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NPEAUCIIOBMHE

Kypc «UucneHHble METOdbI» SIBJISETCS OJHON H3 OCHOBHBIX NHCIHI-
M, HeOGXOMHMBIX s MONTOTOBKH NMPOrpaMMHCTOB CPEIHEro 3seHa.
OH HMeET CBOeil LeJblo H3yueHHe YUYAIIHMHUCSH OCHOB U METONHKH pe-
eHust  3aga4 l'lpﬂKJl.’i}lHOﬁ MaTeMaTHKH C HPH6JIH)K€HHHMH BBIUHC-
JIeHHSIMH M YHCJCHHBIMH METOJ4aMH MaTeMaTHYecKoro aHajgu3a B 00b-
eme, HE0GXOANMOM TeXHHUKY-IIDOrpaMMHCTY AJs paﬁOTbl Ha 3JEKTPOH-
HBIX BBIUHCJAHTENbLHBIX MallHHaX.

Hacrosamas KHHra — nepBas NoneiTKa CO3AaHUA yqeéﬂuxa A5 U3y-
4eHHS BBLIYHCJUTENbHOR MaTeMaTHKH B CPEAHAX CnenuaNdbHBIX y‘lEGHHX
3aBeACHUAX.

B Pe3y/abTaTe M3yueHHMs 3TOTO Kypca yuauinecs AOJKHbI 3HATb YHC-
JIeHHBIE METOABI, YMETb NPHMEHATb MX NPH pelleHHH 3alay M NpHMe-
POB, yMeTb COCTABJATE H MPUMEHATb BBIYMC/IHTEJbHBIE OaHKH ¥ Ta6-
JIHIB 1715 JadbHefinero nporpaMMupoBanus Ha DBM.

ITo cBoeMy comeprKaHHIO y4eSHHK Pa3GHT Ha ABa GOMbIIKX pasie-
na: «[IpuGmukennse BuIYHCACHHA> U «UHCICHHBIE METOILI MaTeMaTH-
YECKOT0 aHanu3a». Hepauﬁ pasjen BKIKOYaAeT WECTb Ivias: «dnemen-
TapHasl Teopus norpemHoc'reﬁ»; «Merons peuienus cucrTem JIHHEHHBIX
ypaBHeHuii»; «MeTonpl pemenust HeauHeiubX ypasuenuii»; «Hurepro-
JIHPOBAHHE H SKCTPAMOJHPOBAHHEY; «Onpeneneﬂne COBCTBEHHBIX yuCes
H  COGCTBEHHBIX BEKTOPOB MaTpullbl»; «Maremartnueckas o6paboTKa
AaHHBIX». BTOpOfi pasgen comepuT ueThipe raassl: «UucienHoe Hi-
TerpupopanHe M au¢pdepenuuposanue»; «Psupt Dypbe»; «IIpus-
JIHKEHHOE  peulende  OOBIKHOBeHHBIX —Nu(@epeHuHanbHbIX ypas-
Heluity; «[Ipubnuxkennoe pemenne AuddepeHnanpHEX ypasHeHH# B
YacCTHBIX MPOU3BOAHBLIX».

I/ISY‘lQHHE YUC/TEHHBIX METONOB HEMLICAHMO Ge3 pemexns 3Hayu-
TeJbHOTr0 KOJIHYeCTBa 3anau. TeOpeTH‘leCKHﬁ MaTepuan MAIIOCTPHPY-
©TCST MHOTOYHCIEHHBIMH TpHMepaMH. B KoHlle KaXKIoil T/1aBbl TpHBO-
narest YyOpayKHeHHus, pemenne KOTOpLIX AOJKHO €roco6CTBOBATL Jyu-
weMy yCBOGHHUIO H3/JaraeMoro MarepuaJga.

Pabora nag yueSHuKOM IPOBOLMIACH B CASIYIOLIEM MOPSLAKe: IJa-
8ol I, 11T 1 IX nanucana O. I1. Ksamwa, raasst 11 n V — H. C. lyGpos-
ckast, raaset IV, VI u VII—H. W. Nauuansa, raasy VIII—T. JL
Cwmupros, raasy X — I'. . exancos.

ABTOpHI BHIPAKAIOT CBOIO NPH3HATeJbHOCT penensentay T. 5. a-
Hensts w A, JI. J{aHun0BOH, BHHMATE/bHO NPOUMTABLIHM PYKONHCH H
ClleaBUIAM DS UeHHBIX 3aMeuaHmil, a TakKe penaktopy kuurn A. M.
CyxonckoMy, uba paGoTa BO MHOTOM CHOCOGCTBOBadA YAIyUUICHHIO
KHHrH,
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Pasgen nepsbik
MPUBNMIKEHHBIE BbIYMCNEHUS

Fnasa 1
SNEMEHTAPHASl TEOPHS NOTPELIHOCTEA

§ 1.1. Tounsie ¥ uyKena. norp
Knaccuipuraumus norpeluHocrei

3anauu Telb CTa, 5 C pasiHu-
HEIMH GHC/IAMH, x«yropme MOTYT GHITh TOUHBIMH WJIH MPHOTHKEHHbIMH, Tou-
Hble YHC/IA AlOT HCTHHHOE 3HAYEHHE BEHYHHEL YHCIA, NPHOTHKEHHbE —
6/H3KOe K HCTHHHOMY, NPHYEM CTeleHb 6H30CTH ompeje/sieTcsl norpei-
HOCTBIO BBIYHC/EHHA.

Hanpumep, B yTBepXKIeHHAX: «KyG UMeeT 6 rpaneil»; «Ha pyKe 5 majib-
nepy; «B Kiacce 32 yueHnka»; «8 KHure 582 crpamuibb umncna 6, 5, 32,
582—TouHbie. B yTBepkieHHAX: «WHPHHA JoMa 14,25 My; «Bec KOPOOKH
50 r»; «B nmecy okono 5000 nepesbeBy uncaa 14,25; 50; 5000 — npuGinKen-
Hele. VlaMepenHe WHPHHEI IOMA NPOM3BOJKTCA H3MEPHTE/BHBIMH CPeJCT-
BaMH, KOTOpLIE CaMH MOTYT ObITH HETOYHLIMH; KPOME TOr0, H3MEPHTEIbL NPH
H3MEpeHHH JIonycKaeT oukGKy (morpemrocrs). I1pu B3BelHBaHHH KOPOOKH
TaKKe JONYCKAeTCsl OHOKA, TAK KK aBTOMATHUECKHE Bechl HE UyBCTBH-
TeJbHB! K YBEJIHYEHUIO H/IH YMEHbLICHHIO BeCa Ha 0,5 r. Hpouanecm TOYHO
TNOACYET KOJHUECTBA JIEPEBbEB B J€Cy HEBO3MOXKHO, TaK KakK HEKOTOpbie
JZIepeBbsl MOTYT GHITh MOJICYHTAHbL IBAXKbL; APYTHE COBCEM He BKIIOUAIHCh
B CueT; HEKUTOPHG JliepeBbs OBIIH OTHECEHB! K KyCTapHHKam M ACKIIOYeHbl
U3 cuera, M, HaoGOPOT, KYCTAPHHKH BKJIOYeHE B CYeT KOJHUeCTBa
JA€PEeBLEB.

Bo MHOrHX cJ1yuasX JKUSHH HEBO3MOMKHO HaliTH TOUHOE SHAUEHHe BejH-
YHHBl YHC/IA H BBLIYHC/INTENIO NPHXOAHTCA JIOBOJBLCTBOBATECS IO NPHOTH-
JKEHHBIM 3HAYeHHEM. KpOMe TOT0, OY€Hb HACTO BLIYMCJHTE/Nb COSHATEIb~
HO 3aMEHSET TOUHOe SHaYeHHe NPHO/IIKEHHBIM B LIe/ISX YIPOUIEHH BHIUHC-
JIeHu .

Takum oGpasom, npud. M 4UCAOM @ YHCNIO, HesHa-
YUTeJIbHO OT/IHYaloleecs OT TOYHOro 4Hcaa An 3ameHsoLIee noc/enHee
B BBIYUC/ICHHAX.

Tlpu pewennu Tol HAH HHON 3a7aul BPYUHYIO HIIH Ha BEIYHCIHTENBHOI
MalIHHe MBI NOJY4aeM UHC]OBOH pesynbTar, KOTOPhIH, Kak MpaBuio, He
ABJIACTCA TOUHBIM, TaK KaK NPH MOCTAHOBKE 3a/1aull W B XOJ€ BBIYHC/CHHIE
BOSHHKAIOT nogpeusriocmu. Tlostomy moGas sanaua, CBASaHHAsA C MACCOBhI-
MH JIEHCTBHSAMM Hall YHC/IAMH, MOXKET GbiTh pelueHa ¢ TO HIH HHOH CTeneHbio
TOYHOCTH. B CBA3H C 9THM NPy MOCTaHOBKe 3aaul JIOMKHa ObITh yKasaHa
TOYHOCTb €€ PEMIeHUs, T, €. 3a/laHa NOTPEIIHOCTb, MAKCHMANBHO JIONYCTH
Masd B NpOLECCe BCeX BBHIUHC/IEHHIL,
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JcTouRMKaMH MOTpeumHocTeil (omuGoK) MOTYT ObiTh.

1) HerouHoe OTOGPAZeHiie PEATbHEIX TPOUECCOB € MOMOMIBIO MaTema-
THKH, B CBSI3H C UEM PAcCMaTPHBACTCS He caM MPOLECC, a ero HieaslHsipo-
panHas MaTeMaTHuyecKasi Mojesb. He Bcerna peanbhble ABjenus npuponst
MO)KHO TOYHO oroépasm‘b MareMatHuecki. T103TOMY NMPUHUMAIOTCS Y0~

, ynp 3ajauu, 410 T MOSIBACHHE TIOTPeliHO-
creﬂ HeKoTopre saﬂa‘m HEBO3MOKHO PEILUT B TOUHOI NOCTAHOBKE H OHH
MOTYT 3aMEHATLCS APYTHMH 3a1a9aMi, GAH3KHMIL IO Pe3yIbTaTaM NepBpiM.
TIpu 5TOM TaK)ke BOSHHKAIOT NOTPeLHOCTH;

92) npuGJHNKEHHOE BbIPaXKeHHe BeNHYYH, BXOAAWMX B YCJIOBHE 3a-
JlauH, BCAEACTBHE HX HETOUHOTO M3NEPeHisl. JTO NMOIPEIIHOCTH HCXOLHBIX
JaHHbIX, PH3HYECKHX KOHCTAHT, UHCEN 7T, e 1 AP.;

) sameHa GECKOHEYHBIX MPONECCOB, NpefesaMi KOTOPBIX SBJSIOTCS
HCKOMBIE BEJIHUHHbI, KOHEWHOH TocaenoBaTenbHocThio feficteuil. Ciona
OTHOCSTCS MOFPEIIHOCTH, 0GPasyIouHecs B Pe3yabTaTe 00PHIBA KaKOTO-TO
GecKOHEUHOTO Tpollecca Ha HeKOTOpoM sTare. Hampumep, ecan B psle

x° X!
sinx=x —i Bl - -+ ..
B3ATH ONpe/ieellHoe KOMHUECTBO WIEHOB M NMPHHATH HX CyMMy 8a sin x»
TO MBI, ECTECTBEHHO, JOMYCKaeM MOrpeIlHOCTD;

4) OKpyIJ/eHHe UCXOIHBIX AAHHBIX, NMPOMEKYTOUHBIX WJIH OKOHYATE]b-
HbIX Pe3yJbTATOB, KOTAa NPH BBINHC/IEHHSX HCNOAL3YeTCs1 JIHMb KOHEYHOe
4HCJI0 LHPP uncaa.

