, 2, ...),

q=0
T0 paBeHCTBO (30) pPaBHOCHIBHO pPABEHCTBY
F(A4)=1lm s, (Aa). (31)

PpP—>co
OueBuAHO, 4TO AOKA3AaHHOH TeOpeMe MOKHO [aTh CIeAYIOIy0 SKBHBa-
JIeHTHYI0 (OpPMYyIHPOBKY:

o0
Teopema 1'. Jas mozo umobn pad S u,(A4) cxoduacs k Hekomopol
=0
Lo
mampuye, Heo6Todumo u docmamouno, umober pad ) up(A) czoduacs Ha

. . p=0
cnekmpe mampuyvt A. Ipu smom us pasencmea

F (A= 3 (Aa)

caedyem pasencmso =
f(A)= Zoup (4)

p=

u Haobopom. ,
IlycTs AaE cremeHHOIH pAJ ¢ KPYyroM CXOAHUMOCTH [A—Aqz|<<R m cym-
Mot f(A):

f0)= Sap (=P (Aol <R) (32)

Tak Kak crenemnHoit psj MOMHO OouideHHO fAuddepeEnmupoBarh 110600
YHCI0 pad BHYTPHM Kpyra CXOAuUMOCTH, TO paAa (32) cxoagurcs Ha CIEKTpe
a060# MaTpHUOH, . XapaKTepHCTHYecKHe 9YHCJa KOTOpOH DHOOajalT BHYTDPB
Kpyra CXOJUMOCTH.

Taxum 06pa3oM, MMeeT MeCTO

Teopema 2. Ecau gyuryus f(A) pasaacaemcs ¢ cmenennolli pad
8 xpyee |A—ho| <<, |

()= i ap (A —Ao)?, (33)

p=0
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Mo Mo pasAoterue COXPAHREM CUlY, eCall CKAAAPHBL apeymernm A 3aMeHUMD
410608 mampuyed A, rapaxmepucmuueckue wucaa KomoOpod .aexcam SHYMmMpPU
KEpyea crodumocmu.

Ilpumeganne. B aroit TeopeMe MO;KHO HOMYyCTUTH, YTOOH XapaKTepH-
CTHYECKOE YHCIO A, MAaTpunu A momano Ha mepudepPuI0 Kpyra CXOJHMOCTH,
HO OPH 9TOM HYKHO [ONONHHUTENBHO morpeGoBarb, 4TO0OH mp—1 pas
nounenno npogugdepernuposannanit pag (33) B roake A = Ay cxoguiacsa. Orcio-
Aa, KaK H3BECTHO, yiKe CJOJYeT CXOMHMOCTh j pas mpoaufdepeHnnpoBaHHOrO
paga (33) B TouKe Ap K ]‘(” (M) mua j=0,1, 2, ..., mp—1.

W3 porasammEoil TeopeMsl BRITEKAlOT, HAUPHUMEpP, CAEOYIOLINE pa3ioiKe-
HHA 1):

oo AP -__1) 2 A2p+1
eA:Z ST cos A = 2‘ ((2 i AP sinA = 2 (— )p—(2p+1)! ,
p=0 p=0 p=0
o 42D o g2pHt
hA=2) G MA= 2 Gpror
(E—A)1= EA” (M]<<tl;k=1,2,...,9),
> 1yp—1
111A=21%L(A—E)p (a—1|<t; k=1,2,...,)
P=

(3mecs mox In A MEI MOHMMaeM TAK HA3HBaeMOe TIJAaBHOE BHAYEHUE MHOTO-
agagHOi QyEkmuum Ln A, T.e. BerBb, A Koropoir Lni=0).

Gopmyna (22) ra cTp. 112 Ho3BoAAET JErKO pacHpOCTPaHHTh HHTErpaJbHylo ¢op-
Mynry Homm pgna aHanmradeckux OyHRUEE Ha YHKOHE oT MaTpUL.
ks  PaceMOTpHM B IJOCKOCTH KOMILIEKCHOTO IepeMeHHOr0 A HpaBHJIbHYI0 06JacTsh,
OrpaHHYeHHYI0 3aMKHYTHM KoHTypoM I' W cofepamyio BHYTpH cebA XapaKTepHCTH-
4eCKHe 9ACHA Ay, ..., Ap MaTpune A. BoabMem mpoHspOAbHYI aHAIUTHYECKYID ¢yHK-
ouio f(A), perynﬂpnym B 5TOR 00JacTH (BRIOYAA rpaHmJ;y I'). Torma D0 H3BeCTHHM
dopmyram Howm 2)

P OR= e \ b £ O = | g @b <o (0 )=
r r
S N (RN
R =™
k=1, ..., ).
YMuo0xaag ofe 9gacTH MATpHYHOTO paBeHCTBa (22) Ha fzg_ﬁ_) I HHTerpupysa BRoan I 3),
IOy IHM:
— S (AE— 41 1 () dx=hzi [ (M) ZaaH 1 ) Zag koo 1 ) 2 1,

1) PasmoseHdaa B HepBHX JBYX CTPOKaxX AMeIOT MeCTO IIDH IPOH3BOJILHON MaTpHIe A,

2) Cm., ganpumep, U. M. [IpuBaxoB, Beegende B Teopuio Pyaroumii KoMmiaexc-
HOTO IIepeMeHHOI‘O ®usmarras, 1960, cTp. 166.

3) NaTerpad OT MAaTPHIE OOpEAeNAEM KAK peayabTaT «(IO3JIEMEeHTHOr0» HHTelpH-
posanmsa, IToaTomy

‘ (AE— A)~1 f (A) dh=

S (ME—A)71 f (M) dh “:. ot
r

rae
(AE — A)ik = ) (i, k=1, ..., n)—oauemMeHTH MarpAOR (AE— 4)-1
{cm. ra. IV, § 3).
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9T0, COINACEO OcHOBHOH opmyae (16), m pmaer:

f(A)-_—_zim_ S (ME—A)~1 f (1) dh.. (34)
r

ITH Ke pacCyX/JeHHA IDOKA3HBAIOT, IT0 MHTErpaJy, CTOAINME B OpaBo¥ dYacTH paBeH-
crsa (34), pasen HY;O (opd f (4) = Ol), eciit Bee XapaKTepHCTHYECKH® THCAA MATPHOH A
pacmoJioKeHH BHe KOHTYypa I', # paBen

q My —
31 00 2t O Zaat 1 G 2L @<

‘0CHE XapaKTePHCTHISCKH® IMCHA Ay, ..., Ay DACIONOMEHH BHYTDPH, & Mgty ...) Ap—
BEe I'.

@opmyay (34) MO0 TPEHATE 3a OOpefeenne aHaJATHIecKol (YEKIAR OT MAaTPHIEH.

§ 5. Heroropore ceoifcTBa Qynromil or Marpuy

B srom maparpade Mb JiQKaykeM HECKOIbKO OpeANOKeHHH, IO3BOIAIOMIAX
pacopoCTPAHUTh TOMAECTBA, CBASHBAOIKE (QYHEKOAX OT CHKAIAPHOrO Iepe-
MEHHOTO0 Ha MaTpWYHKE 3HAYeHHsT apryMeHTa. : :

1° Hyemv G (uy, s, . . ., U) — MHO204AEH OMHOCUMEALHO Ug, Ug, . . ., U}
f1(A), f2 (A), ..., fi(A) —dynryuu om A, onpedescnnbie Ha cnekmpe Mmampu-
yu A, u _

gM =G (A), (M) - ooy Fr (W] (39)
Tozda us
g(Ag)=0;
caedyem

G[fl(A)a 7f2 (A)a .oy fl (A)]:O,

Heitcreurenbro, o6osHaumM udepea 7y (A), r3(A), ..., r;(A) wuHTepmONA-
OroHHEKE MHOrowreHu Jlarpamma — CmasBectpa gaa f; (A), Fz(A), ..., fi(A)
H IOJOMKHAM:

ANy =G[ry(A), ra(A)y «uey ri (M)
Torga m3 (35) BrTERaer:
h(Aa)=0.
Orcofga caepyer, 4T0 '
G [fi(4), fA(A), «o., L (AN =G ri(A), 2(4), ..., 11 (A)]=h(4)=0,

9T0 # TpeboBANOCH JIOKA3aTh.
Cormacro mpepnoxenmio 1° m3 ToxkpmecTBa

cos? A 4sin? A =1
crenyer Aas mobol Mmarpmia A
cos2 A-}+sinfA=E

(B maHEOM caywae: G (uy, ug)=ul+u.—1, f;(A)=cosh, fs(A)=sinA).
Touro Tak ;e gua moGoir Marpmpu A

ele—A = E,
T. €.

e—4 = (e#),
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HNamee, paa. moboi mMarpuosr A
eld —— cos A -}-isin 4.

IIycts mama meocoGemmas marpmma A ([A4|40). OGosmaumm uepes /A

O7IHOSHAYHYIO BETBH MHOTO3HAUHON QyEEnmm )/ A, ompefelennyio B o6macTm,
He cOfep/Kalneil HyId 1 cofep:Kameil Bce XapaKTe PHCTHISCKHIE IHCIA MATPAIH A.

Torga mmeer cmuict )/ A. Ipm srom m3 (J/'A):—A=0 Gymer ciemosaThl):

(Varp=4

IyecTs f(?»)-— , B A= a;|; —BeocoGerrana marpuma. Torza ¢ynk-
aua f (L) onpenenena Ha CIeKTPe MAaTpHOH A, m DOTOMYy B paBeHCTBe
Af(A) =1
MOYKHO 3aMeHHTH A Ha A:
A-f(4)=E,
T. ©.
f(4)=A47%).

. 1
O6ozmagas 4epes r (M) HHTEPHOAANMOHHEI MHOTOWICH A YYHRIHUE ~- ,
MBI cMOskeM 00paTHy0 MaTpuny A~ mpemcTasuTh B BUIe MEOTOWIeHA OT JAHHOM:

A1 =7r (A)

PaccmoTpuM panmoHanbEYI (YHKOHIO Q(K)=%é%~ , rge g(A) m h(A)—

B3aMMHO TPOCTHIé MHOTOWJEHH OTHOCHTENBHO A. Jra (YHKOHA oOpefieleHa
Ha COeKTPe MaTpPHOH A B TOM H TOIBKO B TOM CJIydae, eCIN XapaKTepUCTH-
geckde umcaa MatpuOe A He ABIAIOTCA KOPHAME MHOTO4YieHa A (A), T. e.3)
ecan |k (A4)==0. IIpu BHOOTHEHEWH BTOTO YCJIOBEA MH MOKEM B TOKTECTBe

e(MNr(A)=¢g(A)
3aMeHHTh A Ha A:
e(A)h(4)=g (A).
Orcroga
e(4d)=g (AR (A =[h(4)[" g (4).
2° Ecau cocmasnas @ByHEUUR
gM)=h[f(M)]

onpedeaena na cnekmpe mampuyts A, mo
g (A)=h[f(A)],

m. e. g (A)=~h(B), 20e B=f(A4). llpE poKasaTeIbCTB® BTOTO MPEMJIOKEHHA,
Kak ¥ pasee, OymeM OpeAmojararb, 4ToO

PA)Y=A—A)" (A—A)™ ... (A—Ay)™s

1y B ra. VIII §§ 6 m 7 Gyaer namo Gomee obmiee ompeaeseHHE . V' A rak Opom3-
BOJILHOTO PEIeHHA MAaTPHYHOLC ypaBHeHHA X2=A4.

2) DTHM OOJOKEeHWEeM MH y:Ke HOab30BadHch Ha ¢Tp. 112. CM. ¢Hocry 2) K c1p. 112,

8) Cm. (25) Ha cTp. 94.
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— MEHERMaAbHHE MEOTOYieR Marpmou A. Torpga sHaveRuma ¢yskmum g (A)
Ha cleKTpe MaTpumsl A ompefensworca mo ¢opmyiaam?l)

gh)=nh(pe), & A)=P"(wa) f (), ...,
g™ () = B (ua) T 1A e R () £ (M),
rae uz=F(Ax) (k=1, ..., s). MBorounen
(W =p—p)™ =)™ . (—p)™

Oy[er aEHEyJIHDYIOMIEM MHOro4jeHOM jaias Matpunu B. JleficTBuTennHO, Kamk-
J0e 9HCI0 Ay ABISAETCA KODHEM IO KpaliHell Mepe KpaTHOCTH M (QYHKIHH

) =x[f ()= kl;li [f (M) — F(R)]™.

(36)

[TosTomy
q(As)=0
n coriacao 1°

g(4)=x[f (4) = (B)=0.
[ToaToMy cpeam 3HavYeHHH

Ry, B (W), - B0 () (R=1, ..., 09), (37)

cofep:karca Bce 3HAUYeHHsa QyEKOum A (W) Ha cmextpe Marpumou B. HMcexops
n3 3HageHWit (37), WMOCTPOMM HHTEPHOIANMOHHHN MHOrO4XeH 7 (A) Ans GyHK-
oun h (A). Torga, ¢ 0gHOI CTOPOHH,

h (B) =r(B).
C ppyroit cTOpOHH, Kak ToKasuBaloT ¢opmyast (36), dysrnumm g (A)
u gy {A)==r[f(L)] Gyayr paBEH Ha cmexkTpe Mmarpmnu A. IlosTomy, npume-
uaa K passoct: g (A)—r[f (A)] npemaokenme 1°, momydmm:
| g(A)—rlf(A)]=0;

HO TOT/IA
g(A)=rf(A)]=r(B)=h(B)=h[f(4)],

9T0 M TpeGOBAJIOCH JOKAa3aTh.
Kom6uanpya mpemnoskerus 1° m 2°, mpmxopum K caeaymomemy 1606me-
Hu0 npepgiaoxerna 1°.

3°. Iycmew
g(;\) = G[.fi (7\')’ f2 (?")a s ey fl (A‘)L
ede pynryuu fi (M), fa(A), ..., f1(A) onpedesenn na cnekmpe mampuysi A,
a gynryus G (U, Uz, ..., W) €CmMb pesyabmam nocaed08amMeELbHO20 N PUME-
HEHUR K BCAUNUHAM Uy, Up, ..., U; ONEPAYULL CAONHCEHUR, YMHOICCHUS, YMHO-

HCEHUS HA HUCAO U B3AMEHBL BCAUMUHB. RPOU3BOALHOU HYHEYuel om Hee.
To20a us

g(An)=0
1y IIpemmonaraeTcs, 4TO BCe BXOAAMEE B 3TH (OPMYIH BOIHTHHE

1), -2 m), ke v BT ) k=1, .., )

HMEI0T CMBICIH.
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éaeayem
G[fi (A)’ f27 (A)’ ey fl (A)]:'O'

Tax, manpmmep, nycrte A — HeocoOemmas marpuna (| A4|=40). OGosra-
9YAM depe3 In A O HO3HAaYHYIO ‘BeTBb MHOTO3HauHOM ¢yEknmm LnA, onmpeme-
JeHHYI0 B HEKOTOpo#l objacTm, He comep:xameii amcaa 0 H comep:xamei#l Bce
xapakTepuctHuecKue gmcaa mMarpuin A. Torpga B CKaIAPHOM TOMKIECTBE

eltr— 3 =0
MOKHO 3aMEHHTh CKAJAPHHHI apryMeBT A Ha MaTpuny A:
elsd _ 4 =0,

T. 6. el?4 =4, [Ipyramm caosamm, Marpuna X = ln A ymosnersopaer MaTpuy-
HOMY YpaBHEHHIO eX=A, T. e. HABIfAETCA «HATYPAIbLHEM JOrapHQMOM»
MaTpune A.

Bepsa B xazecrBe InA gpyrme ofHOSHaYHEIE BETBE MHOrO03HAYHON QYHK-
num Lin A, Mu noxygum fpyrue morapudmu Matpunst A1), Myers A =] a;5]7—
BelecTBeHHad HeocobemHasa Marpmua. B ramase VIII, § 8 6yayT ycrarosiaers
HeoOXOMMEE M JOCTATOYHHE YCJIOBHA [JIA TOro, d9To0W BelqecTBeHHAd
MAaTPHIlA HMeJa BOIECTBeHHHH HATypalbHHH Jjorapugm. J3Jechk Ke MH
pacCMOTPHM [IBa 9acTHHX ClIygZaf.

1) Matpuna A He HMeeT BeImeCTBEHHHIX OTPHLATENLHEHX XapaKTepH-
crHdecknx umces. (JGosHauHM 4depe3 IngA oOfHO3HAYHYI0O BeTBhF (YBEKIHH
InA B KOMOJEKCHOH A-HJIOCKOCTH C paspe3oM BI0IAb OTPHNATENbHOH meil-
CTBHTEJIBHOA OCH, OOpEleIAEMYI0 PaBEeHCTBOM

IngA=lInr+ip, —m<o<m (A = rete),

QyExknua Ilng A DpHEEMaeT BeIECTBEHEHE 3HAYCHMA NIPH HOJOKATEIbHBIX
BeIECTBEHHHX A M KOMIJEKCHO CONPSKEHHHE SHAYEHHAS OPH KOMIJIEKCHO
coOnmpsA:KeHHANX 3HaYeHMAX A. lloaTomMy ¢yERUES In, A BemecTBeERA Ha CHEKTpe
matpuunl 4 (cM. crtp. 110) m gny A — BemecrBeEBas MaTtpHua.

2) A=RB? rpe B-—sBemecrBeERaa wMarpuna?). Hapany c¢ ¢ymxumei
Inp A BBEZleM B pacCMOTpeHHe JiBe OfHOBHAYHHE BeTBH (YHKIHMH In A B KoM-
OIeKCHOA A-OJIOCKOCTH € pa3spe3oM BJIONb IOJOKHTEIBHON [eACTBHTENb-
HOH OCH: '

IngA==lnr-4ig O<e<<2n  (A=rel9),

I A=lnr+ip —2n<<e<g0 (A = reiv),

Ilyere Marpmma B mMeeT pasiumgEBlEe XapaKTePHCTHUECKHe YHCIA A
(k=1, ..., s). BubGepeM KpyroBue okpecTHoCTH G Touex Ap (k=1, ..., s)
TaK, 4ro0H OHM HEe HEPeCeKAJNCh M He colep:Kanu mHavaio A=0. B obma-
CTH, COCTaBJIEeHHOH M3 3THX OKpPEeCTHOCTeH, ompefeauM ¢yrkumo f(A) paBen-
CTBOM

f(A)=1ng A%, ecim AEGy u Redy=%0, ,
F(M)=In, A2, ecim ACGyr m Redy=0, ImA;>0,
F(AM)=Iny A2, ectm A€Gy m Redp=0, Tmip <<O0.

1) Opnake Ba 3TOM NYTE MH He IOJYYHM Bce Jorapmdmm Mmarpmou A. Ofmas
dopmyia, oxmaTHBalOmas Bce Jorapm@ME .matpunsl A, Gymer mama B ra. VIII, § 8.

2) B sroM ciydae MaTpmma A mMeeT OTPROATEJIBHEE XapaKTepHCTUYeCKmE WHCJIa,
eclE MaTpmna B mMeeT YACTO MHEMEe XapaKTepHCTHYeCKHe UHCJa.
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Torpa d¢yarmua f(A) mpexgcraBasger co6oi OJHO3HAYHYID BETBb (DYHKIINHA
In A%, ompeneneEHyI0 W BeImIecTBeHHYI0 Ha cmerkTpe Mmatpmiuul B. Ilosromy
/ (B) —BemiecTBeHHAS MaTpHUIa W

ef(B) pr BzzA,

T. €. Marpuua f(B) ABIsAeTCA BemECTBEHHHM HATYPAAbHEIM JOrapupmMoM
MaTpUIH

IIpumewarmue 1. Eciim 4 —nmAeiiRH#A omepaTOop B n-MepHOM HOpPOCTpaHCTBe R,
T0 f(.A) ompeldelnseTcA COBEpIIEHHO TaK Ke, Kak n f (4):

[(d)=r(4),

rae r (A)—mnaTepnonanmonanil mMuorounen Jlarpamxa—CrasBecTpa i f (A) Ha cmekTpe
omepaTopa A (COEKTp omepaTopa A ompefiellfeTcd MOHUMANLEHM aHHYJIHPYIOIIAM MHOTO-
aneHoM P (A) omepaTopa A).

CorilacHO 9STOMY ;OHpefelleHni0, ecliu omepaTopy A oTBedaer MaTpEna A= asp ||]

B HOKOTOpOM GasHce HpOCTpaHcTBA, TO omepaTopy f(A4) B ToM xe 6asmce oTBeuaer
matpana f(4). Bece yTepaxperna ® PopMyIHpOBKE 3TOH IiaBel, B KOTOPHX $Erypmpyer
MaTprIa A, O0cTaloTCA B CHIIe H HOCHe 3aMeHH MaTpuuul A omepaTopoM 4.

IIpuMegarmne 2. Mokmo onpefenuTsl) dymkomie oT maTpunm f(4), mexond
a3 XapaKTepHCTHYIeCKOr0 MHOTOYJIeHa

AM=T] O—Mn)",
k=1

8
3aMeHAA HM MAHEMAJLHHA MHOTOWIEH P (A)= H (}\,—}»h)mk. IIpm 9TOM mOJarawor
. k=1
F(A)=¢g (4}, rre g {\)—HATepOONANUORAHIH MHONOWISH cTemeHE <z m0 mod A (A} nua
$yrkmun [ (A) 2). Qopmynn (16), (22) m (24) samenaAioTcA POpMyIaMH

fly= 3 F108) Zut+F O Zaat oo +17 08 2 1 (16"
k=1 )
’ 7 3 —1)Z
B [ Zm 112y (a— 1) Ly ,
(E— a1 = _kéi[ R e R W 1. e
8 4 "B () | (‘nh-»i)3 ;
f ‘A’=§1 =T Lan Gy 7 ® Jada, ™ @
e
Ap () =—2 ) (=1, 2, ..., 9).
(h— )

(mk+1) (}\’k)’ ey f(nh“i)

Opraro B dopMyne (16') sHavenusn f(mk) M)y f (Ax) BXOOAT

nEmL GUKTHBHO, HOCKONLKY H3 comocTaBienma (22) c (22') ciemyer:

Zn=Zhts - Zpm, =Zpms Zemyar=-o - =Zhny=0.

1) Cm., uanpmmep, B. JI. Max-Mumuxnan, [umammsa TBepforo rtexa, WJI, M.,
1951, crtp. 403 m gamnee.

2) MuorouneH g (A) He ompejellsieTCA OJHO3HAYHO PABEHCTBOM f(4)=g (4) =7 yeno-
BHEM 4CTemeHb < b, .

8) YacTamit cirywait fopmynn (24'), korga f(A) == A", mmOTAa HasmBaioT QopMynoH
Ileppona [cm. [29], cTp. 25—27}. :
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§ 6. llpnvenenne ¢yHRuUEHA OT MATPHOB K HHTETPUPOBAHHAIO
cucTeMBl JHHeHHBIX puddepeHnHATBHBIX ypaBHeHH
¢ MOCTOAHHLIMH Koa()pmonenTamu

1. PaccMoTpuM cHauvana cucTteMy OJHODPOJHHX JuHEHHHX Rudepen-
OUaJTBHEIX YpaBHEHUH C NOCTOAHHHME KospPummeRTaMum NepBOro MOPALKA:

dxy h
— = 01 AT+ . ..+ Ay,
d:l’:z .
= 0%t Q% .o b GanTny | (38)
dxg,
di = A1y -+ dnolo + .. "i’ AnnTn;
3gech f-— HEe3aBHCHMOE INIePEMEHHOe, Iy, Ty, ..., &,— HOM3BECTHHE (yHKINM
nepeMenHo#t ¢, a;; (I, k=1, 2, ..., n)— KOMIJeKCHEE YucJja.
Beemem B paccmoTpeHme KBagpaTHy® Matpuny A =| a;||1, cocTaBaen-
HyI0 n3 K03PUIUEHTOB, H CTOJOLEBYI0 MATPULY Z= (%1, L3, ..., Lp). ToOrga

cucTeMa ypaBHeHmit (38) MoykeT OHTBH 3amHCaHa B BUAE OJHOr0 MATPUTHOIO
auddepeETHaNbHEOr0 ypaBHEHHA

d

3mech W B jJajdbHeAIIeM IOX Npou3sodHolE om MaAmpuysl MB TOHAMAEM
MATpHLy, DOAYYAOMYIOCA K3 AaHHOH NyTeM B3aMeHH BCeX 3SJIEMEHTOB WX

dz dz
npouspoxanME. lloaTomy Et——c'ronﬁuelaaﬂ MaTpHIA C = DIEMEHTAMHM —#,
dza dxy,
EARRR T

Dbygem uckratp pemenune cucreMn audepeETmaNbHHEX ypaBHEHHi, YHO-
BIETBOPAIONIES 3aJAHHKHM HAYAJHHKEM YCJIOBHAM:

Zy |t=0 = 10y 392 |t=0 =90y « sy In [1;0 = Zno,

HJIIA B CORpaIEEHHOﬁ 3aIINCH:

PazmoxuMm uckomuii cronfen x B pax MaxrjopeHa 1o cTelmeHAM I:
. . t2 a dx . dzx
$=xo+$ot+$o!§l—+ cen (ﬂﬂo:W ey To=gE |, M T I—l-) . (41)
Ho w3 (39) mounemamM puddepeHnnpoBaHAEM HAXOTAM:
d2z . dx _ 2 ddr a2z a4
"d—tz'—AE-——ACE, W_AW_ACE’.'. (42)

Ionctapnsaa B (39) m (42) smagenwe ¢=0, moayvmm:
Q'Co= A.’Eo, .:E-o: AzTo, e
Teneps papg (41) sammmerca Tak:

x =z} tAxo—]——% Alxy - . .. =ediy, (43)
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Henocpepcreernoit mogcrasoskoit B (39) yGe:xmaemcsal) B ToM, 4TO (43)
ecTs pemeHne AuPPEPeHIIHAIBHOIO ypaBHeHUA (39). llomaraa B (43) t=0,
HAUIEM: T |t=g = To.

Takum oGpasom, (bopmyna (43) maer HaM pelmeHHe [AHHOH CHCTEMH
nuddepeHEIMadbHEHX ypaBHEHTI, YAOBIETBOPAKMEe HaYaabHEM ycaopuaM (40).

IMoxoxum B (16) f (1) =er, Torga

t) Hi = E Zk1 -+ Zkzt + . +kaktmk_1) ehht- (44)

Temepp pemenme (43) mMoxer OHTH 3ammMcaHO B claefyomeit Qopme:

Ty =1 (£) Tyo + Q12 () Too 4+ « » 4+ Gan (£) Znos
Tg.=Gaq (£) T19 + Q22 () Z2o+- . . . - @an (t) Tno, (45)

oooooooooooooooooooooooo

Tn = Gn1 (t) Z10 + dn2 (t) T20 + e + qnn (t) Lnos

3MECHh Z1g, Logs - - +y Lno— IPON3BONBLHEE IIOCTOAHHBIE, DABHEE HAYaJbHEIM 3HA-
9eHUAM HEW3BECTHHX (YHKIUHA Iy, Lz ..., Tp.

Taxum o0pasoM, HMETerpupoBaHMe HaHHOH CHCTeMH AuddepeHRnUaTLHEX
YPaBHEHHH CBEJeHO0 K BHYMCICHHUIO 3JEMEHTOB MATpPHUIH edl,

Ecam B KagecTBe HA9aAbHOrO 3HAYEHUA AapryMeHTa B3ATh 3HAYECHHE
t =1y, T0o dopmyaa (43) sameHmTCA $HOpPMYJIOH

x = eAlt—to)g,, (46)
ITpamep.
dz
7‘21-1-23931—«’52-\-%3,
dzx
dtz 2x1+ 3,
dzg

d—t-«-xl—xz—l—z.r:,'

Marpuna xosddummenTos:

3 —1 1
A=||2 01
1 —1 2

CocTaBEM XapaKTepHCTHYECKHH oIpefdelHTelb

34 —1 1
AM=— 2 —i 1 |=(—1)@G—20
1 —1 2—A

Han6onsmmit ofmuit mesmTEeNs MAHOPOB BTOPOTO IOPAAKA 8TOr0 ompefenuTead Dy (A) =
IToaTOoMy

P (W) =ARA)=(A—1) (A—22
Ocnopnaa gopmyra:

FA=f1)Z1+7@2) Z3+1" (2) Z3

d d
1) d—t(eA‘)_dt (E-;-AH- 31 + ) A—[—A%—\— co. =4,
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Bossmem Bmecto f(A) mocaemoBatenbno 1, A—2, (A—2)2. Ilonyumm:

1 00
Zy+Zy=E=|0 1 0},
0 0 1
1 —1 1]|1
—Zy+Z3=A—2E=|2 —2 1| L
‘ 1 —1 0]|0
0 0 00
Zy=(A—2E)?2={|—1 1 0]}0.
—1 1 0jj0
Onpenenenaule oTciofa Zy, Z; W Z3 mopgcraBiAgeM B OCHOBHYIO $opMymy:
0 00 1 0 0 1 —1 1
=fW—1 1 0)--f ) |1 0 0i-+f (2 —1 1
—1 1 0 1 —1 1 0 00
Bamensa amech f(A) Ha ¢, Gymem mmers:
000 1 00 1 —11 (1-4-12) €2t — te2 te2t
eAt—et ||—1 10 -}- g2t +te2t i1 —1 1 ” —e gl - (14 1) €2t ef— g2t te2fH‘
-~110 1—11 0 00 - —ef - g2t el — g2t o2t
Taxmm 00pa3om,
z1=Cy (14 1) 28 —Cqte2t - C3tedt,
zg=Cy [—e! (1 4-1) e2!]-|- Cy (ef —te2*) 4 C3te?’,
z3=Cy (—et -+ e2!) | Cp (el —e2t) - Cge2t,
rmge

Ci=xzy, Ca=z3, C3=7z3-
2, PaccmoTpuM Temepp cHCTeMYy HEOAHODOJHHX JWHEHHHX Juddeper-
NHaJLHKX YpaBHEHUH ¢ HOCTOAHEHMH Ko3punuenTaMu:
dz, 9
= T ¥ A2+ . ..+ AT+ f1(2),

dzs
d:; = QT+ Qoo+ . . . + AopTpn + fz (£},

......................

dzx '
S = apa@y+ Ga@at - A GmnZn (0,

rpe fi(t) (i=1, 2, ..., n) —HenpepuBHEHe (QYHEKOUE B HHTepBaJe 1,11y

-

(47)

O6osravan wepes f () cronbneByio MaTpuLy ¢ aueMerTaMu fq (2}, fo (2), ..., fr(f)
m cHOBa monarasft A= a;|{, MH cncremy (47) sammmeM Tak:
dz
- =Az+f(2). (48)
BremeM BMecTo z HOBHI c'ronGen HEM3BECTHHX (YHKOWH Z, CBA3AHHHM

C & COOTHOINEHHEM
x == edlz, (49)
Huddepennupya mounenno (49) m mojicTaBIAA NMOJYYEHHOE BHPAKEHHE A
T

—7 B (48), maitgem’):
eAt 92 — £ (1), (50)

1) Cum. crockyl) ® crp. 125.
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Orcrona
2(t)=c-+ § e-atf()dvt) (51)
w motomy cormacko (49)
T = eAt [ ¢+ i e=ATf (1) d‘r] = edle - i eAt="1f (1) dt; (52)
to lo

3JecChb c—c'ro.uﬁeu C IIPOHU3BOJBHHMI IOCTOAHHBIMI 2JICMEHTAMH.
HaBasa B (52) aprymenry ¢ sHaueHue t,, Haifmem:

c = e—4bog,,

U, CIeAoBaTeIbHO, pemeHne (92) mMo:ker GHITH 3allMCAHO TaK:
t

7 = eAlt=to)z, S A=V (1) dr. (53)

to

Honaras e4*=|q;; (¢)||}, mbt pemerme (53) Morsem sammcars B pasBep-
HYTOM BHJIe TaK:

=gy (L—1t)) Tyo+ ... +qun (t — Lo) Tno -+
¢

+\ @ =i @+ o+ qun (=D fa (D) dT,

e Ce e Cee e (54)
Tn = (ny (t"""'tO) x10+ “ee +an (t—to) xno"l_

t .
N\ U t—DA@+ - A =D fa(OIdr. |

~

3. PacemoTprM B KauecTBe IpHMEpa A BUEHHE BEeCOMOH MAaTeDpHAIIL-
HOH TOUYKH B INOYyCTOTe BOAIM3HA HOBEDPXHOCTH 3eMIH C Yy49€TOM
IBU:XeHUA 3eman. B sTom cmyuae, KaK H3BECTHO Z), YCKOPEHHE TOYKH. OTHOCH-
TeJLR0 3eMIN OnpepensieTcs MOCTOAHHOH CHION Beca mg W WHEPIHOHHOH KOPHOIACOBOM
cANO —2m® X v (¥—CKOPOCTh TOYKH OTHOCHTENLHO 3€MIH, -—IOCTOSHHAS YII0Bafg
ckopocTh 3emiam) 3). ITosTomy nmddeperunansHOe ypaBHERHNE ABMKEHAA TOYKH HMeeT BH[

dv

—JE‘=9—2(D X v, (55)

1) Kak y:ke YKasHBAaNOCh AIA WACTHOrO cxydas (cM. cHOCKY l) k crp. 148), ecim
pama MaTpauHAfs QYHKUHEA OT CKAaJApHOro aprymenta B (t)=|bp (v)|| (=1, 2, ..., m;
iy

k=1, 2, ..., n; 1y < v o), T0 ummezpas SB(T) dt onpepenseTci eCTeCTBEHHEM

Iy
obpazom:

S B (7) dt:” Szbik('r) dt ” =1, 2, ..., m; k:i, 2, ..., B).

ia :
i1

5]

2y CMm., mampumep, . K. Cycnos, Teopernueckasa wmexammika, [ocrexmspar,

4944, crp. 141.
3) 3pech >KUpHBEe OYKBH 03HAYAIOT BEKTOPH, a CHMBON « X » 03HAYAET BEKTODHO®

YMHOKEHHE,
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OnpepenEM nuHEiHBE omepaTop 4 B TPeXMEPHOM €BKIU[I0BOM LIPOCTPAHCTE
paBeHCTBOM

Arx=—20 XX (56)
M HAOHIEM BMecTO (99):
dov

Comocrasnsia (57) ¢ (48), nerxo HaigeM mo dopmyae (93):
¢

v=ellyy+ S eAtdt.g (vg=2;_¢).
0

VHTeIpApPYs LDOYJIEHHO, OLpPENIeJAM PafUyC-BeKTOP ABMKYIIENCA TOUKH:
¢ t ¢

1'=1'0+S et dt vo+S dt S ettdt g, (58)
0 0 0
rfe
ro=ry_y ¥ Vg=V;_,.
Honcrasaas smecto ¥4 cymmy psama

E A_.t_...J Az_tg__*_
+ T 21

O 3aMeRssa omepaTop A ero BrpaskeHmeM m3 (56), OyaeM mMeTsh:
’ 2 1
1":1‘0—|—’001+% giz—o X ('vgt2—|——;‘— gt3> +o X [(!) X (3- vot3+~6~lgt4> ] 4+ ...

CunTas YTIOBYI0 CKOPOCTL () Majioif BeIHYHHO# (mas 3emaum o = 7,3-1075 1/cek.)
n orOpackBasi 9IeHH, COfiep;KamiHme BTOPYI H BHCIOUe CTEOEHHA (), MH JId [ONOJHH-
TeAbHOTO OTKIOHEHHA TOYKH, BH3BAHHOTO BPANIEHUEM 3eMJH, OOJYYEM OPAGIHREHHYIO

dopmyay ,
d~—oXx <'vot2+—é— gt3) .

Bosppamasck kK TOUYHOMY pemeHHIO (58), BHYHCIUM ¢4t IlpepBapHETenvHU ycTa-

HOBHM, 9TO MHUHHUMAJLHH ¥ MHOTOYJAEH omepaTopa .4 mMeeT BHJ
P M) =2 (A2+40?).
HeiicTeaTensro, H3 (56) HaxommM:
A2x=40 X (0 X x)=14 (ox) &— 402,
A3rx=—20 X A2x=802 (® X x).
Orcioja ® m3 (56) caenyer, d9ro omeparopst F, 4, A% nuAefiHo HE3ABUCHMEL,
A3 44024 =0,

MEEEMANLAHI MEOTo9aeH W (A) mMeer mpocteie KopHE 0, 20i, —2wi. ATEpNONA-
NHOHHHM MHOrowlen Jlarpamma s e” HMeeT BHJ

sin 2wt 1 —cos 2wt
2
1+ 20 A+ 42 A2,
Torpga
At —E+ sin 2wt {—cos2wvt

A Az,

20 42
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MoacraBaag 9TO BEIpakeHHe Ias At

3 (56), Haigem: . ) . .
t {1 —cos 2wt wl—sin 2w
r=rg+vl+g 7-“3 X ('— ”0+T g) +

B (58) m saMenss omepaTop .4 ero BHpakeHHeM

2m2

— _ 2;2
+cox ® X <2mt sin 2wt vo-- 14 2w2t21-cos 2wt g)] . (59)

4ot

PaccMoTpEM 4YacTHHI-caydait vp=0. Torma, packpuBasg TpOiHOe BEKTOPHOE IpOo-
HaBenieHuel,) IIOJIy‘IKM‘

—sin 20t cos 20t —1--2m2t2 .
r—ro+y—+———~( X @) — 4m3+ {g sin o -+ og),

rie ¢ —reorpadudeckan IIApPOTa B JAHHOM MecTe 3eMau., Yien
2wt —sin 20t
43

mgpefcTaBpaser c060# OTKIOHEHHSe, HANPABICHHOE NEPUeHAMKYIAPHO K NAOCKOCTHE MepH-
Auaga Ha BOCTOK, a IocJeflHee cJjaraeMoe B IpaBoll dYacTu mociaefHed ¢OpPMyaH Jaer

OTK/JIOHeHTWe, JieyRAIee B NJOCKOCTH MOpHJTHAHA W HAIpaBIeHHOe OT 3eMHOH ocH (mep-
MeHAWKYAAPHO K Hed).

4. Ilycts Temepr pmaHa caefyiomas cucTeMa JAHHEHHHX AuddepeHNTaTD-
HHIX ypaBHEHHI BTOpOI‘O mopsAKa:

(g X o)

3\

dtg L @@y apptta 1+ . . A @, =0,

d2zy

g TG+ ap®t . ..+ ant, =0, + (60)

d2z
'Eﬁri + @ny &y + Gnaty + o A Gpnn = 01

oy

rae aip (i, k=1, 2, ..., n) —nocroannane xoadpdunuente. Broas cHOBa cTOMbE
&= (%, Ty ..., &) U KBagpaTHY Marpuny A=| a;||l, MH nDepemmmem
cucremy (60) B MaTpmunOoM BHUAe

d2x

PaccmoTpuM cHauana caydait, worma |A|=40. Ecam n=1, 1. e.

1 A—cranapu m A%0, ofmee pemenune ypaBHeHHH (60) mo:zer OHTH
3aOMCAHO B BHJE

z=cos()V At)z+ (Y 4)? sin(]/?ft):co, (61)

TAE Tp==Ti=g U xo—< )t .

HemnocpeacTBeHHOH DpoBepkoll yOexpaemcsa, uro (61) mpemcraBaser
coGoii pemenme ypasmenusa (60) opm awfom n, kKorma x-—croabem, a
A —HeocoGenHasa kBaapaTHasg Matpuna?). Ilpm arom Mm ommpaemcsa ma ¢op-

MYJIB
| cos()/At)=E — At2 +~— A%t —

62
(VZ)‘ISiD(VZt)=t—-—At3+ = A%5 . ( )

1) ITo dopMyme @ X (b X ¢)=Db (ac)—ec (ab); NPH ITOM CJAeLyeT YyIecTh, ATO BEeKTOpP g
HanpaBieH K LGHTPY 3eMiH, OTKYJA ©g=— — ©g sin ¢.— IIpum. ped.

__ %) Ion 'I/A MEL 37leCh NOHEMAaEM IPOH3BOJBHYI0O MATPHIlY, KBAagpaT KOTOpOM paBeH 4.
VA 3aBefomo cymecrByeT npE | A| == 0 (cm. cTp. 120).

9 . P. TanT™axep
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®opmyna (61) oxsarniraer Bce pemeHnmsa cucTeMH (60) mam  (60°),

HOCKOJBKY HAYaJbHEE 3HAYEHHA Iy U %y MOTYT GHTH BHOPAHH HPOH3BOIBHO.
B ¢opmynax (62) mparsie gactu umeror cmeica u upn (A | =0, [Toatomy (61)
upefcTasiser coboil obimee pemeHHe JaHHON cucTeMH JudepeHIHATBHEX
ypaBHeHmit M B ciaydae, xorga |A|=0, ecam Tombpko moj GPYHKRIIAMH
cos(/A¢) u (JVA)*sin()/At), Bxogamumm B COCTAR ITOr0 BHPAKEHHSA,

NOHNMATH mpapele dactm ¢opmyn (62).
IlpegocraBaseM YNTATENI0 TPOBEPHTH, dYTO ofilee pemieHHe HEOLHOPOA-

HOM CHCTEME
d2r '
PTE] +Az=f(1), (63)
dx ™
YAORJIETROPAIOIIEE HAYANBHEIM YCIOBUAM Zi—g=Zy H 2 /t —xo, MOMKET

OBITHE 3aIMCAHO B BHE

z=cos (1 At)zo+(V A) sin(V At)zy--
+(VA \sin VAt —v]jmdr. (64
Q

Ecim B KadecTReé HAYaJILHOTO - MOMEHTA BPEMEHH Oepercs t:to,_To
B dopmynax (61) m (64) cmeayer azamenmnts cos()/At) m sin()/ A1)
t t

Ha cos )/ A (t—1to) u sin )/ A (t—1,), a g Ha S :

0 o

§ 7. YcroitumsocTs ABM:KEHMA B ciaydae jguneiinoil cumcreMbi

IIycry 2y, %3, ..., Tn—OApaMeTpPH, XapaKTepH3YIOLINEe OTKIOHEHHE «BO3-
MYII€HHOTO» JBH/KCHHA [AaHHOH MeXaHMIeCKO#l CHCTeMBl OT HCCJIeyeMOTo
ABUKEHUA '), H OYCTh 9TH HApaMETPHl yAOBIETBOPAIOT cucreme muddepeHmu-
aJbHHEIX YpParHEHMiI HepPBOT0 mOpPAJKa:

dx; .

#:fi(xi, Loy «ony Xny ) (E=1,2, ..., n); (65)
3/IeCh He3aBHCHMOE MepeMeHHOe [ — BpeMs#, npasHe dact f; (¥, Lz, ..., Tn, L) —
HenpepHBHEE (YHKIMM B HEKOTOPOH ofaacTu 3HAYEHUT &y, Xs, . .., Ly (COMEP-
wameid Toury =0, 2,=0, ..., 2z,=0) mpm Bcex ¢>1{, ({;— HaZaIbLHHI

MOMEHT BPEeMEHH).
BreneM ompeneneHne ycToHYMBOCTH IBIFKEHHMS m0 JlamyHOBY 2).

Hccnepnyemoe pBmKeHWe HA3BBAETCH yCcmouuussim, eclIm IO mioboro
gpcaa € >0 MoKHO ykasarth umcao O >0 rakoe, 4T0 npm JIOOHX Hagalb-
HHX (Opu ¢ =1{;) SHAYEHHAX MOApPaMeTPOB iy, Lo, ..., Lng, MEHBMIHX IO MO-
oymio gpcaa O, mapaMerpel Xy, s, ..., £n BO BCE BpeM}I ABWKEHUA (L3> 1,)
mo MOYJII0 MeHbHEe €, T. €. JNJIA .moﬁoro e >0 mokHO yKaszarp Takoe & >0,
9T0 M3

x| << (i=1, 2,...,n) (66)

1) B 3TMx mapaMerpax wucciegyeMoe [IBHMKCHHE XapPaKTePHU3YeTCA IIOCTOAHHBIMI
BYIeBHMHA 3HaGeHuAMH Z;:=0, r3=0, ..., 2z, =0. [loaToMy npu mMaTemMaTuweCKOll Tpak-
TOBKe BONPOCA FOBOPAHT oG ycmurmnocm HyJdeBOro pemreHAA cucreMbl audepenumann-

HEIX ypaBHeHW# (65).
%) Cm. [22] eTp. 13; [38], erp. 10—11 num [23}, crp. 11—12.
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craenyer:
|z; (t) | <€ (t = 1,). (67)
Ecau npu 5TOM JOTOJIHUTEIBHO IPH HéROTopOM 8,>0 Bcerna‘ lim z; (t) =0
(=1, 2, ..., n), Koab cKopo |z|<<8, (i=1, 2, ..., n), Tot_;;(r:::onenyemoe

IBU/KEHNE HA3EIBAETCHA ACUMRMOMUYECKU YCMOUHUBLIM.

PaccMoTpuM Temephr IuHEHHYX CHCTEMY, T. €. TOT YACTHHIH CAydaii,
xorga cucrema (05) spasgerca cucTeModl JTUHEHHHX OJHOPORHHX AHGGepen-
IMUAJbHBX YPaBHEHHH

n
dx;
_?Z_tL = 2 Dir () Z, (68)
k=1
rie pi (1) — HenmpepuiBHBIe QYHKIUH mpu £ >1y (i, k=1, 2, ..., n).
B marpuunoii sanucu cucrema (68) sanmumercs Tax:
dx ,
=P (68")
3lech & ---CTOJ0IEeBasA MAaTpuia ¢ 3JIEeMEHTaMu xi,sz, ey Ty, A P(t)_,—;

== H P (1) H? — MaTpuua KoagPuiiuerToB.
Go3HAYUM dYepes

Chj (t)a Q‘zj (t)7 M QHj (t) (]: 11 2s - vy n) (69)

n MMHEHHO HESABMCHMEIX pemleHuy cucreMbl (68)1). Marpuuy Q (7)== | g¢;; |7,
cToI0LUaMH KOTOPOM ABIAKTCA 3TH PeIIeHMHA, HA3HBAIOT UHMe:PaibHOl Mam-
puyeti cucremu (68). : ‘

HlpousBoiibHOE pelleHHE CHCTEMH JMHEHHHX ONHOPOJHEX Augdeperim-
AJTbHHX YPaBHEHMI HOJyYaeTCHA KaK JUHENHAA KOMOMHAIUA ¢ HOCTOSHHEIMI
Ko punmeHTaMu w3 7 JWHEWHO HE3aBVUCHMHX pPeNICHA:

n

Ti= 2 ¢;qi; (1) (t=1, 2, ..., n),

=1
HIX B MATPHYHOH 3amMUCH:
z=Q ()¢, (70)

rae ¢-— cTON0IEeBaA MAaTPHIA, 3IeMeHTaMU KOTOPOH ABJIANTCH TPOU3BOJBHEE
HOCTOSHHBIE €4, C3y ..., Cp.
BrulepeM Tenepp cneuuMalbHYH0 HHTETPAIBHYI MATpUUy, IS KOTOPOIL

Q (ty) = E; (71)

ApyruMH CJIOBaMM, HpH BHOOpe 7 IHMHEHHO HE3ABHCUMHX pemenuit (69)
OymeM MCXONUTh M3 CHeAYRMUX CHENUATbHHX HAYAIbHHX YCIOBUI 2):

o [0 G,
qz.i(tO)“—‘Su‘[i (i=7)

Torpa, nonaras B dopmyne (70) t=1¢,, us (71) naiizem:

G, j=1, 2, ..., n).

ry=¢,

1) 3pecr BTopoli MEZEKC j 0003HaYaeT HOMep pelleHHH.
?) Jliobbte _HavajbHBIe YCIOBHSA ONPeLEIA0T, WM UIPHTOM ORHQ3HAYHO, HeRDTOpOe
peinenne JAHHOU CHCTEMH, . : -

%
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n moromy $opmyaa (70) mpmmer Bup

WJIH B pPasBepHyYTOM BHMAE

xiz,gi q; Dz (=1, 2, ..., n). (72')
=

PaccMorpuM Tpu caydas:
1. Q (t) —oepanuvennas mampuya B uHTepBaje (f,, ~-co), T. e. cyile-
cTByeT Takoe gucyuo M, dro

lg; OI<M  (E>t; i, /=1, 2, ..., n).
B stom caywae m3 (72') camexmyer:
| z; (t) | < nM max | z;,|.