Tpu_orGpachiBanuu MAAMUHX Pa3psioB UHCIA HMEET MECTO MOrpell-
Hoctb. IlycTs, Hanpumep, uncio 0,7835478931 tpeGyercs 3amucarb B stueii-
Ky 3/1eKTPOHHOH UM(POBOH BHIYMCAHTENBbHON Mamuubl «MuHcK I». Pas-
PSUIHAs CeTKa MAIIMHb JOMYCKaeT 3aIHCh CeMH3HaYHOr0 JeCSTHYHOrO YHC-
aa. TlosToMy AaHHOE YHCIO HY¥KHO OKPYIVIWTb TAK, YTOGEI B HEM OCTAIOCH
He Gosiee ceMu 3HaKoB mocue 3ansaToil. Torna oKpyIeHHoe YHCIO IpHMET
caenyomuit ux: 0,7835479;

5) KpoMe yKasaHHBIX Bbillle CJIyyaeB, NOTPEMIHOCTH MOTYT TMOSIBJISTH-
€51 B peayabrare feficTBuii Hal NPHOIIKeHHbIMYA unciaMu. B stoM cayuae
TIOTPEIIHOCTH HCXOAHBIX JAHHBIX B KAKOH-TO Mepe NMepeHoCSTCs Ha Pesyiib-
Tar_BblUHCAeHHH.

TlonHas MOTPEIHOCTb SIBASETCSI Pe3yJbTaTOM CJOKHONO B3aHMOREH-
CTBHS BCeX BHMJOB norpemmoctefi. [Ipu pemieHun KOHKDETHBIX 3a1ay Te
HH MHble TOTPEUHOCTH MOTYT OTCYTCTBOBaTh WJIH MaJio BJAMSTH Ha 06pa-
30BaHUe NOMHOM norpewsoctd. OMHAKO 1151 MOJIHOTO aHaAH3a MOTPemIHo-
CTefl HeOGXOAHMO YUHTHIBATb BCC WX BHZIbL.

Bo Bcex ca1yuasx no/Hast HOTPEUIHOCTb He MOZKET MPEBHIATh N0 CBOeit
a0COMOTHO Be/IHUMHE CyMMbi aGCOMIOTHEIX BEINYHH BCEX BHIOB TOTpeIl-
HocTeft, HO OGBIYHO OHa PEAKO NOCTHTAeT TAKOH MAKCHMA/BHON BeJTHYHHbL,

Taxny 06pa3soM, NOTPeUIHOCTH MOXHO MOAPasAeNuTh Ha TPH Gosblune
TPyNmb:

1) ucxo0uoie, WM Heycmparumee, K KOTOPHIM OTHOCSTCS MOTPEIIHOCTH,
BOBHUKAIOMME B Pe3y/bTare MPHOIHMEHHOTO ONMMCAHHS PeabHBIX Mpo-
UECCOB U HETOYHOTO 3aJaHHf HCXOJHBIX JaHHbIX, a TaKiKe NOTPEWHOCTH,
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CBsI3aHHBIE C JeHCTBHAMH Hall MPHOMMMKEHHLIMH YHCJIAMH. DTH NOTPeIlHO-
CTH TIPOXOAAT Yepes BCe BBIMHCJEHHS M ABAAIOTCA HEYCTPaHHMBIMH;

2) TOrpeNIHOCTH OKpyeseHus (3aPOKNAIOUIHECs), KOTOPbIE MOABJSIOTCS
B pesyJ/bTaTe OKPYIJIeHHS HCXOTHBIX JaHHBIX, IPOMEKYTOUHBIX H OKOHYE-
TeJNbHBIX Pe3y/IbTaToB;

3) ocmamounsie, BO3HMKaIONHE B pe3y/bTare 3aMeHBl OGCKOHEUHBIX
TIPOIIECCOB KOHEUHOM NOC/IEN0BaTEIBHOCTBIO AeHCTBHI.

OllenKa NOrPeIHOCTH MOXKeT GbiTh MpOH3BeleHa: ¢ NOMOLLIBIO abCooT-
HOIt TI0IPELIHOCTH; C TOMOIIIbIO OTHOCHTEBHOMH MOrPEIIHOCTH; ¢ NOMOLUBIO
OCTATOYHOIO 4/EHa; C NOMOIIbIO CTATHCTHUECKHX OEHOK.

Tlpn paGore ¢ TeAb J0JKEH
YMETb:

a) AapaTh MaTeMaTHUeCKHe XapaKTEPHCTHKH TOYHOCTH MPHOAHKEHHBIX
BETHUHH;

6) 3Has CTeneHb TOYHOCTH MCXONHHIX JNAHHLIX, OUEHHTb CTeleHb TOu-
HOCTH Pe3yJbTaToB;

B) Oparb HCXOJHBIE JaHHbIE C TaKOH CTENEHbIO TOYHOCTH, YTOOBI OGec-
NeuuTh 3ajlaHHyI0 TOUHOCTh pesyJbrara. B sToM cilyyae He caeiyeT Caui-
KOM 3aBBlIUaTh TOYHOCTh HCXOAHBIX A@HHBIX, 4TOOb! H3GABHTb BBLIYHCIIH-
Teast OT GECIO/e3HbIX Dacueros;

r) yMeTb NpaBUJBHO NOCTPOHTb BHIYMC/IHTE/BHBNI Mpouecc, 4YTOGH
136aBHTb €ro OT TeX BHIK/AJIOK, KOTOPbIe HE OKakyT BAWSHHA Ha TOuHbe
uudpsl pesy.bTara.

§1.2. A " P

B § 1.1 6pi0 naHO ompenesiene NpHGJIHKEHHOTO YHCTA: npubaudice-
HbLM 4UCAOM Q HA3BIBAETCHA YHCJIO, HE3HAYHTEJNBHO OTJIH'-IEIOHIEBC}I OT TO4Y-
Horo uucia A H ero B Bl

Ecmn a<< A, TO TOBOPAT, YTO YHCJO @ ABJIAETCA HPHG.'UI)KSHHHM 3Ha-
venueM uncna A no vedocmamey; ecin @ > A — NPHO/IHIKEHHbIM 3HaUCHHEM
no usbeimxy.

Pasnocts MEKYy TOUHBIM YHCJOM A uero ﬂpHﬁJlH)KEHHHM 3HavYeHHeM
a cocraBaseT owubKy, win noepeurocms. Ecan a<< A, 10 A —a>0;
e a> A, 10 A—a<<0.

Kax npaBHJIO, 3HaK OmHUOKH BLIYUCIUTENS HE HHTEPeCyer, no3ToMy
TOJIB3YIOTCS aGCOMIOTHOI OMHKGKOH, WK aGCOMOTHOM NOTPelIHOCTbIO.

AﬁCOﬂlOTHaﬁ BeJHYHHA PQSHOCH/I ME)KRy TOUHBIM 4HCAOM A U ero
TPHGIHIKEHHBIM D
l'[plIGJ‘lH)KEHHOl‘O yHcaa a:

A,=|A—al. o

3nech BO3MOMKHBI JiBa CJyyas.
1. Tounoe uucio A HaM usBecTHo. Torja aGconroTHas TOTPEMIHOCTH
NpUGIHKEHHOTO YHCIA JeTKo Haxoautess mo gopmyae (1).

Hpumep 1. Tlycts A = 784,2737, a = 784,274; Torga aGCoMiOTHAs NOTPEILHOCTE
=|A —a|=1784,2737—784,274 | = 0,0003.



2. TouyHOe YHC/IO A HaM HEH3BECTHO, TOT/Ia BHIUUCTHTE aGCOMOTHYIO 10~
rpemnocTs 1o dopmyse (1) neabas. TlosTomy noab3yioTes TOHATHEM Tpd-
HHIBl aGCOMIOTHOM TIOTPEIHOCTH, YAOB/ETBOPSIONLE]l HEPABEHCTBY

JA—al< As.

T'paniila aGCOMOTHOM NOTPEILHOCTH, T. €. YHC/IO, 3aBEIOMO MPEBHIIAIO-
1mee aBCOMOTHYIO TIOrPeIHOCTb (WM B KpaliHem Ciydae paBHOE efi), Hasbl-
paetcs npede 7] i

Cneng 0, ecnu A; —mp a6coNoTHAs MOTPelHOCTb, TO

A, =]A—al <AL @

3HaueHHe TOYHOTO YHC/a A BCEIZA 3aKJIOMEHO B CAeAYIOWMX IPaHHNAX:
a—A<A<La+ A ©)

Bolpakenue a— A; ecTb npuGiankenne uncia A N0 HelOCTaTKy, a
a + A; — npubnnxkenue yncaa A no M3GmTKY. 3Hauenue uucaa A sa-
MHCHIBAETCA  TaK:

A=azx A, 3)

Mpumep 2. Uncsio 45,3 mogyueno okpyraenwer. Touoe 3HateHie YHCAA HEW3
BeCTHO, OAHAKO, MOMb3YACH NPaBHIaMHK OKPYIJIEHHA YHCE, MOXKHO CKa3aTh, 4TO a0~
COMOTHAS NOTPEIHOCTL He MPEBHILIAET (Menbwe Bay pasua) 0,05

CaenoBaTensHo, rpanuueli a6comoTHOM norpewnocTs (npeienbroii aGeooThoON
NOrpelIHOCTbI0) MO HO cuntaTs 0,05, 3anucwsaior 570 Tak: 45,3 ( = 0,05). Crobkn
4aCTO ONYCKAIOT, Tak 4To 3anuch 45,3 = 0,05 osnauaeT To xe camoe. Jleofinoil 3Hak
+ 08HAY3eT, YTO OTKJOHeHHe DPHOJNMIKeRHOro 3HaUeHHS YHCIA OT TOUHOTO BO3MOMN-
10 B 00e CTOPOHKL..B KauectBe Fpanmlibi aGCOIOTHO MOTPEIIHOCTR GePYT IO BOSMOK-
HOCTH HaHMeHblilee YHCIO,

Hpumep 3. [Ipu u3MepeHuu AIHHE OTPE3KA 0Ka3aJ0Ch, 4TO OMHKGKa, IONYUWEHHAA
uami, ne mpeswmaer 0,5 cM; Tem Godee ona ne npesmuaer 1, 2 wip 3 on. Kaxnoe
M3 STHX YHCEJ MOXHO CYHTaTh rpanmuuef abcomoTHoll norpemuocta. OAB&EKO HYXHO
YKasaTb HaHMeHbIIYIO W3 HHX, TaK KaK ueM Meublue rpannua aGeoaiolHofi norpewno-
CTH, TeM TOYHee BEIPaKaeTcsi NpHOAKKEHHO® 3HAueHHe YHeaa. B sanuce npubawken-
HOTO uHCAA, NOJYYEHHOTO B Pe3y/bTaTe M3Mepenis, OObIUHO OTVEYalor €10 npeieib-
HYIO a6COMOTHYIO NOTPeuIHOCTb,

Ha mpakriKe 4acTO MPHMEHSIOT BEIPAXKEHHS THINA: «C TOYHOCTBIO 10
0,01»; «c ToynocTbio 10 1 chi» u T. 4. D10 O3Hauaer, uTO NpefepHast abco-
JUOTHASL TOrpENIHOCTb CcOocTBEeTCTBeHHO paeHa 0,01; 1 cM u T. 1.

Tpumep 4. Ecau aauua otpeska | = 184 cm uanepena ¢ tounoctsio o 0,05 cu,
O mRWYT 1= 184 cv 4 0,05 cm. 3aech npefeabras aGCOMIOTHAs NOTPEMIHOCTH
Al = 0,05 cM, a TouHas BeAHUKHA ATHHb [ OTPe3Ka 3aKMoUeHa B CJCAYIOMKX TPaHK-
uax: 183,95 em < I < 184,05 cm.

ITo aGcomoTHol 1 npeneabHOil aGCOMOTHON NOTPELIHOCTSIM Hedb3st
CyauTh O TOM, XOpOLIO HJH IJIOXO TpOU3BEJEHO H3MepeHue.

Mpumep 5, [TycTh Npu HIMEPenHU KHATH  MHHL CTO/Ia GbH NOJYYeHb Pe3ylb-
TaTH: Iy = 28,4 £ 0,1 (M) u I = 110,3 + 0,1 (cm). M B nepsowm, # BO BTopoM cay-

dae npenenbhas a6comoTsas norpemHocts coctasazer 0,1 ca. Onsako Bropoe ua-
Mepenxe Gbi0 mpou3BeAeHO GOJiee TOUHO, 4eM Nepsoe.
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Jlas Toro 9TOGH ONpENeNTh KauecTBO NMPOU3BEJCHHLIX H3MepeHui,
HeOGXOMIMMO ONPEJeNIHTh, KaKYid JLORIO COCTaBjifeT abcoMOTHAA WM
npefiebias a0COMOTHAR NOTPEMIHOCTG  OT  MSMEPSIeMON  BeTUUHHbL,
B cBA3H C 5THM BBOAWTCSA HOHATHE OTHOCHTENBHON NOrPEUIHOCTH.

OmHo: 8, mpu6. 0 yncIa a
¢ oTHOWEHHE aGCOMOTHON Torpemmocti A, K MOAMO TOUHOrO WHCAA
A(AZ#0), e

Aq
8= e “)
Orciona
=148 7%}

Yucno 8%, 3aseromo npesblmalomee OTHOCHTEILHYE0 ﬂO]‘pELUHOCTb
(amu B KpafiHem ciyyae paBHoe eif),
Hotl nozpeuHocmoro:

4 1

8, < 8. ®)
H3 coorrowmenufi (4) u (5) BbITeKaer, uTo
Lo sy A< (A8
14}
Vi3 onpenenennst npefeabHoii aGCoMIOTHON NOMPEMIHOCTH CELYyeT, uTo
o << A7, Toraa moxmeo sanucath
As=|A|8; 6
h 3a l'lpelleJlele OTHOCHTEJIbHYIO TIOTpEIIHOCTD anﬁJ‘(H)KeHHOl'O qucaa
@ MOXKHO NpHHATb
A
o Ba %)
141
YunrhiBasi, uro A, Kax NpaBHIO, HEH3BECTHO M ut0 A A a, paBeHCTBa
(6) u (7) MOXHO 3amucaTh Tax:

Ai=1alda ®)
fam SE, @
la|

Bosepamasnce Kk npuMepy b, HafiieM mpefefibHbié OTHOCHTeNLHBIE MOrpeHOCTH
H3MEPEHUS KHHIH H CTOAA.

PR NCO RN 0a5%:

0= (o = 00055, nan 035%;
0,1

b7 = 2 6009, wan 0,09%.

L 7110,8 (o)
Takum o6pasoM, H3MepeHHe CTofla ObJI0 MPOH3BEJEHO HAMHOIO TOWHEe,
OueBHHO, UTO KaK OTHOCHTe/bHas NOTPEIIHOCTh, TaK H NpelebHast
OTHOCHTEJIbHAS NOTPENIHOCTL TPeCTaBAsIoT cofoft OTBJEYEHHBIE UHCa,
He 3aBHCALUME OT @IHHML, B KOTOPLIX BBIPAXKAIOTCH pPe3y.abTaThl H3mepe-
HHH,

12



fipumep 6. Ompesennts (B IPOUEHTAX) MPeETbHYIO OTHOCHTCABHYIO NOTPRINHOCTS
pHGAMKEHHOTO uncia a = 35,148 -+ 0,00074
Pewenue Bocnoapayemcs dopmysioii (7). Toraa
e Di_ 0,00074
9= Ta| = 3,148

=0,000021 = 0,0021%.

Tpumep 7. Onpenenw’rb NpefebHYI0 aGCOMIOTHYIO NIOTPEMIHOCTE NP HOJHKEHHOTO
yuena a = 4,123, ecan 83 = 0,01%.

Pewe u #e 3anuwem NpoucHTH B BJE NeCATHUHOH APOGH W AUIA ONpefeerHs
npegenbHOll acoMoTHON norpewKocTH Bocroabayemcs hopuyJoit (6'); Torxa

Ad=a| 6= 4,123 - 0,0001 = 0,00042.

Npumep 8. OnpesienuTs OTHOCHTE IbHEIE TOTPEIUHOCTH YHCEI X # Y, MONYUCHHBIX
apn u3Mepenn#u yriios Kaxofi u3 pesy.bTaTon Gosee TOUHBINP

50°3010" 3" 45°1536" 2" l

Pewenne. [lepesejeM sajanuble 3HAUCHH X M y B CEKYIH i ONpeiesum
OTHOCHTCJIbHLIE NOTPewHocTy usmepenuil. Botee TounbiM usmepenueM GyLer To, rae
OTHOCHTENbHAs MOrpemwHoCTh Menble. Mmeem:

x=181810" £ 37, 8, =3/181810 ~ 0,000017 =0,0017%;
y=162936" & 27, &, =2/162936 ~ 0,000013=0,0013%.

Hamepenne y nponsseneno Gosee T0UHO.
Tpumep 9. Qnpenennts, Kakoe pasencrso Toumee: ay = 13/19 =~ 0,684 nin
a=V52~701

emenne dus npefesbHEX norp Gepem
GHCIA Gy B @p ¢ GOABLIHM YNCAOM ACCATHUHHIX sHakos: 13/19 = 0,68421; /62 ~
~ 17,2111, Onp nor OKPYIJIASt HX C M3«
GLITKOM:
A%, =10,68421 0,684 | < 0,00022; A} =|7,2111—7,21 < 0,0012,
Haxonnm npefesbibie OTHOCHTEAbHbE MOrPEIIHOCTH?
8a, = A%, /a, =0,00022/0,684 = 0,00033 =0,033%;
85, = A% /ag=0,0012/7,21 2 0,00017 =0,017%.
BTopoe paseHcTBO siBAsETCs G0dce TOYHBIM, NOCKONBKY 84, < Sy
§ 1.3. A 3anMch np uncen.
3navawan uupa uncna. BepHas 3Havawas uuppa
C i WK HasblBAeTCs  COBOKYIMHOCTL

NpaBua, CayXKamwux Ads HanMEHOBaHMA M oGosnauenus wncen. Lugpa:
MU HA3KIBAIOTCS YCIOBHBIE SHAKH, HCTIONb3YeMble MPH 0G03HAYCHHN YHCe.
Tlpu sanuck uncen B AeCATHUHON CHCTEME CHHCJIEHHS NOMb3YIOTCS JECHTBIO
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uuppamu: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Jecatnunas cucrema ABafercs no-
BUKUOHHOL: 3HAUCHHE KaXAOH uHCl)pbl B YHC/IE 3ABHCHT OT €€ TIOJIOKEHHs
CpelH Apyrux wHQp sroro yucaa. Tak, B uncae 7777, 77 uMeioTcs LecTb
uHpp 7. Ho bce OHM HMEIOT pasHble 3HaueHHS. 3Haqeune nepBofi ciiesa
undpst — 7000, Bropoit — 700, TpeTbeit — 70, uetBeproli — 7, mATOH —
0,7, mecroi’{-—o,(ﬂ, Uueno 7777,77 sBasiercsi COKPAMIGHHOM 3ariChbiO
clleAyiomel cyMmbL

TN =7+ 10° 47+ 100+ 7 10047+ 10°4+ 7+ 101 4 7. 1072

B niecATHUHOM 4HCJIE €IHHUIA KAXKIOTO Paspsijia paBHa ACCSTH eIMHH-
HaM MpeabLIyIero paspsaaa. Booblue, BCsKOe JeCATHYHOR MOJIOKHTeIbHOE
YHCJIO @ MOXKET GBITh TpeACTaB/eno B Buje KOHEUHOH WM GeCKOHe'-IHDﬁ ne-
CATHYHON ApOGH:

A=y 1074 0y 1071 0y 107=2 s gy 10m=nF 1y (1)

rre o, — nudpel uncna (i = 1, 2, o, n), npuuem o, 7%= 0, a m — crap-
wHi JecsTHUHBIA paspAx 4Heaa a.