YcaoBue yCTOHUMBOCTH BHIIONHAETCA. (I[OCT&TO‘IHO B (66), (67) B3ATH

e
8 << 3T ) Heuacenue, xaparme pusyemoe nyaeesim peuteruem xi =0, 2o =0,..,

. ovy Xy =0, ycmoiinueo.

2. lim Q (¢)=0. B srom cayuae marpuma  (f) orpaHudeHa B MHTepBaJe
e ‘

(ty, + ©0), U IOTOMY, Kak y:Ke OBLIO BHIACHEHO, ABWKeHMe ycrToiumso. Hpome
Toro, ua (72) caegyer, 4TO

lim z (t) =0

t~>-f-co
npn a000M xo. [ eudicenie acuMnmomuiecKu Ycmoiuuso.

3. Q(t)—neoepanusennas mampuya B UHTEpBaNE (f,, + o). 9Jro ozHa-
gaer, 4T0 HO KpaiiHeii Mepe opfHAa u3 QYHKOuH ¢;; (1), mHampmmep g (£),
He OTPaHUYEHA B MHTepBate (iy, co). BospMeM HauaJdbHHE yCIOBHA Ty =0, ...

ey TnoF0, ..., Zpg=0. Torga

mh (t) = qnp (t) Iro.

KaxpMm OW MageM OO MOAYJII0 HH ORIO Ipe, PyHEHUA 3 (£) OyAer He orpa-
HuueHa. Yciosume (67) He GyAeT BRIIONHATHCA Hu Hpu ofHOM 0. [Jeuscenue
HeyCmou4ueo. ‘

PaccmoTpuM Temeps YAacTHHH clydail, KOrja Kos@@UOWeHTH B CHCTEME
(68) — mocToAHHBE TUCIA:

P (t) = P = const. (73)
B srom cayzae (cMm. § )
x=eP U—tod g, (74)
ComocraBnas (74) ¢ (72), HaxoguMm, 4To B JAHHOM CIydae .
Q (¢) = eP (t=to), (75)

OGo3zmauum uepes
P (M) = (A—A)™ (A —Ag)m2. . (A—As)"s
MHUHUMAJBHHN MHOTOYJEH MATpume Koadpdumuentos P.

Jna uccnemomaHuA WNHTETpPadbHONI MaTpune (75) BocmoanadyeMca ¢op-
myaoit (16) ma crp. 141. B gannoM cayuzae f(A)=e* (¢=f) (¢ paccmarpusaercs
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kak mapamerp), f9 (Ag) = (t —to)ie™n (1710

s

eP (t—tg) —— Z [Zki -1- Zkz (t —.to) 4.+ thk (t _ to)mk_ 1] ehh (t—tg) (76)
1

. Wopmyna (16) maer:

Paccmorpum Tpm caygas: | .

1. ReAp, < 0 (k=1, 2, ...,s), npnieM JIsa Tex A, JAJA KOTOPHX
Re Ay =0, coorsercrByomee my =1 (T.e. IUCTO MHUMEE XapPaKTePUCTHIECKUE
9MCcIa ABIAITCA TIPOCTHIMA KOPHAMH MHHHMAJIBHOI'O MHOTOYJIEHA).

2. Rehg<<0 (=1, 2, ..., 5).

3. Ilpu meroropom k mmeem Re Ay >0 mmGo Rehr=0, mo mpy>1.

U3 ¢opmynm (76) cmeayer, uro B caygae 1 Mmarpuma Q (f)=e? ¢—10)
orpaEmYeHa B mHTepBaie (f,, - o), B caysae 2 eP (-t 0 npu {— 4 o
H B caiydae 3 marpuma e ((—%) He orpaHmueHa B mHTepBale (fp, -+ o).

3necs ocoboro paccMorpeHHs Tpefyer IMOIB TOT cllygail, Korja B BHpa:KeHuu (76}

st eF ¢—%0) pmeerca HecKOMBKO CIAraeMHX MaKCHMAJBHOTO pocTa (IpH t-—> o),
T. e. ¢ MakcoManbHEM Re Ap=0g >0 m (upn gasnom Re Ap=0)) ¢ MAKCHMAJIBLHLIM 3HATe-
HAeM mp=—mg. Torga BHpa;xeHme (70) MOKHO HpeACTABUTH B BUE

: r
P Ut — o =t) p__gmo=t [ X1 7, o5 (=100 ()], (7

rae By, P2, ..., Pr—pasamuHse BeulecTBeHHHe umeaa, a (K ) ofosHawaeT MaTpuny,
CTpeMAmYoca K Hydlo npu t-—- --co. W3 9Toro iipeacTraBjieHusa BHITeKAaeT, 9TO MaTpuUUa

r
eP (—%) ye orpanmmuena mpu og--mo—1 > 01), IOCKONBKY MATPHIA 2 Zk_moeiﬁj (t—tp)
: i
j=1

He MOKeT CTPEeMHTHCH K HYIK upd ¢-> -+co. B nocaegHem Mu yOegmmcs, eclm [OKa-
sHeM, 9T0 QyHKUIUA

f(ty= ) cse'Ps,
i=t1

rjle ¢j— KOMIJIGKCHEIe 9mcia, a Pj— BelecTBeHHHE W pa3inYHble Me:rAy coboil gmena,
MO’KeT CTPeMHThCA K HYJW IpH ¢ -—- -+ 00 TONBKO B cayuae f(#) =0. Ho, feiticTBUTENBHO,

T
f (@)= 2 cje— Bt (78)
Jj=1

Mepemuo;kan NoujdeHHo papercrsa (78) m (78') m mHTerpmpys o ¢ B npegerax or O
no T, monydum:

T r
1
lim - S B (2dt= cj |2, 79
Jim g ) @ Edi= 2 el (79)
0 =1
Ho m3 lim f(¢)=0 BmiTekaer, 4T0 7
t—=>-+too
T
lim — S £ () |2 de =0,
T—>+OO T L)
0
[oatomy m3 paseHcTsa (79) maxofum, uTto cp=cp=...=¢,=0, T, e. f(f)=0
[Tosromy B cayuae 1 gBmkenme (z;=0, z,=0, ..., z,=0) ycroiiamgo,

B cllydae 2 — aCHMIITOTHYOCKH YCTOHIMBO WM B cIydae J-— HeyCTOMYHBO.

1) Nnawe rosopsa, mpHu Oy >0 aubo upu ag=0, HO mo>1. —IIpum. ped.



134 O®YHKITHH OT MATPHIIBI ra. v

Pesynprarel ucciegoBanuss MOTYT OHTH CHOPMYIHPOBAHEL B BHAE CIEHYIO-
uieii reopeMsll):

Teopema 3. Hyaesoe pewenue aunelinott cucmemst (68) npu P = const
asasemcs yemotuussim no Jlanynosy, ecau 1) ece xapaxmepucmuueckue wucaa
mampuyst P useom ompuyameavHble UL HYAesble BeujeCMEEHHBlE “acmu,
2) ece xaparkmepucmuueckue HUCAQ C HYAEELIMU BEUYECMBEHHBIMU UACMAMU,
m. e. YUCMO MHUMbIE LaparKmepucmuieckue wucaa (ecAu marosvle u.uefomca),
AGAAWMCA RPOCMBLMU  KOPHAMU MUHUMAABHO20 MHO204AeHA wmampuusl P,
u Heycmouuusvlm, ecau roms 681 00no us ycaosull 1), 2) ne ewnoansemcs.

Hynesoe pewenue aunetinott cucmemwsr (68) ssasemcs acumnmomuuecku
YemoUMuenM 6 MOM U MOABKEO 8 mOoM cayuae, Ko20a ece Xaparmepucmuie-
ckue wucaa mampuybl P umeiom ompuyamenvnsle seujecmeenmsle wacmu.

IIpuBenennbie Bpime COOOPA)KEHHA TO3BOJAIOT BHCKA3aTh CY/KIEHUE
0 XapakTepe MHTETrPaTbHOH MaTpuuu eF(i—l) g ofmieM ciaydae mpu OPOU3BOIb-
HBHIX XAPAaKTEPUCTHYECKHUX THCIAX MOCTOAHHON Marpunwn P,

Teopema 4, Hnmeepaavnas mampuya ef{—1%) qunetinoti cucmemst (58)
npu P =const eceeda npedcmasuma 6 eude

ePU=10) — Z_ (£) + Zo (1) + 2+ (2), (80)

ede 1) lim Z_(t)=0, 2) Zy(t) aubo=-const, aubo ssssemcs 02PAHUYEH-

t—+-too
HOUL mampuyell ¢ unmepaaae (ty, -+ o), He uMewwel npedeaa RpU t—> —+ oo,
3) Zi(t) aubo =0, aubo ssasemcs Heo2paAHUUEHHOU MaAmpuyel 8 UHMepeaae
(to, + OO)
Jdorxazarenscrrso. PazoObem B mpapoit wacrm pasencrsa (76) Bce
m caaraeMelx Ha Tpu rpynnsl. Obosmadnm depes Z_ (1) CyMMY BCexX CIaraeMsix,

copepxamux Muoxureas ¢ kTR ¢ Red, << 0. Yepes Z, (t) obo3HATMM CyMMY
ciaaraemux, y xoropux aufo Reir, >0, nubo Re )y =0 npu Haguuum MHO-

- sumrenn (t—t,)” npm v>0. Yepes Z,(f) 0603HaUUM CYMMY BCEeX OCTATBHHIX
cnaraemuix. llpuseiennbie panee coobpaieHns nokasusawr, 9ro lim Z_ (£)=0,
t—tw
a ¢pysruusa Z, (f) He OrpaHHYeHA, €CJIM TOIBKO OHA HE pPaBHA TO}KJECTBEHHO
gy, Oyarkuna e Z,(t) orpanundena. llokaykem, uro us cymecrsoBaHus
npegena lim Z,(¢) = B caegyer, 410 Z,(t) = const. [leficTBuTeIbHO, Pa3HOCTH
ts-fo00

(t—t

Z,(t) — B mo;ker OHTH NpeficTaBIeHA B BUAE CYMMH 2 Zpm QBJ( 2
S

cra (77). OTHOCUTENBHO K€ CYMMBI TAKOT'O BUJA BHIIIE GHJ'IO TOKA3aHO, YTO

oHa Moyker mmerp mpefgen O mpu f{—> -|- oo IMIIB TOTHA, KOTJa OHA TOMKJIE-

CTBEHHO PABHA HYJIIO.

Teopema 4 pmorasana.

U3 paBeH-

1) O ToM, KaK YTOUHAIOTCH KpHTepHN YCTOMIUBOCTH H Heyc'ronqnaoc'm A THHe-
apnaonaﬂﬂmx cacTeM (T. e. HeJHHEeHHBIX CHCTeM, CTAHOBAIIUXCA JHHUEHHLIMA IT0CJEe Ipe-
ge0perkedna HeqnHeHHEIME WieHaMm), cM. gajiee B ria. XIV, § 3.
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3KBUBAJIEHTHBIE IIPEOBPA30BAHN A MHOT'OYJIEHHBIX MATPHII,
AHAJIMTHYECKAS TEOPUA DJIEMEHTAPHBIX JEJMTEJEN

[epsbie Tpu maparpaa HacTOAmell TAapk IOCBAIIEHH YYeHHI 00 aKBu-
BAJICHTHOCTM MHOTOwIeHHHX Marpuin. Ha ocmope sTOro B HOCHEAYIOMHUX TPeX
naparpadax CTPOMTCA AHAJIUTHYECKAS TEOPUs JJAEMEHTAPHBIX [eauTejei, T. e.
Teopus TpHUBEJeHUs IIOCTOAHHON (HEMHOTOWJIEHHOH) KBafpaTHOH Marpuns A
K HOpPMaJdbHOH (opme A (A:TZT‘l). B mocaegnux apyx maparpadax riaass
7aHH JBa MeTO/la MOoCTpoeHusa mpeobpasywineit Marpuus 7.

§ 1. dnemenTapupie upeoGpasoBaHNA MHOrOWICHHON MATPHIIbI

Onpenenenue 1. Mruoeovaennoti mampuyeli unu A-mampuyeii Ha3H-
BaeTcs NPAMOYroiabpHasa Marpuna A (A), sJIeMeHTH KOTOPOH CYTh MHOTOWJIe-
HE 0T A:

A =l on® =gy agra el (0,

k=1,2, ...,n

3neck | —HamGoapmras M3 CTEINeHeH MHOTOUJEHOB @ (A).
Ilonaras :

Ai=|laf] (=12, ..,m k=12 ...,% j=01,...,10),

MBl MO;KeM TpeJCTaBUTh MHOTOYJIEHHYI0 Marpuny A (A) B BHJe MarpuIHOTLO
MHOTOYJIEHA OTHOCHTEJIBHO A, T. €. B BHAe MHOTOWIEGHAa C MATPUIHBIMM KO3(-
(UIIHEeHTaMU:

A =AM+ AMTF L A A,

BeemeM B paccMoTpenne CAEIYIOIHE d.LeMEHMAPHbE ONePayul HaJ MHOTO-
wixennoii Marpuuein A (A): '

1° YMuo:kenue Kawoi-inGo, Hampumep i-ii, crpoxu Ha uucao c==0.

2° Tlpubasnenne K Kakoi-mu6o, Hanpumep i-ii, CTPOKe ApYroiu, HaIpumep
j-#, CTPOKM, NpeJBADUTEIBHO YMHOMEHHOH = HA IPOM3BOJABHBIN ~ MHOIO-
~ agen b (A).

3° TlepecranoBka  MecTamu JIO0BIX J[BYX CTDOK, Hampumep -1
u j-1 CTPOK.

IlpepnaraeM wuTaTeNo OPOBEPUTH, UTO ONEpAlMH 1°, 2°, 3° paBHOCUJIbHH
yMHOeHMI0  MHOTO4IemHOH Marpumbi A (A) caesa COOTBETCTBEHHO HA
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CIeAyIOMue KBAADATHHE MATPHIE HOPAZKA m1l):

(&) ()
1 0 1. 0
g 3 I B SR X7 WA N )
0 1 0. .. ......1
(£) (7) o (M)
1 ' ' 0
0. 1
Sm: . ,
1 0.
0o . ' 1

. LY

T. e. B peayiapTare IpmMeHeHHa omepammit 1°, 2°, 3° marpmma A (A) mpeoG-
pasyeTcs COOTBeTCTBeHHO B Marpumst S'-A(A), §"-4 (A), §”-A (A). Hosromy
omepagun tama 1°, 2°, 3° HA3HBAIOTCA AE6BLMU IACMEHMA PHBLMIL ONEPAULIMU.
- CoBepmeHHO aHAJOTHYHO OUPEHENAIOTCA RPAGLE 9.AEMEHIME PHBIE ONEPAYUL
HaJ MHOTOWICHHOH MaTpHIeEN (3TH ollepalHy IPOM3BOLATCS He HAJN CTPOKAMH,
a Haj cToJ0ImAaMH MHOTQJEHHOH MATPHIH) M COOTBETCTBYIOI[HE HM MATDHIILE
(mopAgka n)?):

SR (0

I
S

T’ @), T =

b . )

1) B marpmmax (1) Bce HeOTMeJeHHEI® 2JA6MEHTHl Ha IJIABHON IHATOHAJIH DABHE
e[lMHHIE, & B OCTANBHHX MeCTaX-— HYJII0.
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’

1. ......0

T —

o.......1

B pesyapTaTe mpHMEHeHHMA WPaBOl 3JIeMEHTApPHON ONEpali¥ MAaTpHIX
A (M) yMHEOXRaeTCA cnpasa Ha COOTBETCTBYHWI[yI0 Marpuuy 7.

Marpuusr tana S, 7, 8’’’ (umm, 9o To ke, nma 7', T, T'"") mu Oynem
HA3HBATh JIeMCHMAPHELMU MAMPUYAMU. :

OnpepennTeas 1060 31eMEHTAPHOM MATPUIIEL HE 3ABUCAT OT A ¥ OTJIHYCH
or Hyua. Ilostomy muasa kakpmod Jesoil (mpapoii) SIIEMEHTAPHOM onepalun
cymecTeyer o6paTHas omepaumMs, KOTOpas TAK:Ke ABIAETCA JeBoit (COOTBeT-
CTBEHHO IPaBOii) 3JIeMeHTApPHON oIeparueii ).

Oupegenenne 2. Jise Muorowrennsle Matpumsl A (A) u B (A)
HA3BIBAIOTCA 1) 1£809KEUSAIEHMHMIMU, 2) NPASOIKBUBAIEHMHHMU, 3) IKEUBA-
ACHMHBMIL, €CIH OJHA U3 HUX UOJydaeTca W3 APYrod myTeM HPHMEHEHHA
COOTBETCTBEHHO 1) JIEBHIX BIIeMEHTAPHBIX Omepalyii, 2) HPaBhIX 3Ie€MEHTaPHBIX
omepamnuii, 3) JeBHX ¥ HPABHX 3JIEMEHTAapPHLIX Omepammuii %).

IIycte Matpuna B (A) monygaercsa us A (A) npu DOMOIE JIeBBHIX 3JJIEMeH-

TApHHIX Omepamuif, COOTBETCTBYIMMX MartpumaMm S, Sz, ..., Sp. Torga

BA)=8p5p4...514 (). ‘ (2).

O6o3ravaa gepes P (M) mpoussenenne SpSp—1 . . . 54, MBI PABEHCTBO (2)
JAamMIICM B BHJE ,

B(A)=P(M)A M), | (3)

rie P (A), kak u KasK/asa U3 MaTpPHI| S1, Say ..., Sp, HIMeeT OTIMYHKHIA OT HY-

JA M OCTO A H HE if °) onpeeJuTeNb.

B caexymomieM mnaparpafe Oyder AOKasaHO, 4TO KaxkJad KBaJgpaTHAaA
A-marpuna P (A) ¢ DOCTOAHHHM OTIWYHBIM OT HYJA OHpPEeleMTe]eM MOKET
OHTH npefcTaBiIeHA B BHAE IPOM3BEJICHAA 3IeMEHTApHEIX Marpul. llosromy
paBeHcTBO (3) BKBHBAJEHTHO PaBeHCTBY (2) M MOTOMY O3HAYAET JIEBYI0 DKBH-
BasieHTHOCTh Matpui 4 (A) u B (A).

B cayuae mpaBoii SKRHBAJCHTHOCTH MHOTOWIEHHHX MaTpul A (A) u B (A}
BMecTO paBeHCTBa (3) OyJeM HMeTh PABEHCTBO

B =4M)Q "), (3)

1) Orciofa ciejlyeT, 9To ecl® MAaTpEia B (A) moaydaerca us A (A) myTeM npuMeHe-
HEA JeBHX (OPAaBHX; JeBHX H MPABHX) BJIeMEHTAPHHX oHepalimii, To ¥ ofpaTHO MarpHUa
A (A) Moxer OmTH MoTydYena u3 B (A) myTeM IPHMeHeHMA 3JIeMeHTAPHHX ONepamaid TaKkoro
jke THma. Kag JeBHe 2leMeHTApDHEe ONepaliyH, TAK W OpaBsle 06pasyior rpynmy.

2) 113 ompejielIeHRA CJIEAYeT, YTO JeBOIKBHBANIGHTHHMY, [IPABOIKBHBAICHTHHIMHA LR
HPOCTO SKBHBAJEHTHHIMH MOTYT OHTH TOABKO OPAMOYrONBHbIE MATPHIE ONUHAKOBEX
pasMepoB.

) To ecTs He 3aBUCAIWIA 0T A.
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.4 B cJydJae ([ByCTOPOHHEH) 3KBHBAJEHTHOCTH — PAaBEHCTBO
B(A)="P(h) A(L)Q (). - (39

3aech omare P (A) u Q (A) — MannuH C OTIMYHKIMH OT HYJA W He 3aBUCH-
JEMA OT A OIpeJeJuTeIAMHM,

TakuM o6pasoM, ompefesieHne 2 MOMKHO BAMEHHTD PABHOCHIIBHEIM onpe—
JeJIeHueM.

Onpegeneunne 2. [Ipe npamoyroneunie A-matpuust A (A) u B (A)
Ha3BAOTCA 1) sesosksusasenmubiMu, 2) npasoskeusaseHmMHVIMU, 3) IKeusa-
MAEHMHEMIL, €CIH COOTBETCTBEHHO

D BM=PMA®R), 2) BAM=AMQ®A), 3) BW=PH)AR) QM)

rne P (M) m Q (A) — MHOroYJIeHHBIe KBaJpPaTHEE MATPHIH C NOCTOAHHBIMHU
‘M OTIHYHHIMH OT HYJS OIpPeAeJHTeNAMH.

Bce BBefieHHHIE BHIlle MOHATHA NPOUJLIIOCTPHPYEM HA CIELYIONIEM BajK-
HOM IIpHMepe.

PachOTpHM CHCTEeMY m JMHEHHHX OJHOPOAHEX AupPepeHHNATIBHEIX
VpaBHEHMH [-ro MOPAAKA C 7 HEH3BECTHHIMH (YHKIMAMHA Ty, Tpy - o o
apryMeHTa t ¢ HOCTOAHHBIME Ko3pdunumentamm:

agy (D) T+ ayp (D) 22+ ... +ay (D)2, =0,

ag (D) 2+ az (D) Tat ... Ao (D)2, =0, (4)
Amy (D)xi_l‘amz(D) 502+ ‘]"amn(D)-Tn‘—O
-31eCh |
a(Dy=a@D' 1 a¥D ) (=1, 2, ... m; k=1,2,...,n)
~— MHOTOWICH OTHOCHTENBHO [ ¢ néctoguunmu kKosddunuenramn, D = % —

oneparop AuddepeHnupoBaHUA.
Marpuna omepaTopHHIX Ko3QOUUNEHTOR

A(D):jjam(D)_H (i=1, 2, ...,m; k=1, 2, ..., n)]

ABJACTCA MHOTOYJIEHHOW MaTtpuueid mim [D-MaTpuuen.

OgeBu/iHO, YTO JeBasa 3jIeMeHTapHasa omepauma 1° mam marpumenn A (D)
03HAYaeT MOYJIEHHOe YMHOKeHTe (-ro AuddepPeHInalbHOTI0 YPABHEHUA CACTEMEI
Ha gucao ¢ = 0. Jlesaa saemMenrapHag omnepamusa 2° o3HadaeT MOYJEHHOE
npr0aBieHne K i-My YPaBHEHHIO j-I'0 YpPaBHEHHA, IpelBAPUTE]bHO IOABEPI-
nytoro guddepennuanrvuoii onepanmun b (D). Jlepaa sneMeHTapHasA omepanus
3° o3HavaeT MePeCTAHOBKY MeCTaMu i-T0 M [-TO YPaBHEHHI.

TakuM obGpasoMm, ecim B cucTeMe ypaBHeHHi (4) MaTpuuy ONSPATOPHEIX
roapdunuentor A (D) 3aMeHuTh JTeBOPKBUBAJICHTHOH eil Mmarpuuein B (D),
TO MEI IIOJIYyYUM HOBYIO cucteMy ypaBHeHumii. llockonmky, o6parHo, mCXofgHad
CHCTeMa MOMKeT ORTh MOJYYeHA M3 ITOHM CHCTeMHEI IPH IMOMOINYW AHAJIOTHIHBIX
omepanuii, T0 00e¢ CHCTeMH YpaBHEHWH pPaBHOCHJBHEHE !).

HeTtpyaHo nponHTepIpeTHPOBATE HA TaHHOM IpPHMepe U MPABRIE 3IIEMEH-
‘TApHBEIEe omepanuu. llepsadA w3 9THUX omepauuii 03HAYAaeT BBEJEeHME BMECTO

1) Ilpm sToM DpHHEEMAETCH, YTO HCKOMEe QYHKHUH Z4, Zg, . . ., Z, TAKOBH, 9TO IpPO-
U3BOJHbIC OT 3THX PYBRHHUE BceX TMOPAAKOB, KOTOPHE BCTPEYA0TCH MPH MpeohpasoBaHUAX,
<ymecTBywT. Tora aBe CHCTEMH ypaBHeHHH C JeBOIKBUBAJTCHTHHIMH MatpunaMu A (D)
# B (D) uMe10T OfHH M Te Ke PemeHHnA,
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o " . o LY 2 1
OFHOI U3 HEM3BECTHHX QYHKIMI Z; HOBOH HEU3BECTHOH QYHKIHH T = = Ty

'BTOpaf dilEMeHTAPHAA ONEPAaNuA 03HATACT BEC[CHHE HOBOHl HEW3BECTHON
¢ysrnuu z; = z; — b (D) r; (BMecTO Z;); TPeThA ONEPANUA O3HATAET nepe-
MEHY MECTAMH B yPaBHEHHMAX WIEHOB, COJAEPIKAINMX %; H Z; (T. e. x; = Ij,
Z; = ).

J i

§ 2. Kanonnueckuili BUJ A-MaTpHILI

1. BuigcHuM cHagala, K KAKOMY CPaBHHTEIBLHO IPOCTOMY BHAY MOMKHO
IMpUBECTH NPAMOYTOJBHYI0 MHOTOYIeHHYI0 MaTpuny A (A) nmyTem HpuMeHeHHA
OIHMX TOJNBKO JIEBBIX 3JIEMEHTAPHHIX ONepanui.

ITonycTuM, uTo B mepBoM croi0me maTpuimel A (A) mMeloTca BJIEMEHTEHI,
'He paBHHIE TO;KAECTBeHHOo HYJI0. BoabMeM cpeln HUX MHOTOYIEH HaHMEHb-
miell cTeIeHH W IOYyTeM IIePeCTAHOBKH CTPOK CjlejlaeM €ro. ajlieMeHToM ag; (A).
ITocae aToro pasjenuM MHOIOWIEH @;; HA &y (A); 9acTHOE M OCTATOK 0603HA-
9uM uepes ¢y (A) m ryy (A)

a“ (A;) == aii (7\.) Qii (?\4) + rii (}\-) (l = 2', .n ey m).
Boiatem Tenepb u3 i-ii CTPOKM IEPBYI CTPOKY, OpPeJBAPUTEIbHO YMHOKEHHYIO
Ha ¢;; (M) (i = 2, ..., m). Ecan npm arom me Bce ocTaTkm 7y (A) PaBHEL

“TOFKIECTBEHHO HYJIO, TO TOT M3 HMX, KOTOPEIA He paBeH HYJI0 U HMeeT Hau-
MEHBINYIO CTENEeHb, MOKET OLITh IE€PECTAHOBKOW CTPOK IIOCTAaBJeH HA MECTO
‘ay; (A). B peayabraTe Beex 3THX Omepanuil CTeNeHh MHOTOYIEHA d;y (A) MOHH-
BUTCA.

Teneps MEl cHOBa HOBTOPUM 3TOT HpoOLECC 1 T. [ Tak Kak cTeneHb MHOTO-
gneHa @y, (M) KOHeYHa, TO Ha HEKOTOPOM 3Tane 3TOT NPOIecc yike HENb3A
‘GymeT mPOAOJIKUTH, T. €. Ha DTOM 3Tale BCe DHIEMEHTH @y (A), @3y (A), . . .

-y @mi (A) OKajKyTCA PABHRIMH TOKIECTBEHHO HYJIIO. :

ITocne aTOTO BO3BEMEM DIEMEHT @i (A) M MPUMEHHM Ty 3Ke Hpoue;{ypy
K CTPOKaM ¢ HoMepamu 2, 3, ., m. Torga mo6peMea T0ro, 9To 1 @3 (A)= . . .
c o= Qpa () = 0. Hpononmaa TaK Jazee, MH B KOHIe KOHI[OB IIPHBEIEM
MaTpuny A (A) K clefywimeMy BHIY:

b (M) Bia (M) o b (M) oo b (B | b (W) Bz () ... b (A)
0 ba(A) ... bam (D) ... by (M) 0 by(h) ... by (D)
00 b b 00 b
(m< n) 0 0 o || @
0 0 0
(m > n)

Ecanm MHOrowieH by, (A) He paBeH TOKAECTBEHHO HYJK, TO, NPUMEHAA
JeBYI0 DJeMeHTAapHYIO Olepanui0 BTOPOrO THUIIA, MHl CjejlaeM CTelleHb DJje-
MeHTa by (A) MeHbINeH, Heean cremeHb bgy (A) (ecnm byy (A) mMeeT HyIEBYIO
CTeNeHB, TO bys (A) CTaHeT TOMKAECTBEHHO paBeH HYJI0). L 0YHO Tak Ke, eciam
by5 (M) == 0, TO mpu HOMOINH JIeBEIX DJEMEHTAPHHIX omeparuii BTOPOTO THIA
MEL CcellaeM CTeIeHH DJIeMeHTOB i3 (A), bs; (A) MEHBIIMMHE, HeKelu CTENEHDb
bgs (A), He M3MeHHB IpPH 3TOM dIeMeHTa bjs (A), m T. [

Mpl yCTaHOBHIM CJAELYIOINYIO TeopeMy:
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Teopewma 1. IIpoussosvras npamoyzosbral MHOZOMAEHHAL MAMPUYE
¢ pasmepamiu m X n NpU NOMOUL 1e6HLL IMEMEHMADHBE Onepayuil ecezda
Mmogicem Gumb npusedena k eudy (D), 2de muozousenm byp (A), bax (), . ..

oy br_1,5 (A) umelom meHvluylo cmenenv, Hexucear bpy (M), ecau moavko
brr (M) == 0, u 6ce paswbi moscdecmsenno wyaw, ecau by (M) = const == O
(k =2, 3, ..., min (m, n)).

CoBepmeHHO AHAJOTHYHO JOKASHBAETCH

Teopema 2. IIpoussosbHas npamoyzoibHas MHOZOUAECHHAL MAMPULE
¢ pasmepamu m X R RPU ROMOWU NPASHE IMEMEHMAPHHL onepayuli ecezda.
Mmoxcem Gumb npusedena k eudy

C“(?\;) 0 .o 0 0...0 CM(?\‘) 0O ... 0
Coy (7\,) sz(k) ... =0 0...0 Coy (l) ng(?\;)‘ .. 0
emi (A) €ma (A) « .. Cam(A) 0 ... O (M) Ca () e (V)0 (B
(m < n)
Cm1 (X) Cmo (L) « s« Cmn (l)
(m>n)
2de MHOzOwACHBL Cpy (M), Cas (A), . . ., Crp—1 (M) umerom menvuyo cmenews,
nesceas cpp (A), ecau moavko cyy (A)=E0, u 6ce pasnu moscdecmeenrno Hyao,
ecau cpp (M) = const =0 (k= 2, 3, ..., min(m, n)). |

2. 3 reopeMm 1 w 2 BriTeRaeT ciaefyromee

CaepncrBu e. Ecau onpedeaument K6adpammoti MHO20NAEHHOTE MAMPUYHL
P (A) ne sasucum om A u omauden om HYAL, MO IMY MAMPUYY MONCHO
npedcmasume 6 6ude npou3Be0eHUs KOHEWHO0Z0 HUCAA IMeMEHMAPHHET MAMPULY.

HeiicrBuTensro, corracao reopeMe 1 matpumy P (A) IpyM mOMOIY JeBHIX
9JIeMEHTAPHBIX OHepaluii MOKHO HPHBECTH K BHAY

b (M) bi2(R) ... b (A)

0 bos (A) «.. bay (M)
1

0 0 . .ba (W)
rhe n — mopsafok Matpunel P (A). Tak Kak OpH NPHMEHEHHH 3JIeMEeHTAPHBIX.
oOmepanui K KBaZpaTHOX MHOTOWIEHHOH MaTpHIE onpefednuTedb STOH MaTPHILL
YMHOJKAeTCA JAWIIb HA HOCTGAHHBIA OTAMYHBIA OT HYJS MHOMKATEIb, TO OMpe-

felnTeab MaTpuOEl (7), Kak W ompedexutens P (A), He s3aBHCHT OT A W OTIAM-
49eH 0T HYJA, T. €.

(7)

by (A) beg (A) ... bpn (A) = const 5= 0.
Orcioma
brr (M) =const =0 (k=1, 2, ..., n).

Ho rorma B cumay roit ke teopeMsl 1 Matpuua (7) mMeeT AmaroHANBHHI BHT,
|| bxe0:x || ® mOTOMY MosKeT GHITH HpHBeJleHA OPH DOMOINE JIEBHX BIeMEHTAP-
HEIX omepamuit tnma 1° x efmmwunoli mMarpune E. Torna m o6patHo, equENI-
HyI0 Marpuny £ Moskno mpusectw K P (M) OpH moMomu JeBHX baeMeHTApHHX
omepammi ¢ Marpmmamm Sy, S, ..., Sp. CaefosartexpHo,

. P(;\;)':'—SpSp__i oo SIE=SPSP—1 co e Sjo_L
N3 moxasasHOr0  chefcTBUA moJydaeM (cm. crp. 137—138)

PaBHOCHJIBHOCTH ABYX ompefleleHHd 2 M 2’ 9KBHBAICHTHOCTH MHOTOYJIEHHHIX
MaTpuL.
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3. Bepuemca K Hanlemy OpHMepPY cHeTeMH Au(@epeHnuansHEIX ypasme-
mmit (4). Ipumenum Teopemy 1 K Marpume omepaTOPHBIX K03(HUIIHeHTOB
Il a;x (D) ||. Torga, war 6mmo ykasamo Ha crp. 138, cmcrema (4) samenuTCA
PaBHOCIJIBHON CHCTEMOM

by (D) xy+ by (D) xa+ .. . - bys (D) 25 = A
= — by, s+1 (D) xors— . . . — ba1n (D) 2y,
bZZ(D)x2+--'+bZS(D)xs= ) (4!)
= — by, o1 (D) w511 — — baon (D) Ty
bss (D) s = — bs, sti (D) Lst1— - bsn (D) Tny
rae s = min (m, n). B sToil cmcreme MH (GYyHKOUH Xgiqy . ..y T, MOKEM

BHIGPATH HMPOM3BOIBHO, IOCIE er0 IOCIefOBATENHHO OompedenaTcsas GyHKIHH
ZLsy Ts—1, - - +p Ty, NPHYEM Ha KayKJ[OM JTale STOTO ONPERSNeHHA NPHXOMUTCHA
HWHTETPHPOBATH OJHO JII/Iq)q)BpBHB;I/IaJIbHOG ypaBHEHHE ¢ OJHOH HEH3BeCTHOU
Pyarnueit.

4, I'Iepeml;eM Tenepb K YCTAHOBIEHHI0 «KAHOHHYECKOTO» BHJAA, K KOTO-
POMY MOKHO IPHBECTH IPAMOYTOJBHYI0 MHOTOYIeHHYW Matpuny A. (A), npm-
- MeHAA K Heill KaKk JeBHE, TAK W IPaBHEe 3JeMeHTapHLIE OIepaluu.

Cpean Bcex He paBHEIX TOKJAECTBEHHO HYJII0 3JeMEHTOB &;; (A) Mar-
punsi A (A) BO3bMEM TOT 3JEMEHT, KOTOPHI HMMeeT HAMMEHBIIYI0 CTeneHb
OTHOCHTEJIBHO A, I I'YyTeM COOTBETCTBYIOMEH IEPeCTAHOBKU CTPOK U CTOJOIOB
cllenaeM ero dmeMeHToM a4 (A). Ilocme sToro Hali/leM 4acTHHE W OCTATKH
OT JielleHUA MHOTOYJIEHOB @i (M) 1 ay, (A) A ay (A):

au (A) = au (A) gua (A) T Tig (A), as (A) = ayy (7”) q1x (A) —l— r1n (A)
i=2,3,...,m k=2,3,...,n).

Ecan xora 6 ofmH m3 OcTaTKOB riy (A), rip (N (i =2, ..., m; k=
= 2, ..., n), HAOPEMED 7y} (?\.) He PaBeH TOKIeCTBEHHO HYJII0, TO, BHYH-
tafg ®3 k-ro crojlma mepBHIl cTonOem, mpeJBAapUTENIBHO IIOMHOMEHHBIN
Ha @41 (M), ML 3aMEHHM DIEMEHT da,p (A) OCTATKOM Iy (A), KOTODHH HMeeT
MEHBINYI0O CTemeHb, Hememm ay (A). Torma ME mMeeM BO3MOKHOCTH CHOBA
VMEHBIIATH CTEIEHb YJIEMEHTa, CTOAMEr0 B JeBOM BepXHEM YIJIy MaTpPHIH,
MOMECTHB Ha 3TO MECTO JJEMEHT ¢ HAaNMEHLIIeH CTerneHb0 OTHOCHTEILHO A.

Ecun sxe Bce octaTkE 7'z (A), . . ., Tmy (A); Tz (A), . . ., 7'y (A) PaBHH
TOMAECTBEHHO HYJIIO, TO, BHYNTAA M3 i-1 CTPOKH HEPBYI0, IOMHOMKEHHYIO
nperBapuTeNbHO Ha ¢y (A) (i = 2, ., m), a u3 k-ro CTonﬁua — IepBHI,
npeJBapUTeNBHO MOMHOKEHHHI HAa qik (A (k= 2 ., n), MB OpHUBejeM
Halmy MHOrOYJIEHHYI0 MAaTpuUny K BUAY

12T (l) 0 - 0

0 an(X) ... axn (7")

0 amz (0) . e amn (A{)
Ecmm npu stom xora Onl OfNMH H3 3aeMeHTOB a;r (A) (i = 2, ..., m;
k=2, ..., n)nedeantca 6e3 oCTaTKa Ha a4 (A), T0, upubdaBIAa K MEPBOMY
CTOJ6IMY TOT CTONM0EI], KOTOPHI COAEPHUT STOT JIEMEHT, MH HPHEM K Ipe-

JHAYIEMY CIy4al H, CJeJ0BATENIbHO, CHOBA CMOKEM 3aMEHHTb 9JIEMEHT
a4y (A) MHOTOYNIEHOM MEHBIIell CTereHH.
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ITockonbKy MepBROHAYANBHEIN DIIEMEHT a4 (A) HMeJ onpe/leIeHHYI0 CTeNeHb-
u npordecc yMeHbIEHUA B3TOH CTeneHu He MO:KeT HeorpaHW9eHHO IpPoAoJ-
RATBCA, TO IOCJe KOHEYHOr0 YHCJa dJIeMEeHTApPHHIX Omepamdil ME JTOJKHED
OOJNYYUTH MATPULY BHUIA
‘ a() 0 ... O
0 by (A) ... by (R) 3
0 bz (A) .. brn (M)
B KOTOPOil BCe 3jeMeHTH b;p (A) menArcA Ges ocrarka Ha a; (A). Ecam cpépm
BTHX JJIeMeHTOB b;x (A) HMeOTCA He PaRHEI® TOKIECTBEHHO HYIIO, TO, NPO-—

NOIMKAA TOT jKe OpOHecC HPUBEJeHHA [IA CTPOK C HOMepaMu 2, ..., m
1 cToJ6IOB ¢ HOMepaMHu 2, . . ., B, MH MaTpuny (8) npuBeseM K BUIY

a(A) 0O o ... O

0 as (;\4) 0 R 0
0 0 es(d) ... ean (W) |

00 eng(h) ... cmn ()

rae ay (A) jenmurca Oe3 octatka Ha ay (A), a Bce MHOTOYIEHH ¢;x (A) AenArca
6e3 ocratka Ha as (A). Hpomonkasa sTor mpoumecc jJajee, Ml B KOHIle KOHIIOB:
opHuaeM K MaTpuie BH/a

a(A) 0 0 0...0
0 ay(r)... 0 0...0
0 0 ...a(d)0...01, (9).
0 0 ... 0 0...0
! 0 0O ... 0 0...0
rie MHOrowIens a; (A), a; (A), - . ., as (A) (s < m, n) He paBHH TOMKECTBEHHO-

HYJII0 U KaskIei I3 HUX JAeJurcA 0e3 oCTaTka Ha IMPejbIIyInuid. _
IMoMHOaA NHepBHe S CTPOK HA COOTBETCTBYIOIMe OTIMYHEIE OT HYJA

YHMCJIOBHe MHOMKHATENIN, MH CMOjKeM J00HTBCA TOrO, YTOOH CTapmme Ko3(gu--

IUeHTH MHOTOYIeHOB a; (A), @z (M), . . ., as (A) ObLIM paBHH eHHHIE.

Onpegenenue 3. MHOroureHHag mpAMOYroJipHAA MAaTpULa HA3H-
BAeTCA KaHOHUYeCKoT OuazoHasbHoli, ecIn oHa HMeer BuA (Y), rme 1) MHOTO-
wieHH a4 (A), ds (A), . . ., as (A) He PaBHH TO/ECTBEHHO HYJII0 1 2) KaKapii
U3 MHOTOWIEHOB @y (A), . .., @s (A) memutcA 6e3 ocTaTka Ha HOPeJBIAYIIHM.
IIpu s1oM mpegmonaraercA, 4To Crapuye KodQ@UIUeHTH BCeX MHOIOWISHORB
ay (A), as (A), ..., as (A) paBHH eJUHHLE.

TakuM o6pa3oM, MH AOKA3aJIH, YTO RPOUEOALHAR NPAMOYEOLLHAL MHO-
eousennas mampuya A (M) 2KsusaseHmMHA HEKOMODPOU KanoHuueckol Ouazo-
nHaabnoli. B cnemywomem mnaparpae MBI IOKaKeM, YTO MHOZ0UAEHbL-
a; (M), as(A), ..., as () odnosHauHD onpedeasiomcs sadanuem MAMPUYDLL-
A (M), u ycragopuM (GOpMyNEl, CBASHBAKMME DTH MHOIOWIEHH ¢ DIeMeHTaMH.
maTtpunsl A (A).
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§ 3. UusapuantHoie MHOPOUNIeHs! W 3IeMeHTapHBbIE
MeIUTEeIN MHOTOYIEHHOH MATPHIbI

1. Beenem moHATMe 06 MHBADHMAHTHHIX MHOro4leHaX A-mMartpumel A (A).

IIycty MmEOroumennas marpuma A (A) umeer paHr r, T. €. B 3TOM MaTpume
MMeOTCA He PABHBIE TOMIECTBeHHO HYJIK MHUHODHL 7'-T0 MOPAAKA, B TO BpeMs
Kak BCe MEHOPH HOPAAKA T TOMHIeCTBEHHO OTHOCUTEALHO A PABHH HYIIO.
OGosuaunM uepes D; (A) mamGonpmuil o0muil [elmTelb BCEX MHHOPOB J-TO:
mopanka Marpunst A (A) ( =1, 2, ..., ryY). Torga, Kax HeTPYJHO BHIETD,
B pALY : _
D.(A), D, (A),...,D;(d), Dy(d)=1

KasRBII MHOTOUYIEH felnTcsa 6e3 ocraTka Ha mocaenyomuii ?). CooTBeTcTBYIO--

‘mue uacTHHle o6GosHaumM uepes iy (A), iz (A), ..., ir (M)
- _ DA oy Dy (W) - _Di(d) _ ;.
iy (?\.) =po )y e (A) = Doy ir (M) Dy () Dy (D). (10)
Onpenenenue 4 Muorowrens iy (A), iz (A), ..., ir (A), ompe-

neassemesie ¢gopmyaamu (10), HasLBawTCA UHEAPUAHMHBLMU MHOZ0YACHAMU
OpAMOYroasHON MaTpuuel A (A).

TepMuH «MHBapHAHTHLIE MHOTOWJIEHHY CBA3aH CO CIEAYIOIMMH coolpa--
meHnAMu. Ilycrs A (A) m B (A) — nBe 3KBHBAJCHTHEIC MHOTOYJICHHLIE MaT-
punsl. Torga oHm momydalorcs ApYr W3 Apyra OpU MMOMOIM 3JIEeMEHTApPHBIX
onmepanuii. Ho HeTpyaHO Hemocpe[CTBEHHO IPOBEPUTH, YTO dJIeMEHTapHLIe Ome-
pamun He W3MeHAWT Hu paHra r Marpumsl A (A), HE caMHX MHOTrOYIEHOB.
Dy (W), Dy(A), . .-, Dy (h). HeiictButenbHo, NpuMeHAs K TomjecTBY (3°)
$opMyIy, BHPAasKAOI[YI0 MUHOP Ipou3BeleHNA MATpHUI Yepe3 MEHOPH COMHO-
yKUTeNeH (CM. cTp. 22), MH JJIA IPOH3BOJBHOT0 MuHOpa MaTpuus B (A) momy-
YUM BHIpa:KeHHE
B(h J2 -« Jp 7»)—

) kl kz PR kp ’
v Ji J2 - Jp Gy O3 ... Up By Bz ... By
> P A SERIPUEE 1 K70 R |
| Sor<aas, . - <apE<m 0y g ... Op 61 ﬁZ . e ﬁp 1 o ... Rp

1shi<Bo<...<Bpsm
(p=1,2, ..., min(m, n)).

‘Orcrofa caegyer, 4To Bce MUHOPH HOpALKa > r Marpunsl B (A) paBHb
HYII0 H, clejoBaTelbHOo, AJA paHra r* marpuusl B (A) mMeeM:
r*<r.

KpoMe Ttoro, ma »Toit e QOpMyus Berekaer, 4ro Dy (A) — Hambompuimii
o6mmuil JeauTeldb BCeX MHMHOPOB p-ro HOpsAgka Martpunoil B (A) — memmrca

Ha D, (A) mameno (p = 1, 2, ..., min {m, n)). Ho marpuust 4 (A) u B (})
MOKHO HOMeHATHL poaaMm. Iloostomy r < r*, m D, (M) meamtcsa Gea ocraTka
ma D} (M) (p = 1, 2, ..., min (m, n)). Orciona )

r=r% Di()=Di(A), Di(M=Dy(h), ..., D;(M)=D,(}).

1y B rampgom D; (A) Gepem crapmuil KodddUUNEHT PABHLIM eIMHHALE.