3HaucHUe €IMHHIb COOTBETCTBYIOLIErO paspsiila ecTb yewa paspsiia.
Tak, uena nepsoro (cﬂena) paap;u\a NpHOIHKEHHOTO uHCNA @ ecTh 107,
Broporo 107—1, ..., n-ro

Tlpu pewenny sanau oqeﬂb wacTo crasuTCs YCJIOBHE: BHIUHCIIHTD PE3YJIb-
TaT ¢ TOYHOCTBIO 10 ONIHOM JecsITolt, onuoft cotoii i T. X, Cosnaercs Brievar-
JIeHHE, YTO TOYHOCTb BEIYHC/IEHHH OTIpENe/IeTcs YHCJIOM AECATHUHbIX SHa-
KOB 10C/Ie 3ansToi. DTO HeNPaBHJILHO, TaK KaK YHC/IO JAECATHYHBIX 3HAKOB
3aBHCHT OT EJMHHIb!, BHIOPAHNOH AJIA H3MEpeHH:,

Onpenenisionuy TO4HOCTb BHIYHC/IEHHS ABISETCS HE YHCIIO JeCATHUHBIX
3HAKOB, a HHCHO SHANALINX uHgp pesyasrata

0 HHCaa @ 51 BCe LHp-

Ppbl B €ro ECATHYHOM H306PaKEHHH, OTHUHELE OT HyJ5l, B HYJIH, eCJlH OHH
cofiepikaTes MEX1y 3HAYAMMH HH(PPAMH HJIW DAcroNOXKeHbl B KOHUE
uHC/A W YKA3HIBAlOT HAa cOXpaHeHue paspana rTousoctH. Hyuw, crosmue
JleBee Neppofi OTHUHOI OT HYJAA LUMBPE, He ABJ AITCS SHayawu-
mH uudpamu,

Mpumep 1. Ynoma 0,001403 u 5,0300 umeior coorsercTnenHo 4 M 5 sHauawnx
undp. Hyas, samcansnh b KoHIte TeCATHIHON Ipo6H, BCeria sHavamias undpa (HHaue
ero mpocto Gpt He mucanu). B gansom npumepe 8 yucae 5,0300 nocaexnui uym, no-
KasbiBaeT, YTO YHCJO 8alaHO C TOYHOCTBIO A0 AECATHTHICAUHBIX.

Tlpy HamucaHWH UENbIX YHCE HYJH CIpaBa MOLYT GHITb B OHHX Cay-
yasx suavameli uudpod, B Apyrux — Hesuayamedl. Ecau uncno 835 000
3a/1aHO ¢ TOYHOCTBIO JIO eI HHIL, TO BCE TPH HYJIAl CNPaBa — 3HaualHe LHOPBL,
Ecau 2xe 370 YHC/IO 33/1aO ¢ TOWHOCTBIO /IO COTEH, TO NMOC/TENHHE ABA Hy-
Jisi — HesHauaue undpel, a HyJb B paspaie COTeH—s3Havamlas Ludpa,

Mpumep 2. Yncno 399 837 okpyramau 4o Thicay, noayauan 400 000, Hyib B pas-
pAae THCSU ABAsercs suavawed wHdpol, Tak Kak CTOMT B paspsue TowHocTH. Bee
OCTaMbHBIE WA(PH! CTOAIMME NeBee HY /A, HaXOUALIETOCH B Paspsiie TOYHOGTH, ABAAIOT-
c TaKme LI TPH HYAS — uupel.
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Jlasi TOrO uTOGHI N0 SAMKCH YHCJA MOXKHO GBIJIO Gbl ONPEIENHTD, ABAS-
foTcs 1 KpaiiHue Npasble HYJIH SHAYAMMH HIH HET, PEKOMEHIYeTCs neaa
NpeACTABAATE B BHJIE JBYX Tesiei,

400 - 10°, uan 40,0 - 10%, “un 4,00 - 105, Hocaennsis (opma 3amHcH, Kor-
i@ 8anATas NOCTaBJeHa Nocie NepBoi c/esa sHayamell HpE!, Ha3bIBaeT-
C1 HOPMAAGHOIL W ABJISIETCS NPENNOYTHTEBHOMA, B TaKOM npeicTaBneruy
KOJIMYECTBO 3HAYAlNX UH(P UHCJIA PABHO KOAHYECTBY 3HAUAUHX LHDP
1IepBOTO COMHOYKHTeNS.

OA1aKO TOYHOCTb TPHO/IHKEHHOTO YHC/IA 3aBUCHT HE OT TOTO, CKOJBKO
B 9TOM YHCJIE 3HAYANIHX LUDP, a OT TOro, CKOMIBKO 3HAYAIHX [P 3acTy-
JKHBAIOT I0BEPHS, T. €. OT KOJIHUECTBA BEPHBIX SHAYALIUX LHOP.

TpuOIHKEeHHOE YHCIO @ = oy + 10™ 4y « 107! 4= . 4+, X
X 10m=r+1 - . CONePIKHT N BEPHbLX BHAHAULUX YUGP 8 YIKOM CMbICAL,
ec/H aGCOMOTHAs MOTPEIIHOCTh STOTO YWC/A He NPEeBOCXOAUT MOJIOBHHLI
e[MHHIbI JECSTHYHOIO pa3spsfia, BbIPAXKaeMOro n-ii 3Havamedi wugpoi,
cyuTas CleBa Hamp T, €, €CJIH BBIIIC p TBO

A,<0,5.10m=n+1, @
Ecni STO HepaBeHCTBO He BBINOJIHSETCS, TO UH(PY 0., HASBIBAIOT COMHU-
meavroil. OueBuaHO, UTO ecu WHPpa o, — BepHasi, TO H BCe MPEIECTBYIO

e efi unpp Toxke BepHiie. Takuym 00pasoM, Cpesin BEPHEIX H(p Beeraa
MOKHO YKa3aTh MOC/EIHIOI,

Mpumep 3 [lns tounoro yncna A = 17,976 qucno @ = 17,98 spaserca npu6m|
KeLHeM C ‘IETHprﬂ BEPHLIMH 8HAKAMH B Y3KOM CMBICJE, Tak Kak A, = al=
= 0,004 < 0,5.0,01.

B MaTeMaTHYECKHX T. X BCE l.lHqubl——
sepHble. Tak, B u3BeCTHBIX Tabnunax B, M. Bpanuca snauenus cunyca aanbl
¢ abcoMioTHOM norpelHoCTbI0, He npesbimalomedi 0,5 - 1074, T, e. ¢ ue-
THPbMA BEpHbIMH SHaualluMH WH(paMH B yskom cMbice. B mocaensee
BPeMs CTaNH HCTOJIb30BAThCSA TaG/HIb! (TaGMHUBl Pas/iHIHEIX USHUECKUX
BEJTHYHH, SKCIIEPHMEHTA/JbHO COCTAB/IeHHBle TaG/uIbi), B KOTOphIX a6co-
JIOTHbIE NOTPELLIHOCTH YHCE) He ONAT eUHHIIB 0 paspaaa.

IMpu6nuxentoe uucno

=y 107402 107 =1 Ly o, 10m=2F 14 L,
COZIEPIKHT 1l BEPHOLY BHAUAUUX LUGP 8 WLUPOKOM CAbICA, €CIIH aBCOTIOTHES
TOrPEIIHOCTb STOTO YHC/1A HE MPEBOCXOAKT eHHHIE ICCATHYHOTO pa3psaa,
BEIPaXKaemoro n-ii suavamieil Uudpoii, CuuTas cieBa Hampaso, T, €. eci
BBINOJIHACTCH HEpaBeHCTBO

A, < 1al0m=n+1, @

TMpuwmep 4. [lns tounoro uncna A = 17,976 wucao @ = 17,97 apaseres npréau-
KEHHLIM ¢ 4eTHPbMs nepur.mu unbpaMi © wHpoKoM cMEiCAe, TaK Kak Ag =
=14 —a]=0,006<1

P

Hepasencrsa (2) n (3) mokno samucath B Buze A, < o » 107m—n+1,
rne mapamerp o, npuaumaiomuii suavenus 0,5 << o << 1, ykaswipaer Ha
XapaKTep MpOBOAHMELX #i, Eci nip upcaa NosB-
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JI0rcs B PesysbTare BHUHCACHHI M0 GOPMyJaM ¢ TOUHBIMH SHAUCHHAMH
WCXOAHBIX JaHHBIX (HAMpUMep, NMPH COCTAB/JEHMH TabJaHU TPAHCIEHJEHT-
HbIX (DYHKIIHE), [HBIMH C/IOBaMH, KOTJ@ MOXKHO NPAKTHYECKH NOCTHTHYTh
1060i1 3a7auHON TOYHOCTH, TO BBITOAHeEe GpaTh MeHbllee 3Hauenue napa-
MmeTpa @, T. €. ® = 0,5.

Ecau e MPUG/IIKEHHEIE YHC/a NOMYYAIOTC B Pe3yJbTaTe BHIUHCITE-
Hiif C HEIOCTATOUHO TOYHBIMH HCXOJHEIMH JaHHBIMH, TO NapaMerp ® NMpu-
HHMAeTCsl PaBHEIM efunuie. B sToM ciyuae masbie 3HaueHus mapameTpa
© CBfI3aHBI C HEOGXONMMOCTBIO TPOUBBOAHTD OKPYIVIEHHS, KOTOphie CHH-
JaIOT TOYHOCTb PeSYJLTATOB H NMOSTOMY SIBSIOTCS HEeBbITOAHbIMH. ECiH
yKa3aHo, 4To UH(PLI NPHOIHIKEHHOTO YHC/Ia BepHble H » = (,5, TO 970 03-
Hauaer, 4TO UM(PbI YHCJA BEPHHI B Y3KOM CMBICIE; ecan ke o = 1, 10
B mupoxom CcMBICTIe.

mep 5. CKOMbKO BepHEIX undp 9HCNO
a= 85 267 =+ 0,0084: 1) B yskom cuMbicae; 2) B u.mpoxoM cMblcae?

Pewenne 1) s ycroBus BHAHO, UTO MOTPEINHOCTH Aa 0,0084 < 0,05.
CrneoBaTenbHO, BEPHEIMH B Y3KOM CMBICKe GYAyT undpei 8, 5,

N 52) Tlockonbky Aq = 0,0084 < 0,01, BepHEIMH B WHPOKOM cmuu:e 6yayT undpL

2,
ﬂpnme TIOTPEIIHOCTH NP
apcen a = 96, 387 Wb = 9 37, ‘ecan onn CoflepIKaT TONLKO BepHEIE WHPPHL B y3KOM
MIHPOKOM CMBIC/E COOTBETCTBEHHO,

Pemenne. |) Tak Kak &z 9ncaa a = 96,387 nocaennsia wnpa 7, cromman
B paspsife THICAYHBIX Lojedl, ABAsercs BepHofi sHauamedl uubpoll B y3KoM CcMbiCae,
10 Ay < 0,5 0,001, 1. e. A, < 0,0005, min A5=0,0005. Torza YHCIO @ MOXHO
samncarb Tax: 96,387 + 0,0005.