?) Ecim K KaKOMY-HHOYAb MHUHODPY j-ro OOPASKA HPUMEHHTD Ppa3jioiKeHUe Besy
ITo BIeMeHTaM KaKol-1u60 CTPOKH, TO KajKIoe claraeMoe B 9TOM PasjioskeHnu Oy/er NeauTh-
ca ma Dj_y (A); cmemoBarenbHo, M060H MHHOD j-I0 IIOPANKA, A THIAYHT U Dj; (),
menutea Ha Djy (M) (G =2, 3, ..., 1.

3) Crapmue xoapdunuentst y Dy, (A) u Dy (M) (p =1, 2, ..., r) paBHH efuHUIE.
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lIocHo.nmcy AJIeMeHTAPHEIe OTIePANUY He MeHAWT MEOTO4IeHOB [y (M), D, (7&)
D, (), To 0oHM He H3MEHAIT M MHOTOYLIEHOB iy (A}, iz (A}, ..., i, (7&)
onpepenaseMux gopmynaamu (10).

Taxum obpasom, mMuorownens iy (A), iz (}), v Ip (K) OCTAIOTCA HEW3-
MeHHHIMU, HHB AP M aHTHEH MU IPK Mepexofe oT OJIHOI MATPUIH XK Jpy-
roif, el SKBMHBAJEHTHOIN.

Ecau MaOrOWIenHad MaTpuOma HMeeT KaHOHMYECKUH [UATOHAJIBLHBIU
suz (9), To, Kax HETPYAHO BHJETH, AJA STOH MaTPHUIBL

Dy(M)=ay()), Dy(Ay=a,(A)as(A), ..., D.(A)=ay (A)az(}) e

Ho Torma B cuny coormomenmit (10) auaromannasie MuoOroulXemsl B (9)
ay (A), as (A}, ..., a,(\) coBmagawT ¢ MHBAPHAHTHEIMH MHOTOYJICHAMHU

dM=ar (), LM =aa (W) o b (W) =ar(h).

3mecs iy (M), iz (A), ., ir (M} ABAAWTCA OJHOBPEMEHHO W WHBApPHAHTHHIMH
MHOTOWIeHAMH HCXOAHON Matpume A (A), IOCKONLKY dTa MaTpUila SKBUBA- -
JeaTHa martpume (9).

ONYYEeHHEIE® Pe3yJbTATH! MH MOKeM cPOpPMyJIHpOBATL B BHIE caeTyIo-
HEeHd TEeOPEeMEI.
Teopema 3. Muocourennas npamoyzosvhas mampuya A (M) secezda
IKEUBANCHMHA KAHOHUYECKOU OuazonaivHol mampuye

..y

a, (A).

(11)

() 0 ... 0 0..0
0 iy ... 0 0...0
0 0 ...i(M)0...0 (12)
0O 0 ... 0 0...0
0O 0 ... 0 0...0

ITpu amom 3decv o6asameavno r — panz, a iy (A), iz (A), .. .,
puanmuse MmHozouaenvr mampuys. A (A), onpedeasemvie gopmysanu (10).
Cunengctreue 1. HJaa mozo wmobwn 08e nRpAMOY2OAbHBE MAMPUYLL
odunakosux pasmepos A (A) u B (A) Guau sxeusarenmubl, Heob6xrodumo u docma-
mouno, umobs OHU UMeau O00HU U Me e UHBAPUAHIMHBE MHO20UACHbL.
TeficTBUTeN B HO, HEOOXOZMMOCTE BTOr0 YCAOBHA OKRLIA BEIACHEHA BHIDE.
HocTaTogmocTs ciemnyeT U3 TOro, 4TO {BEé MHOTOWJISHHE® MATPUIE, MMEIOIIHUE
OHM M Te ke MHBAPMAHTHHEI® MHOI'OWIeHHl, DKBHBAJCHTHEl ONHOH U TOM ke
KaHOHUYECKOH MHArOHANLHOI MAaTpUOe U, CJHeJOBATENbHO, SKBUBAJIEHTHE

ir (A} — unea-

Me;R1Y coboii.

Taxum o0pasoM, UHBAPUAHMHbLE MHO204ACHb oépasymm ROAHYI0 cucmemy

UHBAPUAHMOE A-MaAMPUYLL.
CnegcTtrue 2.

: Dy (M :
() =55 ()=

r 1(?")
D, () "7

B pagy uaBapUMaHTHHX MHOTOYJIEHOB
r(A) =

Dy (M)
Dy (A)

(Dg (M) = 1)

(13)

KaocOulll. MHO204AEH, HAYUNHAA CO 8MOopo20, dsaiemca Oeaumesem npeduldyuieco.
9To yTBEP:JeHNe H e BHTeKaeT HemocpencTeenno u3 gopmya (13). Omno
CHeflyeT U3 TG=.., 9T0 MHOrO4IeHsl iy (A), ix (A),

TOWICHAMH @, {A), ar— (A),
pm (9).

. -+, Iy (A) coBmagawT ¢ MHO-

., @3 (\) KamoHWYeCKOH /UATOHANLHON MaT-
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2. YKakeM MeTOAH BHYMCICHMs MHBAPMAHTHHX MHOTOYJICHOB JIf KBa-
SUJIMATOHAJNBHHX A-MATPMI[, €CIH MB3BECTHH HHBAPDHAHTHHE MHOTOYJIEHH
MATpHI[, CTOAIMUX B JUATOHAJLHHX KAETKaX.

Teopema 4. FEcau B kea3suduazoHarvHOl npAMOY204bHOU Mmampuye

Ch= (Aél) B(()x))

1060l uHeapuanmunill MmHozougen mampuysl A () Aeatemcea Oeaumeaem
2106020 unsapuanmHozo mHozousena mampuysl B (N), mo cosorynnocmv unea-
puanmunzr muozousenos mampuyst C (L) noayuaemes obvedunenuem uHsapu-
anmuur mHozousenos mampuy A (M) u B (A).

3 o Ka3aTelbCTBO. Obosraanm wepes I; (A), i, (M), ..., ir (M) ' ] (A),
i, (M), ..., {g(A) COOTBETCTBEHHO MHBAPMAHTHHIE MHOTOYJIeHHE A-Marpunm A (A)
n B(A). Torgal) '

AMN) ~Gr )y . (), 0, ..., 08, BMY~{ih(), ..., (), 0, ..., 0}
¥, CIeJ0BaTeILHO,
COA)~Lir (W) .oiy 4Ny B (M), ony (M), O, ..., O (14)

A-MaTpuma, CTOAMAA B IPAaBOH WacTH TOT0 COOTHOMEHHS, MMEeT KaHo-
HUYEeCKYyI0 Aumaronanbnyo ¢opmy. Torgma cormacmo TeopeMe 3 He paBHEE
TOK/IeCTBEHHO HYJIO JAWATOHATBHEIE pIeMEHTH BTOM MATPHIE 00pasyOT HOJIHYIO
CHCTEMY HWHBAPMAHTHHX MHOrouiaeHoB Marpunel C (A). Teopema poxasama.

Has toro gwrobu B o0meM caydae unpv OpoMSBOJIBHHX HHBAPHAHTHHX
muorounenax warpuy A (A) mw B (L) ompefenuTh MHBAPMAHTHEIE MHOTOYJEHH
C (A), MH 'BOCHONB3YeMCS BAyKHHIM HOHATHEM 00 DIEMEHTAPHHX /EIMTENAX.

Pasnoyum mHEBapHAHTHRE MHOTOWIEHH I; (A), i3(A), ..., {,'(A) HA Hempm-
BOJMMEIE B /IAHHOM YMCJIOBOM moiie K MHOMHTENH:

i (M) =1 (M1 T2 (M1 . .. [9s (K)],
i (M) = [0 (M1 [z (M)1%2 . s (M1%, (ch? > ...2h> 0;) 2.

. - . - . - - - - - - - - - . .

i () =Ipe (M1 [z (M) ... [ (W]"

3mecs @g(A), Pa(A), ..., Ps(A) —BCe pasnmuEme HempHBOAMMEE B moie K
MHOTOWIEHH (CO CTAPMHEMHM K0d(p(UIUeHTaMu, DaBHEIMA eIMHHIE), BXOAANINE
B coctaB I1{A), i (A), ..., ir (A).

Oopemenernme 5. Bce oramunse OT eIUEMTH CTeOeHH Cpegu

{ps M, ..., [9s (M]* B pasmomenun (15) HaswBatoTCA 3.42MEHMA PHOLML Deali-
measmu MaTPHUIIHL A(A) B moae K?3).

Teopema 5. Cosorynnocme saemenmapruls Geaumeaeli npamoyz04bHOL
%£8a3uduazoHAAbHOL MaAM PULbL

'C(M:(A(l) 0 )

0 B

1) 3maroM ~ M= 3jtech 0603gauaeM HKBHBAJIEHTHOCTH MATPHL, a GUTYDHEME croG-
xaM { }—/HAarOHANBHYI0 NPAMOYTOJLHYI MaTpEny Buia (12),

2) HeroTopnie U3 nOKasaTeNel cy, dg, ..., Ip (k=1, 2, ..., 5) MOTYT PaBHATHCA HY.IIO.

%) @opmyan (15) AaoT BO3MOMKHOCTE HE TONLKO N0 UABAPHAHTHHM MHOTOYJICHAM
OIpefielNTh 3neMeHTapHEeE Henurend A (A) B mome K, HO m @aoGopoT, —mo 5ueMenTap-
HEIM JIeJHTeIAM OUPefleIATh HHBAPHAHTHHE MHOTOYJIeHH. ‘

10 ®. P. Tautmaxep
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eceeda noayuaemcs obvedunenuem asemenmapusir Geaumeneli mampuyst 4 (A)
¢ saemenmaphHsmi Oeaumeasmi mampuyst B (L).

JloxasaTenrbpcTBO. Pa3noKuMm WHBAPHAHTHHE MHOTOWIEHEL MAaTpPHIL
A(\) m B (L) Ha HempuBofumuie B mone K MmoKuTennm'):

i7 () = [p (W17 [z (M1 - . - [@a (1%, & (M) = [ (M1 [z (1% - .. [s (W%,

(M) = (@1 (MIM [z (W22 . . . [s (M5, i (M) = [s (A1 [qpo (M)1%5 . . . [ps (W15

O6osmaunM depes
C1>d1>.‘.>l1>0 (16)

BCe OTINYHHE OT HyJA 4ucAa cpegu c;, dy, ..., hy, ¢, dyy .., 2.
Torga marpuma C (A) sKeuBaleHTHa MaTpuue (14), a mocmegmas mepe-
CTAHOBKOH CTPOK M CTOJGIOB MOKeT OHTH IpUBegeHA K «IUArOHAJIBHOMY» BHAY

{lps W1 (K)y [or ANy - on [@r AP (K), (R K), o ooy (RX)), (A7)

rAe dvepes (K) MH 06G03HAYHUIH MHOrOYJIEHH, B3aHMHO IIPOCTHE C ¢ (A),
a gepe3 (3K >K)— MHOTOUYJEHH, B3AMMHO IPOCTHe ¢ ¢4 (A) Aubo TORAECTBEHHO
paprsie Hymo. W3 puga marpuns (17) HemocpemcTBEHHO BHITEKAKT CJIERYIO-
mue paziosenusa Muorowienos D, (A), D,y (A), ... 1 iy (A), is(A), ... maa
matpunbi C (A): '

Dy (M) =[p, Wiy Do M =le W1 (x) 1 orom,
i (A) =@ M (K),  i2(A) =[es (M1 (X) u 1. A

Orcroga caegyet, ato [@q (M1™, [¢4 (l)]dl, veos [@1 (?»)]ll, T. €. BCE€ He pPaBHHE
eJUHUILIe U3 CTeOmeHel

[or (W1« .y Ty WM, Tor (M1, ..., Tor (M),

ABAAIOTCA HIeMEeHTAPHBIMH Jeaurteiamu MaTpuns C (A).

AHAQIOrHYHO oOmpefelAloTCd BJIeMeHTapHHe jeautenu Marpuuu C (1),
ABIAINUECA CTelleHAMU @y (A) m 1. K. Teopema HoxasaHa.

IlpamMegarnne, COBepIIEHHO aHaJOTHYHO IpeJHIYIEMYy MOKHO HOCTPOHTH TEO-
pHIO SKBHUBAJICHTHOCTHA JAJA IeJOdUCIEHHBX MaTpHI (T. €. Marpml, Yy KOTOpHX aJle-
MeHTH — Lielsie dmcna). llpm atom B 1°, 2° (cm, crp, 135) c¢==41, b(A) saMeHsmeTcH
[eIHM YHCAOM, a B Popmymax (3), (3"), (3”) smecTo P (A) H Q (A) CTOAT HeNOUACICHHEIR
MaTpHIH C ONpefelHTe]sMH, PaBHEMH £ 1.

3. IIycre ngaHa Temeph Matpuma A =| ay;|; ¢ saementamu u3 mona K.
CocTaBHM 14 Hee XapPaKTepHUCTHIECKYH MATPHILY

A —ayy — @y ... —Qyp
— Qo A— sy -.. —Q
ME—A= T e (18)
~0p1 —Qn2 ... —app

1) Ecam kakoi-1m60 HeIPHBOAHMEL MHOTOWIEH ¢p (A) BXOJAT MHOKHTeNeM B OJHH
MEBAPHAHTHHE MHOTOWIEHH W He BXOJAT B /PyTHEe, TO B STH NOCIEHAC MHOIOWIEHH
MH BIHECHBaeM Qg (M) ¢ HyJeBHM IIOKa3aTeleM.
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XapaxkrepucTHiecKads MaTpUIa fpJIsAeTca A-Marpulleil panra n. Ee uasa-
PHAHTHHE MHOTOTJIEHH

) =-2n® oy gy= Dt B gy

Dy (A
Dn—i (7“) ’ Dn—z (M ’

Dy (A)

(Do(})=1) (19)

HA3BIBAIOTCH UHEADUAHMHBIMU MHOLOUACHAMU mampuysl A, a COOTBETCTBYIO-
mue 3JEMEeHTapHEE feiuTeln B mode K — dsemenmapHslmu Oeaumenssmi
¢ note K mampuywr A. IlepBHii mHBapuaHTHRI MHOTOWIEH [, (A) coBmajgaer
¢ MAHHMAJTBLHHM MHorowieHoM Y (A) Mmarpuint A1), 3HaHWE HHBAPUAHTHHX
MHOTOYJIEHOB (a CJefoBaTeNbHO, W 2JIeMEHTAapHHX jeluTelleil) Marpullel A
MO3BOJIAET HCCIeNoBaTH ee CTPYKTypy. IloaroMy mpeacraBasioT wuHTEpec
OPAKTHYECKHE CHOOCOOH BHIYNCIACHWS WMHBAPMAHTHLIX MHOTOWIEHOB MATpPUWILH.
Camu dopmynn (19) gawor ajaropuT™ 4 BHYACIEHHA 3TUX MHOTQYJIEHOB,
HO 3TOT AJATOPUTM Hpu OOJNLMIHUX N O0Y€HH I'POMOBJOK.

Teopema 3 paer apyroil crmocol BLIYMCIEHHS WHBAPUAHTHHX MHOI'0YJIe-
HOB, OCHOBAHHHI Ha IIPUBEJeHWH XapaKTepuctTniecKoil Matpunu (18) mpm
DOMOINY 3JeMEHTApPHHX omepanuii K KaHOHHYECKOMY [JUATOHAJbLHOMY BHIY.

s

IIpamep.
'3 1 00 A—3 —1 0 0
—4 —1 00 4A4+1 0 0
A= — A==
6 1 21|’ M —4 —6 —1A-2 —1
—14 —-5 —1 0 14 5 1 A

B xapakTepmcTHUecKOH MaTpnule AE-—4 npubaBuM K UeTBEePTOH CTPOKe TpPeTHIO,
Tpe IBAPHTEJIHHO IMOMHOKEHHYI0 Ha A:

A—3 —1 0 0
4 A1 0 0
—8 -1 A—2 —1

14—63 5—A A2—2A-+1 O

Tenepp, npubaBiaa K MepBHM TpeM cTOJXGIAM 4YeTBePTHIA, Mpe/BAPHTEIBHO IOMHOKOH-

HE# cooTBeTcTReHHO Ha —6, —1, A—2, moayumm:
A—3 —1 0 0
4 h4+1 0 0
0 0 0 —1°

14—6) 5—4 A2—2) 11 0

K mepromy croxbuy npmbasiseM BTOpPOMH, NOMHOKeHHEH Ha A -3

0 —1 0 0
A2—2h+1 . A1 0 0
0 0 0 —1

—A2H24—1 5—A A2—244+1 O

IlpubaBAM KO BTOPOH M 9YeTBEPTO# CTPOKaM IepPBYI0, HNOMHOKEHHYI0 COOTBETCTBEHHO
Ha A+1 @ 5—A; HaiigeM: :

0 —1 0 0
A2—2A+1 0 0 0
0 0 0 —1

—A2+2A—1 0 A2—24+1 O

1) Cm. dopmyny (49) ma ctp. 99; ram A (A) = D, (A).
. - 10%



148 SKBHBAJIEHTHBIE IIPEOBPABOBAHWA MHOTOYAEHHBIX MATPHUIT ([IJa. VI

NpubaBAM K YeTBEPTOHA CTPOKE BTOPYIO, 3aTeM YMHOMHEM I[epBYI0 U TpPeThi0 CTPOKE
aa —1. Hocae 1nepecTaHOBKA CTPOK @ cTonﬁn;on NoJIy9nmM:

10 0 0
01 0 0
00 A 12 0
00 0 (A—1)2

Marpnua 4 uMeer fBa pueMenTapumx pgenutens: (A—1)2 m (A—1)2

§ 4. OKBHBAJEHTHOCTb JIMHEHHBIX HBYYICHOB

B nopepsiaymumx maparpagax MHB = pacCMarpHBANH NPAMOYTOJbHBIE
A-mMarpuns. B 9TOM e maparpage MBI pacCMOTpDHM [Beé KBaAPATHE €
A-matpunt A (A) m B (L) n-ro mopAgka, y KOTODHX BCe 3JEeMEHTH HMEIT
CTelleHb HE BHIIe eIHHANB OTHOCHTENHHO A. OTH MHOTOYIEeHHEE MaTPHI[H
moryT GHTH IIpeAcTaBleHb B BHAe MAaTPHYHHIX NBY4ICHOB:

A(A) = Aoh+A4,, B(A)=DBo\+ By

Mu GymeM mpepgmoiaraTh, 4TO STH MBYYJIEHH HMET HEPBYK CTEleHb
U perynApHH, T. e. uto |Ag|~0, | By|+#0 (em. cTp. 87).
Caegymomas TeopeMa YCTAHABJIABAET KPHTEPHA SKBHBAJEHTHOCTH TAKHX

JIBY4JI€HOB:
Teopema 6. Ecau dsa peeyasapusix deyusena nepeoli cmenenu Agh -+ A,

w Boh-+ B, sreusasenmusl, mo amu 0gyiieHbl CMPO20 KEEUBALEHMHB, M. €.
¢ moxcOecmese

- Boh+By=P () (4oh+ 4) Q (0) (20)

moxcno P (A) u Q' (M) —mampuysl ¢ ROCIROAHHBIMU U OMAUNHBLMU OM HYAR
onpedeaumenaMi — 3aMEHUMb  NOCMOAHHBLMU  HEOCOOEHHBLMU  MAM PUYLME

P u Q'
Boh+ By = P (4gh+ Ay) Q. (21)
JorxasareascTBo, Tak Kak ompemelnTent marpuun P (A) He 3aBm-
CAT OT A H oTamdeH of Hyna?), ro obparEas marpuna M (A)= P-1(A) raxxe

6yner muorowneHHO#. IlombayAchs aToil MaTpmiei, Mu To:xpmecto (20) mepe-
nHieM B BHJE

M (M) (Boh+ By) = (Aoh -+ 41) Q (1) (22)

Paccmarpmeaa M (M) m @ (A) Kak MaTpHMYHbEle MHOTOYJIEHH, pa3lelnM
M () cnesa ma Al -+ A4,, a Q(A)—cupasa Ha BgA -+ By:

M (M) = (Aoh-+A4y) S (M) + M, (23)
QW) =T (1) (Boh+ B1)+Q; (24)

gnecs M u Q —DoOCTOAHHHE (He SaBHCANAE OT A) KBajpaTHHE MaTPHIB

1 sznec"rno (21) paBHOCHIBHO J(BYyM MATPMYHHM paBeHCTBAM: BO=PA0Q
uu By=2>_

12) QKég[BaJIeHTHOCTB asyunenoB Apgh+4; m Boh-- B, o3Hawaer HalHume TOMXK-
nzectsa (20), B Kotopom | P (A) |=const 0 1 | Q (A) |==const=£0. Ograxo mociexume cooT-
HomeAnA B XAHHOM CIyJae BRITEKAalOT H3 caMOro TtompecTBa (20). JleHcTBMTexnHO,
-onpe,z(e.umenn pPeryIApHHX By YIeHOB IIepBOH CTEIleRH BMeIOT cTeleHs n: | Agh | A4, 4——

| do | An 4 Boh+-Byi==|Bg|A*-...; [ Ag|5=0, |Bg|+=0. Hostomy ma | Boh+
+31 i—l P M| [ Aoh+4 | lQ(Ml cienyer:

| P (M) |=const.5= 0, |Q (A)|=const = 0,
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r-ro nopsapka. Ilonygennne Bupamenus paa M (A) u Q (A) mocrasum B (22).
ITocae meGombmux npeoGpasoBanmit MOTyHUM:

(Ao -+ Ag) [T (0) =S (A)] (Boh -+ By) = M (Boh -+ By) — (Aoh+ A7) Q. (25)

Paznocts, cToimas B KBagpaTHHX CKOOKaxX, JO/DKHA TOMAECTBEHHO PABHATBCHA
HYJIO, TAK KAk B IPOTHBHOM CJydYae NpPOM3BEREHHE, CTOANlee B JIeBOH JacTH
paBeHcTBa (25), uMeno OH cTememb >2, B TO BpeMd KaK B NpaBodH d9acTH
3TOr0 jKe PaBeHCTBA CTOMT MHOTOWIeH He Bume nepsoit cremenu. Iloaromy
S (M) =T (A); (26)
HO TOTZa M3 (25) HOXyTHM:
M (Boh -+ By) = (Aoh + A4y) Q. (27)
ITokamem Temeps, uro M —meocoGemnaa marpuna. [lis atoro pasgenum
P (A) caesa ma Byh-+ Bj: ‘
| P ()= (Boh-+ B) U (\)+ P. (28)
Uz (22), (23) u (28) cmegyer:
E=M ()P (A) =M (A) (Bh+B)U (k) +M (A) P=
— (Aoh+ A1) QWU (M) -+ (Aoh+ Ay S (M) P+ MP =
— (Aoh+ A1) [Q (W) U () +S (1) P14+ MP. (29)
Tak kak OOCIeAHAA 9acTh 2TOH IENOYKH PABEHCTB HOJKHA HMETh HYJIEBYIO

CTeNEeHb OTHOCHTEIBHO A (DOCKOJBKY OHA paBHa K), TO BHpaskeHHe B KBaj-
PaTHHX CKOOKAX XOJIKHO TOKAECTBEHHO paBHATHCA HYym0. Ho Torma mas (29)

MP=E. (30)

Orcropa caenyer: |M |0 u M1=P, :
YMuoxan ofe gactu pasencrBa (27) ciesa mHa P, monyuqmm:

Boh 4By = P (4ph+ By) Q.

Heocobennocts Matpunu P caexyer ua (30). Ho neocoGennocty matpun P
n Q ciegyer u m3 camoro Toskgecrsa (21), Tak Kak H3 3TOr0 TOMKIECTBA
BHTEKAET PABEHCTBO

By=PAyQ
H HOTOMY

| P[|4o||Q]=Bo| 0.

Teopema Jgoraszana.

ITpumeganme. V3 pgoxasarembcrsa caegyer [em. (24) um (28)], uro
B KayeCcTBE NOCTOAHHKX MaTpull P m (), KOTOPHIMM MEI 3aMEHHEM A-MaTPHITH
P (L) u Q (L) B Toxpmecrne (20), MOMKHO B3ATH COOTBETCTBEHHO JIEBHU M Ipa-
BHIl ocrarkm or gexemms P (L) m Q(A) ma Byl B;.

§ 5. Kpurepmii mojoGusa MaTpmiy

IIycrs pama marpuna A=l a; | ¢ sncaoBeME saementamu u3 mois K.
Ee xaparrtepucrugecran marpuna AE — A sasaserca A-maTpumeil pamra n
¥ NOTOMY HMeeT n HHBAapHAHTHNX MHOTOWJIeHOB (cM. § 3)

A, (A, ..., in (M)

Ciezgyromas TeopeMa NOKa3kBAaeT, YTO 9TH HHBAPHAHTHRIE MHOLOYJIEHH
onpefendnT UCXOZHYIO MaTpuny A ¢ TOYHOCTBIO 10 mpeofpaszoBanmsa mogobms.
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Teopema 7. /[as mozo umobu dee mampuybst A= | ay |} u B= by |7
Guau nodobue (B—=T71AT), neobrodumo u docmamoyuro, 4mobvl OHU UMeEAU
00HU U e He UN6A DUGHMHIIE MHO20UAEHb, UAU, WIMO MO JHce, 00HU U Mme Xce
saemenmapusie deaumeau 8 noae K.

IlokasarenbcTso, YcaoBue HeobOxogumo. [leiicrBurennHo,
ecan matpunst A m B momo6HE, TO CYIIECTBYET TaKas HeocoOeHHAA Mart-
punia 7', qto

B =T"1AT.
Orciona
AME—B=T1(AE—A)T.

JT0 PAaBEHCTBO MOKA3HIBAET, YTO XapaKrepucruyeckme Matpunms AE—A
1 AE — B 9YKBUBaJIEeHTHH ¥ NOTOMY HNMEIOT OJHM U T€ 3Ke WHBAPUAHTHHIE
MHOTOYJICHEI.

Ycnosue pocrarouyHo. Iycrs XapakrepHCcTMUeCKHE MAaTPHIIBL
AME—A u AE— B uMmelor OJHM K Te >Ke MHBapuanTHHe MHorogiennl. Torga
BTH A-MaTPHIEl SKBUBAJTEHTHH (cM. caepcreme 1 us Teopemm 3), u, cmaeno-
BaTeJbHO, CYMECTBYIOT ABe MHOrouidenmnme Marpuns P (A) m @ (A) raxume, 410

AE —B=P (A) (AE— A) Q (A). (31)

Ipumensa k ManPI‘IHbIM ,u;BytIJIeHaM AM({—A n AE—B reopemy 6,
MH Mo;keM B Tosjectse (31) samenurs A-marpunm P (A) m Q (A) mocrosmm-
mumyu Marpunamu P o Q:

\E—B=P (AE—A4)Q, (32)

npuuem B Kauectse P m Q Mo:kHO B3ATH (CM. NpEMeyanme Ha <rp. 124)
COOTBETCTBEHHO JIEBHH M IpaBHil ocratku ot geaenus P (A) u Q (A) Ha AE — B,
T. €. Ha OCHOBaHME 0606meHHOH Teopemn besy Mo:kHO MOMOMHUTHY):

P=P(B), 0=0(B). (33)

FHpupapenBas B oGeux "actax pasencTsa (02) Ko3PPunmeHTH NpM HYyIeBOM
‘M NPH NEPBOM CTENEHAX A, MOJYyYHM:

B=PAQ, E=PQ,

B=T"1AT,
rje
T=Q=P7
Teopema HoKa3aHa.

_ 3amewanue. Ilomyrno HaMM yCTAaHOBJIEHO CJeAyiomee MIpefI0KeHHe,
KOTOpOE MH CPOPMYIHpPYeM Kak

JMoGasnernme ¥ treopeme 7. Ecau A=|lanl|y @ B=]| bu]|; — dse
nodobisle MAM PUYbL

B=T71AT, (34)
mo 8 kKauecmee npeoGpasywweld mampuytt T ModHO 83amb mampuyy
T=Q(B)=[P(B)I'", , (35)

1) HanomunaeMm, 49ro P (B) —mneBoe 3mauenme maorouneda P (A), a Q(B)—upasoe
sHadenme Mporouiaena Q (2\. uocyne saMensl A Ha B (cM. crp. 90—92).
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2de P (L) u Q(A)— mHoeouaeHHBlEe Mampuybl 6 moxcdecmee
A —B=P (L) (AE—A)Q (1),

ceszuléaloUeM PKEUSALEHMNNE —Tapakmepucmuueckue mampuyst AE —A
u AME —B; ¢ opmuyae (35) Q(B) obosnavaem npagoe 3HAYEHUE Mam PULHOEO

sroeousena Q(A), a P (B)—uaesoe 3nauenue mampuiunozo mnozodaena P (L)
npu 3amene apeymenma h mampuyéti B.

§ 6. Hopmanpabrie $opMbI MATPHILI

1., IlycTh naB HEeKOTOpPHIHE MHOrO4YleH ¢ Kodddummenramm usz mons K
g(h)=A"+ (117»1_7?';1 S RPIIS ol ¢ Y MY

PaccmorpuM KBajipaTHYIO MAaTPHIY M-ro HOpAIKa

0 0...0 —ap
1 O « . e O — Um—1

L: (:) 1. . s 0 — Om-2 . (36)
0 0...1 —aq

Herpyano mposepurb, 4YTO MHOTOYIEH g(?\.) ABIAETCA XapaKTepucrtuue-
CKUM MHOTOYJIEHOM MaTpuim L:

A 0 0...0 o
—1 A 0. . .0 oy
(ME—Li=1" 0 —1 &...0 anp [=&(H).
0 0 0...—1 a4
C pgpyroit CTOPOHKH, MHUHOpP DIEMEHTa U, B xapamepncmqecrcom oI pe-
nemurene pased 4 1. Ilosromy Dy (A) =1 1 i M=5 Dm (?&) D (M) =g (M),

L(M)=...=ih{})=1

TaI{I/IM 06pa30M, maTpuna L mMeer eJIvHCTBEHBHHI OTIRYBHIL 0T GUBMIH
MHBAPUAHTHLIH MHOrOYJIeH, paBHENT £ (A).

Marpuny L Mot 6YI[8M HA3HBATEL CONPogocoanwel ManHueH 7T MHOTO-

gnena g (A).

Ilycts mama marpuma A= | a;|; ¢ MHBapHAHTHEIME MHOIOYJIEHAMY
i1 (A)y B2 (R), ..., Tt (A), it+1(7h):1,. ceey p(A)=1. (37)
3necsy Bce MHOOYTeHE is(A), i3(A), ..., iz (A) UMeOT CTeIeHb BHIIE HYJe-

BOH, IpHYeM KasKAblii M3 3TMX MHOTOYJIEHOB, HAYMHAA CO BTOPOTO, ABIAETCAH
peaurenem mpegmgymero. CompoBoskgamimue MATPHIE AJdA 5THX MHOTOYJIe-

HOB 00GosHauuMm uepes Lg, Ly, ..., L;.
Torga KBasuamaroHaJdbHAS MATPHIA N-T0 HOPAAKA
LI - {Liv L2! ey Lt} (38)

¥MeeT CBOMMMU I/IHBapHaHTHbIMH MHOTOWJIeHaMH MHorowiesw (37) (cm. Teo-
peMy 4 ma crp. 1495). Ilockompky Matpumel A u L; umeoT OgHE M Te 3Xe
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FHBapHMaHTHHE MHOTOWIEHH, OHH HOJOOHH, T. €. CYImeECTByeT BCErja TaKas
meocobernas marpana U (| U |==0), uro

A=ULU", (I}

Marpuna L; HasHBaeTCA nepeol ecmecmeeHHOl HOPMAAbHOU gHopmol Nias
marpunel A. 9Ta HopMantbHaA ¢opMa xapaxrepusyercsa: 1) KBasmamaroHamb-
HEIM BufoM (38), 2) cmenuaJbHON CTPYKTYpPOH AMATOHAJNBHHX KJIeTOK {36)
u 3) JOHNOJIHUTEJIHLHKEIM YCJIOBHEM: B PAAY XapaKTepPHCTMIECKMX MHOTOYJIEHOB
IMarOHAJbHHX KIETOK KajKABil MHOTOYJEH, HAYHHASA CO BTOPOTO, ABIAETCSH
IeauTeneM TpelbAymero ).

2. Obo3naguM Temepsp depes

XAy %2 M)y ooy Xu (M) (39)
9JIEMEHTADHBIE AeNIuTean MaTpumbel A =ch,-,1{][;l B guciaoBoM moie K. CoorBer-
CTBYIOIMHE CONPOBOKAAIOMMMAEe MATPHUIE 0003HAYHM depes

L(l), L(2) ey L(u).
lockoabky y; (A) —eIMHCTBeHHHI 3J€MEHTAPHEH NEGINTEIb MaTPHIE LY
Gj=1,2,...,u)%, T0o cormacHO TeopeMe O ' KBasuAuaroHAJIbHAA MaTpHUU&
Ly ={L% L®, ..., L) (40)

AMeeT CBOMMH 2JIeMEeHTAPHHEIME AeJuTeIAMH MHOTOWIeHH (39).

Marpuum ‘A u L;; umMeT OJHH M Te jKe dJIeMEHTapHHE CIHTEIR
p mome K. IloaToMy aTw MaTpumsl momoGHH, T. €. CYymeCTBYyeT BCerjla TaKas
Heocobernaa Matpuma V (|V |s=0), uro

A=VL;V, (IT)

Marpuna L;; ¥iaseIBaeTCA 6mopoili. ecmecmeeHHOUy HOPMaLbHOU (fopmolk
aaa matpuns A. 9Tta HopMmambHas ¢opMa Xapakrtepmayercs: 1) KBasmigma-
romanbEEIM BuioM (40), 2) cmenmaibHOH CTPYKTYpPOH [HATOHAJIHLHWX KIETOK
(36) m 3) [IONOJIHMTEIBHEIM YCJIOBUEM: XapaKTePHCTHYECKUil MHOTOYJIeH:
Ka:{Joll AWArOHAJALHOH KJETKE IpefcTaBiafaerT coboil cTemeHL HEIPHBOZHMOIO:
B mone K MHOrodieHa.

daMeuaHue. JIeMeHTapHHE AeINTEIH MaTPHIEI A B OTJMYHE OT MHBA-
pPUAHTHHX MHOTOWIEHOB CYNIECTBEHHO CBA3AHK € JAHHKM JHCIOBRIM moiaeM K.
Ecam MB BMECTO HCXOHHOTO dYmMcaI0BOTo moas K BospMeM Apyroe 9mciioBoe
moJjie (KOTOpPOMY Takke HpHHAJIEKAT dJIeMEHTH JaHHOH MaTpHOH A), To aje-
MEHTAapHHE MAeJIuTeAn MOTYT H3MeHHThCA. BMecte ¢ 3lIeMeHTapHEIMHE JeJH-
TeAAMH H3MEHHTCA H BTOpAaA €CTECTBeHHAas HOpMaJbHasg (OpMa MaTpHUIEL

Tax, mampumep, mycThb jaHa MaTpunma A= || aikl(;' ¢ BEmEeCTBeHHLIMIE
9JeMEHTAMH. XapaKTepUCTHYECKUH MHOTOYJEH 9TOH MATpPUIH OyJeT HMEThb
BelecTBeHHHe Koapdunumentn. B To ke BpeMsAa 3TOT MHOrOW/IeH MOKET HMETb
KOMILIeKCHHe KOopHu. Kceam K —Tmoge BemECTBEHHHKX YHCEN, TO CPeAu 3je-
MEHTAPHHX [JeJuTeJell MOryT OHTH W CTeNeHH HEIPHBOJUMEIX KBaJpaTHBIX

1y Uz yenosmit 1), 2), 3) aBTOMaTHYECKN Clef(yeT, ITO XapPaKTEePHCTHYECKHe MHOIO-
9jleHH UArOHANbHBX KIeTOK B Ly ABISIOTCA HHBADHAHTHHIMA MHAOIOYJIEHAMHA MAaTDHIIER
L m, caenosaTelbHO, MAaTPANL A.

2) %7 {A)—eZMHCTBeHHHI NABAPHAHTHHEH MHOTOYIeH MATPHILE L% 1 B 10 me BpeMs
%j (A) ecTp cTemeHr HeDPHBOAEMOIO B moie K MHOTrOWIeHd.
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TpeX4IeHoB ¢ BemecTBeHHRME Koddpdunuenramu. FEcam K —mnome xoM-
OJIEKCHHX YHCed, TO KAKAHI 3JeMEHTAPHHN AeluTelb HMeeT Bup (A — Ag)P.

3. JlonyctuM Temepb, 4TO WHCIOBOe moie K COAEPMUT HE TOJBKO BJIe-
MEHTH MAaTpunsl A, HO H BCE XapaKTEPHCTUIECKHE YHCJIA BTOH MaTpuI i),
Torma anemenrapume pmenurenu Marpunul A mMelorT Buj ?)

(=A™ =A% L, A=) (Pt ... pu=n). (&)
PaccmoTpum onmi 13 TAKUX DJIEMEHTAPHHX [AeJIHuTeNel
(h — Ao)P
M OOCTABUM €MY B COOTBETCTBHE CIEAYIOMYI0O MATpPUIy HODAIKA p:
W1 0...0
0 A 1...0
e e e e e e . ﬁKOE(p)+H(p). (42)
00 0...1
0 0 0...%

Herpynuo mpoeepuTh, 9TO 3Ta MAaTpHIA UMeeT TOJIBKO ONMH 3JeMEeHTap-
gHi peaurens (A— Ag)?. Marpuny (42) Mm 6ygeM HA3HBaThb 0podarogoi
K.4emxoii, COOTBETCTBYIOIEN 3JIEMEHTAPHOMY HAEIUTenio (A — Ag)”.

7KopnaHoBH KIeTKHM, COOTBETCTBYIOIIHE HJIEMEHTADHEIM Jenurensm (41),
0003HAYMM depe3s

Ji’ Jg, ey Jua

Torga KBasmpuaroHaJIbHAs MAaTPUOA

J={J1, Jz, ...,Ju}

HMeeT CBOMMHM 3JEMEHTAPHHMHA JequTeasamu cremenu (41).
Marpuny J MOKHO eme 3ammcars Tax: -

J={ME+Hy, ME:+Hs, ..., ME,+ Hy},
rie
En=E™  H,~H™ (k=12 ... 0.
ITockonpry marpunet 4 m J umMelor OfHEM H Te jKe dIeMEHTAPHEE [eIu-

TeJIW, OHM MNONOOHH Meny co0oi, T. €. CYIIEeCTByeT TaKas HeoCOOCHHANA
marpuna T (|7 |==0), uaro

A=TIJT =T {ME+H, ME;+H,, ..., ME,+H,YT7. (111}
Marpuna J HASHBAeTCA H#0pIanosol HOPMAAbHOL @HOPMOL WM MPOCTO

aco pdanosoii hopmoti marpunu A. Hopmanosa fopma xapaxrepusyercsa KBasu-
JIUATOHAJIBHEIM BUOM M CIENMAJBHOH CTPYKTYpo# (42) OUaroHAJbHHX HIETOK.

1) 9ro BCEr[a HMeeT MecTO IUIA d06o# Marpmusl 4, eciu K—noje KOMITIEKCHHX
gucen.
2) Cpenn umces Ay, Ag, ..., Ay MOTYT GHITHL U PaBHse Messay coboii.
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Ha mumxecnaegylomeii cXeMe BHImcaHA ;KOpZaHOBa MarTpuma J npu 3aie-
MEHTaPHHX AeTHTeNAX (A — A%, (A—Ay)3, A—As, (A—Ay%:

A 110 0 0 0 0 0
0 40 0 00 00
0 0ia, 1 010 0 0
0 010 2 110 0 0
T=10 010 0 a0 0 0 (43)
0 00 0 01200
0 0000 0fa 1
0 000000 2,

Ecau Bce »bsnemenTtapHbie [enuTens MaTpuubl - A —mepeoil  cTenennm
(n TomBKO B 9TOM cJAydae), :KoOpaaHoBa (hopMa ABJIseTCA AUATOHANBHOH MAar-
puled, U B 9TOM CIydYae MBH HMeeM:

A=T{Ay, Ay ovvy A} TN (44)

Tarxum obpasoMm, mampuya A umeem npocmyrn cmpysmypy (cm. ra. III,
§ 8) 6 mom u moavko 6 mom cayuae, k0200 ice ee sAeMEHMADPHBE Oeaumentl
umerm nepeyio cmenenvl).

Hnorpga BMeCTO ;KOPHEAHOBOM KIETKHU (42) paccMATPUBAIOT (HUNCHIOW» MHCOP-
danoey kKaemry p-TO NMOPALKA

% 0. ..0 O
1.%...0 0
0 . . .
. :on(p)_i_F(p)_
. .. '7.\.0_ 6
0....0-1 ?\.0

Jra MaTpma TAKMKEe WMEeT TOJBKO OfMH 3JIeMeHTAPHHI Jexuredsb (A — Ag)P.

dnevenrtapHuM pennrensM (41) COOTBETCTBYET «HUNCHARY Hcoplanosa mam-
2

puya®)

J(i)z{klEl'l"Fia ?“ZE2+F2: R 7Lu,Em +Fu}
I(Eh:E(Ph)" szF(pk); k=12 ... 2).

IIponssonbras Marpuna A, AMeoMAas aTeMerTapasle Aenurenu (41), scerga
nogo6Ha Matpuume J,, T. e. CyImecTByeT Takasg HeOCOOGHHAA MAaTpuUIA
Ti(lTil#O), qTO

A=T1](1)TI1=T1{?L1E1+F1, ?LzEz*—l—Fz, R ?"nEn'i"Fn} T;I. (IV)
BaMeTHM eme, 4YTO ecJaun 7\.02#30, TO RayKpgas U3 MaTpuIr

Ao (E(p) -—I—H(p)), Ao (E(p)_[_F(D))

1) YacTo BMecTO «aJeMeHTapHHe JAeNHTeIN IepBOH CTelleHM» TOBOPAT «JINHeWHEIE
5lleMeHTADHEIE NeJIUTeIH» MM «NPOCTHE 3JeMeHTAPHEE JelnTellH»,
iz 2 B OT/iHYHE OT Hﬂzﬂﬁeﬁ FROP/IaHOBOM MaTPHUIEI Jy MaTpumily J HHOIJda HA3H-
BAIOT eéepIHeil oscopianoeoii mampuyeil,
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MMeeT TONHKO ONHH diIeMeHTapHHIl geantenn: (A-— Ag)P. IlosTromy puas meoco-
Gemmoit Marpune A, WMMepomedl siaemeHTtapuple fmenmrenu (41), mapanxy
¢ (III) u (IV) umeroT MecTO mpejcTaBIeHUSA
A — Tz {?\.1 (Ei+ Hi)’ Az (E2+H2), o« ey A‘u (Eu+Hu)} T;l, (V)
A - T3 {?\.1 (E1+F1), ?&2 (E2+F2), s e sy ?\.u (Eu+Fu)} T;l (VI)

§ 7. JunemenrtapHbie jgennTean MaTpunsl f (A)

1. B macroamem maparpage paccMOTPUM CIeAVIOIIYIO 3a7ady:
Harnwv saemenmaprvie Oeaumean (8 noae KOMNACKCHHE 4UCEA) MAMPUYLL

A=|lay]y u dana gynrkyua f(1), onpedescnras Ha cnekmpe mampuywnt A.
Tpebyemca onpedeaums saemenmapuvie Odeaumeau (6 noae KOMIAECKCHBLE
wucea) mampuywt f(A).

OGosnauuM dYepes

A—2a)" (A—2a)"E .., (A—2y)™

saeMentapHeie gemureaun Marpuil 4 !). Torma marpuma 4 mogoGHa sKoppa-
HOBOII Marpuue J

A=TJT1

u, caegosarensno (cM. 2° Ha crp. 106),

f(A)y=T]()T™

ITpu arom
J={T0 Ja ooy Ty Ji=METD L HY (=12, ..., u),
a
i(J)z{f(Ji)"f(JZL "-77_‘(Ju)}’ (45)
rpe (cM. mpumep 2 Ha crp. 106)
(p;,~1)
" (A) A U
f () T =D
0 f(?"i)' )
f(Jz)$ ' (l: 1, ’ u) (46)
)
. 11
0 o ... f(A)

ITockonbry mofo6upie Marpunm f(A) u f(J) uMeT ofHH U Te e die-
MeHTApHHE JeJuTelnu, TO B AanbHelimeM BMmecto Marpunm f(A) Me Gygem
paccmarpusarh marpuny f(J).

2. OmpegenuM cmagana gedexr d marpunsl f(A) mum, 9ro to Ke, Mar-
punst f(J)2). Jederr KpasmgmaroHadbHOH MaTpullHl paBeB cymMe HedeKToB
OTHeNBHEX AHATOHAJBHHIX KJIETOK, a medext marpunsl f(J;) [cM. (46)] pasen

1y Cpean umcesn Ay Aoy ..., Ay, MOryr OHITH W paBHEE MeXAy coloil.
2) d=n--r, rAe r—paHr Marpuuu [ (4).
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HaumMeHbINEMY M3 4YHceld k; m p;, Ife k;— KparHOCTh A; Kak KOpHS f(A)1),
MOCKOJBKY

FA)=Ff M) =...=F " Ya)=0, " (M)=£0 (=12 ...,u). (46)

My npuman K TeopeMe:
Teopema 8. Jegexm mampuysr f(A), ede mampuyae A umeem ssemeH~
mapHeie deaumearu

A—a)"Y A=A L, =AY (4D
onpedeasemca o pmy.aol
U
d= 2 min (k;, p:); (48)
i=1
3decv ki —rpamnocmov A; kak wopra f(A) (i=1, 2, ..., u).

B kavecTBe NpMIOKEHWS [OKa3aHHOH TeOpeMHl OIpeflelluM BCe BJIeMeH-
TapHHE JeluTelNu NIPou3BonbHOH Marpuisl A =|ax|[{, coorsercTByOmUE .
XapaKTePHCTHYECKOMY YHCIY Ayl |
A—RAg ooy A—Rhgs (A—20)% ooy (A—20)% ity (A—RAQ)™, vy (A—AQ)™,
L I — ~ (N - - e Je—

f 82 Em
rne g;>0 ((=1,2,...,m—1), gn>0, B ciyuae, Korga [aHH AeeKTH
dh d2v LI ] dm
MaTpHIl
A—ME, (A—WE)?, ..., (A—ME)™

Jlas aroro samerum, uro (A —AE) =f;(A4), rue f;(A) = (?»%?uq)j (i=1,

2, ..., m). Iloaromy nas OnpeAedeHns neexra Matpuun (A —AGE) caegyer

B (opmyne (48) momomurb k; =] AJA DSIEMEHTADHHX JeIHTeNeH, COOTBET-
CTBYIOIIUX XapaKTEePHCTHYECKOMY YHCIY Ay, u k; =0 BO Bcex APYrHX caa-
raemux (j=1, 2, ..., m). Takum oGpasoMm, moayuuM (GopMyJIH
g1+ B2+ &+ ...+ gm=dy, ]
g1+ 282+ 283+ ...+ 2gm=d,, |
g+%+%+m+%ﬁ%,i (49)
g1+2g2+3g3+; +mgm.xdm- J
Orcropa ?)
gj=2dj—dj,..1—dj+1 (]'=1, 2, A (X dO:O, dm+1=dm)' (50)
3. BepreMcsa k ocHOBHOMY BOmpocy 06 ompejelleHHH 3JeMeHTapHHX Aelu-
resqed Marpunul f(A4). Kar yse ormeuamock BHIIe, 9ileMeHTADHBE [EIUTEINIR

f (4) coBnagarT ¢ smeMeHTapHHMHE RexuteasMu f(J), a sileMeHTApHBe Jelu-
TeJIH KBasUAUArOHAJbLHON MATPHUEI COCTABIAKTCA M3 BIEMEHTApHHX JelInTe-

1) B o6mem caydae, Korna f (A)—He MHOro4leH, HOX KPaTHOCTHIO KODPHA A; (yHK-
nui f(A) TOHAMAWT Heloe 4ACIO k;, OlpemeiseMoe B3 yciosuil (46). k; MoskeT M paB-
HATHCA HYIIO, B aToM ciaydae f(A;) == 0.