2) Tlocaenuss undpa npuGaHKeHHOTO uucaa b = 9,32 cTOMT B paspsle COTHX
Roneft, Tak KaK 5TO YHCJIO COACPXKHT BepHbIE LHDDLI B INHPOKOM CMBICAE, TO, Clef0Ba-
teasho, Ay < 10,01, . e. Ap < 0,01, man A% = 0,01. Uneso b Moo 3anucars
Tak: 9,32 £ 0,01,

§ 1.4. Oxpyrnenune uncen

B HpHﬁJIH)KeHHHX BBIYHCAEHUAX YaCTO MPUXOAHTCS OKPYIIfATH YHCAA
KaK npHOIHIKeHHbIE, TaK H TOYHBIE, T. €. OTGPachBaTh ONHY HIH HECKOIBKO
nocneRHUX UHdp U npu Heosxommoc—m 3aMeHsITh HX HyJsivu. TTpH OKpyr-
JIEHHH 4UuCJa Mbl UYHCJIOM C KOJIH-
9ecTBOM 3HauaAUIHX Uugp, B pesleb'raTe 4ero BO3HHKaeT NMOrpPeIHOCTb OK-
pyraerus. UroSel 3Ta norpemHocTs Gslia MHHHMA/IBHOI, HYXHO NMpHIEp-
JKHBaTLCS HEKOTOPBIX MPaBH/ OKPYIJIEHHSA (M0 AONOJIHEHHIO).

Mpasuao I. Ecau nepsas caesa u3 om6paa>(eaemuc yugpp 6oavue
5, mo OHAR UB COXP yugp yeu
Ha eo 4y. Yeurerue u moeda, kozda nepsaﬂ caesa u3 om-
Gpacoisaesorx yugpp pasta b, a sa xeil credyiom omautsie om KYAR yuppoL.

Mpumep 1. OXpyraas 0 AeCATHIX Aol UHCAO 73,473, noayunm 73,6. ITocren-
HAIA W3 OCTaBIIHXCA UMD ycuJeHa, Tak Kak 7 >

ol p asuao II. Ecau nepeas us amépomeunwc yugp mexowe 5, mo

A us yupp we ycu. m. e. Ges

UBMEHEHUR.

Tpumep 2. OKpyrasa Ao COTHIX Kodelt wncao 73,473, nonyuum 73,47,



Mpasuxo I Ecau nepsas cacea us omGpouennox yugp pasHa
5 u aa Heil He caedyiom omaunHbie Om Hyas uuq’)pbz, Mo nocredHss ocmas-
wasca yugpa yeu. ecau onHa Ges
ecau OHa 4emuai (MpaBHAO quHoﬂ uu¢p o).

Mpumep 3. Oxpyrass sucao 5,785 1o coThix jomefl, nonyuaem 5,78. Veuaenus
me JedaeM, TaK Kak MOCACHHssS COXpansemas uuppa 8 — ueTHas. Okpyrisa unciIo
5,775 IO BTOPOrO JECATHUHOTO 3HaKa, uMeeM 5,78. ITocnenuss coxpausemas undpa 7
y Ha eIUHHLY, y OHa HeveTHas.

pu nprumeHernu npasuaa 111 K oxpyraennio oxHoro umena mbi Gak-
THUECKH HE YBEJHUMBAEM TOYHOCTH BBIYHC/ICHHH, ONHAKO NMPH MHOTOUHC-
JIEHHBIX OKPYTJIEHUAX H3OBITOUHBIE UMC/IA BCTPEUAIOTCA MPHUMEPHO TAK Ke
4acTo, KaK H HeocTatounbie. [IpoMCXOHT B3auMHas KOMIEHCaIlHs TOTpelll-
BoCTeH, Pe3y/IbTaT oKasbiBaeTcs GoJiee TOYHBIM.

Taxnym 06pasoM, MpH NPHMEHEHWH Bl PaCCMOTPEHHBIX MPABHA OK-

pyraIeHHs ab OKkpyenerun He no.oau-
3, o

Hot_edus paspsda, O d il L

yugpod.

Ecnn tounoe unesio A OKpYTVIfeTea 1o n 3HAaYallHX UHppP No mpaBuay
JONOJHEHHsI, TO TOJaYy4aemMoe TPHOIMKENHOE YUC/IO @ HMeeT abCosoTHYIO
NOrPELIHOCTD, PaBHYIO TIOTPELIHOCTH OKPyIJIeHus. B aToM cayuae npudin-
JKEHHOE YHCJIO @ UMEET n BePHLIX SHAYAlHX HU(P B Y3IKOM CMbIC/E.

Mpumep 4. Oxpyrass gucao A = 26,837 1o Tpex sHauamux UHDP, MOAYIHM
a = 26,8, oTkyna

Ag=| A—a|==| 26,837 —26,8| =0,037 < 0,05,
T. e. 4HCJIO @ UMeeT TPH BepHble 3Havamue Hu(PLl B Y3KOM CMBICTE.

Ilpu OKpyrsienun npHOTHMEHHOTO YHC/a @; NOJNydYaeM HOBOe mpHGan-
JKEHHO@ YHC/IO @y, aGCOMOTHasA TMOTPEINHOCTh KOTOPOTO CKJIaIbIBAeTcsl M3
a6COMOTHON NOTPENIHOCTH MePBOHAYANBHOTO UHCAA @ M MOTPEIHOCTH
OKpyTJeHus, T. e.

B, = Ag, + Agype m

NMpumep 5, OxpyrsiuTh coMHMTeNbHbe UMDPH YHCHa ap = 34 124 ( 4 0,021).
OupefiennTh a6CcoMOTHYIO NOTPEUIHOCTL PeSybTaTa.

emwe B ue. [IprGanmenHOe UHCIO a1 UMEET 1pH BepHbie UudPs B Y3KOM CMbiC-
70,3, 4, 1, Tax Kax By, 0,021 < 0,05 Upuviens npapina okpyraenns , nafizen
3HayeHHe ay, necsiTele Jlonu: @y = 34,1. Tenepw monyyaem

A = A, + Aogp = 0,021 + 0,024 = 0,045 < 0,05.

Tamm3 oGpaaoM, BCe 3HayamHe UHQPH YHCAA dy BEpHbIE (B Y3KOM CMHICJE), T. €.
ay 4,1

OﬂHaKO NpH OKpPYFaennH nplléllH)KeHHOl"O Yneaa a;, UMEIOIEro n Bep-
HBIX SHayamMX OHOP (B y3KOM CMBIC/E), 0 /2 3HAYAHX UH(P MOXKET OKa-
3aThCsl, YTO OKPYT/IEHHOE UHCJIO @y GyAET HMETh /1 BePHbIX 3HAUALIUX LWidp
B IIHPOKOM CMBICJ/IE,

Tipamep 6. IpuGaumennoe ancio a; = 15,3654 3 0,0018 nmeet yeTspe BepHble

BHavamue udpyl B yakom cwmcae (1, 5, 3, 6), Tax kak A, = 0,0018 < 0,005, Ipx
OKPYIMIeHUH JO ueThlpeX sHadaliuX unpp moayunm a, = 19,

By = Ay Aoy =0,0018 40,0046 =0,0064,



Ouesugno, wro 0,005 < 0,0064 < 0,01, Caenosatenbho, sucio 15,37 + 0,0064
HMeeT yeTspe Bepx-‘ue um})pu B IIHPOKOM CMBICTIE,

Mpumep YTARTH COMHHTeJbYB WubpH Yncaa 4y = 26,7245 + 0,0026,
ocTaBHB BepHLIE a Il B YSKOM cMuic/ie, Onpenennts a6COMIOTHYIO OTPELIHOCTD pe-
syabTata. 3

Pewmenne IMo ycrosuo A, = 0,0026 < 0,005, cienoBatedbho, 8 HHCTS
26,7245 BepHLIMH B YSKOM CMHICIE ABAsioTes Ludps 2, 6, 7, 2. Hcnoassys npae:um

, Haftzen 3HaueHHE Gy, COXP coTwle X0IH: @y = 26,72,
Hlanee, pucens

By, = By, Aonp=0,0026 10,0045 =0,0071.
floayuennan morpemsocts Gonpite 0,005 (0,005 < 0,0071), NOSTOMY YMEHBLIHM HHC-
710 WHGP B NPUCTHKEHHOM YHCAE JO TPeX: ag = 26.7.

By, = By, +Borp =0,0026.--0,0245 =0,0271,

T e. A, <0,05. CrenoBatenbHo, ocTaBuIHeCs TP WH(PLI BEPHH B YSKOM CMBICAE.
Mpumep 8. OKPYI/HTh COMHWTeAbHbie UHDPH dyncia ay = 22,7314, ocraens
Bepﬂue 3.131(“ B y3KOM cueicqe. Onpefents aGCONIOTHYIO MOTPEIIHOCTD UHCTA, €CH
= 0,2%
Pewenue Banumes 8, B Buje necsituunofi apoGur 8, = 0,002 u ompene-
4 a
am A, mopopuyse (6) § 1.2
Ay, =l ag | 8, = 22,7314 . 0,002 = 0,0455.
Tax xak A, = 0,0455 < 0,05, To BepHHIMH B 5T0M 4HCAE OyRYT TpH wibps: 2, 2, 7.
Oxpyraum gncao 22,7314, coxparus b Hem JecaThie J0aH; @, = 22,7. Torna
= B, Aoup=0,0455-0,0314 =0,0769,
TocKOMIbKY NOJIyueHHast OTPemHOCT 6onbme 0,05, ymenbmaem yncao uudp B npué-
JKEHHOM YHCTe 10 ABYX: @5 = 23; T¢
A, = An‘+Aoup=0,0455+0,2686=0,314|,
T. €. Aa’ < 0,5. Takum o6pasom, B NIONYYeHHOM OKPyIeHHoM dncie 23 obe uudpu
SBASIOTCS BEPHBIMH B Y3KOM CMBICTE.

Mpumep 9. OkPYrANTh COMHATENbHBE LHPPH UKCIa a3 = 5,273, ocTaBHB BepHbie
uaku B u.lnpuxou cuMucTe, ONpelesHTb aGCOMIOTHYIO NOTPEUHOCT: YHCAa, ec
=0,1%

a ’
Pewewnmne Haxomum

A, =lay |8, =5,273.0,001 =0,0083,

B yucie gy BePHBHIMH B MIHPOKOM CMBIC/IE SBJSIOTCS TPH P (5, 2, 7), 105TOMY OK-
pyrasiem ero Ao tTpex suavamux uudp: a, = 5,27; orciona

By, = Ay, -Aoup=0,00534-0,003==0,0083 < 0,01.
CilenoBaTebo, OKPyTeHHOE SHCAO 5,27 MMeeT TPH Bephble UH(PPH B MIHPOKOM
cuEIcTe.