?) Ecim sapgam pag umcen dy, dp, ds..., rae dj—pederT crememm (A— A E)F
(=1, 2,3 ...), To 9uciao m—HauGoNpIIME 73 IOKAasaTeNell cTemedell 3JIeMeHTAPHBIX
menurenedl BAAa (A—Ag)’—oupesenseTca KaK HHJEKC, IPH KOTOPOM dpyy < dp=dpy 1.
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Jiedl [UAarOHAJBHHX KJIETOK (cM. Teopemy D). IlosromMy Bompoc cBOmHTCH
K Pa3HICKAHUIO 3JIEMEHTAPHHX JeJuTejell Marpunsl C, UMemell NpaBHILHYIO
TpPEeyroabHEYI0 GopMy: '

tlo a1 . - . ap_1
p—1 0 ayp . .
R L | e
k=0 o R
0 0 . e .ao

PaccMoTpuM oTgenbHO ABa caydas:
1° a; = 0. XapakTepucrnueckuii MEOrowIen MaTpuns C, 0YeBHAHO, pPaBeH

Dy (4) = (h—aq)".
Torxa, mockonsxy Dy (M) nemmrcsa ma D, ;(A) Ges ocrarka, TO
Dpi(M=(h—a))’ (§<P)

3necs uepes D,_;(A) MBI ofo3HAUMJIM HAHGOABMMH OOIMUI JeaHTeND
MuHOPOB (p—.1)-ro mopsagxa XapaKTEPHCTHYECKOH MaTpPHIIEI

?\.—ao‘ —ay. . . . ——dp-
0 A—a,
ME—C=| '
4 .
0 0 . s ?L-“'"ao

Jlerko BMJeTH, 9TO MHUHOpP HYJNEBOTO 3JeMEHTA, OTMEUYEHHOTO 3HATKOM
«—+», paBeH (—a;)’! U, clefoBaTEIbHO, B HANIEM CIydae OTIAHYEH OT HYJIA.
Ilosromy 3mecy g=0. Ho rtorza us

Dp (M) =(r—ao)®, Dpy(2)=1
cienyer, 9To MaTpuna  HMeeT TOJILKO OXMH JIEMEHTADHHH HeauTeas (A — a,)P.
Caj=...=ap;=0, ap%0. B srom ciayuae
C=aE+aH* 4+ ... +apH™' (H=HP).
IlosToMy mpm II0GOM IeJIOM HOJIOKAUTEILHOM j He(eKT MaTPHIH
| (C—aoE) =afH" 4 ...
OLPEJEeNHTCA PaBEHCTBOM |
kj npm kj<p,
d;= :
p upu kj > p.
IMono:xum

p=gk+hk (O<h<E). (92)
Tormal)

dl =k, dg__—'Zk, ey d.q=-9k, dq+1=p. (53)

_ 1) B pammoM caywae umesao g¢--1- mrpaer poas umcaa m B dopmydax (49) m (50)
(cM. cHOCKY 2) K erp. 156). ,
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IMostomy cormacuo dopmynam (90) umeem:

gi=...=8q1=0, gg=k—h, go1="h.
Taknm o6pasom, maTpuna C umeeT 3lIeMeHTAPHHE JeIUTeNU
(K -— ao)Q+1, PR (A, - ao)q+1, (A. - ao)q, ey (?\. —_— ao)q, (54)
. S —— _
h k—h

ne nexse gucaa g >0 u h>0 ompepenstiores uz (52). ,

4. Temepb MH yite HMeeM BO3MOMKHOCTH BBIACHUTE, KaKue 3JIEMEHTapHbIe
memurtenu umeer matpuna f(J) [cm. ¢dopmyan (45) u (46)]. Hampmomy asmne-
MEHTapPHOMY JeJuTeNo MaTpunmel A

(A —Ao)?
oTBedaeTr B MaTpurne f(J) auaroHalJbHAS KIETKa
1" (o) J L (M)
fho) =47 =
. op—1 0 J (ho)
fhoE+Hy=T3, 20 pt R (55)

i~0 - : 1)

) ) . &
0 0 "f (M)

OueBHIHO, BOIPOC CBOOUTICA K HAXOMKIEHUIO JJIEMEHTAPHHX [eMuTeNel
riaetok supa (59). Ho matpuma (55) umeer mpaBHMIBbHYX TPeyrodbHYIO dop-
my (1), mpugem zmecw

av=F(h)y ey =F (o) a =13, ..

Taxkum o6GpasoM, MpHXOJUM K Teopeme:

Teopema 9. Suemenmapnvie deaumean mampuyw f(A) noayuaromcs
us saemeHmaprulx Oeaumeaseil mampuyws A caedyowum o06pasom: 54€MEH-
mapuHomy Oeaumento

(A — Ao)? - (96)

mampuys, A npu p—=1 uau npu p>1 u f' (ho)5=0 omeewaem odun sae-
MeHmapHull deaumens

(A —71 (Ro))® | (57)

wampuyw (A npu p>1 f (o) =... =" (), f7 ()£ 0 (K< p)
saemenmapHomy Oeaumearo (56) mampuyet A coomeemcmeyom caedyioujue
sqemenmaprue deaumeau mampuys f(A):

(7""—f (?"0))%1’ SRR (A“_f (}"0))(1“’ _(;"—'f(xﬂ))q’ R (?"“‘]‘(KO))QJ (58)

o

h | | k—h
ede
p=qk+h, 0<q, O0<h<k;
narorey, npu p=>1, f(Ro)=f ()= ... = fP=V(h) =0 saemenmapromy

deaumearo (56) coomeemcmeyom p dLeMEHMAPHUT deaumeaeli nepgoll cmenexHu
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smampuybt f(A4)1):

A—F (Ao} ++vs A—F (ho). (59)
OrMeTnM claefyiomue 4acTHHE IOJOKEHNA, COAePKANLINeCA B 3TOH Teopeme.
1. Ecau My, Xy ..., Ap—zapakmepucmuueckue wucaa mampuyst A, mo

F(M)y F(A)y .., f(An) cymb zapaxmepucmuneckue wucaa mampuys f(A)
(kaK B DePBOM, TaK W BO BTOPOM PAJAAX YHCEN KUKI0E XaPaKTePHCTHIECKOE
9HCIO0 NOBTOPAETCHA CTOJBKO pas, KAKOBA €ro KPATHOCTh KAaK KODHA Xapak-
TEPUGTHYECKOT0 ypaBHEHNUA) 2).

2. Ecau npouseodnas f' (M) me pasna Kyl Ha cnekmpe mampuyst A %),
mo npu nepexode om wsmampuyl A k mampuye f(A4) saemenmaprniie deau-

meal He «PACULenAAIMCy, M. e. eCal Mampuya A umeem saeMenmaphtie
deaumeau

(A=A (A—2A2)"2 ..., (A—An)"n,
mo mampuya f(A) umeem saemenmaprvie deaumenu

(A—F )™ A—F )™ o oor (A—F (A))Pn.

§ 8. O0muii MeTox mOCTpOEHHA NpPeOGPAZYIONIEil MATPHUILHE

Bo MHOrmx Bompocax TeOpHH MATPHI H HX NPHICMKEHAMH TOCTATOUIIO 3HATH
TOABKC HOPMANBHYK (OpMY, K KOTOpOii NpHBOAMTCA gaHHAA Matpmna A=|| a;; || npe-
obpasoBanmeM nogoGmsa. Hopmaneuas ¢opma Bmoane ompefensercd HHBAPMAHTHHIME
MHOTOYJIeHaM¥ XapaKTepHCTHYecKOH MaTpmnu AE—A, Jlna HaXOMOIeHHA HNOcIegHHX
MOKHO- BOCHONIL30BATheA onpefenswomumu opmynamu [cm. (10) Ha cTp. 143] mam mpm-
BeJIeHHEeM XapaKTepHCTHYecKO# MaTpHOH AE —A ©mpu moMmommu 3j1eMeHTapHHX npeobpa-
30BAaHMM K KAaHOHHYECKOH AmaroHaiabHOM dopme,.

B HeKOTOPHX e BOmpocax HeOGXOXMMO BHATH He TONLKO HOPMAILHYI (opmy A
naHHO# MaTpmusl 4, HO ¥ mpeofpasyomyl HeocoGemayo Marpuny T.

Henocpeficteennmit cnocob ompenenenns MaTpuUOE T COCTOMT B ciefyIOIeM.
PasencTBo

A=TAT1
nepenucHBaeTCA TaK:

AT —TA=0.

JT0 MATPHYHO® YDAaBHEHKe OTHOCHTEAbHO I DABHOCHIBLHO cucTeme n? MHHEHHHX OMHO-
POMHHX YpPaBHEHUH OTHOCHTENBRHO n? HEHM3BECTHHX Kod(pdmumentos marpmum I'. Oupe-
flelenre npeolpasyomeif MaTPHIH CBOJHTCA K DEMEHHI0 3TOH cHCTeMH u3 n? ypasHe-
Hmi. [IpM 3TOM H3 MHOMKecTBAa pemeHuid Heo6XogmMo BHOpATL Takoe pemenue, Aad
Koroporo | T'|=0. Cymecrsopanme TaKOro pemeHHA o(ecledYeHO TeM, WTO MATPHALLL A
H A mMelOT OJHH W Te yKe HHBAPHAHTHEI® MHOTOWICHH 4).

3aMeTduM, 9TC B TO BpeMsA KaK HOpManbHaA d¢opma ompegeiseTcs OJHO3HATHO
sajagmeM [OaHHOM MaTpmiH A5), miaa npeobpasyroomei Matpunsl 7 MK Bcerga nMeeM
fecymciieHHOe MHOKECTBC BHAYEHHH, OXBATHBAGMHX (OpPMYJIOH

T==UTy, (60)

1) (57) moanygaerca m3 (58), ecam ﬁonomnm k=1; (59) noxywaerca us (58), ecmu
OONORUTE k=p mubo k > p.

%) Tlpenmoxenne 1 GHII0 HAMH OTHEJILHO YCTAHOBIEHO B Ta, V, crp. 106.

3) Toects f'(A;) =0 A Tex A;, KOTOpPHE ABIAITCA KPATHHIME KOPHAMM MHHU-
MaJILHOTO MHOTOHYJIeHA. o .

4) Us sroro daxra caenyer momoGue matpunm A m A.

5) 9ro yTBepsennme 6e30TOBOPOYHO CHOPABEIJIMBO B OTHOIICHHE NEPBOH ecTecTeeH-
HO# HopMmausHO# dopmE. HUTo e KacaeTcA BTOPOH HOPMAaNbLHOH POPME MM KOPIABOBOH

HOPMAJNbHOH (OPMH, TO OHH Ompefe]ATCA OZHO3HAYHO € TOYHOCTBLIO [0 NOPAMKA
AAATOHANLHHX KJOTOK.
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rne T;—onmra u3 npeobpasyiomux Marpuil, a U-—IpomsBoIbHAH MaTpPHNa, HepecTaHO-
BOuHaA ¢ 41). _

Npepnosxennnii sirme cmocod oNpeneneHHA npeofpasyiomed Marpmuz I odensn
TPOCT 1O cBOeHl mjee, HO NPAKTAYECKH MaJO IPHTOfeH, TAK KAK CBA3AH ¢ OYeHb 6OIb-
UMY BHYMCICHUAME (TaK, yke OpH n—=4 OH TpebyeT pemeHus cHCTeMH H3 16 mmHei-
BLIX YDaBHeHMIl).

[JepexoauM K H3JIO:eHHI0 Oolee 3p@EeKTHBHOTO MeTOJa IOcTpoeHHS Hpeobpasylo-
meit MaTpuusl . 9TOT MeTof onmpaerca Ha nobaenenue K Teopeme 7 (crp. 150). Cormacuo
aTOMYy f00aBieHHEI0O B KadecTBe Ipeolbpasyomeil MaTPUilH MOMKHO B3ATH MAaTPHIY

r=Q (), _ (61)
KOJBb CKOPO }
AE—A=P () ME—A4) Q (\).

Ilocnmegnee paBeHCTBO Boipaskaer co00OH JKBHBAJEHTHOCTH XapaKTepHCTHYECKHUX

Marpul, AE—A4 1 ME—A. 3gecs P(L) um Q(A)—MHOrOWIeHHEE MATPHIE ¢ HOCTOSH-
HHMK OTIHYHBIMA OT HYJIA OUpejeldTelsMH.

g KOHKPETHOTO HaXOMKJAeHHH MaTpUmu ¢ (A) MBI IPHBOJHM K KaHOHHYECKOM
JHATOHANBHOH (OopMe KaKmaylo m3 A-marpui, AE—A m AE—A npm HDOMOIIH COOTBET-
CTBYIOIUX 3JIEMEHTAPHEX UpeobpasoBanmil 2):

{tn (W)s inog (M) -oey B (W} =Py A) AE—4) Qy (B), (62)
{in (), in-g (), --es i (M}=P2 () LE~ ) Q2 (A, (63)

The - ' : :
QM=TiTy ... Tp, QaMN=T{T§ ... Tpy (64)

a Ty ouey TP1’ T, oisy T;z—BHeMBHTapHHe MATPHIH, GOOTBeTc'rByfomne' 3JeMeHTap-
HEM oUepanmaM HaJ cronbnamu A-martpun AE—A n ME — A. Ua (62), (63) = (64) caeayer:
AME—A=P (\) (AE—A)Q ()),

Iae
QM) =0, (M) Q5! (M =T,Ts ... TpingiT:;_ii O it (65)
Marpuny Q (M) BHuucisieM, IPAMEHHB HOCIeI0BATENbHG K CcTONOmAaM efuHHIHOMN
MaTpuus E sJeMeHTapHEE oOUepanmum ¢ MaTpmuaMm Ty, ..., Tpi, T;;i, ey T’;"i.
Ilocae sroro [cornacuo dopmyme (61)] samensiem B Q (A) apryMeHT A MaTpHIed 4.
ITpumep.
1 0 1
0 1 —1
—1 —1 1|

BeeneM cuMBoamdecKHe 0GO3HAYEHHA A JEBHX W IPABHX HIeMeHTap-
HHEX OIepanuii m COOTBETCTBYIOIEX Martpmi (cMm. crp. 136 —137):

S'={(c)i}, S"={i+0@M)j}) S"={i}
I"=[(c)il, T"=[i+(MA)jl, T"=Vij).

YuraTenb JerKO0 NMPOBEPHT, 9TO XapaKTepPHCTHIECKAA MaTpPHIA

A—1 0 —1
AE—A= 0 r—1 1
1 1 A—1
1y ®opmyay (60) mokmo 3aMeHHTH dOpMyIOH
T=T,V,

~r

rhe V-—npomsBolbHAS MaTpHma, IepecTapoBodnas ¢ A.

2) 3peck CYIIECTBeHHO JHIOIb TO, d9TO 00e A-MaTpunsl AE—A m AE—4 I pHBO-
JAATCA K OJHOMY U TOMy :Ke BHAY.. Mm m30paln KaHOHHYECKHWI [maroHalILHHHA BH],
TIOCKONLKY CYImEeCTBYeT aJropuaTM, o0ecOedmBaloluil NpHBEJEeHHe K TAKOMY BHIY.
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OPUBONHUTCA K KAHOHUYECKOMY AHArOHAJBHOMY BUAY

10 0
01 0
0 0 (A—1)

¢ IDOMOHIBK) CJedYIONIHX HOCJIEI[OBHTéJIBHO BHHOJIHBI’iHHX JJIEMEHTAPHHX one-
pamui:
M+3A—1)3], {21}, {3+A-—-D1}, {(—=1D1}, [1-—-2]
He (02— 20+ 1)2], 2—(—D1), {(—12), 131, 3. &
Y3 KaHOHHYECKOTO JHATOHAJBHOTO BHAA MATpuUIE AF — A ycmarpuBaeM,

yTo MaTpuma A wuMeeT TOJIBKO OJMH 3IeMEHTADHHE pmenurens (A—1)3,
[TosToMy COOTBETCTBYIOHIENH ;KOopAaHoBoil dopmoit Oymer Marpuma

1 1 0
J=]|0 1 1
0 0 1

HerpyAro BuJeTh, 4YTO Xapakrepucruieckas Marpunma AKE —J mpuso-
OATCS K TOMY jKe KAHOHWYECKOMY [MAaTOHAJBHOMY BHAY C DOMOH[bIO dJie-
MEHTAPHBIX OTepPAIHil :

(Br0—1)2), B+@—2A+11, 240—D3], U+E-12,
(=1} {(—1)2}, [13], {12}. | (%)

BuifpackBag m3 (%) U (x%) JeBHe 2JeMEHTApHHeE omepannu, 0603HAYeHHEE
cuMBoaoM {...}, MK B cooTBercTBHM ¢ dopmymamu (64), (65) momyqum

Q1) =0: (M) Q5* (M) = |
- (h—1) 3] [1—2] (1 — (A2—2A-+1) 2] [13] [13] [1—(A—1) 2] [2—(A—1) 8] =
=4 A—1)3I[1— (A=A 1) 2] [2— (A —1)3].

[IpuMenuM K eSWHHYHON MATpPHIE IIOCJAEMOBATENBHO 9TH NpABHEE 3Jle-
MEHTApHBIe ONEePAIUM:

1 0 0 1 0 0 1 0
E=||0 1 00— 0 1 0||l—| —&+2—1 1 0 )| —
0 0 1 1A—1 0 1 A—1 0 1

1 0 0
— i —AA—1 1 0,:0(&).
A—1 —Art1 1
Taxkum obpasos, -
0O 0 0 0 0 0 1 0 0
Q=i —1 0 0241 0 Ofjasxll —1 10
4 0 0 0 1 —1 0 —1 1 1
Samegas, 4TO
1 2 1
2=l 0 1 2‘,
o 0 1]

11 ®. p. ranrmaxep
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HaXoJ[AM
00 Oft 2 1 0 0 OJf1 0
T—=Q)=|| —1 0 O}[[0 1 2j+|1 oolo 1|+
0 0 Offfo 0 1 1 —1 0f/lo 0 1
1 0 0 1 0 0l
=1 1 0= —1 0—1|
11 1 0 +1 0
[IpoBepra.
(T 1 1 0
AT = —1 —1 —1|l, 7J=| —-1 —1 —1},
o 1 1] 0o 1 1
1 0 0
T|=| =1 0 —1 =1
01 0

CnenoparensHo, AT =TJ (|T|==0), 1. e. A=TJT.

§ 9. Bropoii MeToy mocTpoesnd mpeolpasyouieii MaTPUIbL

{. ME HM370HM ellle OMH MOTOJ HOCTPOeHHA Mpeolpasyomell MATPHIH, KOTODh
9acTO0 NPUBOJAMT K MEHBINEM BLIYHCJICHMAM, HeHeNM METON HpeAbifyliero naparpada.
OpEako 3TOT BTOPOil MeTOZ MpHMeHRM JAIIb TOT/A, KOTAa HOpMAaAbHAA ¢opMa KopAaHOBA
¥ H3BeCTHH »JeMeHTapHHe eJIHTelH

A—2r™,  (A—Ad)"% ... (66)
mamgoii MaTpauu A.
Myets A=TJT71, rue
P
————
Ay ... 0
R |
0 Ay P2
T=nEP? L g0, 2,mPY g2 = e 1 ... 0 X
1
0 Ao

Torga, 06osaadas gepes tp k-it croaben Matpunu 7T (k=1, 2, ..., n), ML MaTpHAYHOe

PaBeHCTBO
AT =TJ
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3aMeHHM SKEHBANEHTHOH CHCTeMOH paBeHCTB
Aty =M1y, Atg=Mta--ty, ..., Aty =Mtp +tp 4, (67)
Atplﬂzxztpl“, Atp1+2‘=xztpl+2+tpl+l, RN Atp1+p2—_—h2tp1+p2+tp1+p2_1, (68)
KOTOpPYI0 NIEpPEelHIIeM elie TaK:
(A—ME) =0, (A—ME)ty=ty, ..., (A—ME)tp =tp 14, (67°)
(A—AE) tp1+1:0: (A-—AE) Ep 42 =1tpi41s « o s (A—AgE) tpy+py =tp+pa-10  (68")

.................................. . s =

Taxum oOpasom, Bce cTonbum marTpunsr 7 pasbupanrcd Ha «/KOPJAAHOBH NeNOYKHY»
cTOn6uOB: [#y, t2, ..., tPll’ [tP1+1’ Lpd2s oo o tP1+P2] y... RajKaoll JKOPIAHOBOM KIETKe
B J [uam, 9TO TO ’Ke, KamAOMY dJeMeHTApHOMY fejimrteiio (66)] cooTBeTCTBYyeT CBOS HOD-
IaHOBa menouka crtoabmoB. Haskpad KOpPAAaHOBA I€NOUKa CTONOLMOB XapaKkTepH3yeTcs
cmcTeMOii ypasHeumii:tEna (67), (68) m. r. m.

Haxomxpuenne npeobpasylomedl MaTpunol 7 cBOJAHTCA K PaSHICKABHIO FKOPAAHOBHIX:
leIcYer, KOTOPHe B COBOKYIHOCTH faBajiu OH n JIAEENHO He3aRHCHMHEX cT0JA6IOB.

MBI noKakeM, 9TO 3TH KOPAAHOBH IENOYKH CTOJIOIOBR MOKHO ONpPEAeNHTH IpE:
noMomy nupHBefeHHOH MaTpuuul C (A) (cM. Tia. IV, § 5).

Juaa matpuus C (A) EMeeM TOMIeCTBO

AE—AYC (A=Y (M E, (89
rae VP (A)—-MHENMaIbLHLI MHEOTOYieH MarpHOH A,
ITIycrs
Y A)=A—r)™ X (A) (% (M) = 0).

I popudfeperuppyeM NOUIEHHO NOCIEAOBaTENIbHO m—1 pas TomaecTBO (69):
AE—A)C" (M+CM)=1" (A) E,
(AE —A) C" (\)+2C" (\)=1" () E,

® & ® & =« W P FT ¥ 8 e & & s o o o s o c = s s J

(AE — A CO=D (M)t (m—1) Cm~2) (k) =™=D> (1) E,

(703

[MoacraBaasa Ay BMecTo A B (69), (70) m saMedas, 4To IpaBhle YACTU IIPH 3TOM 06 pamaiorcs
B HYIb, IOJYYHM: '

(A —ME)C=0, (A—ME)D=C, (A—AE)F=D,...,(A—khE)K=C, (71)

rae
1 ., 1 .. 1 ‘
C=C (Ay), D=T!- €’ (Ao)y F:2—! C" (ho)s ..., G Zm Cem=2) (Ap), ]
1 - 72y
K:m cun-h (7\‘0)

Jamennm B paBeHcTBax (71) marpunw (72) mx k-mm cronboamm (k=1, 2, ..., n).
IMonyqanm:

(A—ME) Cp=0, (A—hoE)Dp=Cp, ..., (A—hE) Kp=Gp (73)
(=1, 2, ..., n).
Hockoasky € =C (ho) 5= 01), mo:xEO BubpaTs Taxoe k (< n), 970

Cp 5 0. (74)
Torma m cTOIOLOB
Cg, Dp, Fp, ..., Gp, Kp, (75)
JIUHEeHO He3aBHCHMEI, B camMoM pelle, OyCTh
'ka+<5Dk+...+MKk,:0. (76)

1) U3 C(Ag)==0 cuegosano GH, 9TO Bee diemenTH C (A) mMel0T o0mmil meiuTenn.
cTelleHH BHINE HYJIeBOll, 910 mpoTHBOPedHT Ompenenenuo C (A).

11%
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llomuomxan ofe wactm (76) mocmepoBarencHo HAa A—ME, ..., (A—AE)™1, moayaum:
0Cyp+ ... +xGy=0, ..., ®Cp=0. (77)
Uz (76) u (77) B cmny (74) HaXogum:
y=0=...=xn=0.

TTOCKONBEKY NWHEHHO He3aBACHMEE CTONOMH (75) YAOBIETBOPHIOT CHCTeMe ypaBHe-
mmit (73), oum 00pasyor KOPEAHOBY [€I0YKY BEKTOPOB, OTBEYAMITYI HIeMEHTAPHOMY
pemaremio (A —Ag)™ [ep. (73) ¢ (67")]. _

Ecnm npm mexoropom k Cp=0, HO Dy =4 0, To cronbust Dy, ..., Gy, K oOpasyior
JROPHAHOBY TeN0YKy M3 m—1 BeKTOpPOB H T. [.

2. IlogameM cHadajla, KaKk IOCTPOMTEHL Npeodpasyrmylo matpuny T B TOM ciydae,
KOTjla MaTpuiia A mMeeT HMONapdO B3aHMHO LPOCTHE JJIEMEHTADHEIE [€JIATENH:

(A—4y)

y

L ) 2 L, (A—Ry) (A == Aj mpm i==j; =1, 2, ..., s).

ml
- DmeMeHTapHOMY felnTeNno (A—Aj) ’ cTaBEM B COOTBETCTBHE #ODPJAAHOBY LEIOIKY
crombios C), D, .., ¢ gW) HOCTPOEHHYIO IO YKa3aHHOMY BHime cnocoly. Torma

(A—WjE) €D =0, (A—ME)DD=¢cD, . . (A—E) KD =W, (78)

JlaBas j 3Havenus 1, 2, ..., s, HONYYIHM § JKOPHAHOBHX IEeIOYeK, COePKAMHAX B COBOKYII-
HOCTW n cTOAOMOB., T CTOMONE JWHEHHO HE33BHCHMEI.
JeiicTBUTENRHO, NYCTH

8
3 1y, €9 48,09 - L p kD] =0, (79)
=
Momuo:xuM o0e wacTu paBedcTBa (79) ciéBa Ha IpPOM3BeZeHHUE
+1 .
(A—MEY™ . (A—hjyBY 71 (A—MEY T (A—hjpB) T+ L (A—AE) 5. (80)

Momyamm:

KJZO.
3amensas B (80) mjmi MocaeloRaTeNhHO HAa mj—2, mj—-3, ..., HaimemM:
YJ=§_7=.=K3=0 (}‘:1, 2,..., S),
970 ¥ TpeGoBalOCH [JOKA3ATL..
Marpany T ompefeanM OpMysIoi
T=(C®, DV, ., Kb; €2, D@, , K®;  ; C®, Dey | K6, (81)

Ilpamenp.
8§ 3 —10 —3

18 —1 —4 2] $YM=4M=RA—D2Ah412==A—2)241,
4 2 3—2 4 | DNeMEHTADHEHIE [IeJIMTeJIH: (A—1)2, (A4-1)2,
‘ f —; - i’ 21w, =P =0 ) ‘“&:;P(?‘) = A2 4 (A2 —2) -t AS—2A,

C (A=Y (AE, A)=A3-} AA21-(A2—2) A4- (A8 —2}) E.

CocrasuM nepsuil croaben €y (A):

Cy (W =[] +A T4+ (A2 —2) A+ (A3 —2h) K.
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Jlna BuuYBcieHHA HEPBOro cToj6ma Marpwime A2 Mbl HOMHOKUM BCe CTPOKM MATPHUH A4
ga mepBHil croiben Marpuum A. Iomywam Y): [A2];=(1, 4, O, 2). IloMHORasA Ha ITOT
cToalen Bce CTpoKM Marpamum A4, Hafigem [43],=(3, 6, 2, 3). IloaTomy

H 3 1 3 ' 1 A3+ 3A2—A-3

6 4 2 0 2A2 44042

— 2_ e (A3 — 22 —_

Cuh) Hz A, |[F@2=2) | ) 052 | 7o
3 2 1 0 AZ12)H1

Otcroma C; (1)==(0, 8, 0, 4) u C; (1)==(8, 8, 4, 4). Hockonsry C;(—1)=(0, 0, 0, 0),
TO IepexofuM KO BTOPHIM ¢ToAGHAM #, AefcTBYA aHAJOTAYHO IpeJLIyHIeMy, HAaXORMM:
Co(—1)=(—4, 0, —4, 0) 1 C; (—1)=(4, —4, 4 -—4). CocraBiseM MaTpHNY:

0 8 —4 4
0 —4

0 4 —4& 4

i 4 0 —4 |

(Ci (1), €1 (1); Ca(—1), Ca(—1))=

Coxpamaewm 2) nepeue jBa cTonluna Ha 4 @ BTOpHe fBa CTON0HAa Ha —4.

0 2 1 ~—1

re— 2 2 0 1

o 1 1 —1

i1 1 0 1
HpeJmaI‘aeM YATATeJH IIpOBBpI/ITb, HT10
1 1 0 0
0 1 0 0
AT =T.

0 0 —1 1
0 0 0 —1

3. Ilepexofia k ofmeMy ciydaio, OygeM PazHCKABATH KOPJAAHOBH IEII0YKH BEKTOPOB,.
OTBEYAKONINEe XaPAKTEPUCTAYECKOMY YHCIY Ag, KOTOPOMY COOTBETCTBYIOT P DJIEMEHTAPHHX
penmreneii (A—Ag)™, ¢ aneMeHTapHHX AenmTenedl (A—Ag)™~1, r memmTemeit (A— ko)™
H T. A.

YcraHoBAM npeiBapATeNIbHO HEKOTODHE CBOMCTBA MAaTpHIl

1 1

C=C (}\40), .D:CI (}\40), F:—Z‘!— C” (;\40), ey Kz_(}n-——1)! C(m_l) (A.O). (82)
1° Mampuywn (82) moeym Gumb npedcmasaenil ¢ sude MmHozodaeHvs om A:
C=hi(4), D=hy(A4), ..., K=hy (4), (83)
20e
VA% ,
hiy (My=—F""— i=1, 2, ..., m). 84
= ) (84)
B camoM Jene,
C(\)=" (E, A),
rae

—1p (A
¥ (A, ”)Ei(i?—._;\l}(—)' .

1y Cromben;, ma KOTOpHII yMHOKaeM CTPOKH, MH DNOJUACHBaeM IojJi CTpoKaMHd
MaTpanu A. KypcHBoM HaOpaHH 37eMEHTH KOHTPOABHON CYMMapHOH CTPOKH.

2) [Ipm yMHOKeHOH BcexX CTONGLOB KOPJAHOBOM HENOYKH HA YHCIO ¢ == ( meHouKa
OCTaeTcA »KOPAAHOBOMH.
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{TosTomy

ki! Cct (Ao):—l%_r Yo (AE, A), (85)

rie

1 1
-Eq'r(h) (}\,0, M):—H[ Y ’\l)( . p,)] N

e v A
RUL oak it docng (ueho)t¥t

13 (32), (85) m (86) cmenyer (83).
2° Mampuys (82) umerom coomsememeenno panau

p» 2p+4q, 3p+29-+r, ...

910 cmodcTBO MaTpuiy (82) HemOCPeICTBeHHO HoXydaeTcAd u3 1° m Teopemu 8 ra. VI,
€CJIH - MOJIOKATh PAaHr paBHEIM 7n—d ¥ BOCIOJNBL30BATHCA GOpMyJoid (48) XaA DedeKTa
dyBERIAE 0T A (cTp. 130). '

3° B pady mampuy (82) cmoabey waxncdoli mampuyb ssaaemcs aunelnoll xoMOURA-
- Yuell cmoabyos 4060l nocaedyioujeli mampulybl,

BoaspMem pBe Matpmum h; (A) m hy (A) B pagy (82) (cm. 1°), Hycers { << k. Torpa
u3 (84) cne,uyeT

=hpeq (u). (86)

hi (A) =hp () (A—hoE)-2,

Otciona j-it cromGer y;(1=1, 2, ..., n) Marpunn h; (A) InHelHO BLIpa)iaeTcs dTepes
CTONOIH 24, Zg, ...’ 2z, MATpHIH hk (4):
n
= 2 GgZgs
g=1
TAe dy, Us, ..., Oy —DIEMEHTH j-r0 cToaGa MaTpmi(sl (A —Agk)r-1,

4° He wmenasa ocnosnuz @Gopmya (71), moxcno e mampuye C - awboli cmoabey
BAMEHUMD NPOU3B0ABHOE AUHETROT KoMbuRayueil acex cmoabyos, cdeaas coomaememayiowyro
sameny ¢ D, , K.

Teuepb ]:[Bpeﬂ,[[BM K HOOCTPOGHMIO 'ROPMAAHOBHIX IEHOYEK CTOIOI[OB ,um; plIeMeHTap-
HEIX RellATeelr

(K—ko)m, v (A=A)™; (A—Ag)™m-t, L., (A—Ag™1
. R - N —— . e
P q
flonwaysace cBofictBamMm 2° U 4°, ME MaTpuiy C mpeofpasyeM K BHAY
C=(Cy,Cs ...,Cp 0,0, ..., 0), (87)

rhe croxbuum Cy, Cy, ..., Cp MuHellHO He3aBHCEMH MeMRRY co6oik. IIpu sTOM
D:(Dis Dy, ..., Dp; Dp+1! cee n)i

Cormacro 3° paa awboro i (1.<i<Cp) cronbery C; ecTh muHeitHas KoMOMHAMEA
cTondnos Dy, Do, ..., Dy:

Ci:a:lDl—l- o +(Ipr+ap+1Dp+1+ s —'[-(In.Dn. (88)
Tomromnm ofe gacTm TOTO paBercTsa Ha A—AgE. Torpa, samedwas, urs [eM. (73)]
(A—WE) C;=0 (i=1,2,...,p), (A—RE)Dj=C; (=1, 2, ..., n),

fionyymM B cmiay (87):

0=0yCy+aeCa+... +apCp
OTKyZRa B (88)

g =... =(1p:O
TlosTomy croabus Cy, Cg, ..., Cp IpefcTaBIAIT cO00H NMHEAHO He3aBECHMHIE KoMGmHA-

fmaE ¢Toa0IOB Dp+1v veny Dn, H NOTOMY, COFNAcHO 4° @ 2°, He MeHAA MaTPHUH C, MOMKHO
amecT0 Dpyy, ..., Dgp B3aTh cTonbou Cy, ..., Cp, a BMECTO Dopiq+is + -0y Dy —HYyZR,
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Torpa MaTtpuinia D mpuMeT . BHJ
-D:(-Dia L) -Dp; Cia CZ& '-;’ Cpi D2p+1i SRR D2p+q; 0, 0, seey 0)' (89)

Taxmm ke obfpasom, coxpausas smp (87) mw (89) mma matpun € m D, MH CIeAyomyio
MaTpuny F mpexcTaBmM B BUJE

F:(Fia LRy Fp; Di! ey Dp;‘ F2p+1, vy F2p+q; Cii R Cp; } (90)
D2p+1, LRNE D2p+q, F3p+2q+i, ey F3p+2q+ra 0, .. .y 0)
HT. O
@opmyns (73) AaAyT HAM KOPJAAHOBH LeTOYKHA
m m R
o ——r - A —_
(C1, Dgy ..oy, Ky)y ooy (Cpy Dy, -1 oy KB);
D
- - - e, h —
SD2p+ia F2p+1a vy K2p+i), “eny (D2p+q, sz+q, ) K2p+q)§ e
q J

Imu ocopdanoss Yenouku Hezasucumsl mexncdy coboii. J1eHCTBUTENIBHO, BCO CTOMGIE
C; B uenogxkax (91) HesaBHCHMH, TAK HKAaK OHM O6PasylOT p HE3ABHCHMHX CTOJ6LOB
matpuns C. Bee cron6un C;, D; B (91) HesaBmcHMEH, Tak Kak oHm obpasyrr 2p-t+g
He3aBHCHMMEIX cTONONOB B MaTpuue D B T. I.; HaKOHe:, sce cmoabysl ¢ (91) Hesasucumsl,
max kax onwu o6padyrom ng==mp--{(m—1) g-+ ... nesasucumpr cmoabyos 6 mampuye K.
Ymeno cronbuor B (91) paBHO cyMMe cTeneHell aleMeHTapPHHX JflelHTeleil, COOTBOTCTBYIO-
IEX [JaHHOMY XapaKTepUCTHYECKOMY YHCILY Ag.

Ilycts mMatpmEma A=} a;3 ||} HMeeT s pPasIUYHKEIX XapaKTePUCTHYECKHAX GHCET Aj
=12 ..., 5 AA)=RA—-M)" A—Ag)"% ... A—R)"5 P W) =(h—r)"™ A—2A3)"% ...
coo (A—Ag)™5]. lnA KayKEOro XApPaKTEPUCTHYEeCKOTO YMCIA Aj COCTABUM CBOK CHCTeMY
He3aBHCHMHX JKOPAAHOBHX nemogex (91); uHcmo cTonbuoB B BTOH cHcTeme DyneT paBHO
n; (j=1, 2, ..., §). Bce monyvyenHHe TakuM o00pasoM NEMOYKH COJEpKAT n=n;-}
“+ns-+4 ... ng cronbios. , ‘

Amu n cmoabyos AUHElHO He3AGUCUMLL U COCIMABAAIOM O00HY U3 UCKOMBIE npeobpasyio-
wuzr smampuy T '

JloKasaTenpCTBO JHHEHAOH HE3aBMCHMOCTH NONYYGHHHX 7 CTOJNOHOB HPOBOJHUTCA
cleAyIomuM 06pasoM.

Jlwbag nuHelinag KOMOWHANAA 3TAX N CTONOMOB MOKeT OHITL HpeACTABICHA B BAAE

8
D Hj=0, (92)
=1

rpe H;—auneiitnad KoMOEHANEA CTONOICB B MKOPAAHOBHX LeNOIKax (91), COOTBETCTBYIO-
IIUX XapaKkTepECcTHuecKoMy amcdy Aj (=1, 2, ..., s). Ho moboi cronfen B sxopaaHo-
Hofl memogke, COOTBETCTBYIOMEH XAaPAaKTEePHCTHYIECKOMY 9HCAY Aj, YAOBIOTBOpSAET ypaB-
HEHUIO

(A—;E) "7 =0,
IloaTomy

(A—\;E)"T Hy=0. (93)

Boasmem $rrcmporannoe gmeno j (1< j < s) N1 HOCTPONM HMHTOPHOJANNOHAKIH MHO-
rouner Jlarpamma—CrasBecTpa r (A), (eM. Ta. 'V, §§ 1, 2) mo crefyoIqEM 3HAYEHHAM
Ha CHeKTpe MATpHIIHL:

r(A)=r(A)=... =" (A;)==0 mpm i == j
rg)=1, r'(p=...=r"7""a;=o0.
Torga mpm JoGom i =£=j r(A) nmemnTca Ha (Kw«?&i)mi 6e3 ocTaTka, I03TOMY

B8 cuay (93) ,
r(A)H;=0 @+ (94
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. my
TouHo TaK e pasHocTh 7 (A)—1 menurca Ha (A—Aj) 7 Ges ocrarka; HOITOMY

r(d) Hi=Hj. (95)

Nomuoskaa obe gactu (92) Ha 7 (4), Mu cormacHo (94) um (95) momyqmm:

Hj=0,

Jrto cupaBemmuBo gua mieboro j=1, 2, ..., s. Ho H; ecTs nuHeAHaA KoMOHHANUS
He3aBHCHMHIX CTOJOIOB, OTBEYalOIIUX OJHOMY H TOMY K€ XapaKTepPUCTHYECKOMY YHCIY Aj
(=1, 2, ..., §). Ilostomy Bce KoappunuenTsl B puHellHOH wKoMOumamum H; (j=1,
2, ..., §) M, CIeJ0oBAaTeJLHO, BCe Ko3(dpmruentn B (92) paBHH HYIIO.

3aMeuanne. YHKameM Ha HEKOTOpHE npeobpasoBannsa Hap cronbnaMy MaTpu-
nu 7', Ipn KOTODHX OHA OCTAeTCA mpeofpasyiomed K TOi iKe KOpHaHOBOH (opMe (mpH
TOM JKe PacHOJOeHHH KOPAaHOBHX JUAaroOHaJ bHEIX KIETOK):

I. Yunowmenue ecex cmoabyos xawoii-aubo oswcopdaHoeoi yenouku Ha NPOUIEOAbHOE
4ucao, omAauyHoe oM HYAS.

11, I pubasaenue & xasma(my (rauunas co emopozo) cmoabyy ocopdanosoli yenouru
npedvidywezo cmoabya moil dsce Yenouku, npedeapumessHo nOMHONCERHO020 HA 00HO U Mo e
ILpOUBEOAbHOE UUCAO,

© III. ITpubasaenue Ko écexm cmoabyam #copdarosoil Yenouku coomeememeyioWus cmonéqoe
dpyeoii yenouku, codepucaujel Mmakoe once uau 60abwee uuca0 cmoabyos u omeedaiouelt
MoMY e TAPAKMEPUCIMUECKOMY “UCAY.

IIpumep 1.
0 _
o 12 3 s A ()=(— 13 (4 1),
azllo 0 —1 2 —a|. VA=A—D?AF1)=A—A2—h1.
1 —1 { 0 1 JileMeHTapHHE JeNHTeNH MAaTpUIH A
11 1—1 2 (A —1)?, (h—1)2, A--1.
1 4 0 0 0
01 00 0
J=[i0 0 1 1 0|,
0 0 0 1 0
0 0 0 0 —1

A
¥ (4, m—“’—“ﬁ—im P2t (— ) p4A2—A—1,
C(AN=T (AE, A)=A2 - (A—1) A+ (A2 —A—1) E.
BrruucnseMm I[OCJIGI[OBaTeJII:HO CTonﬁuH MaTpunu A2 u COOTBETCTRYIOIHE CTONOIb

marpur, C (A), C (1), C'(A), C' (1), C(—1). Ham HY)XHO NONYYATE [(Ba JHHEHHO He3aBH-
CHMHEX ¢TON01a MaTpuns, € (1) H ogmH oramueHHE 0T Hyaa cronbem marpEuu C (—1).

1 00 23k f 0 0 1] 10000
0 10 23k 0 1 —2 3%k 01000
cy={lo 01 Ooxkll+A—1jlo 0 —1 2x%||+A2—r—1)}j00100],
2 —22 —1 % 1t —1 1 0% 00010
2 —22 =23 1 —1 1 —1 X 00001
Ho 00 23 t 0 0 13k 10000
0 00 2x 0 1 —2 33X 01000
C(+D=[|0 00 0|, CHM=|0 0—1 2xX|4+@E2r—-1}jo0100],
2 —22 —2 % i —1 1 03X 00010
2 —22 —2 % 1 —1 1_1>1<] 00001
2 XK 13X 0 0 0 X X
0x XK 33X ]004**
C'{(+1D=)|0 X X 23Xy, C(mi)—|0 0 4 % X
1K X 13X 0 0 0 Xk X
13K K —1 X (000>}<>!<
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IToatomy 1)
0 2 2 1 0
00 2 3 4
T=(Cy(-+1), Ci (1), Co(+1), CL(+1), Ca(—1)=|0 0 0 2 4
2 1 —2 10
21 —2 —1 0

Matpuny T MOKHO HeCKOJBKO ympocTmTh. [locmemoBaTensHo

1) pasgenum mATHE cTonMOen Ha 4;

2) K TpeTbeMy cTox0ny npuHGaBHM HEPBHIl, K 9eTBePTOMY — BTOPOIH;

3) U3 49eTBepTOro cTOJOIA BEIUTEM TPETH;

4) pasfenum mepBBHI W BTOPOH CTOXOIEI Ha 2;

5) BHUYTeM M3 BTOpOro cron{ua HepBHli, IpegBapETeNbHO HOMHOMKEHHBIH Ha 1/y.
Monyuum maTpuny

01 210
00 21 1
T,={0 0 0 2 1
1 0 0 2 O
1 0 0 0 0
[Ipegnaraem umrarenio OpoBepuTs, 4T0 AT =T\J m | T4 | = 0.
Hpamep 2.
1 — 1 1 —1 N N
AQ)=@A+1)4,
— 3 3 — 5 4
A—= ; A)=(A-+1)3.
s 4 a4 P () =(h+1)

dnementapuse memutesu: (A-+1)3, A-1.
1 —10 11 —11}]

—1 1 0 O
0—1 1 0

‘]'.__.
0 0—1 O
0O 0 0—1

COCTEBJIHEM MHOTO04JIeHBEL

hi(;\')=’w=(7\-+i)2, hg(h)=M=h+1’ h3(l,)= 'qj(y") =1

A1 Gt 1)2 (A 1)8
0 MaTpHNH 2)
C=hy (4)y=(A+E)?, D=hy (A)=A+E, F=E:
0 0 0 0 2 -1 4 —1 100 0
2 1 1 —1 —3 4—5 "4 0100
=l o 0o o ofPT s8—4s s—u4" o010
—2 11 15 —10 11 —10 000 1

B KadecTBe MepBHX Tpex cToi010B MaTpmms 7 BO3bMeM TPeTBH CTOXOLH STHX
marpun: 7 ={(C3, D3, F3, ). B matpunax C, D, F m3 nepBoro ¢Tondma BHYTeM YABOEH-
HHA TpeTud, a KO BTOPOMY M ueTBepTOomy cronbmaM mpmGaBmM TpeTmd. Ilomywmm:

00 00 0 0 1t 0 10090
~ ~ 7 —1 —5 —1|| 01 0
F_|lo © 10,1): 1 A 0

00 00 0 0 4 0 —2 1 1 1

00 —10 —7 1 11 000 1

1) 3meck HIKHUN MHIEKC 03HA4aeT HOMep cToabua; Hampmmep, Cy (-4 1) obozHawaer
qe’rnegyrmﬁ cronber; Mmatpunu C7 (- 1).

Yy Tak Kak mMeeTcA TOJBKO OJAH 3IeMEHTApHHN [elTHTellb HAaUBHICIIEH CcTemeHH,
To padr marpunnl C pomxen OHTH pased egumaune, Ilosromy pocraTodno, HampmMep,
BHYHACIUTE 7 SJIEMeHTOB, CTOALINX B HEePBOM CTOAOHEe M BO BTOPOHl CTpPOKe MaTpuuu C.
Torga cpasy OmpefelfATCA OCTAJbHHE dIEMEHTH MaTpuni C.
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B Marpunax D, F R mepsomy c¢T00ny OpuaBuM 9eTBePTEM cT0h0EN, YMHOKEHHKH HA 7,
a ®3 BTOPOTO CTOAOHA BHIYTEM 9YeTBepPTHU. Ilomydmm:

0 0 0 0 00 1 0 1 0 00
o~ 0 0 1 0 =~ 00 —5 —1 o 0 1 0 0O
&= , D= , F=
00 0 0 0 0 4 0 5 1 1
0 0 —1 0 00 11 1 7 —1 0 1
B xagecrsBe mocaemmero crondma B 7' OepeM mepBuid cromben B f
Nmeem:
0 1 0 1
= 1 — 5 0 0
I'=(C3, D3, Fg, F))=
—1 11 0 7

JnA KOHTPONA MOMHO HOPOBEpPHTH, 4T0 AT =TJ u ]T[ = 0.



I'IABA VII

CTPYKTYPA JIMHEWNHOIO OIEPATOPA
B n-MEPHOM ITPOCTPAHCTBE
(TEOMETPUYECKAA TEOPUA 3JIEMEHTAPHBIX IEJWTEJIEN)

Wsnokennas B Opebyllell I'aBe aHAJIATHIECKAS TEOPHS DJICMEHTapHHX
AenuTellel Haja HAM BO3MOMKHOCTH AJA 0007 KBA[PATHON MATPUHE ONPEIEINTH
no00HYI0 eif MATPUNY, WMEIOMYI0 <HOPMATbHYIO» WJIM «KAaHOHHYECKYIo» GopMy.
C gpyroia cropoum, B raase [II ME BHJemu, uyTo NOBe/eHUE JIMHEAHOIO ONEePa-
TOpa B N-MEPHOM NIPOCTPAHCTBE B PAa3NMWyHBIX Oasmcax 3afaeTcs Npu NOMOMU
Kaacca momoOumx Martpun. Hamuuwe B 2ToM Kiacce MaTpupbl, MMeIOIIel HOP-
MaIbHEYI (OPMY, TECHO CBS3dHO C B/KHHMH ¥ I'TyOOKMMM CBOMCTBAMH JIMHOU-
HOT'0 OIlepaTopa B n-MepHOM ImpocTpaHCTBe. M3ywennmio 3THX CBOHCTB HOCBAMIECHA
HacToAmasn riuapa. McciemopaHuwe CTPYKTYPH JIMHEMHOrO ONEpPaTOpa OPUBOLUT
HAC HE3dBUCUMO OT COep:KaHuA NMpeABIYINeH riask K Teopum mpeobpasoBanus
MaTpuHE K HOpManbHON (opme. llosToMy copep:kaHWe HACTOSAIIEH TIJIABH
MO;KeT OHTH HABBAHO 2€0.MeMPUUECKOl meopuell saemenmapHur Odeaumenels ).

§ 1. MranMadbHBIH MHOrOYIEH BEeKTOpa, HPOCTPAHCTBA
(oTHOCHATENLHO 3aJaHHOr0 AMHEHHOTrO OmepaTopa)

PaccmoTpuM n-meproe BeKTOpHOe mpocTpakcTso R wax moaem K m nunek-
HHE omepaTrop A4 B 5TOM OpPOCTPAHCTEE.

Mycrs o — nponssonsanit BekTop m3 K. CoctaBuM psf BEKTOpOB
x, Adx, A%, ... , (1)
B cuny KoHeYHOMEpHOCTH DPOCTPAHCTBA HAHJETCH TaKOe HEeI0e YuCIio

p (0 p<n), 9r0 BexropH x, Ax, ..., AP ' n1mEeitHO HesaBucHMH, a APy
eCTh JWHENHAas KoMOMHAIEA 3THX BEKTOPOB ¢ Koaddmmmentamm m3 moas K:

APx = — vy, AP — v AP 20— .. — ypix. : (2)

Cocrasum muoroumen @ (A)=AP4yAP 1 4-... +yp_1A+vp. Torma pasen-
cTBO (2) 3ammpmleTcs TaK:

¢(A)yx=0. (3)

Besikuit mEorounen ¢ (A), AJas KOTOPOro uMeeT MECTO pPaBeHCTBO (3), MEL
0y/1eM HaBHIBATh QHHYAUPYOWUM MHO20ULEHOM Ors eekmopa x %). Ho meTpynHO

1) B ocHOBy m3aaraeMoli 3jleck IreoMeTpMYecKoll TeOpUYW 3JeMeHTapHHX JeluTej el
MOJNIO;keHa cTarhfl aBTopa [8ia]. Jpyrue reoMerpHdeckme IOCTPOEHHA TEOPHH 3JIeMEHTAp-
HEX jeauTeneii cm. B [14], §§ 96—99, a Tamske [24] uw [420].

2) Honeuno, IOJpasyMeBaeTcA: OTHOCHTeABHO [ARHHOTO omlepaTopa 4. 1o 06cToA-
TEIBLCTBO MEL ISl KPATKOCTH B oNpelielIeHAN He OTOBApHBAeM, IIOCKOJILKY Ha IDOTAKEHVH
Bceil ToH PIaBH MH OyaeM MMeTh Jello C OGHEM onepaTtopom A.
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BHJIETH, 9TO M3 BCEX AHHYIHNPYIOIUX MHOTOWIEHOB IJIA BEKTOpPA ¢ IIOCTPOEH-
HBII HAMH MHOTOYNEH ABJIAECTCA AHHYJIVPYIOIMUM MHOTOYIEHOM HaHMEHDbIIen
cTenenn co crapmuM Koagdunmentom 1. Taxkoil MHOrouaeH MH 6ymeM Ha3BIBATh
MUHUMAADHBM  AHHYALDYOUUM MHO20YAEHOM 6EKMOPA ¢ WUIH TPOCTO MUHU-~
MAABHBLM MHOZ0UAEHOM 6EKMOPa X.

JaMeTnM, 9TO NPOU3GOABHBLIL AHHYAUDYIowuil mHozousen () eexmopa
deaumcs HAYeA0 HA MUHLMAAbHHILL MHo204AeH @ (M)
B camom pmene, mycTh

oM =9 M) x (L) -+e(d), | (%)
rae x (A), © (h)—qacmoe u ocTaToK ot jesienns ¢ (A) Ha ¢ (A). Torfa
9 (A)x=2x(4)p(A)a+o(Ad)r=0(d)x (5)
1, CIel0BATEIBHO, _
o{4)x=0. (6)

Ho cremens octatka p(A) fodaHA OBTH MEHBINE CTEIEHH MHHHMAJIBHOTO
MHOTOYIeHA @ (A). JHaumt, o (A) = :

W3 joxasaHHOrO npeJIOMEHHsA CHEZYeT, B 4YacTHOCTH, YTO KajKIOMY
BEKTOPY & OTBe4YaeT MoAbk0 00uH MAHAMAJBHBIA MHOTOUYJIEH.

BuiGepem B mpocrpancrze R HekoTOpH Gasuc €4, €, ..., €,. O603HaATHM
qeped @ (M), @a(A), ..., @p(A) MHUHEMaNbHEHE MHOTOYJEHH Oa3WCHEIX BEeK-
TOPOB €4, €1, ..., €, & depes P (A) —HAEMeHbIIee 00mee KPaTHOE 3THX MHOTO-
anenos (P {A) OepeM co ctrapmuMm Koagdpunmerrom 1). Torma ¢ (A) Oymer
AHHYJIAPYOIEM MHOTOYJEHOM /JA BceX 0asHCHHX BEKTODOB €y, €3, ..., €.
Tark Rax nponaBonLHHﬁ BEeKTOp & € ¥ mpejcTaBIAeTCA B BHUIE X — I,€;

+ Zpey+ . .. - Zn€n, TO
| "P(A)w“‘xi‘l’ (A)es+zp(A4) es+ ... +2) (A) en—O
T. e.
| P (4)=0. (7)
Muorowrer 1 (A) ABIAETCH GHHYAUPYIOUUM MHO0UIEKOM D4R 6ce20 npo-
cmpancmea B. Ilyers ¥ (A) _nporlaBo.anmﬁ AHHYJIHPYIOOMII MHOTOYIEH 4

Bcero mnpoctpaHcTsa K. Torga (L) GymeT aHHYJIAPYOMAM MHOTOUJIEHOM

maa GaaNCHHIX BEKTODOB €y, €y, ..., €;. CaemoBaTenbno, P (A) HomKeH OHTH
ofmuM KpaTHEM A MHHEMAJIBHBIX MHOTOWIEHOB ¢y (A), ®2(A), ..., ©a(N)

STHX BEKTOPOB, W IOTOMY MHOTOYJIE€H 1p (A) DOJKeH [[eINTHCA HA HAaNMEHb-
mee obGmee KpatHoe P (3) Oea ocrarka. Orciofa ciaegyer, 49TO0 U3 Bcex
AHHYJIHPYIONINX MHOTOYJEHOB [JA BCEr0 NIPOCTpaHCTBA J MOCTPOEHHHIT HaMu
MHOTOWIEeH Y (A) HMeeT HAMMEHBIMIYIO CTeleHb M crapmuil kosdpdunuent 1.
Taxkoll MHOrOWIEH OJHO3HATHO OIpeje]AeTcsa 3aflaHHeM IpocTpaHcTBa Iv
H omeparopa A W Ha3EBAETCA MUHUMALbHLM MHO204AEHOM npocmparcmea I 1),
EnmHCcTBEeHHOCTP MHHHMAJBHOTO MHOTOYJIEeHA mpocTpaHerBa [ caepyer
U3 YCTAHOBJIEHHOI'O BHIIE IOJOMEHHA: NPOUSGOLbHBIL AHHYAUDYIOULUT MHO20-

yaen P (M) npocmpancmea K deaumcsa Hayeao Ha MUHUMAALHBL MmHo20uaeH P ().
XoTa caM0 NOCTPOEHHE MHHHAMAJBLHOTO MHOTOWIeHAa WV (A} OwO cBA3AHO

1) Ecim onepatopy 4 B HeKOTopoM Gasmce ey, €3, ..., € COOTBETCTBYET MATpHI2

A=\l a;p |, TO aHHYIHPYIOIMHii HIn MEHAMATBHLE MHOTOYIEH mpocTpancTsa B (oTHocH-
TeJbHO A) OyfAeT AHHYJIHDYKMAM HIA COOTBETCTBEHHO MHHHMAILHHM MHOTIOYICHOM
MaTpuus A m Haobopor. Cp. ¢ ra. IV, § 5.
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¢ OoIpefeJeHHHM 0a3ucoM e, €y, ..., €,, ODHAKO MHOLOUJEH P (A) HE 3aBHCHT
or BHOOpa »Toro Gazmca (8TO0 BHTEKAaeT U3 €JHHCTBEHHOCTH MHHHMAJIHHOLO
MHOTOUYJIeHA JJIf mpocrpaHcTBa K).

Haxonen, ormMermm eme, 4r0 MHHMMAJbHHN MHOrOWIEH mpocTpaHcrsa R
ABJIACTCH AHHYJIMpPYOMUM A’ do6oro Bekropa X u3 K, u HoTOMy MuHu-
MAABHBIL MHO204AEH npocmparcmea Jeaumcs Ge3 ocmamka HA MUHUMAALHLL
MHO20UACH 1106020 €eKMOPA U3 MO0 NPOCMPAHCMEA.

§ 2. Pacmiensienne Ha MHBAPHAHTHDLIE MOIPOCTPAHCTBA
¢ B3aUMHO NPOCTHIMH MHUHHMAJbHBIMH MHOTOYJICHAMH

IMogupocrparcreo B’ < Jv HasbiBaeTCHd UHEQ PUAHIMHbIM OTHOCHTEIbHO NAH-
Horo omepatopa A, eciu AR < R', 1. e. u3 x ¢ R cuaegyer Axc k.
Jdpyramu ciaosaMu, omepatop A INepeBOZHT BeKTOPH HMHBAPHAHTHOLO IION-
OpPOCTPAHCTBA CHOBA B BEKTOPHL 3TOrO jKe NOZIPOCTPAHCTBA.

B manpmeiimem ME 6ymzeM MpOW3BOLHTH paclielieHHE BCEr0 MPOCTPAHCTBA
{cm. ra. 111, § 1) Ha MHBapHAHTHHE OTHOCHTEIBbHO A TOAIPOCTPAHCTBA. TaKoe
pacuienieHne CBOOMT H3yUeHUe MOBeIeHHA oleparopa BO BCeM INIPOCTPaHCTRBE
K M3YYeHHI ero HOoBeJeHHA B OTHEIbHHX COCTABIAIINUX HOANPOCTPAHCTBAX.

oxameM Temepp CIEYIONYI0 TEOPEMY:

Teopema 1 (1-7 TeopemMa 0 pacmenJeHN:d ONPOCTPAHCTBA
Ha HHBapvMaHTHB e nognpocTtpaBcrBa). Ecau daa dannozo aurel-
HO20 onepamopa A MURUMAALHBIE MHOOYAeH npocmpaHcmea P (A) npedcmas-
asemes 6 noae K 6.eude npoussedenus deyr 63aUMHO NPOCMUL MHO20Y/E-
Ho6 Py (A) 1 Py (A) {co cmapwumu rosfpPuyuenmanu, pasuvimu eduruye),

VP (7‘) =Py (7\) Py (7“), ' (8)

mo ece npocmparcmeo B pacwyenasemcs Ha 0éa uHeapuaAHmMHBIX nOOn po-
empancmea I u I,

R=1I,+1,, | (9)

048 KOMOPHLL MUHUMAALHBIMU MHO20UACHAMU CAYHCAM COOMEEMCMEEHHO MHO-
ocumea By (h) u by (h).

Horxasateascrso, ObGo3Hauum uepes I; COBOKYHNHOCTH BCEX BEKTO-
POB 2, YOOBJETBOpAWOMuX ypasHeHm:o P, (A4)x = 0. AHamoruuno onpegeaum I,
¢ moMompio ypasHeHus P, (A)a=0. Oupemenennnie takum o6pasom I, u I,
C¢yTh HOgmpocTpaHcTBa B St

W3 BsauMHOW HpoCTOTH ' (A) H P, (1) BHTEKaeT') cymiecCTBOBaAaHHE TAKWUX
MHOTOWIEHOB %y (A) M Yo (A) (c KoapdurmmenTamMu ua K), 9T0 mMMeeT MECTO TOK-
JIeCTBO

1=y (A) %1 (A) P2 (A) %2 (). (10)

Ilycrs Temepsh & — npom3BoJdbHHIT BekTOp u3 K. 3amenum B (10) A ma 4
U mpuMeHuM 00€ YacTH HOJIYIeHHOTO ONePATOPHOLO PABEHCTBA K BEKTOPY !

=Py (A) %1 (A) 2+ (4) X2 (A) 22, (11)

oe x = ", (12)
rme _

X' =Py (A) o (A) 2, X" =1y (4) %1 (A4) 2. (13)

1y Cm., uampumep, [20], cTp. 177.
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Hamee,
Yr{d) ' = (4) Y2 (A)x=0, 1, (A) 93"_2 P{(4)y:(A4)x=0,

T. e, & €I, uw x"cD,.
I, u I, ue uMeloT OGIUX BEKTOPOB, OTANYHHX OT HyaA. JlefiCTBHTENBHO,
ecnd X EXLy m €Ty, T. e, Py(A)xg=0 u Ppy(A)2o=0, 10 B cury (11)

2o =1 (A) Py (A) 3o+ %2 (A) s (A) 2y = 0.

Taxum obpasom, gokasano, uro R=1I,-+ I,.

Ilycts, gaxnee, x € It. Torga ¥, (4) a = 0. Ilomuosxan obe wacta 3TOrO pa-
BeHCTBA caeBa HAa A unepecrasasas MecraMid A uPp(A4), noayaum\p; (A4) Ax=0,
1. e. A€ I,. JTHM [OKa3aHO, YTO HOAIPOCTPAHCTBO I; HHBAPHAHTHO OTHOCH-
TenbHO A. AHaJOrHYHO JOKA3EHIBAETCHA MHBAPHAHTHOCTH mopmpoctpanctsa I,.

Horaskem temeps, d9To Y (A) eCcThb MHHMMAJBHHI MHOrouieHn Aua I,.
IIycre El (A) — IPOW3BOJBHEE AHHYIMPYOIMULA MHOTOWIEH AiA Iy, a ¢ — mpo-
M3B0JNbHHI BeKTOp H3 K. Hemonpsya yske ycTamoBIeHHOe pasmoskenue (12),
HAOUOIEM:

Py (A) Yo (A) e =15 (A) s (A) '+ 1 (4) Py () 2" = 0.

IMockonbry @ —Npou3BonbHHE BeKTOp H3 I¥, TO OTCIOfia BHITEKAET, TTO HPO-
uaBejerne P, (A) P, (A) ecTh aHHYAHPYIOIWMHA MHOrowIeH aja K U IOTOMY
genurca Ges ocratra Ha P (A) =P, (A) P, (A); IPYruMH ciIoBamu, ﬂ;i (A) genmrest
ga P; (A). Ho ¥ (M) —mpousponbHHE aEREyIHpyOmUE Mporounen nauaa I,
a P; (A)—OgMH U3 AHHYIUPYOIMUX MHOTOWICHOB (B CHIy ompepenenus 1I,).
3uaaur, P, (A) ecTb MHUHUMAIBHBIH MuOTOwleH AaA I,. CosepmenHo ama-
JOTMYHO [OKAa3HBaeTcda, 49TO VY, (A) ecTh MHUHHUMANBHHEA MHOro4lIeH IS
HHBAapUHAHTHOr0 moxmpocTpadcTBa 1.

Teopema morasaHa HOJHOCTHIO.

PasznosxuM MmuOrowinen P (A) Ha HENPHBOAMMHE B moine K MHOMKHTeJH:

b (M) =[ps (W]t [gz (AN ... [@s (M)]°s (14)

(3mech @y (A), @2(A), ..., @s(A) —pasanunbie HempueoguMue B K MEOrognens
co crapmumu koafdunuenramu 1). Torga ma ocHoBaHWM JHOKa3zaHHOH TEOPEMEE

B=I+I+...+ I, (15)

rge I —HMHBADMAHTHOE TOAIPOCTPAHCTBO C MHUHHUMAJBHEIM MHOTOUICHOM
[pn (W12 (=1, 2, ..., s).

Taxkum o6pasoMm, JHOKa3aHHAA TeOpeMa CBOAMUT H3ydeHHe MOBECHHUSI
JAMHeHHOr0 OIEpaTopa B HPOM3BOJIBHOM IPOCTPAHCTBE K H3YYeHUIO MOBECHUS
3TOTO OIeparopa B MPOCTPAHCTBE, IJie MUHMMAJbHHE MHOTOWICH €CTh CTEIeHD.
aenpusogumoro B K MuOrogiaena, 91o 06CTOATENBCTBO 6yAeT HAMH HCIOIB30-
BaHO AJA MAOKA3aTeNbCTBA CIEAYOIET0 BaXKHOTO [JIA HAC MpefI0sKeHH:

Teopema 2. B npocmpancmse eceeda cyujecmeyem eexmop, MuruMALD-
HYUL MHO20YAEH KOMOP020 C06Nadaem ¢ MUHUMAALHBLM MHO204AEHOM 8CE20 NPO-
CM PAHCMEd. '

HoxaszarenbcTBo. PaccmorpuM cHadala TOT dWaCTHRI cayugail,
KOTJa MHHHMAJBHHI MHOTOWIeH HPocTpancTBa R ecrs cremens Hempuro-
auMoro B K mmorounena ¢ (A):
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BruiGepem B R Gasuc e, €y, ..., &;,. MEENMAAbHEN MHOTOWIEH BEKTOPA €;
ABJIAETCA MeJHTe]leM MHOrowiaeHa P (A) X HOITOMY HOPEJCTABISAETCA B BUJE
[ (MY toe LKl (=1, 2, ..., n).

Ho  MuHMMAaJbHHI MHOIOYIEeH NPOCTPAHCTBA €CTh HAuUMEHbINee obmee
KparHOe MUHMMAJILHHX MHOTOUIEHOB OAa3HMCHEIX BEKTOpOB, T. e. P (A) cos-
nagaer ¢ pamboabmeit u3 crememei [@ (M) (=1, 2, ..., n). Hpyrmmnu

croBamm, P (A) coBmajaer ¢ MEHEMAIbHHM MHOTOYJIEHOM ONHOTO H3 Ga3HCHHX
BEKTOPOB €4, €, ..., €. '

Ilepexons k obmeMmy caydamo, [OKaskeM IpeBaAPUTEIBLHO CIEJYIMYIO
IEeMMY: '

Jdemma. Ecauw Mmunumarbuvle MHO20useHb 6eEMOPos €' u e’ gzaummo
npoCmul, MO MUHUMAALHBIL MHO20UAEH CYMMbL 6eKmopos e e’ pasen npous-
6e0eHUI0 MUHUMAABHBLL MHO20HAEHO8 CAA2AEMBLYL GEKIMOPOE.

HorasarexscrBo. B camom nene, mycts ¥y (A) 1 %2 (A) — MEEEMANE-
HHe MHOrouwnenn BekropoB e u e”. Ilo ycmoBmio y, (A) m ys(A) B3ammHO
* npocTH. IlyeTs y (A) — NpoM3BOIBHKN AHHAYAUPYOMAN MHOTOWIEH IS BEKTOPA
e=¢e' +¢e". Torma

x2(A)y (A) e =x2(4)x (A)e—yx (4)x2(4)e" =0,

T. e. ¥2(A) % (A) ecrb ampHymupylomuii MuorouneH aasg e’. CienoBaresnbHO,
%2 (M) y (A) menmrca Ges ocrarka Ha i (A), W Tak Kak 7 (A) u iy (A) B3auMEO
OpocTHl, TO % (A) memmrcs mHA ¥, (A). Amamormvmo nokasmBaerca, w4ro ¥ (A)
peantcs Ha Yo (A). Ho yy (A) m %2 (A) Bsammmo mpoctel. CuemoBatesnbHO, 7 (A)
HeJNTCs HA npousBefienue 7y, (A) ¥ (A). HTak, mpousBoabuHil aEHYINPYION Wil
MHOT'OWJIEH BEKTOPA € MelATCA HA AHHYJIMPYIOMUl MHOrowIeH 7 (A)ys (R).
HoaTomy” ¥1(A) %2 (A) um Oymer MUHUMANBHHM MHOTOWJIEHOM BEKTOpA € =
=e' 1 e".

Bepuemcst ® teopeme 2. Hus norasarenbcrsa B o0meM caydae HCIOIb-
syem pacmemnenue (19). Tax xax MUHHMalIbHEE MHOTOYIEHH IO/[IPOCTPAHCTB
I, I, ..., I, cyTb CcTeneHN HENIPHBOAMMOTO MHOIOYJEHA, TO IS 3TUX MOJ-
IPOCTPAHCTB HAIlle Ipe[JoKeHue y:Ke JI0Kaszano. IloaTtoMy cymiecTBYIOT Tanue
pekropnt € €Iy, € €I, ...,e®CT,, MUAUMAIBHBRIMA MHOTOWIEHAMH KOTO-

pEx OynyT coorBeTcTBeHHO [g (A}, [@o(A)]%2, ..., [@s (A)]%. B cmay aemmm
MUHMMAJIBLHKA MHOTOWIEH BeKTopa e = ¢’ | e” ... - e(®) paBen npouspesenuro

@1 (M)t [@2 (A)]°2 . .. @5 (A)}°s, T. 6. paBeH MUHMMAJIHLHOMY MHOTOWIEHY LIPO-
crpancrBa Iy

§ 3. CpaBrennsa. Hagnpocrpancrso

IIycres mamo meroropoe mopmpoctparcteo I R. Mm 6yzeM roBOpHTS,
9T0 [Ba BeKTopa X, ¥ u3 K cpaBEuMH 1o mod I, u Oynem mucarb x = ¥
(mod I) B ToM m TOmBKO B TOM caydae, ecau ¥ —x€X. Jlerko nposeps-
eTCf, ITO BBEJEHHO® TaKHM 00pasoM NOHATHE CpaBHEHWA o0JajaeT ciepyio-
OMMH CBOIicTBaMu: Ias JOOHX &, ¥, 2 R

1. 2 =a (modI) (peIeKTUBHOCTH CPABHEHUS).

2. Uz x =y (mod I) canegyer ¥ = ac(mod I) (o6paTuMoCTh mim cumMme-
TPUTHOCTE CPABHEHUHA).

3. Uz x=vy, y=2z (modI) cuegyer x = z (mod I) (TpaE3uTuUBHOCTH
CPaBHEHUSI).

Hanuame dTux Tpex CBOHCTB CPaBHEHHUA [aeT HAM BO3MOKHOCTb pacIipe-
JI€ITH BCE BEKTOPH IMPOCTPAHCTBA HA KJIACCH, OTHOCH B KaKIHH KIACC BEK-
TOpPHI, TONAPHO CPABHUMEE MEEKAY co6oii §o mod I (BeKTOPH W3 pasHHEX
KuaccoB y:ke Oynyr mHecpaBEEMH mo mod I'). Ruace, comepskamuii BekTop o,
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6ymem obosmauars wepes xl). Camo mogmpocrpancTso I Gymer ogHEM H3 3THX
RaaccoB, a MMeHHO, kixaccom (. OOparuM BHUMAHHE, YTO Ka:KIOMY CpPaBHe-

HHo & = ¥ (mod I) oTBeYaeT paBeHCTBO %) COOTBETCTBYKIHX KJACCOB: Ec:g

JJIeMEHTAPHO JOKA3SEIBAETCA, 4TO CPABHEHHA MOYKHO IIOYJIEHHO CKJAbI-
BaTh M IIOWIEHHO YMHOKAaTh Ha uuciao us K:

1. I3 x =2, ¥y =9 (mod I) caeayer &+ ¥ = x'+ ¥’ (mod I).

2. N3 = a' (mod I') caegyer ax = ax’ (mod 1) (a € K).

JTH CBOHMCTBA CPaBHEHHMH TOKA3BIBAIOT, UTO ONEPAIMH CJIOKEHHS W YMHO-
sweEufa Ha gucao m3 K He «iomarors Kiaccos. Eecam BosbMeM IBa KJiacea

o U Y U OygeM CKIagblBAThH DICMCHTHI &, X , ... IEPBOro KIACCa ¢ JIOOBIMHA

aJeMeHTaMu ¥, ¥, ... BTOPOTO KJacca, TO BCe IOJIY-
7 I § ¥y ueHHHe TakuUM o00pasoM CYMMH OYAYT NPHHA[JIEKaTh
OFHOMY ¥ TOMY K€ KJAcCy, KOTOPHI ME Ha30BeM CyM-

MO KiaccoB & U ¥ U oGo3naunm dyepes X -+¥. AnHajo-

TUYHO, eCNM BCE BEKTOPH &, &', ... Kjacca o YMHOKHM

~ Ha umeao o €K, To monydeHHHe mnpousBefleHMsi OYAYT

T4y IPUHAINICIKATE  ONHOMY RIAcCy, KoTOpHil 0603HaAYNM
yepes ade.

Tarkum ofpazoM, B MHOTOOOpasmm K Bcex KIaccos

11/

@x, g?, ... BBeJeHH [Be OIepAaIlii: «CJOKeHHe» H «YMHO-
;keHney Ha wucao u3 K. It omnepanuM, Kak JerkKo
IpoBepUTh, ob6aamarT cBOHCTBAME, CHOPMYIHPOBAHHBIMA
B oupefeleHHH BeKTopHOTo mpocrpancrea (ra. III, § 1)

Puc. 4. HMosromy R, kak n R, eCTh BEKTOPHOE MPOCTPAHCTBO HAJ(

moem K. Mm 6yneM HasWBaTh J& HAOIPOCTPaHCTBOM
mo oTHomenuo K K. ECJII/I n, m, 7 — ancaa NBMEPEHUH COOTBETCTBEHHO

npoctparcrs R, I, R, o n=n—m.

Bce BBemeHHBIE B DTOM maparpafe MOHATHS MOYKHO OYeHB XOPOUIO IIpPo-
WJLIIOCTPHPOBaTh HA CJAEIYIOIIEM IpHUMepe.

IIpumep. ycts R—COBOKYIHOCTh BCeX BeKTOPOB B TPeXMePHOM IPOCTPAHCTBe,
K-—none BemecTBeHHHX uymcel. Jlaa Gomplieil HaraggdHocTH OyneM BeKTOpPH u3obpa-
JHaTL B BUI€ HANPABIEHHBIX OTPe3KOB ¢ madajom B Togyke 0. Ilycrp I — HeroTopas
npsaMasg, OPOXOAAmas Jepes O (TovHee, COBOKYHHOCTH BeKTOPOB, MAYIIMX BJONb HEKO-
TOPOH IIPAMON, npoxonﬁmen gepes O; puc. 4).

Cpasuenne x = &’ (mod J) o3zHavaer, 910 BEKTOPH X M X' OTAMYAITCA Ha-BEKTOP
us I, T. e. OTPe3oK, COeJUHAIOINMA KOHIH & ¥ &, mapamnened mnpamoir Z. Ilostomy

kmace w306pasuTcA NPAMOL, TPOXOAMILeH Yepes KOHeI|, BEKTOPA & U napajensHoit I,
TO4Hee, «IeTKOW» BEKTOPOB, MCXOAAIMUX U3 O, KOHIB KOTODPHIX JIeKaT Ha 3TOH IPAMOM.
((H.[ETKI/I)) MOMKHO CKIAJHBATL W YMHOMKATH Ha BelleCTBEHHOE YHCIO (CKIAABIBAS U YMHO-
jKafl BEKTOPH, BXOAMAIIWMEe B 5TH ILIETKH). DTH «IeTKH» W ABAAKTCA dAEMEHTAMH HAaJ-
MPOCTPAKCTRA E. B JaHHOM mpEMepe n=23, m=—=1, =2

Ipyroil mpEMep HmOJYYHM, €CJIH B KadecTse T Boasmen OI0CKOCTEL, HPOXORANIYIO
yepes Todry 0. B »1oM npmmepe n=3, m=2, n=1.

Hyery reueps B R 3ajan aunenusiii omeparop A. llpepmonoskum, uro I -
ecmb UHeapuaHmHoe nodnpocmparcmeo omuocumesvho A. HUurarenp nerko

1) Tak ®ak KUKAHH KJacc cofep:nT OecdHCJeHHOe MHOMKECTBO BeKTOPOB, TO
B CHJIY 3TOT0 YCAOBHA OH mMeeT M 0ecYHCIeHHOe MHOMKeCTBO 0003HAYEHUU.
2) To ectr CcOBIajeHue,
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fokazker, 4ro m3 x =  (modI) cmenyer Aix:= 4x’ (modI), 1. e. 4T0
K o0eMM 9YacTAM CpPABHEHHA MOYKHO IpuMeHATH omepatop A. Hpyrumm ciao-

!

BAMH, ecJd KO BCEM BeKTOpaM &, X', ... HEKOTOPOTO Kiacca J¢ OPUMEHHUTH
omepatop 4, To IONYy4eHHHe BeKTOpPH .dux, Aux’, ... Tak;e DpHHALIEKAT
K OJHOMYy KJaccy, KOTOpH MHE o6o3Had9uM 4deped Ax. JIumeinnmid omepa-
Top A IepeBOZUT KIacc B Kiacc H, TaKMM 00GpasoM, ABIAAETCA JIAHEHWHBEIM

omeparopoM B K.

Mu GymeM TOBOPHTB, 9TO BEKTOPR Xy, s, ..., Xp JIHHEHHO 3aBHCHMEH
no mod X, ecam cymecTBYIOT Takme 4UHCIA Oy, Oy, ...,0p B K, He paBHEHE
OFHOBPEMEHHO HYJII0, 4TO

&y - Codp - . .. Fage, =0 (mod I). (16)

3aMeTEM, d9TO HE TOIBKO HOHATHE O JMHEHHOH 3aBHCEMOCTH BEKTOPOB, HO
BCE HOHATHA, BCE NPEANOKEHHA W PACCYAIEHWS, NPUBEJIRHHE B IPOIBIY-
mux maparpadax 5r0d IMIABH, MOTYT GHThH CIOBO B CI0BO HOBTOPEHH C OFHOM
UMb 3aMeHO¥ BCIOAy 3HaKa — 3HakoM = (mod I'), rae I — Hekoropoe $uKcH-
pPOBaHHOE IOJIPOCTPAHCTBO, WHBAPHAHTHOE OTHOCHTENHHO A.

Taxmm o6pasoM, BBOZATCA NOHATHA AHHYJAPYIOOMW, MWHHMAJIbHELR
MHOTOUYJeH BeKTopa, mpocrpancTBa mo mod I. Bce ste momsatas Mu  Gypmem
Ha3HBATh (OTHOCHTEJIBHHMMY B OTIHINE OT BBEJEHHHX paHee «a0COJIOTHHEIXY
OOHATHH (MMEIOIMUX MeCcTO IPH 3HaKe =).

O6patum BHMMAaHWe YuTATEeAA HA TO, YTO OMHOCUMEAbHBIL MUHUMALL G
MHo204AeH (8eKmOpa, NPOCMpPAKCmMEa) ecmb Oeiumend abcoaromuozo. Ilycrs,
HampuMmep, 0; (A) ecTh OTHOCHTEIBHKH MWHAMAIBHHIE MHOTOYWIEH BEKTOpa X,
a 0 (A) — COOTBETCTBYIOMMH abCOMIOTHHA MEHIMAIBHHEE MHOTOYJIEH.

Torga

g(A4)x=0;
HO OTCIOJa CJaeAyeT, 4To H

o(A)x=0 (modI).

[TosroMy o (A) ABAAETICHE -OTHOCHTEABHEM AHHYINPYOOEM MHOTOLICHOM
AJA BEKTOPA & M KaK TAKOBOH AemmrcA 0e3 OCTATKA HA OTHOCHTEJHHHIN MEHA-
MAJBHBIE MHOTOWIEH O (A).

Hapany ¢ «abcoaroTHHMEY OpeANOKeHMAMM OpeAHAYIMEX naparpados
ME HMeeM H «OTHOCHTeJBHHe» npefnoxenuda. Tak, Hampmmep, mmeeMm mpef-
noxeHme: «B mioGoM mpocTpaHCTBE BCera CYmECTBYET BEKTOP, OTHOCHTEN b-
HEf MUHEMAJbHBA MHOTOYIEH KOTOPOTO COBIAZAeT ¢ OTHOCHTEJIHHHM MWHHI-
MAJbHHM MHOTOWIGHOM BCETO IIPOCTPAHCTBAY. ‘

CopaBeAnuBOCTh BCEX «OTHOCHTEJBHHIXY IpeAJOMKEHAHE 00ycIoBIeHA TeM,
970, ONEPHPYA cO cpaBHeHHAME mo mod I, MH 1O CYmECTBY mMeeM Jelo

C paBeHCTBAMM, TONBKO He B mpocTpaHcTee B, a B magmpoctpancTee R,

§ 4. Pacmennerme mpoerpaEeTBa Ha IHKIHYECKAE HHBAPHAHTHEIE

HOJIPOCTPAHCTBA
IIyerb o (A) = AP fadPt - ...+ 0p—A -} 0p — MEHAMAIBHHE MHO-
rouneH BekTopa e. Torga BeKTOPH
e, Ae, ..., A" le (17)
IMHEeTHO He3aBHCHMEI, a
APe= —ape—ay  de—... —a, 47 e. (18)

12 @®. P. Tantmaxep
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Bexrrtopm (17) o6pasywT 6asmc HEKOTOPOTO pP-MEPHOTO HOAOPOCTpaH-
cra 1. 9T0 HOTUPOCTPAHCTBO MEL OyZeM HasHBaTh YUKAULECKUM, UMEA B BHJIY
cmeNmuaJbpHEI xapakTep G6asmeca (17) m pasermcreo (18)!). Omeparop A mepe-
BoauT HepBLii u3 Bexropos (17) Bo Bropoid, Bropodr — B Tpermid m T. A. Ilo-
cJIe/IHM 7Ke GABMCHEIR BEKTOD HEepeBOJUTCA omepaTopoM A B amHeiHy0 KoMOm-
Hamuio 0asmcHEX BeKTOpoB coraacHo paeeHcTBy (18). Takmm obpasom, ome-
patop A nmepesofuT awOoi 6asUCHEIA BeKTOp B BekTop u3 I; 3HAYAT, OH
F OpOM3BOJIBHHI BekTop 3 I mepesomut B Bektop ma I. Jlpyrumm cioopawmm,
YUKAUHECKOe NOOnDOCMPANCMEo éce2da UHEADUAHMHO omHocumeabHo A.

IIpousponsHLt BekTOp ¢ € I OpefcTaBIsAeTcA B BAJe JUHeHHOH KoMOmHA-
nun GasmcHEX Bextopor (17), 1. e. B BHjE

x=y (A e, (19)

rae ¥ (A) — mBorounen ot A ¢ koappunuentamu us K cremern < p — 1. Ilepe-
6Epad BCEBO3MOKHEIe MHOTOWIeHH % (A) cremerm < p — 1 ¢ Kospdmmmen-
tramz 3 K, Mb monygum Bce BektTops u3 I, uw Opu aToM Kasapii BeKTop x € I
TOJHKO OXHMH Pa3, T. €. TOJLKO IPU ofgHOM MHorouiere Y (A). Mmes B Buay
6asuc (17) aubo dopmyay (19), Mu GymeM roBopuTh, ITO BEKTOD € nopoicdaem
nogmpoctpadacTeo I.

3aMeTHM eme, 9TO MUHUMGILHBL MHO204LeH NOPOXcOaioujezo eexmopa €
bydem 00HO8pEMERIO U MUHUMALOHBLM MHO20UIEHOM 6ce20 noonpocmpancmea 1.

Ceifgac HaM HPEACTOMT YCTAHOBUTH OCHOBHOE IpeJIO;KeHHe BCEH 3TOoil
TEOPHH, COTJIAacHO KOTOPOMY OpOCTpaHCTEO Ji pacmenisgercd Ha MUKINIECKNO
HOIPOCTPAHCTRA.

IIycte Py (A) = P (A) = A™ J-aA™ - . . .4 ap ecTh MHHAMAJBHEIHR
mHOrousen mpoctpanctea K. Torga B mpocTpaHCTBe CyIMECTByeT BEKTOD e,
I KOTOPOTO TOT MHOTOUJIEH ABIAETCA MHHAMAILHEIM (Teopema 2, crp. 174).
ITycts I, oGo3HaZaeT MUKINIECKOEe OOJIPOCTPAHCTBO C GasmcoM

e, Ae, ..., A™e. (20)

Ecmu n = m, o B = I,. Illycte n > m 1 OycTh MHOT04YlI€H
Yo (M) =2 +PAPT Py

6ymer MEEMMANSHEM MHorouineHoM It mo mod I,. Cormacro 3ameTanHuio, cje-
JTaHEHOMY B KoHme § 3, {5 (A) 6yaer geautenem ¥, (A), T. e. CymecTByeT TaKOH

MHoOTOWIEeH % (A), 4TO
P1 (M) =2 (M) % (A). (21)

Ilamee, B R cymecTByeT BEKTOD ¢*, OTHOCHTeIbHKA MEHEAMATbHBIA MHOTO-
q1eH KoToporo ecth Yy (A). Torma

Y2 (4)g*=0  (modlI), (22)
T. e. CymecTBYeT MHOTouIeH % (A) cremeEm < m — 1 Takoit, aro
V2 (4) g" = x(4) e- (23)

ITpumeruM & ofemm dacTsAM dTOro paseHcTBa omepatop % (A4). Torga
ciepa B cuay (21) momyuum P (A) g*, T. e. Hyas, HOCKOIBKY Y; (A) ecTs
aGCcOoMIOTHE MUHAMAIBHLI MHOTOYJIeH OPOCTPAHCTBA; Clel0BAaTeNBHO,

()5 (4) e=0. (24)

1) IIpasmabHee OHIXO OLI HASEBATH 5TO NOAOPOCTPAHCTBO MUKIANICCKHM OTHOCHUTENbHO
AmBeiiHOro omepatopa 4. Ho, MOCKOIBKY BCA TeOPHA CTPOHTCA JAs OTHOro omeparopa A,
MEH I8 COKPANIeHHA ONYCKAaeM CIOBA «OTHOCHTeNbHO nwuHefiHOrO omepartopa A» {cM. aHa-
JOTHYHOP 3aMedaHme B cHOcke 2) k crp. 171).
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JT0 paBeHCTBO IOKa3kKRBAaeT, 9T0 NpouspefieHue % (A)y (A) ABaAerca amHy-
IMPYIOIYM MHOTOYJIEHOM JJIA BeKTOpPAa € M IOTOMY JeJuTca Ge3 ocTaTKa
Ha MUEMMAaJbEL MEOTO9IeH P, (A) =% (A) Py (A), T. e. % (A) meamres HA Py (A):

K (1) =% () b2 (), (25)

rge ¥4 (A) — HeKoToph# MHoOrodYneH. Mcmoawsays 5To pasioseHMe MHOTO-
wiena ) (A), Mel paBeHCTBO (23) CMOKeM 3ammcaTh TakK:

P2 (A) g =0, (26)
Tlle BEKTOP ¢ ompeiesiAeTcsd PaBeHCTBOM
g=9"—uni(4)e. (27)
[locnennee papeHCTBO MOKa3wBaeT, 4TO
g=g* (mod I,). (28)

IloaToMy Py (A), OyAyIE OTHOCHTENHEHM MWHHMAJNBHLIM MHOTOYJICHOM JUIA
BeKkTOpa g*, Oyfer TakoBmM ¥ AuA BekTopa g. Ho Torma ms pamemctma (26)
cienyer, 91o Py (A) ABIAETCA OJHOBPEMEHHO ¥ aGCONIOTHEIM MHAHMMAJIBHBM
MHOTOYJIEHOM JJA BeKTOpa (.

N3 Ttoro, uto Py (A) ecTr aGCOMOTHHI MEANMAIBLHENE MHOTOYISH BEeK-
TOpa ¢, caexyer, 9T0 moampocTpaHcTBo I, ¢ Oasucom
g, Ag, ..., AP g (29)
OyaeT DUKINYECKHM.

Wz Toro, aT0 Y5 (A) €cTH OTHOCHTENBHHI MUHEMAIBHLI MHOrOWIEH IJIA
g mo mod I,, BEITeKaeT, 9T0 BeKTopH (29) mmHeitzo HesapumcuMe mo mod I,
T. €. HHKAKaA JuHelHaA KoMOmHanuda BeKTOPOB (29) ¢ He paBHHMH OJHO-
BPeMeHHO HYJII0 Kod(pPUUueHTaME He MOKeT PaBHATLCA JUHeHHONH KoMOuHA-
nun BekTopoB (20). Tak Kak 3TM mociegHuMe caMu JHHEHHO HE3ABMCUME, TO
moCJe/lHee HAalle YTBep;KAeHHe O3HadaeT JUHEHHYI0 HE3aBUCHUMOCTH m -+ p
BEKTOPOB

e, Ae, ..., A™%e; ¢, Ag, ..., A" g. (39)

Bexropu (30) o6paayior 6asuc nEBapuanTHOro mogupocrparctea I, + I,
C YHCJIOM u3MepeHWH m -- p.

Ecmmn =m 4-p, 0o B = I, + I,. Ecan sxe n > m < p, 1o M pac-
cmorpuM B mo mod (I, -+ I,) ¥ NpoJoiKUM Jajtee HAaDl MPOIECC BHIEICHUSA
OUKJIHYeCKUX HHBAPMAHTHHX MOAOPOCTPAaHCTB. Tak KaK Bce MPoCTpaHCTBO IR
KOHeYHOMEPHO, HMeeT n HU3MepeHHif, To 3TOT mpomecc HOJKeH HTPUOCTAHO-
BUTHCA Ha HEKOTOpoM mojmpoctpaHctse I;, rme ¢ < n.

Mer npuxofuM K ciefyomieil Teopeme:

Teopema 3 (2-A TeopeMa o0 pacmenJeHHH IpPo-
CTpaHCTBA Ha MHEBAPDHAHTHHE NOAODPOCTPAaAHCTSBAa).
ITpocmpancmeo ecezda MoJCHO pacuenumd HA YUKAUHECKUE OMHOCUMEALHO

darmno2o aunelinozo onepamopa A nodnpocmpancmea I,, Io, ..., I; ¢ MuHu-

MAALHBIML MHOo2oUAeHaMU Py (M), Yo (A), . . ., P; (M),

' R=I+I,"+...+1; (31)

max, umobs P, (A) cosnadaro ¢ munumasbLn muozouaenom P (A) ecezo npo-

cmpancmea u kaxcdoe \p; (A) 6vieo 68 deaumenem ;g (M) (i = 2,3, ..., .
OTtmeTuM Temeph HEKOTOPHE CBOHCTBA NUKIM4eCKMX mpocTpaHcTB. Ilyers

B — nukriudeckoe n-MepHOe OPOCTPAHCTBO, P (A) == A™ | ., . — MUHEMAJIb-

HEI{ MHOTrOYIeH 3TOro mpocrpaHcTBa. Torga u3s ompefeleHNA IHAKINYECKOTO
OpPOCTPAHCTBA ciaefiyeT, 9To m = n. OO0paTHO, OyCcTh HAM JaHO INPOU3BOABHOE

12%
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npoctparctso )& m m3pecTHO, 410 M = n. Ilpumenasa mokxaszaHmyw Teopemy
o pacmemuenny, Mu npefcrasum I B Bufe (31). Ho uncao namepenuit muran-
4ecKOro HogupocTpancTea I, paBHO m, TaK Kak ero MAHEMAJILHEIH MHOTOYJICH
COBIIaZaeT € MWHMMAJIBHBEIM MHOTOYJIEHOM BCero IPocTpaHCTBA. Tak Kak
IO YCJOBHIO /7 == n, T0 A& = Iy, 1. e. I ecTh HMKIHYECKOEe IPOCTPAHCTBO.

Taxum 00paz3oM, YCTAHOBJEH CIACAYOINH KpHTepHMH OHKJMXI-
HOCTH I POCTpPAaHCTB a:

Teopewma 4. Hpocmpancmeo yurauuno mozda u mosvko mozda, Ko2da
€20 YUCA0 UBMEPEHUlU coenadaem cO CMENEHBLIO €20 MUHUMALLHO20 MHOZ0UACHA.

Ilyere Temepns MBI MMeeM pacHellieHHMe HUKJIHYECKOrO IIPOCTpaHcTBa {2
Ha J[BA MHBADHAHTHHX IoAnpocTpancTBa [y m Is:

B=1I +1I,. (32)

O6o3rauum 9uciaa usmeperumii mpoctpancte F, I, u I, COOTBETCTBEHHO
uepes n, ny M Nz, MHUHAMAJIBHHE MHOTOYJICHH 3THX IPOCTPAHCTB -— depes
P (A), Py (A) 1 Pg (A), cTemeHN 3THX MUHMMAJIbHHX MHOTOYJEHOB — depes m,
my & my. Torxa

my \<‘ ny, mqy < Ng. (33)

CJIOH{HM IIOYJIEHHO 9TH HEepaBeHCTBa:
my - ms < Ny - Na. (34)

Tax Kax 1P (M) ecTp HauMeHbINee o0Mee KPaTHOe MHOTOWIEHOB 1P (A))
n 'lpg (;\u), TO

m<my + ms. (35)
Kpome Toro, m3 (32) cuepyer:
=Ny Na. (36)
(34), (35) = (36) manT HaM HENOYKY COOTHOINCHHI
m<my-+-me Ny Ng=n. (37)

Ho B cnay qukamIHOCTE IpocTpaHcTBa Ji KpaliEme dmcia B 3TOi mEIOU-
Ke, 9OCJIa m B n, PABEH MexAy co6oii. CiefloBaTeabHO, HMEET MECTO PABEHCTRO
I B NPOMEKYTOYHHX 3BEHLAX 3JTOH LEINOYKH, T. €.

m=my -+ mg="ny+ Rg.