§ 1.5. CBA3bL MEKAY YHCNIOM BEPHBIX 3HAKOB M MOTPELIHOCTBIO YHCNA

AGcomoTHaA TOrpeLHoCTs NpHOIHKEHHONO Yucia CBA3aHa C YHC/IOM
BepHbIX 3HAKOB COOTHOLIEHHEM

A, < - 10m=n+1, )
4TO CJENYeT H3 onpejenenis BEPHOH sHavauledl LHPEI,
18



B KaKoii ke 3aBHCHMOCTH OT WHCJIa BepHEIX 3HAYalHX 1udp HaXoauTCs
OTHOCHTE/bHAA MOPeIIHOCTL?
3amuiieM NpHGTMKEHHOR YHCI0

a=o,- 107 40y 1071 4 L, e, - 10m=nF1 4 L [©)
(@ 7= 0), BCE MUPPBI KOTOPOTO NMPH NaHHOM BHIGOpE MapameTpa @ BepHbie

0s<o<])
Paspenus ofe uactu nepasescTsa (1) ma | @ |, noayuum

. 10m—n+1 . [om=nbt
Do ©-10 <210 _
Ta| g 10M 0y 0=V - . foge 10M=1414 ] g+ 10™

®-10M [
= . @
oy+107.107=1 oy 1071
T. €
©
8a< g @

rne oy — neppaf sHavamas umppa YHCJI8, A — KOJIHYeCTBO BepHBIX
suavamux undgp.
3a npeiebHY0 OTHOCHTEIBHYIO MOTPEIIHOCTL MOXKHO NPHHATH

Sh=—2 . @
o
Tpumep 1. Kaxosa mp ol nor| TPHOTHIKEHHOTO
Tuena a = 4,176, €C/IK OHO HMEET TO/IbKO BepHHIE UHDPb B Y3KOM CMEIC/E?
e H u e Tax kak B unche 4,176 nce uertipe WH(pPsI BePHE B y3KOM CMbICTe,
0 au6npaem ©=0,5, ITo popmyJe (4) HAXOAHM NpeAebHYio OTHOCHTEAbHYIO Nor-
PeurHoeTh

. ®
fp= —— =
g+ 10m=1 10°
Bameriy, 9T0 NPeLENBbIYIO OTHOCHTENLHYIO MOTPEIKOCTL HHCAA @ MOKHO HaiiT,
nombsysch opuysiofi §a= A/l a |. Tak Kak B LAHHOM YHCIE @ BCC LHQPH BEPHE
B YBKOM cMbicae, TO A 4 = 0,0005. Torna

§7=0,0005/4,176 7 0,000120 =0,0120%,

Kak sufinM, pasHnua neBesnka, HO npuvenenue Gopmy/ (4) HeckoabKO yrpo-
waer phuncaCHie 4.
Tpumep 2. Kakosa npeje/ibias OTHOCHTe/bHAs MOTPEWINOCTb UKena @ = 14,278,
©C/IH OHO HMEeT TOJIbKO BepPHbie ULl B LINPOKOM CMBICTE?
ewenne Tak Kak Bee 0aTh LUP YHCAA BEPHH B WIHPOKOM CMbiCTe, TO
© =1, Torga

=0,000125 =0,0125%,

[0) 1
8= ——— = ——=0,0001=0,01%,
G TR T ’
Mpumep 8. Co CKONbKHMY BEPHEIMH ACCATHUHBIMH 3HAKAMH B YBKOM CMBICAE HAZO
8341 |/T8, 4ro6el norpewnocts ne npesuimana 0,1%?
Pemenne 3pecha = VI8 x4, ..; 8a < 0,1%, 1 e 8a <0,001; 0 = 0,5,
uyeem  §f = PwRTr=h 0,001, otkyna
125 < 1071 1,25.10° < n—1; 11,2542 < n—1; n»3-1g1,25,

T-e.n > 3, ren — HanMenbluii ueoTHCACH U apryvent, [Las Gonbwelt TowHoCTH
MOKHO NpUHATL n1 = 4,
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§ 1.6. fMorp TYMMEL M P
Teopema. A H P I CYMMBL HECKOAL-
Kux qicen e Ny Cymmol Y
cmell smux wucer.
JlokasaTefibCTBO, Myers  A=X;+ X + .o + X,
— CyMMa TOYHBIX 9HCeJ, IPHYEM BEJHYHHB X; MOTYT ObITh MOGOro sHaka;
a = % 4 X3 + ... + %, — CyMMa NpHG/IHIKEHHBIX SHAUCHHH THX YHCEJ.

AGcomoTHEIE NOTPENIHOCTH KX COOTBETCTBEHHO PaBHBI Ay, Ay, veny Ax,.
Brautas w3 TOuHOTO CyMMBl  TTPHO. ee
HMeEM

Ama= X — 1) + (Ko=) oo+ (X — 2,)-
[epexons k monymsM, NOMyunM
JA—al < | X—x |+ X — )+ o | X —x, )
CuieniopatenbHo,

B, <A, HA A+ e A, @
4TO M TpefoBasoch ROKa3aTh.

Cuaencrsune. [Ipedeasras a
KO CYMMOL PABHA LYMME O x ab D i caa-

eaembix.
Lleicrprrensho, umeem Ay < A%, Ay, <A, o A <AL
MMoncraBnsis SHaueHHs NpeACJbHBIX alCOMOTHBIX MOTpemHoCcTeli B Hepa-

BeHcTBO (1), Mbl eme Gosiee yCHAUM €ro:
ANy + A, 4 e A

w

Ba= A5 AG e HAL ®

Hs mocnennefi dopmyss crenyer, uto npenenbHas aGCoMIOTHAS TO-
FPELHOCTs anreGpaHyeckoll CyMMbl He MOMKeT GbiTh MEHBbLile MPEeAeTbHOH
aBCOJIIOTHOI TIOTPEIIHOCTH HaHMeHee TOYHOTO H3 C/laraeMbiX, TaK Kak yBe-
JIHYEHHE TOYHOCTH 8a CYET OCTANBHBIX C/1araeMblX HEBO3MOXKHO. Hoa‘romy,
4TOGH! HE TIPOHSBOAHTE JIHIIHKX BBIYUCJICHHH, HE C/lE/lyeT COXPAHSTh JIMII-
HUe 3HaKH U B GOJIee TOUHLIX C/IATr4eMBIX,

TIpH co10KeH N YHCeN PAs/THUHON aBCOMOTHOH TOYHOCTH PEKOMEHyeTes
NOCTyNaTh C/enyruM oGpasom:

1) BbAENHTH YHCAO (MAH 4HMC]2) HaUMeRbluell aGCOMIOTHON TOYHOCTH
(7. &. gHcnI0, HMeolee HaRGObILYIO aGCOMOTHYIO NOTPEIIHOCTD);

2) HauGosiee TOUHBIE YHC/IA OKPYI/INTH TaKHM 06PasoM, 9TOObI COXpa-
HUTb B HHX HA OJIUH SHAK GONIbILE, YeM B BhLIENEHHOM YHCHE (T, €, OCTaBHTh
OJ\MH 3alacHOf SHaK);

3) UPOH3BECTH COKEHHe, YUHTHIBAS BCE COXPaHEHHBIE 3HAKH;

4) nosnyuyeHHbIt pesysbraT OKPYIVINTh Ha OMH SHaK.

Hpumep 1. CHOXHTD HECKONLKO NPHGNHKEHHBIX YHCEN:

a=0,1732 + 17,45 -+ 0,000333 - 204,4 - 7,25 -+~
+ 144,2 - 0,0112 - 0,634 - 0,0771.
B ®aX10M K3 NPHBEJEHHBIX YHCE/ BepHbl BCe 3Havaulue LudpPH (B MHPOKOM CMEICAC).
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PemeHne Buensem 18a uncia Haumewsuell Tounoctn: 204,4 u 144,2. O6a
oHH BEPHBI ¢ TOYHOCTHIO 10 0, 1. ClenoBaTe/1bHO, 0CTANbHbIE YHC/A CeyeT OKPYTIHTD
¢ 10480CTH10 20 0,01. OKPYTJIHM H COXHM STH YuCaa:

0,117
17,4 |5
0,0 | 0
2014

n2ls
144,2

0,01
0,63
008
374,1 |9

OKpyrass nosydersoe uucio o 0,1, okonuaTeJbHO MoayunM a = 374,2.

OueHuM TOYHOCTH pesyabTaTa. JIJis 3TOro HaiieM NOJIHYI0 NOrpemHoCTs, KoTopas
COCTOHT H8 TPeX CAaracmhx;

1) CyMMB mpeJie/bHeIX IOTpemHOCTeHl HCXOAHBIX NaHHBIX

Ay = 0,0001 4 0,01 4 0,000001 4 0,1+ 0,01 4 0,1 4~ 0,0001 4 0,001 +
- 0,0001 = 0,221301 < 0,222
2) aGCoMoTHON BENHYHHB CyMMB OWNGOK (C yUYeToM WX 8HAKOB) OKPYyT/ACHHA
caaraemMbix
Ay =]0,00324-0,000333 40,0012 0,004 —0,0029 | =
=0,005833 < 0,006;

3) saw/ounTeNbHON MOTPELHOCTH OKPYIJeHHs pesybTaTa Ay = 0,010,
Cazposatenso,

Ag= A+ Ay -+ A, < 0,222 + 0,006 4 0,010 = 0,238 < 0,3.

Hckomas cymma ects 374,2 =+ 0,8,

Takum o6pasom, y 4TO He MeHbuie
npeaenbHoil a6coaOTHON NOrpewiHOCTH HanMeHee 'rolmoro ns caaraeMeix (Ieficrau-
Teabyo, 0,3 > 0,1).

OnpejesiuM NpeenbHyIo OTHOCHTENBHYIO NOrPELIHOCTD CYMMbI HECKO/b-
KAX TPHOMKEHHBIX U4HCe.

3nech caeayer pasnuuarh ABa cayyas: 1) BCe CiaraeMble HMEIOT OfHHa-
KOBHI® 3HAKH; 2) caraemble HMEIOT pasiple 3HaKH,

Paccmorpumne p BB i ¢y 4 a it [lyerb a = % + X3 + .o + X,
rae npuGauxkenHble wucaa X (( = 1, 2, ..., n) MMEIOT COOTBETCTBEHHO
npefiesbuble  aGCOMOTHBIE TorpemnocTh A%, AL, .., A;", Tlonomkum
AJs mpocToThl X; > 0; Toraa

A
b= @)

a

Ho, coriacto gopmyJe (2)
=85+ AL A,

n
Moacrasaas A} B GopMyay (3) 1 samensis a cymmoi Elx,, NONYUHM
<



5
P
. .‘=n‘ @)
N
x
A
Tak Kak A% =8, 10
i t 6*:
S=I=L [EY]

Oﬁoaﬁaqum uepes Opax ¥ Ohin HauGosbllee W HaMMEHbIIEE M3 UHCEN
% TOTAQ HMeeM

n n
> udy Srmax 12 x

Si= S < — = = e

21 x 2 X

AHa/OrHIHO MOXKHO NOMYUHT, 9TO 85 > 8un, Takum oGpasom,

Sinin < 8% < Sfnax @
C, 0, npedeasHas cymmot
e 00HO020 BHAKA 3AKMOHEHA MEHDY uauMeubweu u HauGoavtued

Tlpumep 2. OuenuTh OTHOCKTE/BHYIO TIOTPEIHOCTE CYMME! GHCen B mpHMepe 1 u
CPaBHHTD € G OTHOCHTE/IbHEIMH NOTDEIIHOCTAME C/laraeMbiX.
Pewe # ue OTHOCHTe/ bHAS NOTPEUIHOCTL CYMMbl @ TAKOBAI
84 = 0,3/374,2 = 0,0008 = 0,08%.
I or nor CcaaraeMbx
1/1732=0,038%;  1/1745=0,057%; 1/333=0,3%;
1/2044=0,049%;  1/725=0,14%; 1/1442=0,068%;
1/112=0,89%; 1/634=0,16%;  1/771=0,13%;
Smax=0,89%;  Smin=0,049%; 84=0,08%.
Hrax, 0,049 < 0,08 < 0, 89 T, e. ot Tor} 3aKJII0~

ueHa MeXAY oTHOCH! norpem o=
CTSIME CJaraembix.