WUz toro, ato m = my - my, 3awaodaeM, 410 Py (A) m P, (A) B3aumuO

HPOCTEL.
Ws my + mg = ng -- ny, IpuEAMag Bo BHMManue (33), Haxommm:

My = Ny, Mg = Ng. _ (38)

Ota ;e PABEHCTBA 03HAYAIT IMKIMYHOCTH momupoctpanctBa I; m Io.

TakuM o6pasoM, MH IPAXOAUM K CIeAYIOIIEMY IIpefJa0KeHUI0:

Teopema 9. Iurkiuneckoe npocmpancmso paclenisemes mosbEO
H@ makue UHEAPUAHMMbe NROORPOCMPAHcmsa, komopwe 1° camu yuriuueckue
u 2° umerom €3aUMHO npocmuvle MUHUMALLHBE MHOZ044EHb.

Te me paccyssieHns (IpoBefleHHEHE B 06paTHOM HOpANKE) MOKa3HBAIOT,
uTo TeopeMa H HomycKaeT obpamenwme.

TeopeMa 6. Ecau npocmpancmeo PACWEniAemcas HG UHBAPUAHMHbE
nodnpocmparcmsa, komopuie 1° Asastomes yuriuveckumu u 2° umeom e3auUMHO
npocmule MUHUMAIbHNE MHOZ04ACHBL, MO CAMO NPOCMPAHCMEO [GAAELMCH YUK-

AUYECKRUM.
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IIycrs Teneps K — nuKIn4decKoe MpOCTPAHCTBO M MHHMMAJIBHHI MHOIO-
YNIeH ero ecTh CTeleHbL HeupuBoguMmoro B moxe K muorouwaena: P (A) =
= [¢p (M)]°. B sTOoM ciyuyae MHHHMANBHEI MHOIO0YJeH M1060r0 HHBAPHAHT-
HOro nogmpocTpancTsa B J Tome OyJaeT CTEHeHBI0 3TOr0 HEUPHBOTUMOIO
muorodsaena ¢ (A). CmemoBarenbHO, MUHNMANHLHKEE MHOTOYIEHH JMHOOBX JBYX
HHBAPDHAHTHHX HOMIPOCTPAHCTE He MOryT OHiTh B3amMHO OpocThMu. Ho
TOI'A B CHIY JOKA3aHHOTO npeanos;kenusa [ me pacmlenideTcA Ha HHEBApHAHT-
HEIE OOMIPOCTPAHCTRA.

Ilycrs, oOpaTHO, H3BECTHO, YTO HEKOTOpPOE IpoCTpaHCTBO Ji HE pacimem-
JAeTCA Ha WHBAPHMAHTHHE IoampocTpaHcTBa. Torga J8 — Hukamueckoe mpo-
CTPAHCTBO, MHAYE €I'0 MOMHO OLLIO PACHIeNHThH ¢ IOMOMIBK) BTOPOH TEOPEMH
0 pacIienJeHHH HA NUKJIAYECKHE LIOAUPOCTPAHCTBA; KPOMe TOI'0, MEHHMAalb-
HHBIH MHOTOYJeH JB moiasxen GLITL CTENEHLK HETPUBOAMMOI0 MHOTOYJIeHA, Tak
KaK B OpPOTHBHOM ciaydae J? MomxHO Gro OB pacHmeUdTh HA HHBAPHAHTHHIE
HOJIPOCTPAHCTBA B CHJIY LIEePBOH TEOPEeMH O pacHICIIeHHH.

Taxum obpasoM, mpuxomum K cuejylomemy BHBOAY:

Teopema 7. Ilpocmparcmso He pacuensiemcs Ha UHEAPUAHINHBLE
nodnpocmparcmea mozda u moasko mozda, Ko2da 1° omo yurauueckoe u 2°
MUHUMAALHBLIL MHO2044€H €20 €CTRb CMeReHb Henpusodumozo 6 nose K mro-
2041eHA.

Bepuemca Teueps k pacmenyienuto (31) u pasmoxuM MEHEMAaIbHBIE MHO-
rouxens P; (A), ¥ (A), ..., VP; (A) Duramaeckux nogupocrpancTs Iy, Iy, . .

. ., I; Ha menpuBoguMEIe B moile K MHOMKHTEIN:

P1 (M) = Lpr (W] 92 (M1 . .. {9, (W], )
‘Pz (7\') [(Pi (k)]d] [(Pz (M]d2 [(Ps (7”) 1%, L (39)

P (A) = [@1 (?v)l (P2 (7L)1l2 [(Ps (?») }
(Ck>dk/>lk>0, k=1,2,...,s)1).

IIpumernm & I, mepByI0 TeopeMy o paclemwjeHuWu. 1orga IOIXyqHM:
| Li=T,+I+...+1®,

roe I,, I, I(S) nnmnnqecmne HOLIPOCTPAHCTBA ¢ MUHUMAJLHKIMHA
MHOTOYeHAMH [(p1 (7\,) 1, [@g (M), ..., [@, (A)]%. Aragorudso pacmenuM
nogupocrpascTBa Is, . .., I;. TeM caMHM ME mogyduM pacIieniieHHE BCOI'O
npocTpaHcTBa §3 Ha NUKJIMYECKHE HOAUPOCTPAHCTBA ¢ MHUHHMAJLHHEIMH MHO-
rounesamMu [@y (A)°k, [@p (A)1%, ..., [op (A)]e(kE=1, 2, ... s (upm
53T0OM BHIOPACHIBAXTCA Te CTENEeHH, Y KOTOPHX [OKA3aTelH PABHH HYIIO).
N3 Teopemur 7 cremyer, 4To 3TH INUKIUYECKUE MOTIPOCTPAHCTBA Y3Ke Jalee
HOPACIIeIHME (HA WHBAPHAHTHHIE no,unpom‘paﬂcma) Ilprxogum kK caexymwo-
meil Teopeme:

Teopema 8 (3-a Teopema o pacmeniIeHHEN LUPOCT-
PaHCTBA HA HMHBAPHMAHTHLEHE ODOJUPOCTPAaHCTBA).
IIpocmpancmeo eceeda MOACHO pacujenumd HQ Yukaudeckue UHBADUAHINMHELE

noonpocmpancmea
R=I+I+...4+I® (40)

mak, umobs, MUHUMAGABHHL MHO20ULEH KAHD020 U3 IMUT YUKAUHECKUT R00-
npocmpancme 6ua CMenewsblo HEeRpusoduM020 MHO204ACHA.

1) Heworopue ms mowasaremeit d,, ..., [, Opm k> 1 Moryr DPaBHATHCA HYIO.
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JdTa TeopeMa faeT pacHiellieHMe HOPOCTPAHCTBA HA HepacUleNMMEHe JaJjee
HHBAPHAKTHEE NOAIPOCTPAHCTRA.

3aMeuganue Teopemy 8 (3-0 TeopeMy o0 paculelIeEHH) MBI IOJY-
quin, OIPUMeHAA IepBHE ABe TeOpPeMH o pacuienmnennn. OHAKO 3-10 TeopeMmy
0 pacHeNJeHHH MOXHO IOJYYNTH APYTHM IyTeM, a HMEHHO, Kak Belocpej-
cTBeHHOe (IOYTH TPHBUANBHOE) CJIENCTBHE H3 TEOPEeMH 1.

IleticteuTensro, npoctpancteo JK; ecam oHO BooOme pacmenidercd,
BCeIfa MO;KHO PACHENNTh HA HepaculenuMeie gajiee WHBapHaHTHHE MOJIPO-
CTPAHCTBA:

R=I+I+...+I™.

Cormacuo TeopeMe 7 KajK[aoe U3 CJaraeMuex INOAIIPOCTPAHCTB ABIACTCA NAKJIN~
YeCKHM W HMeeT B KadYeCcTBEe CBOEro MHHNMAJBHOIO MHOro4YjeHa CTeIleHb
HEIPpHBOAHMOTO B K muorogmena.

§ 5. HopmMaanuaa ¢opma MATPHOBI

Nyers I, — m-MepHOe MHBapuanTHOe Hogupocrpamctso B K. Bmbepem
s I, nponsronbno Gasme ey, €2, . .., €y U FONOIHHM eTo fo Oasmca B J3:

el? 32, “ ey Em, >em+1, . vy en

IMocmorpuM, Kak Gymer BHraagerb Marpuma A omepatopa A B aToM
Gasumce. HamoManmM gmrartemio, 910 k- ctombem Matpunh A 3sanodHAeTCA
KoopmuuEaraMu Bektopa Aey (k= 1,2,...,n). Opur & < m Bexrop Aep € I;
(s cuny wmmpapmanTHocTH I,) M, cIefoBaTeNbEO, IOCHEJHHE 7 — M KOOD-
JUHAT BeKTopa Ae; pasn Hymo. ITosromy maTtpuma A mmeer Takywo ¢opmy:

m n—m
o pr———n,

(Ai A3 ) }m 41
=lo 4, )yn—m’ (1)
rae A, m A, — KBajpaTHEE MAaTPUNH HOpAJKA m u n — m, & A3 — IpAMo-
yroipEas Matpuma. PaBeHcTBO HyaXo geTBeproro «0iora» W BHpa)kaeT HHBA-
PHAHTHOCTH HOAIPOCTPAHCTRA I,. Marpuna A, sagaer oneparop .4 B I, (mpm
Gasmnce €y, €3, . . <, €m).

HonycrtuM Temepb, 9TO €m+41, - - -y € TOKE €CTH 6asuc HEKOTOpPOIO
umEBapuaHTHOTO Hogupoctpanctea I,, 1. e. B = Iy +I» & fasmec BCero npo-
CTPAHCTBA COCTABJEH W3 JABYX dacTed, KOTOpHe ciysxar OasucaMu B HHBA-
pragTHEX mogmpoctparcreax I, m I,. Torga, owesmamo, B (41) m Onox A
6yner paBen Hymo B Matpuna A Oyaer UMeTh KBasUAUAT OHAIBHHE BUX:

A (Ai O) (4, A (42)
0 AZ ) 1 2}, I

rie A; 1 A; — KBaJipaThbie MaTPUOE IOPAAKOB M H n — M, 3ajanllue one-
parop B mognpoctpancreax I, u I (1pm 0asmcax COOTBETCTBEHHO €4, €5, . . .
.., €n T emiy, . . -, €). HeTpyaHO BHEETH, 9TO M, 006paTHO, KBABUAUATO-
' HAJTBHOMY BHAY MATPHUIIH BCETJa COOTBETCTByeT pPaculeleHHe IPOCTPAHCTBA
HA MHBADHARTHHE NIOALpOCTpaHCTBA (Mpm 3ToM 0asuc BCero IPOCTPAHCTBA
cOCTaBIeH W3 GA3WCOB ITHX INOAUPOCTPAHCTB). x
B cmry 2-it TeopeMH 0 pacuIeIVIeBEH MH MOXeM PacumenHTh Bce Ipo-

cTpaHcTBO B Ha mmKiamdeckme HopnpoctpaHcetBa Iy, Iz, ..., I

R"—“11+Iz+...+Ito (43)
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B pagy MEHAMAaJIBHEIX MHOTOYIEHOB STHX HOAUpocTpancTB Py (A), Pa (A), . . .
o P (A) Kaskmpli MHOrOWIEH ecTh JelMdTeNlb HpeRHAymero (OTCIHa YiKe
ABTOMATHYECKH CJefyeT, UTO HEPBHI MHOrOYJIEeH eCTh MHHMMAJIBHLIA MHO-
rOWJIEeH BCEro IPOCTPAHCTBA).
IMyers
Py (A) =A" +a AL o,

P (A) = AP +BAP L. By,

P (A) = A" 4-g 7»”'1—|~ . 1 &

O6Gosmauum uepes e, ¢, ..., | DOpOKIAIIAEe BEKTOPH B HOANPOCTpAaH-
cteax I, I, ..., I; m cocraBuM Oasmc Bcero mpocTpaHcTBa [} H3 ciegyo-
muX 6a3MCcOB MUKJIMYECKHX HOJAIPOCTPAHCTB:

e, Ae, ..., A™e; g, Ag, ..., A" g; ...; 1, AL, ..., A7, (43)

ITocMoTpuM, kKakoBa OygerT ManmJ;a Ly, orsedaromas oneparopy A
B 9TOM Oasmuce.

Kax Gnmo BHACHeHO B Hadane sToro maparpada, marpuma Ly mommma
EMeTH KBAa3HAWATOHAIBHYI (opMy

(m>p>...>0). (44)

Ly 0...0
Li— 0 Ly... 0 . (46)
00 ...L
Marpuna L, orsegaer oneparopy 4 B I, mpm 6asuce e; = e, ¢; = A4e, ...

vy €m = A™ le, [IpunoMuEas OpaBhiio COCTABACHMA MATPUOEL IO 33JaH~
HOMY omeparopy u 3agammomy 6asucy (ra. III, ctp. 71), maigem:

0 0...0 —ap
1 0...0 — Qm—q

. 0 — g

d 0 . ..1 — Uy

AnBaJorugaHo

‘ 0 0...0 —pBp
1 0...0 —Ppu

L0 B

0 0...1 —p

H T. 1. :

Borancenns xapakrepucTudeckne MHorowneHst matpunm Ly, L., ..., L,
DOJTYTUM:

[AE—Li|=% (), |AE—Ly|=%s(A), ..., |AE—Le|=1p: ()

(1A OUKINYECKUX OOAUPOCTPAHCTB XapaKTepUCTHYECKHH MHOTOYJIEeH ome-
patopa A COBIaJaeT ¢ MEHAMAJbHRIM MHOT0YJEHOM IOANpPOCTPAHCTBA OTHO-
CHTEIBHO STOr0 OIEepaTopa).
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. Marpuna L; ortBeuaer omepatopy A B «KaHOHMIeCKOM» Gasmce (45).
Ecmr A — MAaTpHOA, OTBeYAKMAA odepaTopy A4 B Opom3BOILHOM Oasmce,
1o maTpuna A mopobHa matpume Ly, T. e. CYmECTRYeT Takaa HeocOGeHHAs

matpuna 7, gro _ :
A=TLT™, : (49)

IIpo maTpuny L; MH 6y/ieM ropopuTh, 9T0 OHA HMEET REPEYI0 ecmecmeeH-
Hyw Hopmaabryio gdopmy. llepBas ecrecTBeHHAs HOpMaJIbHaH dopMa xapax-
TePUIYETCH

1) kBasupmaroHalbHEIM BuHAOM (46),

2) cmemuaNbHOH CTPYKTYPOH JMArOHAJBHHX KIETOK (47) (48) u 1. m.,

3) JOOONHUTENBHEM yCIOBHEM: XapaKTepUCTHUYECKAH MHOTOYJIeH Ram-
J0H AMaroHANBLHOH KJOTKH JeJMTCA HANeJ0 Ha XapaKTepUCTHYeCKHd MHOro-
9jIed CHeNVIOmen KJIETKH.

Touno Tak :xe, ecan ObI MBI MCXOAMJIM He u3 2-H, a U3 3-i TeopeMul o pac-
MEmJIeHNN, TO B COOTBeTICTBYIomeM Oasmce omeparopy .4 orBegana Om Ma-
tpuna Ly;, MMeomas BTOPYIO ECMECMEERHYI0 HOPMAAbHYI0 opmy, xapame-
PHBYEMYIO
‘ 1) KBasUAMAaroHaJdbHEM BHIOM

LII :{Lla LZ’ SN ) Lu}’.

2) cmenmumalbHOH CTPYKTYPOH NMAroHaJbHHX KiaeTok (47), (48) m T. m.,

3) MODONHUTENLHHKM YCIOBHEM: XapaKTePUCTHISCKUH MHOTOUYJIEH KAaiK-
JOH KIeTKM SABJAETCA CTENeHLI0 HEOPHBOAMMOro B mojie K MHOTIOYJIEHA.

B cumegyiomem nmaparpage ME momajkeM, 4TO B Kjacce HOFOOHEIX Ma-
TPHUN, OTBeUAMIIUX OJHOMY H TOMY 3KE OIEepaTopy, CYIMECTBYEeT TOJABLKO ONHA
MaTpuOa, UMeKIlasd NepBY HOPMaJdbHYKI ¢opmy !), m TonbKO ofHA 2), mMelo-
masa BTOPYI HopMaibHYl0 ¢dopmy. bomee Toro, MH gamuM aJaropuT™M pis
HaXOmOeHus MHOrowiaeHoB P, (A), P (A), ..., ¢: (A) mo asnemenTam wMa-
TpunH A. 3HaHHe 3THX MHOTOWIEHOB JacT HAM BO3MOMKHOCTL BEIOHCATL BCe
paemeHTH Matpunm L1 m Ly;, nofobHHIX mMaTpume A ¥ HMEHIMUX COOTBET-
CTBEHHO NEpPBYIO M BTOPYIO HOPMAaJBHYIO HopMY.

§ 6. NaBapmanTHBIE MHOTOWIEHBI. JJICMEHTADHBIE JEIHTENH

1 3). O6osuauum gepesd Dy, (A) HauGonbmuit oOmuit meaurTenb BCeX MHHO-
pPOB p-ro HOpAAKa XapaKTepUCTHYeCKOod MaTpmnou A; = AE — A (p =
=1,2, ..., n?. Tak Kax B pany

Dn (7\-)’ Dn—i (;\'), .. ey Di (A)

KaRIBH MHOIOWIeH [eJMTCA Ha NocHeAylomuit Ges oCTaTKa, TO (POPMYIH

. et (A . A
i () = 1"(”30 zz(x)=§n_;—§?7)),...,Ln(x)=§;§73 Do (M) =1) (50)

1) 910 me 03HAUaeT, 9TO CYIECTBYET TOXHKO ONUH KaHOHHIecKmi Gasmc Bupa (45).
Kamornuecknx 6a3mcos MO;xeT OKTH MEOTO, HO BCEM BM O0TBEYAET OTHA H TA e MaTpuna Lj.

2) C TOUHOCTHIO HO IMOPANKA nnarozanbnmx KIEeTOK.

%) B n. 1 macTosmero naparpatba TMOBTOPATCHA A xapan'repmc'mqecﬂom MaTpALE
OCHOBHE® TOHATHA ri. VI, § 3, ycTamosieHHEe TaM AJasd OPOH3BOILHOH MEOrOYICHHOH
MAaT PHIIHL.

4) B manOonxpmem o0mmeM JenuTenae BCEr/a BHGHpaeM c'rapn:mu Ko3dpdunmenT pan-
HRM ESUHHIE.
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OonpenensiloOT 1N MHOTOYJIEHOB, NPOH3BEAEHHE HKHOTOPHIX PaBHO XapaKTepHCTH-
YeCKOMY MHOTO4YJICHY

A =|AE—A|=Dp (M) =iy M) i2(A) ... in (1). (51)

Muorounesst i, (A) (p =1, 2, ..., n) pasgouM Ha HeIPUBOJUMEI®
B moje K MHOXUTENH: |

i (W) =1 Ml ... (p=1, 2, ..., n), (52)

rae @, (A), ¢z (A), ... — pasnauunme HeIPuBOZEMEHe B moje K MHOroOumeHH.

Muoroanersr iy (A), iz (A), ..., in (A) HasHBawoTCA UHEADUAHMHUMU
MHO204IHAML, 3 BCE CTENeHH, OTIMIHHE OT IOCTOSAHHON, cpexm [g; (A)]¥r,
[@ps (A)] %0, . . ., HASHBaAIOTCA JieMeHMAPHLIMU OeaumesiMy XapaKTePHCTH-
geckorr MaTpunel A, = AE — A umm npocro Marpunu A.

IlpousseseHme BcexX 3JEMEHTAPHHX [eJHTeNell, KaK ¥ IIPOU3BE/eHUE
BCeX HMHBAPHAHTHHIX MHOIOYJEHOB, PAaBHO XapPaKTEPUCTUIECKOMY MHOTO-
qnery A(A) = |AE — A |.

Haspamme «MEBapHaHTHRE MHOTOYJIEHHR» ONPAaBXAHO TeM, ITO JABe HOX00-
HEe' MaTpunoi A m A

A =T-1AT (53)
Bcerja MMEIOT OFHHM M Te Ke MHBAPMAHTHHE MHOTOWJIEHEH
M=}  (p=1,2, ..., n) (54)
I[eﬁcmmenbﬂ% n3 (53) caefyer:
Ay=LE—A=T"YAE—A)T =T"14,T. (55)

Orcioga (cM. Ta. I, § 2) momyvaeM COOTHONIEHME MEKAY MHHOpaMuM Homo0-
HEHX Marpull A; m Ay

—~ iliz...ip
A"(klkz...kp)_

iy ig...10 0Oz ... O
I 1 e LY o T (A
a1<ae<. .. <o 1?2 .- Pp P2 - -« Pp 1he - .. Ky
l31<[32<...<5p

(p=1, 2,...,n).

910 paBeHCTBO IOKABHBAET, 9TO KKK o0muit menmwrennh BCeX MHHOPOB
P-TO TOpsAAKa MaTpHIH A, ABnAeTcA o0muM geauTeneM BCexX _MUHOPOB p-TO
MOpAAKA MATPUOH Aj; H HaoGopoT (MOCKOIBKY MATPHUE A A MOKHO IIO-
MeHATH MectaMu). Orciopa Bureraer: D, (A)=D,(A) (p=1, 2,..., n) xu,
cleZoBaTeILHO, MMEET MecTo (D4). ‘

IlockonsRy BCe MATpPMEH, IpeACTABIAIMINE JaHHHH omeparop 4 B pas-
IUYHHX 0asmcax, HogoOHM MemAy cofoif M IOTOMY HUMEIOT OJHH U T e
NHBAPHAHTHEIE MHOTOWIEHHK H, CJI€JOBATEJIbHO, OXHH U Te K€ DIEMEHTapHEHIe
JeIUTENN, TO MOKHO TOBOPATH 00 HHBAPMAHTHHX MHOTOUYJEHAX M BIEMEH-
TAPHHX JenuTensx omeparopa A.

2. Bossmem Temepr B Kauecte 4 Matpumy Ly, wumenmyo IepByio
eCTeCTBEHHYI0O HOPMANBHYIO $OpMYy, M BHIYMCIMM HHBAPHAHTHHE MHOTOYJIEHH

MaTpunu A, MCXO0JA M3 BUAA MATPHI[EI ‘ZL:lE—X (ma cxeme (97) o9ra
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MaTPHIA BHIMCAHA A caydad m=95, p=4, =4, r=3):

A 0 00 a;f 0 0 0 O 0 0 0 0 0 0 0
—1 % 00 «{ 0000 0000 00 0
0—1 % 0 o { 0 0 0 0 0 0 0 O 0 0 0
0 0-1 % a{ 0 0 00 0000 000
0 0 0—1la,-A 0 0 0 0 0000 000
07070 070 TAT00 B 0 0 0 0 00 0
00 0 0 0 {—1 & 0 Bl 0 0 0 0 0 0 0
0 000 0 0 | 0—1 % Bi 0 0.0 0 0 0,0
0 0 0 0 O 0 0—1p,+2 0 0 0 O 0 0 0
0 0 0 0 0 00 0 0 A 00 Ty, 3 0 00
00000 000 O0i{—1 %0 vi{0O0O0
0 0 0 0 0 00 00| 0—1 A& v, 0 0 0.
0000 0 00 0 0 0 0=1y+% 0 0 0.
00 0 0 0 0000 0000 | & 0 e
0O 0 0 0 O 00 00 000 0 {—1 & &
00 0 0 0 0000 O0O0O0 O 0—1g-2

Iloneaysce Teopemoit Jlammaca, maiimeM:

D, (3) =|AE— 4 |=| \E— Ly|hE — Ly|...[AE — Lo = 1 (A) 2 (). (1) (58)

Tlepeiimem ® oTeickaBEmio D, (A). O6patmM BEEMaHAe Ha MHUHOD 3Je-
MeHTA CO,,. TOT MHHOP € TOYHOCTHI0 0 MHOxHTend -+1 pasem '

IME—Ly| ... |ME—Lg | =% (M) ... 9 (). &)

Mu pgokameMm, 4To 3ToT MmHOpP (n — 1)-ro mopagxa Oymer AedmTendeM
BCeX IPOYNX MAHOPOB (r — 1)-ro mopAAKa W YTO, CIAEJOBATEIHHO,

Doy M) =02 (M) ... %t ().

Ilna aToro BO3pMeM CHadala MHHOD 3JIeMEHTa, HaXONAMIEroCA BHE TUa-
TOHAJBHEHX KJIeTOK, I IOKAaKeM, 4TO TaAKOW MAHOp paBeH Hymlo. [aa momyde-
HAA 3TOT0 MEHOpAa HaM NPHETCA M3 MAaTPHLOH (97) BHYEDKHYTh OJHY CTPOKY
W ogdHE cToiGer. BHYepKHYTHe JHHEH B PACCMATPHBAEMOM CiIyd4ae Iepece-
KyT [(Be pasHble [AaroHaJbHHE KJIETKA H, CJIe0BATeJbHO, Y KAKAOH U3 3THX
ABYX KJeTOK OymeT BHYePKHYTO IO OfHOH ammmm. Ilycrs, manmpmmep, y j-i
IHATOHAJIBHOH KJIeTKH OymeT BHUePKHYTa OfHA W3 cTpoK. BozpMeM B MHHOpe
Ty BePTHKAJIBHYIO IOJ0CY, B KOTOPOH COAEPRHUTCA 3Ta AMATOHANBHAA KIETHA.
B aroit mosnoce, mMeomeil s cron0moB, Bce CTPOKH, 3a HCKmodeHHmeM s — 1
cTpoK, OyAyT COCTOATH CIJIOMEL H3 Hyxell (3gechk dYepesd § MH 0603HA4HIH
nopAfoK MaTpuLH A ;). Paznaraa pacemaTpuBaeMsiii onpesennTens (n — 1)-ro
HOpAZKA Ha OCHOBAHNHA TeopeMH Jlaminaca mo MAHOpaM $-Io mOpPAJKA, COAEp-
JRaIEMCA B yKasaHHOA Iojoce, MH H y0OeJAMCA B TOM, 9TO OH PaBeH HYJII.

BospMeM Temeps MAHOP 2JE€MeHTa, HaXOJAMETOCA BHYTPH OJHOH H3 AHAa-
TOHAJBHKIX KJETOK. B 3TOM ciaydae BHYepDKHBaeMHe JUHOH (HACKAJeYaT»
TOABKO OJHY M3 AHAaTOHAJBHHX KJIeTOK, HaIpAMep J-10, d MaTPHIA MHHOpA
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cHoBa Oyaer kpasupmaroHansHOH. ITosToMy Takoit MuHOp Gymer paBeH

Vi) oo Wiy (M) Useg (A) - e (M) % (A), (61)
e ¥ (A) — ompefenMTen®s «MCKANEYEHHON» J-I AMATrOHANBLHON KJIGTKH.
B cuny Toro, wro P;(A) Aeamrca mameno ma P;4+4 (A) (( = 1, 2, o t—1),

npoussefieEue (61) pasgenmrca Ges ocraTKa Ha IPOH3BEJEHHE (59) Taxum
obpasom, paseHcTBO (60) MOKHO CUMTATH AOKABAHHKIM. AHAJOTMYHEIME pac-
CY/RACHUAMA IONYINM:

Dy (M) =13 (M) . .. Pe (A),

Do (1) = 1 (A), | ((62)
Dps(M)=...=D;(A)=1.
N3 (58), (60) m (62) maxommm:

D (7~) Dn 1(A)

@1 (A') (}w) —'li (l), 1172 (A’) (x) 2 (A')’ . s
Dn_tpa (M) . : . . @
.,lpt(?\.):—l’)‘mzzzt(l), LtH(?L):...:Ln(?L):l.
@opmyasr (63) moxaseiBaroT, 910 MEOTOWISHS Py (A), P2 (A), . . ., Wy (A)

COBOQAIOT ¢ OTAUYHHIME OT ©JMHHIE WHBAPHAHTHEIMM MHOTOWICHAMH Ome-
paropa A (auGo coorsercrBylomieir matpuru A). Ho Torza ormmamme ot prm-
aaner  [@p (M), [@p A)]d, ..., (=1, 2, ...) B pasmosennn (39),
COBIIAJIAIOT © E)JIeMeHTapHLIMI/I ,T.[eJII/ITeJIHMI/I onepa'ropa A (1u6o cooTBETCTB 10-
meit Mmatpunsl A). IlostoMy sapanme MHBAPMAHTHHX MHOrOY/IeHOB, HJIH, 9TO
TO JKe, 3a/aHNe HJIEMEHTAPHHX JexuTerneil B mone K, ofHO3EAYHO OmpegesdeT
3IeMeHTH HopMaabHHIX QopMm Ly mw Ly

Ha crp. 185 Gmmo yeranosmeno, ato e mofgo0HEE MATPUIE HIMEIOT O HE
U T¢ jKe MHBAapHaHTHBe MHOrowleHH. IlycTs Temeps, o6paTHO, HWBBECTHO, WTO
fse matpuns A u B ¢ snemeATaMm u3 K HMEIOT OJHHE U Te jKe WHBAPHAHTHEIE
mHOrOouNeHH. Tak xKax marpuma L; ogmosmauno OnpefieAETCA 3aJAHHEM
STMX MHOTOYJEHOB, TO 00e Marpunsl A m B mogo0HE OJHON U TOH Ke MaT-
pune Ly u, cnegosateanbHo, mofo0HH MexAy coGoit. Taxum o6Gpasom, mpu-
XO[UM K CJHeAVIODIEMY NIpelOKeHNI0;

Teopema 9. Juz mozo umobu 0se mampuyst ¢ ssemenmamu ui K
6viau noGobmnul, Heobrodumo u docmamouno, umobv Yy amux mampuy 6Gual
00Hu U me dice uneapuanmmnse Muozouaen ).

XapaxTtepucruaeckuil Muorowied A (A) onepa*ropa A cosmafaer ¢ D, (A)
1 TIOTOMY paBeH OPOM3BEJEHWI0 BCeX HMHBAPMAHTHHX MHOIOYJIEHOB!

A) =P (M) Yo (A) oo e Pr (A)e 1(64)-

\_....«

Ho ¢, (A) ecTs MEHEMaJbHHH MHOTOYJEH BCEr0 NPOCTPAHCTBA OTHOCH-
TeapHO A; sHawnut, Py (A) = 0 u B cuny (64)

A(4)=0. ((63)

Taxum obpasom, ME momyTHO moaydmau reopemy I'ammabroma — H:—)Jm
(cMm. ra. IV, § 3).

1y Anm oil;mlaﬂonme 3jleMeHTapHLe NejuTtead B moje K,
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§ 7. Hopmaunpuasa xopfgaHoBa ¢opMa MaTpHIEI

Ilyers BCEe KOpHEH XapakTepuctmuecKoro Mmorounena A (A) omeparopa
A npmmamnesxkar mono K, 9ro, B 9acTHOCTH, Bcerga OymeT HMeTh MECTO,
ecain K ecTp mone BceX KOMIJIEKCHEIX 9YHCeI.

B paccmarpmpBaeMom caydae pasdaoxeHHE HHBapHaHTHHX MHOTOYJIEHOB
Ha 3JeMeHTapHBIe AejuTeNd B moje K OyJeT BHIJAHETHh TAK:

i (M) = (A — A7 (A—R2)" . (A —Rg)",

zz(x)-(x A)E (A —A )d2 (A MY, [z di> ... > >0, . (66)
. . . Ck> 0; km 1s 2s
um»—m xywx )
Tax Kax HpomsBegeHNe BCEX MHBAPHAHTHEIX MHOTOYJEHOB PABHO XapaKTepH-
cTuaeckoMy Muoroujeny A (A), 0 Ay Ao, ..., As B (66) cyTh BCe pasnmuHEIE

Me;RAy co0oil KOpPHEH XapaKTepHCTHYeCKOTo MHorouxena A (A). +
BoapmeM rakoii-nm0o sjieMeHTAapHHI AeJIUTeNb

(h—Ao)?; NGO

3[eCh Ay— OHO M3 WHCEN Ay, Ag, ... Ay, & p—OQUH N3 (OTIMYHKX OT HYJIA)
morasarenelt cx, dp, ..., lx{(k=1, 2, ‘
JToMy dyeMeHTapHOMY jenmrenio B pacmemsiernm (40) orseuaer ompepe-
JeHHOe NUKJIHYECKOe MOAHPOCTPARCTBO [, TMOPOKAAIIGHA BEKTOP KOTOPOTO
obo3maunM OyKBOH e. IIJIH aTOT0 BeKTOpa (A —Ag)’ Oymer MHUHHIMAIbHHM
MHOTOTJIEHOM.
PaccMoTpuM BeKTOPH

e,=(4— ME)?‘le, e;= (A — M E) e, ..., @ep=e. (68)
Bexropet ey, ey, ...,e, aAuHEHHO HE3ABHCHMH, TAX KAaK B IPOTHBHOM

“gaydae CYIMECTBOBaJ OH AHHYJIWUPYIOU[MA MHOTOWJIEH JJiA BEKTOpA € CTeleHHn
< p, UTO HEBOBMOKHO. Telmeph 3aMETHM, 9TO

(A—HE)e,=0, (A—ME)es=ey,...,(d—ME)e,=ep, (69)
i '
Aei-—_—?\foei, ' Aezzhoez—{—e“ . .,Aepr:?uoep—i-ep_i. (70‘)

Wmes1 pasemctBa (70), meTPYZEO BEINNMCATH MAaTPHLY, OTBeYAIONLYI0 omepa-
Topy A B I mpn Gasmce (68). Ira mMarpmma Oymer BHTIAJETH TaK:

A 1 0...0
0 &% 1...0 _
: B : = A EP) |- HP), (71)
) 1
0 0 0...2%

rmue E(P)—e;J;HHI/IqHaH MaTPHNa HOPANKA p, & a H(®) —marpuna nopsagka p, y
KOTOPOil BIIEMEHTH MepBOH «HAAAHATOHANM» PABHEI eAMHALE, & Boe OCTATBHBIE
DJIEMEHTH PABHH HYJIIO.

JInHellHO HE3aBHCHMEE BEKTOPH &4, €., .. .,ep, O KOTOPHX I/IMe—'
ror mecro paseHctBa (70), ofpasylor Tak HA3HBaEMYIO opdanosy ye-
nouky eexkmopoe B I. W3 }XOpIAHOBHX INeHOYeK, B3ATHX B KMKOAOM H3 HOJ-
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upocrpascts I, I”,...,I®™  cocrasiasiercss swopdarnos 6Gasu¢ B R. Ecan
MUHHAMAJIBHEE MHOTOWIEHH BTHX IONIPOCTPAHCTB, T. €. DJIEMEHTADHEE IelaH-
Tesqm omeparopa A, obosmaumm Temepsb gepes

(h—A )P, (A—Ag)P2, ..., (h— Ay)Pu (72)

(cpepm umcen Aq, Ag, ..., A, MOryT OHTH W paBHEIE), TO Marpuna .J, orse-
gaomas omepatopy 4 B KopzamopoM Oasmce, OyHeT HMeTh CJIeYIOmIii
KBa3UIUATOHAJbHEI BHL:

J={ME®) L HED,  J,E®) L H s, |, Ay Pu) _I_H(pu)}_ (73)

Ipo wmarpuuy J TOBOPAT, 9TO OHA HMEET HOPMAALHYN HOPOAHOSY
gopmy nam nmpocto Hcopdarosy fopmuy. Marpuna J cpasy BeIIHCHBaercs,
eclIH H3BECTHH DIGMEHTApHHE Aenumrtesm omepatopa 4 B moae K, copmepika-
meM BCe KODHH XapaKTepHCTHueckoro ypasmemnms A (A)=0.

II pouseoavras mampuya A ecezda nodobna mampuye J, umewweld Hop-
Maavhyo owopdanogy ¢Hopmy,” T. e. AN OpOU3BOIBHOH MaTpuuu A Bcerga
cymecTByeT Takas Heocobemmas MaTtpmua I (|71 |=£0), dro

A=TJT. (74)

Ecanm Bce osaemenTapHEbe [eJauTeNnum omepatopa 4 mepBoil  cTemeHA
(A TOIBKO B 3TOM CJIydae), ’KOpAaHOBa (YOpMa MABIAETCHA NHMATOHAJIBHOH Ma-
Tpulleill, 1 B BTOM cJiydae MH HMeEeM:

A=T{hy hgy v ey A} T (75)

Takum o00pasom, auwnelinslii onepamop A umeem npocmyio cmpyrmy py
{cM. ra. III, § 8) ¢ mom w moavko 6 mom cayuae, Ko2da éce snemenmapHvle
deaumeau onepamopa A auHelHbL. ’

Bexkropwt ey, ey, ...,ep,, ompenenseMue pasBencTBaMu (70), samymepyeMm
B o0paTHOM HOpAOKe:

gi=ep==€, @Gr=ep1=(Ad—ME)e,...,gp=e,=(A—hE)"te. (76),
Torna

(A—2ME)gi=g2 (A—ME)g:=¢gs3 ....(4d—1E)g,=0, ~(77)
OTEYIA

Agi= g1+  Age=hgz+ s - - AGp== hoFp. (78)

Bextopr (76) obpasytor 6asuc B LHMKJIAYECKOM HHBAPHAHTHOM IIORIIPO-
ctparctee I, coorBercTByWOmeM B pacmemsiennn (40) smemenTapHOMy menu-

tenwo (A—Ag)?. B srom Oasmce, wkark merko Bupmerh, omeparopy A4 Oymer
OTBEYATH MATpHIA

% 0 0...0
1 % 0...0
0 1 % — A F(P) L FD), (79)
0 0 ...17%

IMpo Bextopsr (76) roBOpsiT, 9TO OHM O0DPABYIOT HUNMCHIOW HCOPOAHOLY
yenouky BekTopos. Ecam MH B kaskmom w3 mogmpoctpamcte I, I”,...,IW
B pacmemichmu (40) Bo3bMeM HIDKHIOW JKOPJAHOBY ILENIOYKY BEKTOPOB, TO M3
STHX UEIOYeK COCTABHTCH HUICHUL Zcopdanos 6asuc, B KOTOpoM omepatopy .A
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0TBeYaeT HBasHIHATOHAJbHAas MaTpHulia
Jy={ME®PE) L Flov,  p,E®d 4 Foo, ) E® 1 FEY) }. (80)

ITpo marpuuy J; roBopAaT, 4TO OHA HMMEET HuHCHIOW KHopAaHO8Y Gopmy.
B orauume or marpunu (80) marpuny (73) Mm mHOrEAa OyjeM HasHBaTh
geprHell acopdarosoll mampuyei.

Taxum obpasoMm, npousgosvras mampuya A scezda nodobra kak Heko-
mopot eepIHell, Mmakr U HeKOMOopOU HudCHel aopdarosoll mampuuye.

§ 8. Merog aran. A. H. Kpoinosa npeoGpazoBanns BexoBOro ypaBHEHUA

1. Ecoz masa marpuna A=i|a; ||7, TO ee xapaxTepmcTHUeCKoe (BEKOBOE) ypaB-
HeHUe BaNICEHBAGTCH B BUIE
an—l, aio e Ain
asy aog—A ... a
A =(—nr| C2 %2 L (81)
Qni Qpn2 ' ... ann—}h

B nepom "WacTm 3TOr0 ypaBHeHHA CTONT XapaKTePHCTAYECKHA MHOTOYIeH n-H cTe-
nesm A (A). Iaa HemocpeqCTBeHHOTO BHYHCIEHHA HKO3QPHIMEHTOB 3TOT0 MHOTOYJIeHa
HY;XHO PacKDHTH XapaxTepmcTmdecKmd ompepgenuTens |A—AE|], a 370 cBA3a@o IOPH
Goapmux n ¢ GompmmEM 00HEMOM BHYHCIHTENBHOH "PaGOTH, IOCKONBRY A BXOZAT
B [HAarOHAJbHEE BIEMEeHTH OmpejaelmTessal).

Anagemmx A. H. Hpumos 8 1937 r. [103] npemxmosxmm mpeoGpasopaHme xapaxTe-
'PECTUYeCKOro ompejelmTeds, B pe3ydbrarTe KOTOPOr0 A BXOAHT TOILKO B DIIEMEHTH
ogmoro crombma (mam cTpokm). IIpeo6pasoBanue KpHIOBA CYI[ECTBEHHO YIpOIaeT
BHUHCIeHNE® KOPPUIMEHTOB XapaKTepPMCTHIeCKOTO ypaBHeHHS 2),

B stom maparpade MH pagmm anrefpamdecKmd BHBOJ npeo0pasoBaHHOro XapaxTe-
PHCTUYECKOTO YPAaBHEHHAA, HeCKOABKO OTIUUYANMMUCA OT BHBOAA camoro Kpniosa 3).

Bresjlem B paccMOTpeHHe 7-MEepHOE BeKTODHOe mPOCTPaHCTBO R ¢ GasmcoM ey,

€, ..., €y W IUHEeHHHI omepaTop A BR, onpepensemuil famnOd Matpumed A= a; ||7
npn 57oM Gasmce. BruGepem B B mPOMSBOJNLHEE BeKTOP & == 0 M COCTABAM PAA BEKTOPOB

x, Ax, A2, ... (82)
IIyers mepeeie p BeKTOPOB 3TOre paja &, Ax, ..., AP~lp guHeHHEO He3aBHCHME
a (p--1)-1 BekTop AP ecThb JmHedHaA KOMOWHALHUA STUX p BEKTOPOB:
APL = = Q= AT~ ... — 0y AP 1, (83)
7898 '
¢ (4) =0, (84)
re .
@ A)=AP+ AP L fap. (85)

Bce mannbRefimmne BeKTODH paAfa (82) Taxxe JHHeHHO BEIPA/KAIOTCA depes3 MEPBHE P
BEKTOPOB 3T0r0 pafa$). TaxmM o6pasoM, B pany (82) mmeeTcA p IMHEHHO He3aBHCHAMELX

% ® 1) Hamommmaem, 910 Kos(dmnment opum Ak B A (L) paBeH (C TOYHOCTHIO [0 3HAKA)
cyMMe BCeX TNaBHHX MHUHODOB mopagka n-—k wmarpunu A (k==1, 2, ..., n). Taxmm
o6pasom, yse opu n=06 [QIa HemocpenCTBeHHOTO ompepeneHAs xos§dmmmenta mpm A
B A (A) HYMKHO BHYHCIUTH IIeCTh OIPeseuTeIell MATOrO MOPANKA, a AaA KoaddunmenTa
npn A2 HYMHO BHYHCJIHTH 1Q ompefenuTeled 4eTBEPTOr0 MOPANKA W T. @.

2) AnreGpaundeckoMy aHanmsy Metoga A, H. Kpunosa npeo6pasoBaHEEA BeKOBOTO
VPaBHeHHA NOCBAIIeH paj ucciaenosanmi [109a, 6; 133, 816, 132].

3) A. H. KpunoB npumen K cBoeMy Opeo0pa3oBaHHOMY YpaBHeHHI0, HCXOomdA H3
PACCMOTPEHUA CHCTOMH 7 JMHEHHHX fuQepeRnAaibHHX YpaBHeHAR ¢ IMOCTOAHHHME
roaddunuenramu. Brson Hprnosa B anrefpamsmpoBamnoll opMe MOKHO HalTH, HADPH-
Mep, B [109a, 816], a Tak:xe B kmmre [33], § 21. .

4) [fpuMensas k oGemM gactaM paseHcTsa (83) omepaTop A, MH BHpPaaeM JUHeHHO
AP+ly depes BeKTOPH A®, ..., AP~lx, APx. Ho APx B cuny (83) muHeiHo BHpa-
JRaerTcA gepe3 BeKTOPH T, Ax, ..., AP 1w, [TosToMy MH mOJTyJaeM aHAIOTUYHOE BEIA-
wenne gua AP+lp. IIpumensas K 3TOMY BHDaKeHNI0 BexTOpa AP*le onepatop A, MH
BHpasuM AP+2x gepes x, Ax, ..., AP~lr u r. g,
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BEKTOPOB, W 3T0 MaKCHMAalbHOE YHCJO JHHEAHO He3aBHCHMEX BeKTOpoB paAna (82)
Mo3keT ORITH BCerjjJa pPealIM30BAHO HA HMePBH X p BEKTOpax pAfa.

Muorouner @ (A) ABIAeTCA MUHUMAIBHAEM (AHHYIMDYIOUUM) MHOTOWIEHOM BEKTODA
a oTHOCHTeJdbHO omepatopa A (cMm. § 1). Memod A. H. Hpuaosa ecmv memod sPexmus-
Ho20 onpedenenun MUHUMAALROZO MHOZOuACHA @ (A) eexkmopa x.

Mul paccmoTpuM pasflelibHO [BA CIydYasi: peeyasapubill CAydail, KoTjla p=n, i ocobmil
cay4ai, Korja p < n.

Muorounen @ (A) ABIAETGA [elnTelleM MHUHAMAJNBHOI'O MHOTOYJeHa 1 (A) Bcero
npocTtpascTBa B 1), a P (A) B cBo odepefb ABIAETCHA JeluTeleM XapaKTepPHCTHYeCKOTO
muOoro4iena A (A). Iloaromy ¢ (A) Bcerga sBasmercs feldnTeneM A (A).

B peryiasproM ciaydae @ (A) ¥ A (A) mMenT OJHY ¥ Ty Ke CTENEeHb 7, ¥ HOCKOIBRY
crapume KoofdunmenTH y HHX DABHH, TO 3TH MHOrOdYlIenst coBmafgaior. Taxum oOpa-
30M, 8 pezyARPHOM CAyuae

AM) =P @R)=9(A),

U oToMy Memod K psliosa 6 pegyaaprom cayuae ecmd memod ssiuucaerua kos@guyuenmos
xaparmepucmuseckozo muozousena A (A).

, B ocofoM ciIydYae, KaK Mh YBHIWUM HHe, MeTo[ HpulloBa He [laeT BO3MOMKHOCTH
ompemenuTh A (A) @ B 3TOM ClIydae OH ompefeldeT TONBKO MHOTOUIeR @ (A), ABIAo-

mmiica geantedeMm A (A).
Ilpn msaoermm npeobpasoBamma JipedoBa ME OyfeM o0o3Ha9aTh KOOPAHHATH

BeKTOpa @ B 3alaHHOM (azmce €y, €5, ..., €, Uepes a, b, ..., I, a KOOPJHHATE BEKTOPA
A*x qepes ag, by, ..., i (k=1, 2, ..., n).
2. Perynsapru@ caydai: p=n. B aToM Ccaydae BeRTOpH X, AX, ..., A" ix
IWHeHHO He3aBHCHML, H paBeHCTBa (83), (84), (85) nmpmEEMAlOT BHJA
A= —0, X ~—0py Adx—. .. — 0 A" g (86)
18§
A (4) x=0, (87)
rne
AAQ)=A"F+ oA 14 ., ta, At (88)
Ycenopme JNHHEHHOH HE3aBACHMOCTH BEKTOpOB &, Ax, ..., A"l mMomer O6GHTH
aHaIuTAYeCKH 3anmcaHo Tawk {e. ra. i, § 1):
a b . l
ay b1 . e ll .
M= + 0. (89)
@p—-1 bp—y ... Ing

PaccMOoTpEM MAaTpHily, COCTaBJIeHHYIC H3 KOOPAHMHAT BEKTOpPOB X, AX, ..., A"x:

a b ... 1

a by ... 4

(90)
an-1 bn- ... ln—i

ap, bp ... In

B peryifpHoM Clydae pPaHT 9TOM MATPHIOH paBeH n. IlepBbie n CTPOK 3TOH MAaTPHI[H
I¥HeHHO He3aBUCHMEI, a Oochemasasd, (n--1)-4, cTpoka ecTp JuHeWHad KoMOHHAITHUA
Opessayuux n, ‘

- 3aBHCHMOCTE MeaAy cTpoKamu Marpmuu (90) molaydmm, saMeHAIfi BEKTOPHOe DABEH-
cTBo (86) SKBHMBAJIEHTHOH CHCTEMOH n CHAJADHEIX PaBeHCTB

'—“ana——an_iai'—' e "‘—"aian_.]_:an,
. —Upb—0On gty — .. . — O by =Dy, (91)
—anl_—»an_ili— PN _ailn—iz‘!n'

1) ¢ (A) —MREAMMAIbHEH MHOTOWIeH Marprus A.
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N3 9TOM CHCTEMH n JTHHEHHHX yPaBHEHHH MK MOKeM OJHO3HAYHO ONpefelnTh
HCKOMEIe KO3Q(QUIMEeHTH Oy, O3, ..., Op ) B MOACTABATH HMOJAYYCHHHE 3HATeHHA B (88).
IT0 HCKIIOUEHHEe U, Og, ..., O H3 (88) m (91) MOKHO IHpOBECTH B CHMMETPHIHOH
fopme. [laa sToro mepemmmenm (88) m (91) Tax:

atn -~ a0n—1-+ . . .+ Ap-104 - anag =0, ]

bon - b10p 1+ . . . ~+bp—g -+ b0y =0,

(ao=1).
lon 4 Utin—g + - - .+ In—g2y ~+ Intho =0, |

fan+Ap_y+ ... + Aoy + [AP—A M)] ag=0

IlockoabKy »aTa ‘cHcTeMa H3 (n-}-1) ypaBHemuil ¢ (n--1) HEM3BOCTHHIMA (g, 04, ..., 0n
VMeeT HeHylleBOe pemleHme (dp=1), TO ompejgeNuTeNs 3TOH CHCTEMH JOJKeH PABHATHCA
HYJII0:

4] .v. Qpy an
b by ... bpy bn

. . =0. (92)
A P S 1y
t A ... A1 An_A()

Orclofa ME ompefiensgeM A (A), mOpegBapHTeILHO TPAHCOIOHHPYA

onpemenuTens (92)
OTHOCHTEJIHHO I'JIaBHOH Amaromamim:

a b ... 1 1
ay by ... 4 A
MA (M) = .. v (93)
ap—q bp—q ... lp~y A1
an bp ... I AT

TAe NOCTOAHHHY MHO;KEHTeXsr M ompenenserca dopmymnoi (89) M OTIHYEH OT HYNA.
ToskzgecTso (93) # nmpepcraBasger coboif mpeobGpasoanme Kpmnosa. B omnpegenn-
tTeme KphnoBa, CTOAMEM B ODPABOH WacTH 3TOTO TOMKIECTBAa, A BXOAHT TOJLKO B B3je-
MEHTH @OCTeJHEr0 CTON6IAa; OCTAaNhHEE JKE BJIeMEHTH JTOI0 ONIpefelHTeds OT A
#He 3aBHCAT.
BamMeganue. B perynApEOM ciydae Bce mMpocTpaHCTBO B ABIgeTCA LUKIH-
gecKHM (OTHOCHTeNsHO omepatopa A)., Ecnaum B Kadectse Gasmca BHOpaTs BeKTOPH I,

Ax, ..., A" lp, T0 B 3TOM Gasmce omepaTopy A COOTBETCTBYeT MaTpunma A, mMmeronias
©CTEeCTBeHHYI HOPMAaJBHYIO (QOpMY

00 . 0 —ap
1 0 ... 0 —a,_y
A—| ° . (94)
. _&2
0 1 —y
ITepexox oT ocHOBHOTO Gasmca e, €, . €, K Oasmcy ®, Ax, ..., A" 1gx ocy-
1eCTBIASTCA NIPH mOoMOImMEA HeocobeHHOH mpeobpasymoniedl mMaTpHIib
a a4y ... Apn_4
b by ... by
o LI (95)
Ly In-1
IIpu aTom '
A=TAT-1, (96)

1y Qmpepennrtens 8TOH cHCTEMH B cuiay (89)

OTIHYEeH OT HYIA.
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3. Ocobmi cayvail: p<n B srom ciyyae Bexropm x, Ax, ..., A"l
JIAHEHHO 3aBHCHAMH, H IOTOMY

e b ... 1

by ... 1
M=| ' =0,

On-1 bn-g ... ln-y

Pasenctso (93) 6mao BmBegeso npu ycaoeum M =£ 0. Ho 06e wactm atoro pasen-
CTBA MPeACTABIAKWT cO060H NelHe paguoHaibHEe (YHKOAE OT A A mapaMeTpoB a,
b, ..., 1Y), Iloaromy «m3 cooOpakeHMi HEUPEPHIBHOCTHU» CIEIyeT, 4TO paBeHCTBO (93)
mmeer MecTo u mpm M =0. Ho rorpa B ompepenurene Kpuaosa (93) mocme ero pac-
KpHTAA BCe KOaQPMOUEHTH OKaskyrcA paBHHMEA HylH. TakmM o6pasoM, B 0co6oM CiIy-
yae (p<n) ¢opmyna (93) mepexoqHT B TPHBHAJIBHOE TO:RAecTBO 0==<0.

PaccMOTpHM MaTpPROy, COCTAaBJIGHHYI0 H3 KOOpPAWMHAT BeKTOPOB &, Az, ..., APx

a b, 1
ag by ...
e e e e e e e e ] (97)
ap—g bp—g ... Ip_g
ap by ... I

drta MaTpHIa mMeeT PAHT p M IePBHe p CTPOK B Hell JUMHEHHO He3aBHCHMH, IOCIEIHAA
e (p--1)-1 cTpoka ecTh JuHedHas KoMOHHANUA HePBHX p CTPOK ¢ Kosddumuenramm

—ap, —Qp-q, ..., —0 [cM. (83)]. Ua n KooppmHAT a, b, ..., I MB cMomeM BHOpaTh
TaKue p KOopA®HAT ¢, f, ..., h, 4r06H OmpefenuTelNb, COCTABJCHHHY W3 3THX KOOpJAH-
HAT BEKTOPOB &, AX, ..., AP~lg, 6 oTAHYeH OT HYJIA:
¢ I ... &
e fi ... My
M* = = 0. (98)

Cp—1 f'p_1 “en hp—i
Hanee, m3 (83) BHTeKaer:

—Qpl—0Op_gCi—.. .—aicp__i =Cp,
—Opf—0p_tf1—...—0ifp_1="Fp ©9)
——(Iph—a.p_ihi—' . —(Ilhp‘_i =hp.
W3 arom’cmcTeMH YpaBHEHHH OJHOBHAYHO ONPefedanTCHd KoaddunumenTH oy, Og, ..., ap
MHOrOuYJIeHa ¢ (A) (MHHIMAaIBHOTC MHOTOYIEeHA BEKTOpa ), COBEDPIIEHHO AaHAJOIHYHO
peryJisapHOMy ciaydaio (Iumb ¢ 3aMeHOW n Ha p u OYKB a,.b, ..., I 6yKkBaMmc, f, ..., h)

MBI CMOKeM HCKIIIOYHATH O, Oy, ..., Op H3 (85) m (99) m nmonyumts caeaywomyio ¢op-
Myay nasa ¢ (A): ‘

Mép(M)=| . . . . v v v e v vl (100)
Cp—1i f_’p—:l vea hp--l AP-1
Cp fp ves hp ?Lp

/
4. OcranoBAMCH Ha BRIACHEHAM BONPOCAa, IJA KaKEX Matpunm A=| asp I} m npu

KaKoM BHOOpe MCXOZHOIO BeKTOpa & MM, YTO TO Ke, NPH KAKOM BHOODPe WCXOJHHX
napaMeTpoB a, b. ..., I nMeeT MecTo peryiApHHII cIydail.

. ai:a(i?a—}—a(fz)b—{—...—f—a(ﬁz, biza(zii)a—i—a(ziz)b—{— ---+a(2£7);5 mrT. g (i=t, 2, ...
..y ), THE agg (/» k=1, 2, ..., n)—oanementn marpauu A! (i=1, 2, ..., n).

13 ®. P. rantmaxep
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Msi yske BHAeNH, 9TO B PeryiadgpHOM Cclydae
AM=p@R)=e ().

CoBnaienne XapaKTePUCTHIECKOTO0 MHOTOYNEHA A (A) ¢ MEHMMANLHKEM MHOT 04J6HOM
Y (A) osHauaer, uro y Marpuus A==|| a;p |7 Her ABYX sieMeHTAPHEIX AeNHTeNel ¢ ONHHM

W TeM ke XapaKTePHCTHYeCKUM THCJIOM, T. €. BCe HAEMEHTAPHLE J[eJureJd NODAPHO
B3a@MHO OPOCTH. B ciydae, Korga A-—MaTpana mpocToifl CTPYKTYPH, 3To TpedoBaHme
PaBHOCHJIBHO YCIOBHIO, UTO XaPAKTEPHCTHYeCKOe YPaBHEHH® MaTpunsl A He HMeeT
KPATHHX KOPHeM.

CoBmafieiue MHOTOUIEHA PY(A) ¢ @(A) osmagaer, UT0 B KadecTBe BEKTOpa &
BHIOpaH BEKTOP, HOPOKAAIMUE (HPUM moMomum omnmeparopa A) sce npocrpamcrso IR
Taxo#l BEKTOP cOTIAcHO TeopeMe 2 § 2 BCerja CymecTByeT.

Ecnm ke yciosme A (A) = P (A) He BHIONHAETCH, TO, Kak O HE BHOpaTh BEKTOP
a 5 0, Mu MEOTOUNeHa A (A) He mOJydYHmM, TAK KaK NOAYTIEHHHM mo MeroAy Hpmnosa
MHOrOWIien @ (A) sABasgercA AenmteneM VY (A), KOTOPHH B paccMaTPHBAEMOM Clydae
He coBmajgaer ¢ MHoroujenoM A (A), a ABNsercA IHINbL ero jAexmrereM. Bapempys BeK-
TOP 2, MH MOKeM B KadecTse ¢ (A) monydars nwboi genmrens P (A)1).

HonyquHHe BHBOAK MB MOjkeM cQOPMYJIHPOBATE B BHJE ClelyHINed TeOPeMEH:

TeopeMma 14. IIpeobpasoganue HKpoinosa OJaem evipancenue 0Jaa Tapakmepucmi-

ueckozo muozowacna A (M) |mampuynr A=||ajp ||} ¢ eude onpedeaumean (93) ¢ mom

U moabK0 8 MOM Cayvdae, Kozda 6bINOAHAIOMCA 082 YCaosus:

1° Jaemenmapusie Jeaumenu mampuybl A RONADHO 63AUMHO NPOCMbL.

2° Hczodnwvie napamempwr a, b, ..., | seaaomca woopdunamamu eekmopa &, nNoOpo-
orcdarowjezo (npu nomowuw onepamopa A, coomeemcmeyrouyezo mampuye A) éce n-meproe
npocmpancmeo 2).

B obwem owce cayuae npeobpasosanue Kpeiaocea npugodum % Hekomoponmy dJeaumeanio
¢ (A) raparmepucmuxeckozo muozowaena A(N). 9mom Odeaumeas @ (M) Aasasnemesn Mmunu-
MALbHBIM  MHOZO%ACHOM Oas 6eEmope X ¢ kKoopduwemamu a, b, ..., 1 (ay, b, ..., I—
uczodnbie napamempry ¢ npeobpasosanut K poiaosa).

5. IoxaskeM, Kaxk HAATH KOOpAuHATH coGCcTBeHHOro BeKTOopa ¥ Ana xwboro
XapaKTePUCTHIECKOT0 YACaa Ay, KOTOPOe ABIAETCH KOPDHeM MHOTO4leHa @ (A), mOXIy-
gapIerocd 110 Meroay Kpwiaosa 3).

Bexrop y == 0 OyfeM mckarh B BHJE

y=Ebw+Ldaot... +E 4" . ' (101)
Ilopcrasnaa 3To BEIPQ;KeHHEe I i B BeKTOPHOe PaBeHCTBO
Ay =M~y

a mcmonssya (101), Mu nmoaygmm:
By daw By A2 ...+ Ep g A" T Ep (—0p —ap AT —. .. —a; 4" )=
=ho G+ Edrt.. . +E,4" @), (102)

Orcofa, |MeKAY mpodnM, cienyer, 9to §p 5= 0, Tak Kak paBeHcTBO Ep==0 B cmuy

(102) maBamo Oni MHHEHHYIO S3aBHCHMOCTb ME:EAY BeKTOpaMu &, Aw, ..., A" e, B nans-
Heitmem Mbr monaraeMm Ep=1. Torpa ms (102) moxygaem:

§p=ia gp—i =10§p—f—(11, Ep—_zzloip—rl- Qgy ..., §g=MAgke +ap-11 (103)
0= ;\'OE‘L —I—‘ (Ip.
Tlepssie p; W3 OHTHX PaBEHCTB ONPEJNTIOT HAM TOCHEI0BATEJLHO  BEJIMUHHEI

Ep» Ep—1» «..2 &1 (KOODAMHATH BeKTOPa & B «HOBOM» Oasmce «, Aw, ..., AP gy,
HocHe[Hee jKe PABEHCTBO ABAAETCHA CJEJCTBHEM H3 OPEeNHAYIIEX W M3 COOTHOIMOHUSA

?»8—{—(11}»5"1—]— o Fap=0,

1y Cm., HampmMep, [816], cTp. 48,
?) B aganurrueckoM BUZE 3TO yClAOBHMe O3HAa9aer, 4r0 cToJOnm x, Az, ..., A" 1z,
rge x=(a, b, ..., I), IMHEHHO HE3aBUCHMH.

3) HOGJ’IGIWIOIIIE[G paccy:RaeHAus HMEKT MeCTO KaK AJIA PeryisAapHOro ciydas p_n,
TaK W JasA 0c0060ro cnydas p < n.
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Kooppusata a', b’, ..., !' BexkTOopa % B MCXORHOM Gasuce MOTYT GHTL HafiieHH
o ciaepymomum JopmynaM, KoTopole BuiTeranTr m3 (101):
a'=8§ja+Eag ... “}‘gpapHi, ]I
r
b —§1b+§2b1+ ---‘}‘gpbp—h y (104)
, l
V=El 48l .. +Eplpg. )

HHpumep 1.

PexoMeHyeM umTaTeJ 0 CHAEAYIOMYI0 CXEeMY BLIYHCJICHHM.

ITox masHOM MAaTpHIeH A BHIMCHBAaeM CTPOKY U3 KOOPJIMHAT BeKTopa z: a, b, ..., 1.
OTHMH dYHCJI4MU 3aJaeMCd IPOHM3BOABLHO (NPH OJHOM JMIL OTpPAHHUYEHHN: IO KpanHeH
Mepe ORHO M3 3TUX YHCe] OTJHYHO OT Hyuas). llox cTpokou a, b, ..., ] OUIDIEM CTPOKY
a, by, ..., lj, T. e. KoOpAUHATH BeKTopa Awm. Unmcna ay, by, ..., l{ monmy4aloTCA myTeMm
mOCJHefOBATEIBHOTO YMHOMEHHUA CTPOKH a, b, ..., ! Ha cTpokm naHHOH MaTpmmu A.
Tak, maupusmep, aj=—=aya-tapb+t ... +apl, bj=—agat-agb+...Fasnl m 1. 1. Ilog
CcTpoKOH# ay, by, ..., {4 INIEM CTPORY ag, by, ..., Iy u T. A, Kaskmasa M3 OpUONCHBAEMEX

CTPOK, HAUYMHAA CO BTOPOii, ompefenAeTcA IIyTeM HOCJHeJ0BAaTEIbHOTO YMHOMEHHS mpe-
AEYmeN CTPOKH HAa CTPOKM /IAHHOH MATpPHIIHI.
-Hag cTpoKaMm [AaHHOH MATPUIE BREINMCEHIBAeM KOHTPOJBHYIO CYMMApHYI CTPOKY

8§ 3 —10 —3
3 —1 —4 2
2 3 2 —4
A=l 9 4 _3 o
1 2 —1 -3 v z
x=e;+ ey | 1 0 0i—1] 1]
Ax 2 5 1t 3—1]—t]
A 3 5 2 20 4i—t,
A3m 0 9 —1 5] 1] 1|
A 5 9 A 4
0 8 0 4
y { o 2 0o 1
—4 0 —4 0
¢ { 1 0 1 0
B pamHOM Cciyvyae Mb HMeeM PeTyafipHEIN cilydad, IOCKONLKY
11 00
25 1.3
M= ., o|=—16
09 —1 5
Onpenenutens KprimoBa mMeeT BHJ
14 001
25 13 &
—16A(A)=|3 5 2 2 A2
09 —1 5 a3
5 9 4 4 A

PackpuiBag 5TOT ompefeauTedb M COKpamas Ha—16, Halimem:
A(A)=M=-2024+1=(A—1)2 (A 1)2.

O6o3aagnm vepes y =&+ Eodaw - §3. 4200+ §, 430 cOGCTBEHHENH BEKTOP MATPHIIH A,
COOTBETCTBYIOU[MIA XapaKTepucTHdeckoMy umeay Ag=1. Umecma E;, .&, &3, &, HampeMm

13*
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oo gopmynam (103):
Ei=1, E=1-X+0=1, Ea=1-A—2=—1, §=—1A40=—1.

KontpoasHoe paBeHCTBO —1:Ag--1=0, KOHeUHO, YAOBIETBOPAETCA.

HMonyuennrte umena &y, Eo, &3, £ pacmosaraeM B BepTHKAIbHOM cToOue mapad-
nenbHO cTONOUY  BeKTOpOB @, Ax, A2x, Awx. Ilomuomasa cronbey & Es, E3, Eu
Ha cTonben a4, as, a3, a;, MH HOJYYHM IePBYI0 KOOPAMHATY a’ BEKTOpPa y B HCXOJHOM
baamce ey, @, €3, €,; AHANOTHIHO Tomydaem b, ¢’, d’. HaxomuM KOOpPAUHATH (mocie
coxkpameHnd Ha 4) BekTopa y: 0, 2, 0, 1. Amanoruuno oupepexasem KoopaaraTs 1, 0, 1, O
cOGCTBEHHOTO BEKTOPA Z NJIA XAPAKTEPHCTHYECKOTO wHeNa Ag= —1.

Hamee, cormacHo (94) m (95)

A=TAT-1,
rje
00 0 —1 123 0
~ 1 00 o0 1 55 9
Az T:
01 0 2f 01 2 —1
0 0 1 0 032 5

IIpumep 2. PaccMoTpnM Ty e MaTpuuy A, HO B KaYecTBe MCXONHBIX Iapa-
MeTpoB BO3bMeM dmcja a=1, =0, ¢=0, d=0.

8§ 8 —10 —3
3 —1 — 4 2
]z 3 -2 —a
2 —1 —3 2
1t 2 —1 —3
w=e 1 0 0 0
e {3 2 2 1
A {1 4 0 2
A% i3 6 2 3
Ho B pgangoM caydae
1000
32 21
M=y 4 0 270
36 2 3

n p=3. MW HMeeM fel0 C OCOOHIM ClTydaeM.
Beps nepBuie TPH KOOPAHUHATH BeKTODOB z, Aw, A%x, A3x, onpenenarens Kpriaosa
3aIACKHIBAEM B BH[E ‘
1t 0 01

3 2 2 A
1 4 0 Az|’
3 6 2 A3
PacKpHBaf 5TOT ONpeAeNuTels W COKpamad Ha -—8, monywmm:
¢ M=A—R—A+1=A—-1)2(AI11).

OTcoga HAXOAMM TPH XapaKTePNCTHUECKHX umena: Aq==1, Ag=1, A3= —1. Yerseproe
XapaKTepucTAYeCKOe 9ICIO0 NOAYYHM W3 YCIOBHA, UTO CYMMAa BCeX XapaKTepPHCTHYOCKNX
qrcen pasHa cieny mMarpuus. Ho Sp A==0, IMosTomMy A = —1.

IIpuBeneHHEe IPUMEPH IIOKA3HBAKT, 4TO IPH OpPAMEHeHAH MeTofa Hpmiosa,
BBRIIINCHIBASI NOCAEA0BATENILHO CTpOI{PI MaTPNI BT
a & ,,.1

aq bl . li
ay by ...l (105)

.....

-----
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HY;KHO CAEJUTh 8a PAHTOM IOJY9aeMOd MATPHIIEI ¢ TeM, 9TOOE OCTAHOBUTHECA HA IepBOHU
I{p-}-1)-7 cBepxy] cTpoKe, KOTOpaA ABIAETCA JWHEHHOK KOMOMHAIHMEHR NpejHAYMIMX.
Onpenenenyde paHTa CBA3aHO ¢ BHUMCJAEHHEM H3BECTHEIX omnpejendrened. Hpome TOrO,
monyddB onpefenurens Hpmaosa B Bupe (93) uaum (100), AnaA pacKpsITHA ero IO IeMeH-
TaM IOCIE[Her0 cTOA6LA chaefyeT BRYUCIATh M3BECTHOE UHCHO ompefenuTened (p—1)-ro
mopsjKa [B peryiaspaoM caydae (n-—1)-ro mopankal. ‘

BMecto packpurTEa ompefenutens KpmHIoBa MOHO ONpefelnTh KoapdHIHeHTH
¢y, O3, ... HENOCPE/CTBEHHO M3 cHCTeMn ypaBHeHuH: (91) [mam (99)], npumensas k »TOH
cacTeMe KakoH-Iub0 »PPeKTHBERA MeTO] pelleHusa, HAIPHMED MeTON HCKIOYeHHA.
9TOT MEeTOJ] MOKHO IPHMEHHTH HENOCPEeACTBEHHO K MaTpuue

a b ...1 1
ay bi “re 51 }\.
ay bz el lo A2 |l ) (106)

OONB3YACH UM IapallelbHO ¢ MOJyYeHHeM COOTBETCTBYIONIMX CTPOK IO MeToxy Hpmaosa.
Torga Me ¢BOEBpeMeHHO OOHAPYIKHM 3aBHCHMYIO OT IPeARAyIIUX cTPoKy Marpuusr (105)
fe3 BRYACHEHUA KaKHX-Ju00 Onpe/leluTeNne. :

IToacaum sT0 moapobmxee. B mepsoit crpoke maTpuum (106) Bmbupaem kakoi-iam6o
anemenT ¢ =+ 0 ® ¢ ero IOMOMmMBIO ofpamaeM B HYIb CTOAIMHA OOJ HAM 9JI6MEHT ¢y,

. ¢ .
BHIIATAA M3 BTOPOH CTPOKH HEpByI0, NIOMHOKEHHYIO Ha —ci 3aTeM BO BTOpPCH CTpPOK®

BEOUpaeM KawkoHE-mmb0 snemenT f¥f == 0 ¥ ¢ DOMOmBIO »NeMeHTOB ¢ ¥ f; ofpamaem
B HYJb JJICMEHTH ¢3 M fo ¥ T. 1.1). B peayirrate Takoro mpeo6pa3oBaHHA B IOCHeTHEM
cronbne MaTpmis (106) crememm AR samenATcs mporounenamd k-H cremend gy (A)=
=At4-... (k=0,1, 2, ...). ,

Tak Kak Opm HameM Opeobpa3oBaHdMu OpH JNI06GOM %k paHr MaTpuusl, 00pasoBaH-
HOH NepBEIMH % CTPOKaMH H HepBLiMu n cToabuamm Marpaus (108), me Memsercs, To
(p+1)-a cTpoKa 3ToH MaTpHELH mocjie Hpeobpasosanua OyaeM HMeTb BHJ

0,0, ..., 0, gp(A).

IlpoBepgerEOe HaM@ NpeofpasoBaHUME He W3MEHAET BEAWYWHE ONPe/eHTeld
Kpnimosa

¢ f Lo h 1

g fr ..My

-..--......—_—M*(P(l)'

. p-1
CP_«I fp....i LIS hp_»l A:

ecp  fp . hp AP

ITosromy
Mo M)=cft ... gp (M), (107)

T. e. 2) gp(A) B Gymem mcKoMEM MEOTOWIeHOM @ (), gp(A) = @ (A).
PexoMenayem cnefyiomee yupomesne. llonydus %-lo mpeo6pasoBag@Ayi0 CTPOKY
B matpuue (106)

a;!;-l’ b:-l’ <13 l;__ly gk-1 (A), (108)

* L] *
cuenyomyio (k--1)-fo CTPOKY caefyer NOJYyYaThb, YMHOAA PAR dg-1, [T
(a BHe nepBoHAYaNLENH pPAN @k_q, Dhq, ..., {k—q) HA CTPOKH [AaHHOH MATPHLH 3),

Torga mu masipeMm (k--1)-fo CTPOKy B BHE
Elk, 'B'k e lk fi\:gk_i (h)

1) dnemenTH ¢y, fJ, ... HO JOKHL DPWHAJXEKATH NOCHegHeMy cCTOnbIy, cojep-
sKameMy CTeIleHH A, '

2) HamomgnaeM, 4t0o crapmue kopPduuments: MHOrOwIeHOB @ (A) B g, (A) paBHH
e MHHIL e,

8) Yupeiiende 3akiiodaeTcs B TOM, 9T0 B mpeobpasosamuoil crpoke (108) £ —1 snje-
MeHTOB papfint Hymio. 11osTOMy Takyio CTPOKY NpOIe YMHO:KATh HA CTPOKH MATPHIE A,
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H mociie BRIYUTAHHAA OPeAIYyIUHX CTPOK IOJNYIHM;
ax'l bz; ey lz, gh (A')'

Pexomennyemoe Hamum HeGoJbIIOe BHAOW3MeHeHHe MeToja HpHIoBa (coeJHHeHHE
ero ¢ MeT0/0M HCKIKYEHHA) MO3BOJIAET CPasy HONYYWTh HHTepPeCcyYIOUIAH Hac MHOTOUYIEH
@ (A) [B peryaapuoM caydae A (A)] Ges B9HCHeHHA KAKMX-THO0 OUpefelHTellel H pelre-
HWA BCIOMOTATENBHOH CHCTeMH ypaBHeHWH 1),

MMpramenp.
4 4 1 5 0
1 1 —1 1 0
1 2 —1 0 1
A=| —1 2 3 —1 0
1 —2 1 2 —1
2 1 —1 3 0
0 0 o 0 1)1
0 1 0 —1  0ia
0 2 3 —4 —21 A% [2—%A]
0 —2 3 0 0] A2—4r42
—5 —7 5 7 —5| A3—4A242%  [5-HTA]
—5 0 5 0 0! AB—4A24+9A45
—140 —10 20 0 —15) A4—4ABLOA2L5A  [15—5 (A2 —4A+2)—
—2 (A3—4A2-1- 9A - 5)]
0 0 —5 0 0} A—6A3+120247A—5
5 5 —15 —5 0! AB—BA412A3--TA2—5h [—5—5A-+(A3—
402 - OA + 5) — 2 (M —6A3 - 1242 - TA —5)]
0 0 0 0 0} A5—8A%--25A8 —24A2 —15A-F10

—

- AQ)

1) Hapsanmy ¢ mMetomom akad. A. H. KpnnoBa Mu DO3HAKOMMJIK 9HTaTensa B ru. IV
¢ MmeromoM J[. K. ®aaseeBa BEYUCIeHAA KOAPPHIIEHTOB XapaKTePACTAYECKOT0 MHOTOIIe-
na. Metop II. K. ®anpeesa cBa3aH ¢ O6MbIIHME BEYACICHAAMY, Hexean Meroq Hpmmosa.
go Merop Majmeesa spaserca Oonee obmuy, B fgeMm netr ocobrix ciydaes. OOpamaem
BHAMAHWE dWTaTeld emle Ha BechMa ospdexTusubii Meron A. M. Jarminerckoro [88);
cMm. tarske [8], crp. 235—239, ofzopHyio craTteio [79] m ruEmry [33], § 24.




I'TABA VIII

MATPUYHBIE YPABHEHUA

B a3T0if riaBe MH paccMOTPHMM HEKOTOPHE THIIH MATPHYHHEX ypaBHEHUN,
BCTpeYamln[decs B PasHOOGPa3HHX BONPOCAX TEOPMH MATPHI| M e IPUJIOKEHUI.
§ 1. ¥Ypauenne A X = XDB

Ilycrs AaHO ypaBHeHHe
AX =XB, (1)

rie A u B— e zajaHHBIe KBajpaTHH® MaTpuisl (BooOLLe rOBOpPH, pasHHX
HOPHANIKOB) -

A=lai; | B=|bulll
a X —mckoMas IpPAMOYTONbHAS MATPHIA PasMepoM m X m:
X =|lzml (G=1,2,...,m k=1, 2,...,n).

BrnmmeM dineMeRrapHEe gexurtenn Matpul, A m B (B mojle KOMINIEKCHBEIX
gucen):

(4): (A— AP, ~(A—Ag)P2, oo, (A—A)"w (pi+pot ... 4+ pu=m),
(B): (;\"'_p‘i)qlr (7\‘_“2)(121 vy (?L.—-p_v)qv (Q1+Qz+ v e +QD:n)'

B coorBeTcTBME C 9THMU 2JIeMEHTAPHEIMU AEIHTEISAMH OIPHBEIEeM MaTpPHIIH
A m B x HOpMaJIsHOH ;KOpAaHOBOR (opme

A=UAU, B=VBV+, (2)

rre U m V—xBagpaTHHe HeOCOGEHHEE MATPHIH COOTBETCTBEHHO IIOPAIKA m
un ad un B—;xoplaHOBH MaTDHIIH:

Z = {ME®D |- Hr1), AE®2) L Hr2), ;qu(pu) 1 H(pu)},
E - {yiE(Q1)_|_H(q1), sz(qz).{_H(qz), s u,,E(qv) _}_H(qv)}'
HoxcraBasia B ypasrerue (1) Bmecto A n B ux Bupa:keRud (2), moayamm:

UAUX = XVBVA,

(3)

VMuomuM o6 wacTm 3TOro paBeHcTBa ciaesa Ha ™', a cupaBa—Ha V:

AUXV =UXVB. (4)
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Beogs BmMecro mcxomoii Marpmmei X HOBYIO HCKOMYyo Matpumy X (Tex e
pasmepoB m X n)

s

X=U"1XV, (5)
MEl ypaBHeHHe (4) salHIIeM TakK:
AX=%B. (6)
Mu sameEmanm marpmusoe ypasHeHEe (1) ypaprEeHmeM (6) Toro ke BHAa,
HO B KOTOpOM 3afjaHHBIe MaTPHIE HMET HOPMaJbHYW KOpHaHOBY (opmy.

B coorBercTBEE ¢ KBasHAWATOHAIBHEIM BHAoM Matpun A m B paszobpem
marpuny X Ha GioKH:

X=(Xep) (a=1,2,...,u; B=1,2,...,0)

(3mecb X, —OpAMOYTONBHAS MAaTpPHOA pasMepoM pg X gg; a=1, 2, ..., u;
|3=1., 2,...,1)). :
~ Hcnmonpsya mpaBuio yMHOeHAs 0J0YHOM MATPUOb HA KBA3HAHATOHAJB-
Hyo (cM. crp. 96), mpomaBefieM yMHOKeHHEe MAaTPHI B JE€BOH H ImpaBoil 7acTAx
ypasrermA (6). Torga ato ypasHeHHe pacmafaercs HA yU MATPHYHEX ypaBHEHHH

[haE P + H®] Xop = Xag [nsE ) + HW|
(a=1, 2, ...,u; p=1, 2,...,0),
KOTOpHIe HepelHIIeM eIfe TaK:
(W — Ao} Xop= HoXop— XopGp (a=1,2,...,u; p=1,2, ..., v); (7)
OpH 5TOM ME BBEJHA COKpAaIleHHbie 0603H3‘IBHHH »
H,=H", Gg=HY (=1, 2,...,u; B=1,2,...,0). (8

BossmeM raxoe-EEOyHs m3 ypapHeHmi (7). Moryr npefcTaBETBCA ABa CAydas:
1. Ao 5= pp. Ilpomrepmpyem r—1 pas pasercrso (7)1):

(np —Ae) Xap= Z (—1)1HgXaﬁG§- (9)

ot1=r
3amermM, uro B emay (8)
HYe= Gjp =0. (10)

Ecam B (9) B3ATH > py +qg—1, TO B ROIKAOM UiIeHE CYMMH, CTOAILeH
B IpaBod 4acTw paBeHcTBa (9), BHIIOJNHAETCH IO KpailHedl Mepe OJHO M3 COOT-
HOIIeHAH

G>"pa, T>Qﬁ’

n moromy B cmay (10) am6o Hg=0, ambo G5=0. Tax kak, kpoMe TOrO,
B paccMaTpHBAaeMOM Clydae Ag = pg, TO m3 (Y9) Haxommm:

Xaﬁ=0. (11)
2. Aqg=pp. B sroM caywae ypapHeHHe (7) ODpHHHMAer BHJ
H;Xqp= XopGs. ' (12)

1) OGe wacTH paBeHCTBA (7) yMHOKAeM Ha pPg—Ag H B KaKIOM anere IIpaBoit
4acTH saMenseM (ug—Aq) Xop Ha HoXop—XapGp. 9TOT mpomecc moBropseM r—1 pas.
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B marpumax H, u Gg dJeMeHTH NepBOil HAJAMATOHAIH PABHH eIUHMUILE,
a BCe OCTaJlbHbE 9SJIEMEHTH pPaBHH HYII. Y9UTHBAA dTY CHEHUPHIHYIO
cTpyKTypy Marpun H, u Gg u momaras

{Xaﬁ:“‘gih“ (l:fl, 2,---spa; k::ls 27"'?9’5)’

MH 3aMeHHmM MaTpudHoe ypaBHeHme (12) cimemymoomeil sKBuUBalIeHTHONH eMmy
CHCTEMOH CKaJAPHEX COOTHOIIEHWI !):

Bivt, n =81, n-1 Bro=Cp 41,2 =0; i=1, 2, ..., po; k=1, 2, ..., gp). (13)

PapercrBa (13) osmaualor:
1) B marpune X,p HA K&GKIOH JMHWE, NAPAJIEIBHOH TIJaBHOH Juaro-
HAIM, CTOAT PaBHBIE MEKAY COGOH DJIEMEHTHI,

2) Bu=8u=... =8p 1=Ep2=... =8p, qp~1=0.

Ilycre py=qp. B arom caywae X,p— kBagparmas marpuma. Uz 1), 2)
ciregyer, aro B Marpulie X,g BCEe DJIEMEHTH, pPACHOJOKEHHBIC IO IJaBHOK
AUaroHAJb0, paBHH HYJI0, BCE HJIEMEHTH [JIABHOH [HATOHAIAW PABHH HEKO-
TOPOMY 9HCIY Cqp, BCE DJIEMEHTH IIePBOHl HAJIUATOHAIN PABHHE HEKOTOPOMY
THCAY Cop B T. M., T. €.

(pg,—1)

Cap  Cop e e Cop
0 CaB : .
Xap=| . Lo =Tp,: (14)
. . ) C(:!.B
0 . . O CQB
(Po = gp)
BHECh  CgBy, CoBy « = «» F;’Bﬂﬁ“” -~ IPOU3BOJIbHEE IapaMeTpH (ypaBHeHHA (12)

HE HAKJIAXHBAIT HHUKAKUX OrPAaHUWYEHUI HA 3HAUEHHA STHX IIaPAMETPOB).
Jlerko BuUAETH, 4TO IPH Py << gp

95— Pq
Xap=( 0 , Tpa)a (15)
a OpH Pg > gp
Taﬁ) .
Xop =1 . 16
B (0 1P —tg ( )

ITpo marpunu (14), (15) u (16) Mm Gymem rosoputh, 9TO OHH HMEIOT
npasusbHylo éeprHioio mpeyeosvryio ¢opsy. Yucao npousBOIBHHX IapaMeTpoB
B X,s paBHO HaUMEHBIIEMY U3 UHCEI P, W gg. LIpHBEJEHHAA HUKE CXeMa
HOKA3HBAaeT CTPYKTYPY Marpuibl Xgpg IPH Ay = Mg (IPOU3BOJBHEE IapaMETPH

1) s crpykryps Matpun Hy B Gg ciefyer, uto npomspefenue HoXg moxydaercs
B3 Xy CABUIOM BceX CTPOK Ha OJHO MeCTO BBEPX H 3alOJHEHHEM IOCJHefHEH CTPOKM
HYIAMH; aHAXOru4HO XogGp moaydaerca B3 Xgg CABHIOM BCEX CTOJOIOB HA OHO MECTO
BOPaBO M 3alOJHeHMeM HepBoro cToxbma myaaMmm (cM. ri. I, ctp. 25).

,ng COKpameHua 0003HAYeHHH MH He NUIeM OpH §;; AONOIHATENBHHX HHIEK-
coB a, B.
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zlech obo3mavenw ugepes a, b, ¢, d):

a b ¢
g 2 ZiJ ]O O a b ¢ 0O a b
X&ﬁ: 0 0 a bI5 XOLBZIO 0 0 a b ’ Xo:.B:" 0 0 a
00 0 a |O 0 0 0 a 0O 0 0
0O 0 0O

(Pe=qa=4) (Pe=3, gs==9) (P =09, gg=3)

Jlas roro 9ToGH Ipu HOACYeTe TPOM3BOJBHEIX TAapaMeTpoB B MaTphie X
oXBaTHTH u cayuaii 1, oGosHayuM depes dyp (A) HaubGoabluil oMMl geauTEND

3lIeMEeHTApHHX pjexutenedn (A—Aq)"@ m (A—pg)%, a uwepes 8,3 — cremens
MHEOTOWIEHA dop (M) (a=1, 2, ..., u; B=1, 2, ..., v). B cayuae 1 §,5=0;
B cayuae 2 umeeM: O,p=min (ps, gp). Tarum oGpazoM, B oGoux cayuasx
YHCJI0 TPOU3BOJBHEIX HapameTpoB B X,g paBHO Oqp. UMCIO TPOUBBOIBHBIX

mapamerpoB B X ompegenstercs dopmymnoi

NZZ 26a13°

=1 p={
B pgansmeinimeM Ham ymoOGHO Gymer oOillee pelteHue ypaBHEHHS (6) 060~
3HAYNUTh depe3 X~y (10 CMX HOp MH DTO pemenue 0O03HAUaIH OYKBOM X).
Ilomyuennsie B 3rom maparpage pesyldbTaTH MOKHO CQOPMYJIHPOBATH
B BuUAE CIeAYIONMECH TEOpeMEl:
Teopema 1. Obwee pewenue mampuunoeo ypasHerus
AX =XB,
ede
A=llap || =UAUN=U {LE®0 L H®v, . AEP L APu) U1
B=| by |p=VBV1=V{uE@ 4 Hav, ..., yuE% 4 F@&y -1,

gadaemcs gopmy.aoil
X=UXzVL (17)
Sdecy X~z —obujee pewenue Y pasnenus AX=XB — uneem caedyouyio

cmpykmypy: X~ pasbueaemci Ha 6.40KU

Xy =(Xag))pe (=1, 2, ... u; p=1, 2, ..., v);

ecal hg == pp, mo na mecme Xqpg CMOUM HYAEBASL MAMPUYA, eCAU HCE Ay, = g,
mo na Mmecme X,p CMoum npouseoLbHAS NPACUADHAS BEPIHAL MPEYeOAbHAR
Mmampuya.

Xyg, a caedosameavno, u X sasucam aunedno om N npouseosbHulx
napamempos Cy, Coy ..., Cxt

N
X=X X, (18)
i=1
2de N onpedeasemcsa gopmyrol
U v
N=2 3 84 (19)

a—1 =1
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[30ect Ogp 06osmauaem cmenernb Hauboavueeo o6uyeco deaumeass (A — Ag)'e u
(A~ pp)*B]. n

3amernm, uro mMarpunst X;, Xs, ..., Xy, durypupymomue B dopmyie (18),
CyTh pemeHus ucxomguoro ypapmesusa (1) (marpmma X; momygaerca u3 X,
eCIM IapaMerpy ¢; JaTb 3HAYEHWe EeAMHWMIE, a OCTAIBHHM IapamMerpaM —

HyJeBHe 3HawenudA;, j=1,2, ..., N). 9Tu pemeHNs INHEHHO HE3ABUCUMH,
TAK KAK B IPOTMBHOM CIydYae IIPM HEKOTOPHX 3HAUEHHAX IAapaMeTpoB
<1, o, ..., Cy, HE PABHKX OJHOBPEMEHHO HYJI0, Marpmna X, a CIeJoBaTeJBHO,

n X4g paBEAANCH OH HYIIO, 9TO HeBo3MOkHO. Tarkum o6pasoM, pasencrso (19)

DOKA3KHBAET, UTO II0G0e pelleHHe HCXOAHOT0 YPABHEHNS npescTaBiIgeT coboi
Juneiiaylo xkoMbumaamump N JIHHEHHO HE3aBHCHUMHX pelleHHil.

Ecau mampuyst A u B ne unmerom obuux raparmepucmuieckur Hucea
(xapakTepucTHYeckue MEOTOUWIEHH |AE — A|u |AE — B| B3anMHO OPOCTH), Mo

U v

N = 21 D! 848 =0 m, cnegoparennno, X == 0, 1. . 6 smom cayuae ypasHerue (1)

a=1§=1
umeem nfo./tbno mpusuaavroe Hysesoe pewerue X =0,

dameganmne. Ilycrs snementn marpun, A m B OpUHAIIEXKAT HEKOTO-
pomy uucaosomy moaio K. Torma Heap3s yTBepMOaTs, 9To daeMeHTH Marpun U,
V, X4, ¢urypupyromux B Gopmyae (17), raxmxe OPHHALIEKAT HOTIO K. Oxe-
MEHTH 9THX MATPHI MO;XHO BHOpPaTh B PACIIHPEHHOM IIoje K,, KOTOpoe moJay-
gaercd u3 moiad K myrem mpmoOimeHHMsA K IOcJeJHEMY KOpHell xapakTepHCTHYe-
ckux ypapEeEmit |AE —A4]=0 u |AE—B|=0. C raxoro poga pacmmpenuem
OCHOBHOTO IIOJIfI BCerja IPUXOAHTCH MMETh /IeJ0, KOTJa HOJB3YIOTCH IpUBEAe-
HUEM 3aJJaHHBX MaTpHI| K HOPMAJIbHOH KOpHaHOBOM dopme.

Opraxo marpmuHoe ypasHeHHe (1) DKBHBAJEHTHO CHCTeMe Mn JIUHEHHHX
OMHOPOJHKIX ypaBHEHWI, TIJe HEHM3BECTHHIMH CJYKAT DJIeMeHTH ¥ (Jj=
=1, 2, ...,m; k=1, 2, ..., n) uckomoit marpunm X:

m n
2 Q;;Xip == 2 xihbhk (I,zi, 2, vy M k=1, 2, .o uy n) (20)
=1 - h=1 ’

Hamu poxasamo, 4to sra cucrema umeer [N JHHEHHO HO3aBHCHMBIX pemlie-
muit, rae N ompemensercs ¢gopmyanoi (19). Ho useectHo, YT0 Ga3HCHHE JIHHEHHO
He3aBHCHMEIE PeIlIeHUs MOKHO BHOpAaTh B OCHOBHOM moje K, KoTopoMy HpHHA[-
nesxar koapdumuents ypasaeruit (20). Takum oGpasom, B dopmyde (18) matpu-
o X, X, ..., Xy MOxHO BHOpaTh Tak, uToGH HX BIEMEHTH HPUHAIEHKAIH
noaro K. Torpa, mpupgasas B ¢opmyne (18) mpomspoibHEIM NapaMerpaM BCe-
BO3MOKHEE BHA4YeHHA M3 Hoas K, MBI moaydnM Bce MAaTpHun X ¢ 3JIeMeH-
ramn u3z K, yposiersopsiomue ypasmermio (1)1).

§ 2. Yactuoiii cayuaii: 4 = B, IlepectanoBoYsbie MaTpHIILI

PaccMOTpHM 9acTHHI caydail ypasHerus (1) — ypasHenme
AX = XA, (21)

re A:l]ai%f—3auaﬁgaﬂ, a X ={ z;||p—uckoman marpuma. Mm mpumin
x sagaue Opobenmyca: oupefeanTs Bce MaTpunu X, IepecTaHOBOYHHE
¢ JaEHOl Marpmmein A '

1y Marprust A=||a;j||7* B B=| by ||l ompemeasiior IuHeilHH omepaTop ﬁ(X):
= AX— XB g mpocrpaHcTBe NPAMOYTOXLEHMX Marpull X ¢ pasmepamu m X n. Hceaeno-
BaHHe OIEpPaTOPOB TAKOTO THHA LpOBeneHo B paborax [85a, 6].
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IlprBepem maTpunmy A K HOpMaABHOM .mopuaHOBoﬁ dopme:
A=UAU1=[ {ME®D L HPD, | Ayl Pu) H(pu)} U1, (22)

Torpa, monaras B popmyae (17) V=U, B= A n obosnauas X~ COKpaIleHHO
uepes X, MONYYIAM Bce pemieHHA ypaBHeHHA (21), T. e. Bce MaTpmuH, mepe-
CTaHOBOYHHE ¢ A, B cleAyomeM Buje:

X=UXzU, (23)

rge X~ 0003HAYaeT NMpPOMBBOJBHYI0 MATPHIy, mepecraHoBoIHyIo ¢ A. Kar a0
BHIACHEHO B IpefHAymeM Haparpade, X pasdmpaerca Ha u? GIOKOB

XZ = (Xaﬂ)?

B COOTBETCTBHHE ¢ pasbmenmeM Ha OJOKH 3opAaroBoi MaTpuuit A; X.p-— Hyle-
Basd MarTpuna Aub0 MpOM3BOJIbHASA HNPABHIBHAA BEPXHSIS TPeyroabHAS MaTpPHIA
B 33BHCHMOCTH OT TOLO, Aq 5= Ap HIH Ag = Ag.