Paccmorpum BTOpO# cayuwai (pasmocts). [lyets x>0,
y>0ua=x—y, Torua, coxpanss npexuue 0GO3HAYEHHUs, MONYYHM

o Aa Bt Ay )

lal  Ix=y|
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TakuM 06Pa3oM, €/ UHCIa X H i MaJIO OT/IHYAIOTCA APYT OT APYTa, TO faxe
TIpH MaJIbIX TOTPEHoCTAX AY H A} BEHUHHA MPEebHOMN OTHOCHTENLHOM
TIOrPeIIHOCTH PA3HOCTH MOXKET OKa3aThCsl 3HAYHTENBHOI.

Mpuvep 3. Myers x = 5,125, y = 5,135; sgecs A% = 0,0005, A} = 0,0005,
Sr= 85 = 0,01%. Tlpeflebhian e OTHOCHTEAbHAf NOTPELIHOCTh PA3HOCTH & =
=X —y PpaBHa

A 0,00054-0,0005
8= —————— . 100= 10%.
. 0,01

0'-I€B}lﬂHO, YTO B PC3YJIbTAaTe BLIYHTAHHA ABYX GIH3KHX UHCET MOXKeT
npou30iiTH Go/IbIIas NOTePs TOUHOCTH. UTO6bI He JONYCTHTD 3TOTO, CleayeT
TNONBITATLCA TaK npeoﬁpaaoaan BBHIYHCHHTEIBHYIO CXeMy, 4TOGB! MaJble
PasHOCTH BEAHYHH BBIYHCISIHCE HENOCPE/ICTBEHHO.

Tipumep 4. Haiirn pasnocrs u = /5,27 — /6,26 ¢ Tpemn nepumn suaxanm.

Pewe e Bosswew V527 u 16,26 c aoctatouno Gonsumm Koamdectsou
BepHbIX 3HAYAMAX UHP, TAK KaK NPH BHYATAHKH GAUIKUX APYT APYTY YHCed Nepshie
1HeCKOMIbKO LWHPP MOTYT MpomacTh:

V6,27 =2,503997...; 1/6,26=2,501999... .

Monyunym

u="Y/5,27T—/5,26=0,001998 = 0,00200 =2,00- 10-3,

ORHAKO BLIYHCANTEAbHYIO CXeMY MOKHO H3MEHHTD H B3ATb KBAAPATHbE KOPHH TOABKO
€ TPeMs Bep HHIMH 3HAKAMH:

e VET e VBT =VEE VETLVEH) _
' ' V6,27 + V6%
6

VE27+V6,2

910 BHIpaKeHHE, KPOME PASHOCTH AaHHBLIX YHCEJ, HUKAKHX APYruX pas3nocteft we co-
Repxkut. B peayapTare mosyuaem
0,01 0,01

— i ' _0,00200=2,00-10-3,
2 ,50--2,50 5,00 ’ 0

Kak W npexe.

Tpumep 5. Buluncauts 3Hauenie QYHKUHH y = 1 — €OS X A5l CACAYIOMNX 3Ha-
yennit aprymenta: 1) x = 80°% 2) x = 1° [loACYNTaTh NpefeAbHbE a6COMOTHYIO i
OTHOCHTE/IbHYIO TIOTPELIHOCTH Pe3ysbTaTa.

Pewewnmne. 3 Tlo «YeThipexaHaunLM MaTemMaThueCKuM Tabauuam» Bpaguca
uaxonum: cos 80° = 0,1736 u nocxonhxy BCe LHPPBI ITOTO YHCIA BEPHBI B YIKOM CMbiC-
e, 10 Acos 80° == 0,00005. Toraa yy — cos 80°= 1—0,1736 = 0,8264 u A},
= 0,00005 (13 TouHOrO 'mCIla. pﬂnnoro eNHHHLE, BHUHTACTCS npu&'lmKeHHoe lmcno
< abeomorsoit ior 00005

8, =o,oooos/o.szs4 =0,00006 ==0,006%

9) Mweem cos 1°= 0,9998;  Acos 10 = 0,00005; gy, =
= 10,9998 = 0,0002; A7, = 0,00005; onatur,

By,

— cos

00005/0,0002 =0,25 =25%.
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Vs mprBeflenHuX MPHMEPOB BUANO, HTO AIsl MATHX SHAYEHHH apryMeHTa remo-
CpeCTBEHHEI pacueT no popMyae y = | — Cos x Ja€T OTHOCATENBHYIO LOrpemHocT,
nopsiaka 25%. Jlas x = 80° Takam NOrpewIHOCTD cocTasaser Beero ammws 0,006%.

[BMEHHM BBLIYHCIHTENbHYIO CXeMY H JIS BHYHC/JEHHA 3HaueHui ¢>yx-nmuu y=
= 1 — COS X IPH MaJIBIX 3HAYEHHSIX aPTYMEHTa BOCNOJAb3YeMes Gopyyoi y = 1 —

—cos x=2sin? £, OGoswaumy a = sin 0°30° = 0,0087. Torza Aj = 0,00005; 85 =
= 0,5/87 = 0,58%. Ho
ga=1—cos x=1—cos I°= 2 sin? 0°30' = 2 . 0,00872 = 0,000151;
8y, =8q2=205=1,16%.
(cM. ke, § 1.7). B peayssbTate nomyuaem
A}y =y}, = 0,000151 - 0,0116 = 0,0000018
(a panee umenn Aa= 0, 00005) Taxuu 06pasoM, npocToe npeoGpasoBaHHe pacyer-

Holi hopMyIBi no TaGaHUaM HOAYTHTE GOIbLLYI0
TOUHOCTb.

Onnako npeoGpasoBaTh BEIYHCHHTENLHYIO CXeMy He BCerjla BOSMOKHO.
TlosToMy npw BEUHTaHHH GM3KHX APYT APYTY UMCe,] HeOOXOAMMO MX GpaTh
C JIOCTaTOYHBIM YHCJOM 3allaCHBIX BEPHBIX SHAKOB (ec.rm 3TO BO3MOXKHO).
Ecai H3BeCTHO, UTO NepBhIe /7 3HAYAILHX UHPP MOTYT IPONACTD, & Pesyab-
TaT HYXKHO MOJYYHTb C 7L BEDHBIMH SHAYALUMH [.ll/lq)PaMH, TO HCXOAHBIE At~
Hble HeOGXONUMO GpaTh ¢ /7 -+ 11 BepHBIMH 3HAYaLHMH IH(PaMH, Kak 6bI0
chenano B mpumepe 4

§ 1.7. MorpewHocTs NPousBeaeHKs. YMCNO BEPHLIX 3HAKOB
npou3seaeHus

Pauee Gbun nosyuensl Gopmyasl s onpefenenns aGComoOTHOR mo-
TPEILHOCTH anreGpanyecKoli CyMMBl HECKOJIBKHX NMPHO/IHAKEHHBIX dHCEel.

Jan Haxomnenus aGCOMOTHOH NOTPEIIHOCTH MNpOH3BEACHUS U =
=Xy X3...X, W UACTHOTO y=1x/y TaKXKe MOMKHO MONyYHTH COOTBETCTBYIONIIE
(OpMY.IH, OHAKO OH ABAAIOTCH Gosiee COKHBIMH, H TIOSTOMY abCOMOT-
HYI0 NOTPeNHOCTb NPOM3BEAEHHsi W YACTHOTO YJOOHO HAXONUTH uepes
OTHOCHTEJIBHYIO TIOTPENIHOCTh, HCNOAb3Ys Gopmyay A, = | u |8,. B ca-
3H C 9THM BhiBeieM (opMy.Ty 1A ONpeniesieHns OTHOCHTEIbHOH MOorpeiw-
HOCTH TIPOH3BEJEHHS .

MorpewHocts Teopema. O,
npousaeaenuﬂ ﬂeCKO/I.bKUJC npu6ﬂumenub¢x HUCen, OMAUMHBLY Om HYas, He
CYMMbt P MUX Hucen,
ﬂoxaaa‘renbc'rau. Iycts
U= XXy wve Xne m
)1.'[51 ONpeJIeNeHHOCTH TOJIOMKHM, 4TO HPHGJIH)KGHHHQ YHCHIA Xpy Xgy eesy x,.
TIOJIOXKHTEbHBL H UMEIOT aGLOIOTHBIE TOMPEIHOCTH Ayyy By arey As)
OTBETCTBEHHO.
JLA51 OLeHKH MOTPEIIHOCTH TIp npoJiorapug yeMm Bblpaxe-
uue (I):
Inu=1ln % +In x5+ ..+ In x5 2
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AGcooTHas TOTPEIHOCTb aareGPaHuecKolil CyMMBI HECKOJIBKHX NPROIH-

JKEHHBIX UHCEN (2) He NMPEeBOCXONHT CyMMEl aGCOMIOTHBLIX NOrpemHocTed
cnaraeMblx, T. e.

Bin e < A sy F Aty + e A+ Bins,e 3)
Hcnonb3yst npuOIHKenHyio Gopmyay
Buwsalding|= IAT| (4
TOJTy4HM
©)
oTKyla
8, <Oy 40t o B (6)

3aMeTHM, YTO 3HAK MOMLYJs B BHIDAXKEHUH (5) OTYUIEH, TaK KaK ﬁuno npu-
HATO, yT0 X; > 0 (i = 1, 2, ..., n).

Dopmyiia (6), OUEBHAHO, OCTAETCs BEPHOH H B TOM Clyyae, eCIH X;
HMEIOT pasHble SHaKH.

Cnencrsue. [lped P npousse-
Oerus pasta cymme npeo i COMHO-
acumened.