Aaa mpmMepa BHOMMeM dIeMEHTH MATPHIH X~ AJIA caydasd, Korja Ma-

TpUOa A mMeer ciaeAywmue dJIeMeHTapHHE [JelHTENH:
(A=A, (A—A)3, (A—A9)?% A—A2 (Ay 5= Ag).

B srom caysae Xy mmeeT TaKoil BH:

b 0

<o

(a, b, ..., 32— OPOU3BOILHEIE
mapaMeTphl).

Bl nicocooooocooco o

olo ciox =los oo
OO OIS & ~|a o o &
OO IO I o0 OB
ol oi@IVWICO & -
clo oIV e |{Oa ~wm
IO Yoo OIOOo O

N0 OO0 OO O

OO I O OO O 8
ol cloo OO 8

i
1
i

u
Yncao mapamerpos B X4 pasEo N, rge N = > Oap; 3eCh Bgp 060-

a, p=t .
3HAYAET CTeNeHb HAHGOABIIEro.o0Mero gedUTeNsT MHOTOUIEHOB (A—Ay)
m (A—Ag) P, |

Beegem B paccMoTpenme MHBApPHAHTHHE MHOTOYIEHH MAaTpEmu A: i (A),
i2(A), «. s i (A); G (My=...=1iy(A) =1. Cremenn >THX MHOTIOYJIEHOB 0060-
BHAYHM 9epe3 Ny >N > ... >N >Ny =...=0. Tak Kak KaKIuii nHBa-
pPHAHTHHIA MHOTOYJIEH ABJIASTCSA NPON3BeJeHNeM HeCKOABKHX MONapHO B3AHMHO
TIPOCTHX 3JIeMeHTAPHBIX JlednTelell, T0 GopmMyny aaa N MOMHO 3amHcaTh U TaK:

t
N= 2 ug, (24)
g, i=1

IJe ¥gj— CTeNeHb HaMb0OABMero o0mero AeJMHTeNA MHOIOWIEHOB ig (A) H i;(A)
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{g, j=1, 2, ..., t). Ho manbonpmmum obmum AeanuTeseM MHOTOUICHOB ig (A) m
i; () ABIAETCA OfMH M3 DTHX JK¢ MHOTOYJICHOB H IOTOMY Xgj = Min (ng, nj).
Orcioga moaydgaem:

N=n+3n+4 ... +2t—1)n,.

Uncao N sapnaeTcss 94MCIOM JWHEHHO HE3ABHCHMEHIX MATPHI[, IIePECTAHO-
BOYHHIX ¢ Marpuieit A (MOKHO CYUHTaTh, 9TO DJAEGMEHTH HTHX MATPHI[ MPHHAJ-
Je3KaT OCHOBHOMY moam K, cofiep:KameMy 9IeMeHTH MATPHIH A; CM. 3aMeYaHMe
B KOHIE npepmpymero maparpada). Mu mpmmam k Teopeme:

Teopema 2. Yucao aunetino He3QBUCUMBIT MAMPUY, NEPECTRAHOBOYHBLY

¢ mampuyeii A= ap|7, onpedensemcs gopmyaoi

N:n1+3n2—f—...+(2t'—'1)nt, (25)
ede ny, Ny, ..., Ny—CMENEHU HENOCTNOAHHBY UHEAPUAHMHBLEL MHO204AEHO08
3 (), 13 (M), - - - i () Mampuyn A.

3aMeTI/IM, 970

n=n1+n2—l—.;.+nt. (26)

Nz (25) m (26) BuTekaer: o
N=>n, - (27)

OpuYeM 3HAK =— HMEET MeCTO B TOM H TONBKO B TOM ciaydae, korga =1, T. e.
'KOTZA BCE DACMEHTADHHE JICAUTeNM MATPHIE A IONADHO B3aMMHO IIPOCTHI.

ITycte g (A)—mexoropsiii muOTOwIeH OoT A. Torma marpumuma g (A) mepe-
cranoBogHa ¢ A. Bo3Eukaer o0paTHHI BOOPOC: B KAKOM caydae Jobas MATPHIA,
nepecTaHOBOYHASA ¢ A, MOJKeT OHITH mpefcrasicHa Kak muorodaen or A? B arom
caydae mawobas Marpuia, mepecramosounaa ¢ A, Omna 6m aumeilimoil kom6Gu-
Hal el JIMHEHHO HE3aBUCHMEIX MaTpPHI

E, A A% ..., Amt

B paccmatpuBaemom ciaydae N =n;<n; comocrasisag ¢ (27), momydaem:
N =n;=n. Takum 00pa3oM, MH NIOIYyYHIH

Canepmcreme 1 w3 TeopeMH 2. Bce mampuyst, nepecmanogodusie
¢ A, npedcmasaswomcs Kak MmHO20uAeHB. om A 6 mom U MOALKO & moM
cayuae, ko20a ny=n, m. e. Koeda 6ce aaemeHmMAapHe Dequmenl, mampuyst A
NONAPHO B83QAUMHO NPOCHLbL.

Muorounens OT MAaTpHIH, MEPeCTAHOBOYHON ¢ A, TaK:Ke HEpecTaHOBOYHHI
¢ A. ITocrasum Bompoc: B KAKOM CIy9ae BCE MaTPHMILH, _TtepecTaHOBOYHEIC C A4,
OPEeJCTABIAIOTCA B BHAE MHOTOYJICHOB OT HEKOTOpoil (ommoit m TOM ;Re)
matpuns C? Jlomycermm, d4ro Takoit caydail mmeer Mmecto. Torpja, Tak Kak
marpuna C yJoBIeTBOPAET B CHIY TeopeMHl I'amuabrona — Haam cBoemMy xapak-
TePHCTUYECKOMY YPaBHEHHIO, To Jdio0ad Marpuna, mepectaroBodmas ¢ C,
BEIDA3UTCH JUHEHHO depe3 MATPHILH

E, C, C, ... C™.

TTosromy B paccmarpmBaeMoM cayqae N < n. Comocrasasas ¢ (27), naxoqum
N =n. Ho rorga m3.(25) n (26) u n,=n.

Cumegcrsme 2 m3s Teopems 2. Bee MAMPUYLL, NePeCIaAH080LHIE
¢ A, npedcmasasiomca ¢ sude mHo204aeH08 Om oOnol U moli xce mampuyst C
6 MOM U MOAbEO 6 mom cayide, Koz0a ny=mn, m. e. Ko20a ece saemeHmap-
usie deaumean 'y AE — A e3aumno npocmet. B smom cayuae ece mampuys,
nepecmarnogounsie ¢ A, npedcmagasiomes u 8 eude Muo2041eH06 om A.
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OrMmeTuM eme OZHO OYEeHB BaKHOE CBOMCTBO HEPECTAHOBOYHEIX MATPHIL.

Teopema 3. Ecau dée mampuyst A=|lap]|l{, B=|bxll{ nepecmano-
gouHBl U 00na U3 HuX, Hanpumep A, umeem K6asudUA2OHAALLHHIL U

83
o

81
A={4,, Ay, (28)

ede mampuyst Ay u A, ne umelom obwux raparmepucmuieckus wuces, mo u
dpyeas mampuya umeem marol e Keasudua2oHasbHbli 6ud

81 Sa

HoraszareascTso. Pasobpem marpuny B Ha 6J0KH B COOTBETCTBUH
¢ KBasUAHaroHAJBHHEM Buaom (28):

81 Sg
— -

B X)
B == .
(Y B
JamucuBasa, uro AB == BA, molyuYuM 4YeThHpe MAaTPUIHEIX PaBEHCTBA:
1. AIBI:BiAh 2: A1X:XA2, 3. AzY:YAi, 4 AszszAz. (30)

Bropoe u tperse ma ypasmenmii (30), kak Gruro BeigcHeHo B § 1 (ctp. 203),
AMEIOT TOJNBKO HyJaeBeie permenud X =0, Y =0, mockoarsry MaTpuimH A, u A,
He MMeI0T oONIuX XapaKTepHCTHYeCKMX umcesa. Takum oOpasom, Halre Opej-
noskeaHe jAokasaHo. llepBoe m gerBeproe ms pasencts (30) BmpaskanT mepe-
CTAaHOBOUHOCTH Matpun Ay m By, A, n B,.

Hokazannoe mpegao:KeHHe B TeoMeTPUYECKOH (PopMYIUpPOBKE TJIACHT:

Teopema 3'. Ecau

B=I,+ 1,

ecmob pacwendenue gcezo npocmpancmea B Ha uHeapUAHMHBE OMHOCUMEAbHO
onepamopa A nodnpocmparncmea Iy u Iy U MUHUMAALHYIE MHO20YAEHEL IMUZ
rodnpocmparcme (omuocumeasvno A) €3aUMHO NPOCMB, mo ami 10O POCM-
parwcmea I, u I, ungapuanmrs. OMHOCUMELbHO 4106020 AUHEUHO20 Onepa-
mopa- B, nepecmarnogounozo ¢ A.

M3 porasamHoil TeopeMH BHTEKaeT CIEYIOmee CIeICTBHE !):

Cnepgcrue 1. Ecau aunetinvie onepamopw A, B, ..., L nonapno
nepecmanosouHtl, MO0 MONCHO pacujenums ece npocmparncmeo B na uneapu-
anmube omuocumenwvro gcex onepamopoe A, B, ..., L nodnpocmpancmea

B=I,+I,+... -1,

max, 4mobs MUHUMAABHBL MHO20YAEH 4100020 U3 ImUL NOON POCM PAHCME O~
HocumeiwHO ai06020 us onepamopos A, B, ..., L 64 cmenenbio nenpusodu-
MO20 MHO20UAEHA.

Hak wacTamil cayuail orciola HOTyYHM

Cunepmcrsue 2. Ecau auwnetinuvie onepamopw A4, B, ..., L nonapwo
nepecmano8ouHtl U 6Ce IaPAKMEPUCMULECKUE YUCAA IMUL ONEPAmopoe npu-
nadaexcam ocrosnomy noato K, mo moxcwno pacwenums eéce npocmpancmeo R

Ha UHBapuanmmuyle omuocumervHo écex onepamopos A; B, ..., L nodnpo-
empancmea Iy, I,, ..., I, ¢ Ka¥cOom U3 Komopuz 40000 U3 onepamopos
A, B, ..., L umeem pasuvle rapakmepucmuieckue 4ucid.

I) Cm. raxske Teopemy 1 ra. VII (erp. 173).
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1, makoHen, OTMETHM YiKe YACTHHI CJIy9all 8TOr0 IpeJIoKeHMnd:

Canegcreue 3. Ecau onepamopw npocmoii cmpyemypn A, B, ..., L
(cm. ra. III, § 8) nonapno nepecmanosouns., mo MmodxHO cocmasumb Gasuc
npocmpancmea u3 00wur cOGCMEEeHHBL 6EKMOPOS SMUL ONepParmo pos.

Jagum eme Marpugay:o (OPMYIMPOBKY HOCJIEJHETO HpeflJIorKeHMA:

Il epecmarosounsie mampuyst npocmoll CMPYKmy phl MoXcHo 00HO8PeMEHHO,
m. e. o0num U mem e npeobpasosanuem nodobus, npusecmu k OUA20HALb-
Homy 6udy.

§ 3. YpaBuenne A X — XB=C

IlycTts maHO MaTpuYHOE ypaBHEHHE

AX—XB=C, (31)
rre A=ja;|", B=|bu ||y —saflaHEBIe KBAJPATHEE MATPHNH HOPAJKOB
m u n, =||¢;||—samamnan, a X =| z; | —uckoMas HpAMOYroibHEIE

MATPHUIE PasMepoM m X n. YpapHeHHe (31} PKBUBAJEHTHO cuUcTeME mn CKa-
JAPHKIX YpPaBHEHHHA OTHOCHTEJIBHHO SJIEMEHTOR MATpHnOH X:

m n -
R .
2 aija:jk% Z {E”blh: Cir (I,:'l, 2, e, I k= 1, 2, " s ny n)
7==1 1==1 _
COOTBBTCTByEO]]laH OJHOpPOAHAasA CHCTeMa ypaBHeHI/Iﬁ

m ki3
2 a;;Tip — z .’Eilblh—_—‘o (l=1,2, I /(2 k='1, 2, oy T'l)
i=1 =1

B MATpPHYHOM BHJe 3allNCEIBACTCHA TaK. ’ .
AX —XB=0. (32)

Takum ob6pazoMm, ecanm ypasHeHue (32) HMeeT TOIBKO HYJEBOEe pelleHHE,
o ypaBeeHue (31) mmeer ofmo-egmECTBeHHOEe pemeHme. Ho B § 1 Gmuto ycra-
HOBJIGHO, 9TO YpaBHeHHE (32) MMeeT TONBKO HYJEBOe PEITeHMe TOr[a M TONBKO
Torga, Korga Marpunil A u B He uMeOT 00mMUX XapaKTEPHCTUIECKHX FHCEJ.
Cnemosarenbno, ecau mampuysl A m B ne umeom obwur xapakmepucmi-
yeckuzr uucea, mo ypaswenue (31) umeem od0no u moavko o0dno pewenue;
ecaw e mampuywn A u B usmeiom obujue xaparmepucmuieckue YUCAd, mo
8 sasucumocmu om «ce0b600n020 uaenay C moeym npedcmasumuscs 0Osa cay-

yas: aubo ypasuenue (31) npomueopeuuso, aubo oo umeem GeculicaerHHOE
MHOXHCECE0 peuwlenull, sadasaemBix Fopmy.aoli

X =Xo+ Xy,

rie Xp,— uxcupoBaEHOe dYacTHOe pemeHme ypaBEeHua (31), X;— obmee
pemeHne OZHOPOAHOTO ypapHeHMA (32) (cTpykrypa X, OHIa BHscHeHa B § 1).

§ 4. Cranaproe ypaBuenme [ (X)=0

Paccmorpum cmagana ypasHeHme
g(X)=0, (33)
i ()
g(A)=R—2)" A—A) ... (h—An)?

— 3a/laEHKA MHOTOWIEH HepeMeHHOH A, a X — MCKOMAasA KBaJpaTHAas MAaTPHIA
mopAnKa n. TaK Kak MUHEMaAbHHEH MHOTOWIeH MaTpunk X, T. e. IepBHIi
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WHBAPHAHTHHNE MHOTOYIEH i; (A), MOJKeH OHTHL gemureneM MHOrowaeHa g (A),
TO 3JleMeHTapHHe JeaurTean Marpunel X [JOMKHE HMETh CIENYIOIMAH BUT:

2 % TJi1 % — hs )piz A — h: piv li,, l<2,a.. N ’.I'V<=l"." 2, o ,k,< .
( — :1) ) ( — A, 1 v ey ( - Iv) pti\ iy paz\atz’ vy Piy S iy
Pi,+Pi,+ ...+, =n

(cpef® WHAEKCOB Iy, Iz, ..., iy MOTYT OWTH ¥ PaBHEE, h-—3aJaHHHEE mOpA-
MoKk uckomoit Marpuumn X).
Hcroman matpuuma X mpecTaBUTCA B BH[E

X=T{ME"W 4™, 6 BT gy, (34)

rae 7 —npoms3BodbHAA HeocOOeHHAsA MATPHIA mOPAAKA 1. MHomecTBO peme-
HUH ypaBHeHUA (33) ¢ 3aZaHHHM HOPATKOM HMCKOMOH MATPHIL PacIafaercs
cormacuo opmyrne (34) HA KOHEUHOE YHMCIO KIACCOB MOHOOHEIX MEKRY coboil
MaTpuil. ‘ '

MDpumep 1. [lano ypasnennme
Xm0, (35)

Ecim HerkoTOpas CTemeHs MATPHIH pPABHA HYJIO, TO MATPUIA HABHBAGTCH HULBLRO-
menmuoidl. HanMeRbmuil U3 mOKasaTelell, NpA KOTOPHX CTeNeHb MATPUIH paBHA HYIIO,
HABHBAGTCHA UHJEKCOM HUAbNOMenmMHOCMY JTaHHOK MaTpPUIHL.

OueBnfiHO, pemeRHMAME ypaBHeHHA (35) ABIAIOTCA BCe HMIBNOTEHTHHE MATpPHIIH
¢ HHJIEKCOM HHABIOTOHTHOCTH U < m. (DOpMyJa, 0XBATHBAOIIAS BCe pPeHIeHHsT [JAHHOTO
NOpAJKA n, BHTIAAAT TaK:

(P) (P2 (Py)y ey /Ply P2y voer Py <M
X:T{H l’H 21---7H V}T]'( i 2 r VS ’ ) 36)
PitPrt ...t Py=n -

(T —npoussonbHaa HeOCOOEHHAHA MATPHIA).
Ilprmep 2. Jlaro ypaBuenue

X2=X. (37)

MaTpnna, yAOBJeTBOPAIOMAA HTOMY YpPaBHEHHIO, HABHIBACTCHA Udemnomenmioli. Jie-
MEHTAPHEIMA [IeNATENSAMHA HIeMIOTeHTHOH MAaTpHIK MOFYT OHTH TONBKO A ambo A—1.
HosroMy HAeMIOTEHTHYI0 MATPHIY MOKHO ONPEJENHUTH KAK MATPULY OpocTOH CTPYK-
TYpH (T. e. OPMBOAAMYIOCA K AMaroHainHOR ¢opMe) ¢ XapaxTepHcTHYeCKIMH GHUCIAMI,
PaBHHMA HYI0 uIH eJunnne. dopMyira, O0XBATHBAINAA BCe HAEMIIOTEHTHHE MATPHIH
JaHHOTO HOpA[KA, HMeeT BIJ

X=T{1,1, ..., 1,0, ..., 0371, (38)

-~
n

rge T —NpoM3BOJNEHAA HEOCOGEHHAA MaTpHLA MOpAAKA ~,

PaccmorpuM Temeps Goaee ofmee ypasHeHue
f(X)=0, (39)

rpge f(A)—perynspHas QyHKOUS B HEKOTOPOH o6macTm (7 MJIOCKOCTH KOM-

naexcHoro aprymenta A. Ot mcromoro pememmsa X = || z;:||T G6ymeM tpeGo-
BaTh, 4YTOOBH XapPaKTEePHCTHUECKHE THCJIA €ro mpuHAgIe:RaIn objactm G.
Bunumem Bce mymn $ymknunm f(A), de:xamue B o6macte G, m MX KPATHOCTIL:

Ay Aoy oo,
ag, Qo ...

HRak u B mpeghpymeM ciydae, KaOKAHA SJICMEHTAPHHE IeIUTENH
MaTpuill X JONKEH HMeTh BHJ

(A — AP (P < a;)
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U IOTOMY
X=T{ME" + 5™, .\ E"Y By (40)
(il‘! iz, * vy i\,:fl, 27 . .3 piiéaiiv pizéaizy s ey Piv\&iaiv;
Pi, - piy+ ...+ pi,=n)

(T — mpousponnbHas HeocOGEHHAs MaTpHIA).

§ 5. Marpausoe MHOTOWIEHHO€ ypaBHEHHE

PaccMoTpuM ypaBHEHWS

A X+ A4, X1+, ..+ A4,=0, (41)
Y™A4,+ Y™ 14, +... 4+ A,=0, (42)
rae Ay, A,, ..., Ay —3agaEERe, a8 X ¥ Y — HCKOMEE KBaJpaTHEE MaTpPHIH

nopAgka n. YpaeEeHue (33), paccMOTpeHHOe B HpefHAylieM maparpage,
npefcTaBiseT coGoil BechbMa YaCTHBIM (MOYKHO CKAas3aTh, TPHBHAJIBHEIMA) CiIydail

ypaBHeHHUi (41), (42) m moaydwaercs M3 NOCJIEZHUX, €CIH HOJOKHTH A; = o K,
rae o;—gucao u i =1, 2, ..., m.

Ciegymomas TeopeMa YCTAHABIUBAET CBA3D MexAy ypasEeHUAMH (41),

(42) n (33).
eopeMa 4. Kaocdoe pewenue mampuunoz0 ypasHeHus
A X+ A X" .+ 4,=0
yOosaemeopsem CKALAPDHOMY Y PABHEHUIO

g(X)=0, (43)
g(M) = [AA™ L AN L Ay (44)

Smomy nce ckaaapromy ypasuenur ydosaemeopsem u awboe pewenue Y
MAMPUUHO020 Y DASHEHUS

YmA0+Ym_1A1+ oo "I—‘Amzo.

20e

HorasateancTBo. OGosraunm uepes F (A) MATPUUHHIA MHOTOYJIEH

F(A)=AA™+ A, A"+ ... 4 A4,.
Torga ypaeHeHus (41) m (42) sammmyrcsa tak (cM. crp. 88):
F(X)=0, F({)=

CoraacHo 0Go6menHoi Teopeme Besy (rJI." IV, § 2), ecnin X n Y — pemte-

HAS 9STHX YpaBHEHHW#, To MAaTpHYHHH MHOTOWwIeH F (A) menutca copaBa
Ha AE —X u cnesa HA AE—Y:

F()=Q (&) AE—X)=(AE—Y)Q, ().

Orcrona .
g =IF M) |=]QM)]A M) =10 (M)A (A), (49)

rae A(A)=|AE —X| u Ay (A)=|AE — Y | —xapakTepucTniecKHe MHOTOYICHH
marpun, X m Y. Ilo teopeme Iammabroma — HKamm (ra. 1V, § 3)

A(X)=0, A(Y)=0.

14 @. p. TaHETMaxep
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Iloatomy muz (45) BHTexraer:
g(X)=g(¥)=0.
TeopemMa moxasana.
MH [oKasalH, 49TO Kakjoe peimenue YypasHenus (41) ymosmersopser
CKAJIAPHOMY YPaBHEHHIO (CTeleHum < mn)

g(M)=0.

Ho MuO#ecTBO MATPUYHHIX peIMIeHUI 3TOT0 YPABHEHWS C 3ATAHHHIM IIOPSHI-
KOM 7 paclmajiaeTcs HAa KOHEYHOe THUCIO0 KJACCOB IOJOOHHX MexRAYy coboii
matpun (cM. § 4). Iloaromy Bce pemenms ypaememma ‘(41) Hpuxommrca

HCKATh Ccpeay MaTpull BHAA
T:D;T:! (46)

zmech D);—M3BECTHHE MATPANH; IPH JKEJaHAM MOYKHO CUHTATh, 4T0 1);
AMeT HOPMAJbHYO iKopaanoBy ¢opmy; 7T; —Ipom3BoibHHE HEOCOOeHHEHIe
MaTpuOH n-ro mopsagka; i=1, 2, ..., k). llogcrasum B (41) BMecro X Ma-
Tpuny (46) @ momGepem 7T; rtak, urobH yAoBIeTBOpsIock ypaBHeHme (41).
IIns waskmoro 7; HOMYy9IMM cBOe JMHEIiHOe yPaBHEHHE

AOTiD;n—II_AiTiD;n—i + e +AmTz' =0 (Lz 11 2’ -y h) (47)

EanacTBenanii ¢cHocob, KOTOPHIT MbL MO:KeM IIPeJJIOKUTH OJA HAXO:RIe-
Hns pemernng T; ypasHenus (47), 3axiI0uaercs B 3aMeHe MATPHYHOTO ypas-
HEHHA CHCTEeMOH JIHHEHHLIX OJHOPOJAHHKX CKANsAPHHX YpaBHEHHUIT OTHOCHUTEILHO
JIeMeHTOB HMCKOMoil Marpuum 7;. Hamoe meocobGemmnoe pemenme I; ypaBHe-
muf (47), Gymyam mopcraBieno B (46), maer pemmenme [JaHHOTO YpaBHe-
anst (41). AHAIOTHYHBIE pACCY:KAEeHMA MOTyT OHTB IIpOBefeHH A ypas-
aenust (42).

B cinepywomux aByx naparpagax Mel pacCMOTPUM FacTHHe CIydad ypas-
nernd (41), CBs3aHHHE C W3BIeUEeHHEM KODHA M- CTEIeHN M3 MATPHILBL

3ameruM, uro Teopema l'aMmiabroma — Honum ABnsercAa "acTHHM ciaydaem
TeopeMn 4. B camom mene, nwbas wsagparmas mMarpuna A, Gyayum mopacra-

BJI€HA BMECTO A, VIOBJIETBOpseT yPABHEHHIO
AE—A=0,

IHosroMy B cuay JOKa3aHHOI TeOpeMH
A(4)=0,

rae A(A)=|AE—A4].
Teopema 4 momer Gurp o6o0mena ciaeymuM obpazom:
Teopema 5 (Punnunca)l). Ecau nonapro nepecmahnogoinbie mexwcdy

coboii kead pamusie mampuysl n-go nopsoka X,, Xy, ..., Xy ydossemsopsiom
MAMPULHOMY Y PABHEHLLIO | '
A0X0+A1X1+ .. -+Ame:0 (48)
(Ag, Ay, ..., Ap—sadannsie Keadpamusie Mampuys n-20 nopadka), mo smu
ace mampuynt Xy, Xy, ..., X;n ydosaemeopsiom CEAAAPHOMY Y PABHEHILIO
g(Xo, X4y ...y, Xin)=0, _ (49)
ade
g, & ooy Gn) =] 4B+ A&+ ... +Am§m ’ (50)

1) Cm. [231].
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Hdoxrxazareabctso. llonossum?)

F(go, §1a sy §m)=”fik(§0a §1, ceey Em)HT"*:A0§0+A1§1+--- +Am§m;

o, &1y ..., Em —CRamApHHeE NepeMeHHHe,

Obosnawmy wepes F (E, &y, .-, &n) = Fir (G0, &, -, &) [ mpmcoenn-
HeHHYX MATpuOy /jaa martpunst F [fix ecTh aiareGpamueckoe [OMOTHEHHe
(3'bIOHKTA) areMeHTa fp; B ompepemmrene |F (B, &, ..., &u)|=|fult
(¢, k=1, 2, ..., n)]. Torpma ramgmi BJIeMeHTAfik (i, k=1, 2, ..., n) ma-
Tpmmﬁ €CTh OJHOPOAHBIH MHOTOYJI€H OTHOCUTEIBHO &), &, ..., &,y CTeleHN
m—1, u motomy Marpuny ¥ MoRHO NPEICTABUTL B BHJE

F:, . 2 ) Fjoh..-jmggogf s 371m,
o+t . . im=n—1

rge Fji,. . j;u — HEKOTOPHE NOCTOSHHBIE MATPHIH MOPALKA n.
N3 onpenenenma marpunmm F clegyer TOMRIeCTBO

FF=g(%&, & ..., &) E.
3anmmeM 9TO TOKIECTRBO CIeAYIONTHM 0Opasom:
)Y Figiy. . im (Aofo+ A1+ . .. + Amm) B ... Bl =

jotirt. . Fimer=n—1

:g(§07 gia veay §m) E. (51)
Ilepexon or nmemoit wacTm K mpapoit "actm B To)rmectme (51) ocymiect-
BIAETCA NYTeM PACKPHITUA CKOOOR u NpHBeneHHA NOA0GHHX wieHoB. Ilpm aToM
npurodumcs nepecmasasmb Mecmamiu. nepemenmvie Ey, &, ..., &, mencdy
coboli U He npuTOdUmCA nepecmasssms Mecmanmy nepemenmsvie Lo, &y, ..., En
¢ mampuunaMy KosfPuyuenmam A; u Fji; ;.. [losTomy pasemctso (51)
He HAPYIINTCA, €CIH MH BMECTO IIEepeMEeHHEX &j, &, ..., &, TOACTaBHM
NMONMAPHO IEePecTAHOBOUHHE MexRAY coboit Marpumel X,, Xy, ..., X,:
. . Jowi1 im
FjoJ1...Jm(A0XO+A1X1+---+An1 m)XoX1 e X =

m

:g(XO’ Xi? LRI | Xm) (52)

o+i1t...+im=n—-1

Ho mo ycnosmw AgXo+ A4, X;+ ...+ 4,Xp=0. Torga wns (52) maxogum:
g (Xy, Xy, .., Xn)=0, gro u TpeGoBaTOCh MOKA3AThH.

3ameuanume I. Teopema 5 coxpamser cBow cumuy, ecau ypasHeHume (48)
3aMEHHUTh ypPaBHEHHEM

XOAO_}—XlAl_}— e +XmAm=0. (53)
JeficTBATETBEHO, TEOPEMY O MOMKHO HPHMEHHTL K YPABHEHHIO
A(’)Xﬂ_i_A;Xi —}—‘ « v —E-A»;nXm: O

W 3aTeM NEPefiTH B HTOM YPABHOHWH NOWIEHHO K TPAHCHOHHPOBAHHHEIM Ma-
TpuIaM, _
damMeuanne 2, TeopemMa 4 monydnTca KAK GACTHHIA cIydail TeOpeMH 5.

ecan B KauectBe X, Xy, ..., X, B3ATH
Xm Xmio ... X, E.
1) fin (EO! Eia ERE] Em)“ﬂnHeﬁHHe (t)OpMLI oT EU? Ei’ CERE] gm (i’ k=17 27 NS ")\’

14%
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§ 6. UsBredenne KopHA M-ii eTemend H3 HeOCOOERHON MaTpHIBI

ItoT W caenyoomuii maparpadgs Mb IOCBATHM YPaBHEHHIO
X" = A4, (54)

rne A —sagaEHasg, a X —uckoMas Mmartpuunl (ofe mopsgka n), m— ZaHHOE
1eoe IOA0KUTENbHOE YHCJIO.

B mamHoM maparpade MB paccMorpuM caydaid, korga |A{s£0 (4 —me-
ocobernas marpuna). B aToM cayuae Bce XapaKTepuCTHYeCKHMe dYuCaa Ma-
Tpune A oramuHH OT Hyas (ubo | A| paBed IpOM3BEJIEHHI0 BTHX XApPAaKTEepH-

CTHYECKUX THCEN).
ObosHaumM dUepes

(=AD" (A—22)2 o (A=) (55)

5JIeMEHTAPHHE JeNUTETH MATpPuIH A u npusegeM Marpuny A K KOPIaHOBOH
dopmel):
A=UAU=U{ME,+-H,, ..., ME,+H,)U™, (56)

Tak Kak XapaKTepUCTHYECKHMEe YHCJIa HCKOMOH MarTpunbl X Ipu Bo3Be-
MeHHH B /M-10 CTeHeHb [JaloT XapaKTepPUCTHYECKHe YHCIA Marpuns A,
1o m y Marpulsl X BCe XapAKTePHCTHUYECKHE YHCTA OTIMYHE OT HYJIA.
TlosToMy Ha BTHX XApPAKTEPHCTUYECKMX UYHCIAX IPOM3BOLHAA OT

F()=4a"

ne obpamaerca B Hyab. Ho B Takom ciaywae (cm. ra. VI, ctp. 159) anemesn-
TapHHEeE JeauTean MaTpunbl X He «pacmMeIIAorcsy NPy BO3BeJeHHH MaTPHIE
X B m-10 crenmens. 13 cRasaHHOTO CJAEAYeT, 9TO HJAEeMeHTAPHBIMHU AETUTeNAMHA

marpunsi X OyayrT:
A—E)" =82 ..., =B (57)

- o m n_
rae £ =A;, T. e. §; ABIAEGTCA OHAM H3 KOPHEH m-i CTeHeHM u3 A; (‘éj =3 A
i=1,2,...,u).

o ——
Oupegeanm Teneps  AE;-+H; caepyomum ofpasom. BossmeM B A-mao-
CKOCTH KDYT C LEHTPOM B TOYKe A;, He 3aXBATHBAMUE Hyaa. B atom kpyre

m ~—
MH HIMeeM m pasfieqbHHX BerBeil gyHKuun v A. DTH BETBM MO}KHO OTAHYATH
OHY OT APYyroil Mo 3HAYeHHAM, KOTOpPHIE OHM IPHHHMAT B NEHTpe KPyTa,

B Touke A;. OOosHad4mM uepes ¥ A Ty BerBb, 3HAYEHHE KOTOPOHl B TOUKE A;
COBIIAJAeT € XapaKTePUCTHUECKUM ducaoM §; HCroMoH Mmarpunmil X, U, HCXOfA

m————
M3 3TOH BeTBHW, olpeienuM OQYHKOUIO OT MaTPHUIE vV ME;+ H §. C TOMOMIBIO
obpuBaromerocd pAga

1 1 1
My 1 ,m 1 1 1 /71 w2

- m o
Tag Kak OPOM3BOTHAA 0T paccMarpmBaeMod ¢yHRIMH VA B TouRe A;
He paBHA HYJW, To Marpuna (58) mMeeT TONBKO OfUH 3JEMEeHTADHHE TeAUTE]TH

(;V__gj)pi, roe gj:"f/X;- (smecw j=1, 2, ..., u). Orcioza caegyer, 910 KBa3N-

(p;)

1) 3xech EjZE(pj)7 Hj=H (=1, 2, eee, u).
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AHAarOHaJbHadA MaTpHIa

(VB +Hy, VisEytHyy ...y V Aaliy—+ Hyl

HMeeT JJIEeMEeHTapHHE [enuTenw (D7), T. e. Te ke 2JIeMeHTAapHHE IEIHTeNIH,
9170 B mckoMasa marpuna X. Iloaromy cymecTByer Taxkaa HeocoOeHHAA Ma-
rpuna 7' ({7 |=£0), aro

X=T {n{t/xiEl"{_‘Hla T-ln/}\'zEIZ‘{_H:Za LI nll/’quu'i"’Hu} T (59)

JAna ompepgenennsa wmatpuns I° 3aMeTHM, 4TO, IOACTaBIAA B 00e gacru

TOFKIECTBA
(VR =1

BMecTo A Marpuny ME;-+H; (j=1,2, ..., u), noryaum:

("Vx_,-Ej+Hj)m:ijj+Hj_ G=1,2, ..., u).
Tenepp um3 (54) u (99) caemyer:
4= T{kiEi"i_Hi’ }\'ZEZ +ﬁH23 sty A‘uEu‘i_Hu} T, (60)

ConocraBaaa (96) u (60), maiigem:
r=UXy, (61)

—~

rpe X —IpoM3BONbHAA HEOCOGEHHAS MATPHNA, NepecTanoBogHasd ¢ A (cTpyk-
Typa Mmarpunil X4 AeTalbHO ommcaHa B § 2).

Ilogcrapnaa B (59) Bmecro 7 Bupaskenue UXy, noxydaem ¢opmymny,
OXBATHBAIOMYIO Bce pelleRus ypaBHeHHa (DH4):

X =UX:\VME+ Hy, VioEst Hy, ..., VB, + Hy) XU (62)

MuorosHa4rOCTE IpaBOH 9JacTH 3TOH (OPMYJIH HMeeT KaK AHCKPETHHIH,
TAK U KOHTHHYAJbHHHA XapaKkTep: AUCKPETHHA (B JaHHOM clydae M KoHed-
HLIA) XapakTep 3TOH MHOTO3HAYHOCTH IOJYYAeTCA 3a cUeT BHGOPA pa3THIHEIX

Yl m Lrd
BeTBEN q)yHI{IJ;I/IIfI ]/7\. B DPAa3IHIHBIX KJICTKAX KBa3sHAUAroHAJIbHOH MaTpHANLI

(Dpm 3TOM faske IpH A; =A; BeTBH % B j-#l ¥ B A-i AMATOHATBHKIX KJET-
Kax MOryT OHTH Da3IMIHBIMHU); KOHTHHYAIBHHIH XapakTep MHOTO3HATHOCTIK
IO y9aeTcAd 3a CYeT MPOX3BOJIBHLIX DIAPAMETPOB, COAEP:KAIMHUXCH B Ma-
tpune X~.

Bce pemermus ypaBrenns (54) M GymeM Ha3HBATE KODHAMU M-T cHe-
: m
nenu us mampuysl A m 0GosHavaTh MHOrosHaumsiM cmmpomoM )/ A. Obparum

BHMMAHHE HA TO, 4TO ?/A B o0mem ciaygae He ABaAercA QyHKIOUeHd OT Ma-
TpEnH A (T. e. He IpeACTaBIAAETCH B BUJE MHOTOYJIEHA OT A).

3ameuanne. Ecam Bce anememTapEHe geamTeanm MaTpunsl A momapHO
B3a¥IMHO IIPOCTHI, T. €. WHCHA Ay, Ag, ..., A, BCe PA3NIMYHLI, TO MATPHIA X~
IMeeT KBaZHAMATOHAJNLHEIA BHT '

XX:{XL Xz, SRR Xu.}:

rpe marpuna X; mepecranoBoura ¢ A;E; - H; ®, clegoBaTelbHO, IepecTa-
o L5 ] m
HOBOTHA ¢ awboit Qynknmeit or A;E;+ H; B wacrsoctu c¢ Y A;E;+H,
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{(j=1,2, ..., u). Ilosromy B paccmarpuBaemoM ciydae gopmyaa (62) mpnru-
M3eT BH[

X=U (Y ME,+Hy, VhgEy+ Hy, ...,V ;BEut Hy) U

Takum oOpasom, ecam saeMeHTapHHEe [JexuTeXd MATPUNE A momapHo

N
B3AUMHO HpOCTH, To B (opmyre gas X — 1 A HMeercad TOJBKO JHCKPETHAA -

1 ~—
MHOr03HAYHOCTH., B pTOM ciyuae maoGoe 3HageHHe ]/ A MOKHO npejcTaBHTH
Kagk MHorowjen oT A.

IIpmMmep. llycrs Tpebyercs Halitm Bce KBagpaTHHE KOPHH M3 MaTPHI(EL

110 I
A=|l0 1 Of,
0 0 1]
T. €, BCE pemefmﬂ ypaBHeHI/IH
X2=4

B maHHOM ciIy4ae MaTpulla A y¥e MMeeT HOPMaJIbHYIO *KOPAaHOBY (opMmy. llosTomy
8 Qopmyie (62) MosRE0 Tonomurs A=A, U=E, Marpuna XX B ZAHHOM Cllyd9ae BHIIIA-

aur Tak (cM. cTp. 204):
a b ¢
XZ: 0 a O )
0 d e

rge a, b, ¢, d, e— OPOU3BOJIbHEE IMapaMeTPH.

@®opmyna (62), gallas Bce HMCKOMEHE pemeHus X, B JaHHOM cIydae IPHUHUMAET
cleAyIOmAl BHA:
-1

w

a b ¢ E 3 0 a b ¢
X=l0 ¢ ol[l0 2 0l||/0 a 0 (2=1n2=1). (63)
0 d ell|/|0 0 1 0 d e

He maMerAs X, MH MOeM B Qopmyine (62) NOMHOMKNTDH X~ Ha TAKOH CHaJAp,
9T00H [X~ |=1. B I.[&HHOM cliydae 3T0 OpPHBEJEeT K DPaBeHCTBY a2e—1 OTHyJAa e=a"2

Bmtmcmm BIeMEHTH MaTpPUHE XZ lina sroro BHOMmeM IuHeRHoe mpeolpa3osa-
HHe ¢ MaTpulleidl KosPPuUIlHeHTOB XX'

y1=axz;-+bxy+-cx3,
Yo=—=axy,
yz=dzy+ a2z,

PaspemuM 3Ty CUCTEMY ypaBHeHnn OTHOCHTeIBHO Ty, Ty, 3. TOTJa HOJIYIUM Hpe-
obGpasosanme ¢ o6parHOil Marpuueit X~.

ry==a~lyy—(a~2b —cd) y,—acys,
¥y =a"lys,
r3=—a dys+aZy;.
Orcioga HAXOTHM:
a b ¢ |71 al ¢d—a-2 —ac
Tz_l: 0 a O =10 a-1 0
0 d a? —ad a?
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dopmyna (63) gaer:

£ (s-—‘n)acd—}-—;— a%c (n—¢)
X=p g 0 =
0 (e—n)dae™? n

£ '

e —mw+5 (M—ev
=llo e 0
0 (—mw g

Peumenne X 3aBUCUT OT [ABYX IPOU3BOJIBHHX [IapaMETPOB U M w H OT JBYX IIPOH3BOJb-
HBIX 3HAKOB € H 1,

’ (v=a2c; w=a"1d), (64)

§ 7. UsBievenne Kopusa m-ii cremenn m3 ocobennoli MaTpHIEI

Ilepexogum x pasbopy caydas, xorga | A|=0 (A —ocobennas marpuna).
Kak # B mepsBoM ciaydae, OpusejieM MaTrpully A K HOPMAJBHON jROpja-
H#HOBOH ¢opme:

) ) ) '
A=U{MEP 5™, B g g g gy (65
3eCh MbI 9Epe3 (K——M)pi, ey (kﬂ?»u)p“ 0003HAYHNIN BJIEMEHTADHHE [[€JIH-
Tenn Marpunsl A, OTBeYAOIIMEe HEHYJIEBHM XapaKTEPHCTHIECKAM THCIAM,

a dgepes ?qu, hqz, e, hq‘—aneMeHTapHHe JEeJINTEeNN C HYJEeBHIMH XapaKTepH-
CTHYEeCKHMH YVCJIAMH.
Torpa :
A=U{4,, A} U, (66)
rme
Ay = {}u1E(p1)+H(p1), L ?»uE(p“)—i-H(p“)}, Ay {H(ql), H(qz), o H(q‘)}. (67)

3amernM, 9ro 4;— Heocobennas Marpuna (|A,|s=0), a Ay — EuIBOOTEHT-

Hasf MATPHIA ¢ HEJEEKCOM HIUIBHOTEHTHOCTA [ = Max (i, z, - - ., q:) (A% =0).

W3 ucxomHoro ypasHeHMA (D4). clefyer IePeCTAHOBOYHOCTH MATPHIH A

¢ HCcKoMo#l Marpuieidr X, a clIe0BaTelIbHO, H II€PECTAHOBOYHOCTH HOJLOOHHX
IM MaTpPHIL '

UAU ={Ay, A;} u U-XU. (68)

Kar 6mno goxazano B § 2 (reopema 3), M3 HepecTAHOBOYHOCTH MAaTPHIL
(68) u u3 Toro ¢paxra, aro marpuust A, U A, me uMeor ob6mMUX XaparTepH-
CTMIeCKUX YHCeJ, BHTEKaer, 4ro ¥ Bropas u3 Marpmy (68) mmeer coorser-
CTREHHYI) KBa3NMAUATrOHANBHYIO JopMy

U XU = {X,, X,}. (69)
JameHAsA B ypasHeHun (54) marpumust A m X DO/IOGHBIMM MM MaTpHIAMH
{Ay, 4.} n {X,, X},
MBl 3aMeHHM ypaBHeHue (D4) AByMs ypaBHEHHAMM:
XY = Ay, (70)
X5 =A4,. (71)
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Takx wxak |4;|50, 10 ¥k ypasHenu0 (70) DpuMeHMMH pe3yIABTATH IIpe-
JBITYIETO na_parpa(ba. ITostomy X; naxommm 1o dopmyae (62):

m m
X, =Xa { VME 2B, V0 g™ 1™ xn. (72

TaruM ofpasom, ocTaeTcsa paccMoTpeTh ypaBHemme (71), T. e. 3amATHCHA
HAXOKICHHEM BCEX KODHEH m-Il CTeNeHHM W3 HIUJIBIOTEHTHOW MATpuubl 4.,
ViHe MMemel HOPMAJbHYIO ;KOpPAAHOBY (opMy:

A, =(HY, g9, . B, (73)
(== max (qy, 2y . .., §:) —MHTEKC HAABNOTEHTHOCTH MATpuusl A, Mz Ay =0
n u3 (71) maxopum:
X% =0.

ITocmegnee paBeHCTBO TIOKA3bIBAET, 4TO HCKOMaA MaTpuuma X, TaKKe
ABIAETCA HUJIBIOTEHTHOH! C MHAEKCOM HUIABIHOTEHTHOCTH V, rae m(u— 1) <C
<< v mp. [Ipusegem marpuny X, K sKOpJaHOBOM (opme:

X,=T{H", H*?, .., H"y 1 (74)

(Ui’ Ugy «.vy US\<'V)-,

- Bossemem Temepbr ofe wacTH IOCIETHETO PaBeHCTBA B -10 CTENEHb.
IMoayanm:

A= X2 =T ((H P, (7, L H Yy T (75)

BrisicHuM Tenmepn, Kakwe DIEMEHTAPHEE [eAUTeNM HMEeT MaTpuia
[H™]™ 1Y), Obosnagum depes H IuHEHHHH omepaTop, 3a/aBaeMblil MaTpHA-
meii H™ B v-MepHOM BEKTOPHOM IIPOCTPAHCTBE C DasucoM ey, €3 ..., €.
Torga w3 Buja MaTpuou H® (B marpuume H Bce dieMeRTH TiepBoii Haf-
IMArOHAJH PaBHH eJUHWIE M BCe OCTAIbHEE JJIE€MEHTHl paBHEI HYI0) Cie-
Aayer, 4TO

H81=O, Hegzei, .o ey He,,:ev_i. (76)

JTi paBeHCTBA IOKA3BIBAIOT, UTO A olepatopa H BEKTOPH €y, €3, ..., €,
00pa3ynT :KOPJAHOBY IENOYKY BEKTOPOB, COOTBETCTBYIOIIYIO 3JIEMEHTAPHOMY

peauTemo AL.
Papenctea (76) sanmmem Tak:

He;=e;, (7=1, 2, ..., v; eg=0).
OueBnjIHO, TTO
H"e;=¢e;n (i=1,2,...,0;e=€_1=... =€y =0). (77)

ITpeactaBuM wmciao v B BHJE
v=km-r (r<<m),

1) Oreer #a atoT Bompoc maer Teopema 9 ra. VI (crp. 158—159). 3mecs Mb
BHIHYKAEHH ADYTHM MeTOHOM HCCIeJOBaTh 3TOT BONPOC, TAK KaK HaM HYMHO OTHCKATHL
HO TONBKO DIEMEHTAapHE® AelHTeNy Matpumu [H®|™, Ho m marpuny Py, ,,, mpeoGpa-
sywomyo [H®™™ x xopgadoBoil popme.
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rue k, r—1ieanle HEOTPUHATENbHBE THCIA. PacmoJoskumMm GasHCHEE BEKTOPHE
ey, € ..., e, caeayomuaMm obpasoM:

€, €2, ce ey Emy,
€mi-1, €my2, R
(78)
€r—1)ymi+1, ECE—-1)ym+2, ..., €rm,
ermi4y .y Chmtir.

B aroii rabaume MH EMeeM m cToa6moB: mepseie 7 copepsrar mo (k--1)
BEKTOPOB B Ka:KJOM, OCTalTbHEIE — 10 k BerTopos. PaseHcTso (78) mokasmBaer,
9TO BEKTOPH K&QKAOTO cToabma o0pasyioT JROPIAHOBY MEIOYKY BEKTOPOB
OTHOCHTeJIBbHO omeparopa H™. EcIm BMecTo NOCIeTOBATEABHOH HYMepaIiu
BeKTOpOB (78) mo CTpokaM 3aHyMepoBaTh HX [0 cTOA6LAM, TO B HOJIYyYECHHOM
TAKEM o00pasoM HOBOM Oasmce MaTpuma omepartopa H™ Gymer uMers cie-
AYONY0 HOPMATBHYIO JKOPHAHOBY (OpMY:

{H(h—l—i), e, H(k—!—i), H(k), ., H(h)}l),
AN AN

R

r