JlelicTBHTENIEHO,

85 >0x 81 >80 o 8, > 80 %)

TloncTaBnfis 3HAUEHHA MpENEbHBIX OTHOCHTEJIBHBIX MOTPEILHOCTel B He-
pasencTso (6), Mbl ewme Gosiee yCHIUM €ro, T. €.

<O, 485+ oo 405,

Oi=0% 48, + ... 65 ®)

Ecau Bee COMHOMKHTENH, KPOME OIHOTO, ABJAIOTCS TOUHBIMH YHCIaMH,

TO U3 opMmyanl (8) cnezxye-r, YTO NpefiesIbHas OTHOCHTE/IbHAS NMOTPELIHOCT

i OTHOCHTENBHOI NOrPelHOCThIO

NPHGMHIKEHHOTO COMHO)I(HTeJIﬂ TakuM 06pa3oM, eC/H MPHOIHKEHHbIM
YHCJIOM FIBJAETCS JIMUIbL 3HAYEHHE MHOXHTEeIA X, TO

8= 5%, ©)

3ameuanmne [Ipu yMmHONeHHH MPUGMHKEHHOTO WHCAA X HA TOY-
HEIil COMHOXHTEJIb & TpeJie/ibHasi OTHOCHTEIbHASA NOTPEUIHOCTb NIPOH3Be-
JeHHSI paBHA NpEeAeAbHOl OTHOCHTeILHOMN MOrPeWHOCTH NpHGIHKEHHOro
uHCsa ¥, @ npejienbHas aGCoMOTHAS NOTPemHoCTb B | k| pas Gosibuie mpe-
HeNbHON abCOMOTHON WOTPEmHOCTH NPHONNKEHHOTO COMHOMMTEN,
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IleficTBHTENbHO, NYCTh # == kX, TA€ k— TOYHBIA COMHOMHIENb, OT/IHY-
ubill ot nysis, Torza cornacHo dopmysne (9) umeem 8, = &5, wiu

s=lulh=]u|8 =] ke| 2 =k[AL
x| .

Ap=|k| AL (10)

3nas TIpeebHYI0 OTHOCHTEJIbHYIO TOrpeiHOCTh 5‘ TIpOU3BEeAEHNS U,
MO)KHO ONpEJIE/IUT, €ero aGCoMIOTHYIO TIOrpelHocTs 1o dopmyae Aj =
= 1

I/Is ¢0pMyJ|bl (8) BHIHO, 4TO MpefieNbHAs OTHOCHTE/bHAS NOTPEIHOCTh
TIPOH3BEJIEHUs HE MOKeT OHITh MeHbllle, yeM MnpejiebHasi OTHOCHTENbHAs
TNOrpemHoCcTb HaHMeHee TOYHOro u3 COMHOXHTeNEH. nOS’l‘OMy TIpH NIePeMHO-
JKEHHH yuncea PZ{QHOﬁ OTHOCHTE/ILHOH TOYHOCTH (T. €. HMEIoIUX pasHoe
YHC/IO BEePHHIX 3HAYALLHX UH(P) BHINOMHSAIOT Ciefylomue AeHCTBAS MO Bbl-
UHCACHHIO TPOH3BEAEHHS:

1) BBIIEJIAIOT YHCJO C HAHMEHBIIMM KOJIMYECTBOM BEpHLIX 3Hayalux
oudp (HanMeHee TOYHOE YHCJIO);

2) OKpYMJISIOT OCTaBIlHECs COMHOXKHTE/NH TaKuM 00pa3oM, YTOGH OHH
coflepKa/iH Ha OJHY 3Hauauyio uudpy Gosibiue, yeM KONHUECTBO BEPHBIX
3HavYalHX UH(D B BbLIEICHHOM YHCIE;

3) coxpansior B mp CTOJIBKO nudp, CKOJIbKO BeEp-
HBIX 3HAYalINMX LlHqu HMeeT HalMeHee TOUHbIH U3 COMHOKHTe el (Bbme-lleli'
HOE YHCJIO).

Npumep 1. HafiTs npousseerye npubAuKeHHEIX uuces x; = 3,6 u x, = 84,489,
BCE UH(PLI KOTOPHIX BEPHB

Pemenue B nepsom uncae ABe BepHble SHavailke HHQPH, a BO BTOPOM —
nath. [TosTomy BTOpOE WHCIO oﬂ(%ymuem o Tpex sHauamux unpp. [locae oxpyrie-
wis umeeM x; = 3,6; x. =84,5. Otciona

xixg = 3,6 + 84,5 = 294,20 ~ 2,9 -10%,

B peay:lbn'm 0CTaBJeHH JBe 3HAUAHE UKGPE, T. €. CTOJIBKO, CKOMBKO X uyen
epHbIX
npmep 2 Onpegenurs npoussefenne 4 npnMnmemmx witcen X =124 u
= 65,54 1 YHCNO BEPHLIX 3HAKOB B HEM, €C/IH BCE HaNHCaHHbE NHPPH COMHONH-
Teneﬁ Bepnu (B ysKOM CMBICTE).
mer e B nepeom ug whcen TPH BepHBle SHauamue UHPPH, BO BTOPOM —
-aempe MOKHO yHc/Ia 6es npe HOro OKpY 511 Xy - Xy =
== 12,4 - 65,54 = 712,696. Cnenyer ocTaBHTb TPH SHaualiue NUQPH, TaK Kak Hau-
Meree Tounbi 13 comuomme}(eﬂ HMeeT CTOJBKO € BEPHEIX 3HauallhX LHOP; TakHM
o6pasom, # = 713. ITojicunTaeM NOrpemHOCTb:

0,05 | 0,005
12,4 T 6,50 00

8= 8%, - 0%, =

Toraa Au = 713 . 0,004 =~ 3. 3uauur, npousaenenﬁe u WMeeT ABa BEPHHIX SHAaKa M
ero clIeAyer 3amucaTh Tak. 4 = 713 4
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Yucjio BepHbIX 3HAKOB nponsBeienus. IlycTe 1aHO NpOHM3BEAEHHE
k comHomsuTenel (k<< 10):

L3
U=X" %y o Xp= TI %
=1

rre ¥ 7= 0. Kaxnbrii 43 cOMHOMKHTE/IEl CONEPIKHT HE MEHEE YeM 7 BEPHBIX
undp (2> 1).
IlyeTs KaX[bHi H3 COMHOMHTEE HMeeT BHA:
xp= oy 100 4By 10— oy 105 =24 L,
P 10 B 10 g 10

Xy =, 10'% 4By lO’k +yh lO’k 24,
T €.
X, =, 1014, 10 oy 100 L (=1, 2, ., h)

311eCh 0y, Uy, .., 0Ly — NEPBLIE 3HAYaNHe LH(PEI NPHOIHMKEHHBIX COM-
HOXKHTENei, 3aMUCaHHbIX B JCCATHUHOM CHCTEME CUHCICHUS.

J1nst mpenenbHOM OTHOCHTE/ILHOI NOTPEIHOCTH IPHOHEHHOTO YHCd,
HMEIOILETO 7L BEDHBIX 3HAKOB, HCIO/B3yeM GopMyy

s © .
&, = T i=1,2 .., b

Torjia mpejie/ibHas OTHOCHTENBHAS TIOTPEUIHOCTL NPOM3BEASHHS Kk Dpu-
GnusKeHHBIX YHCe, HMeKJU.lHX [0 1 BEPHHIX SHayamwHX uup, pasha

6,,—2 & —2

i=1

(1

YunrhiBasi, uTo comMHOXkHTeNel He Gonee 10 (& << 10), H\lEEMZ

i=1
H, CaeJ0BaTeJbHO,

+ ®
s =t (12)
Takum 06pa30M, €CJIH BCE COMHOXKHTENH HMEIOT /1 BEPHBLIX 3Havaulnx
P U YHCAO cOMHONKHTEsel He Goee 10, TO GICAIO BEPHBIX 3HAKOB NPOH3
BeJIeHHsl Ha OJHY HJIH Ha JiB€ €IHHHLIbI MeHbIUE 7. B tom Cayyae, ecan con
HOZKHTRJIH HMEIOT Pas/NUHYI0 TOYHOCTH, IOA 71 CJAAYeT MNOHHMATL YHC-
/IO BepHLIX 3HAKOB HaHMEHEee TOYHOTO H3 COMHOKHUTENEH.

Mpumep 3. O MOrPemHOCTh # KOARYECTBO
BEPHHIX UupP npouaseneﬂn;l u = 84 76 B 436, rae sce uudpbi coMpoRuTeeH Bep-
Hbl B Y3KOM CMBICIE.

ewenue O6a COMHOKATeNS AMEIOT 110 YeTHIPE Bep Hble LAPPE B Y3KOM CMBIC-
%e, T, e, n=4u o= 0,5 Toraa no ¢opmye (11) nueen

PSR Sy 0 SO U DR SN RS
6,‘_2_103(84-8)— -10 <,,10.

CnencBaTeano, DPOUSBEACHHE HMCCT 1O NeHbweA Mepe Tpu BepHsie UEQPH B y3KOM
Ml
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TMposepum, Tak Jau 970, Haii AaHHbL 6. gHceT;
oHo paBHO & = T14,1. Onpeneum npenenwvw aécw(mnylo TOrpeuHocTs No ¢opmy~
ne A =|u | 8% nonyunm Ag = 714,1 - 0,125 . 10—* = 0,09. Torma u=714,1 &
= 0,09. Orciona c/iefyer, 4TO MPCN3BefeHHe HMeeT TPH BepHHE LUuDPH B YSKOM
cubiclie.

Tipuwiep 4.
u = 145,35 - l 24386 u -muw Bepﬂux undp B HeM, ec:m gpCaa nanu © BepHEIMH
SHAKAMH B Y3KOM CMBICTIE.
menue. 3nech xq = 145,35; n;=5 x,— 1,24386; ny = 6; ® = 0,5.
ﬂﬂﬂllb!e yHCAa HMEIor P undp,
. Haxonum

1 1 1
2-10*(1"'1)’
. X
ITTSRU B

L1074 < 107

M1 BuHM, 9TO npuuasenenue HMeeT YeThIPe BepHble SHauamue WHPPH B HPOKOM HAR
TPH B Y3KOM CMEICK

Takum odpaaom, s CamMoM HeGIarompHATHOM CAydae, KOTNA MepBHe SHauauiue
wHGpL COMHOXKHUTENEH PaBHE eAHKHLE, MPOUBe/ienne GyJeT HMETh O MeHbieli Mepe
n — 2 pepHble sHauamue UHQPL (TIE 1 — HAHMEHbIIEE YHCAO BEPHHX SHAYAMIHX
undp AaHHLIX COMHOKHTENeR).

Mpumep 5. OnpejenTh MPeeAbHYI0 OTHOCKTENbHYIO MOTPEMIHOCTb MPOHSBEle-
nust = 4,387 - 593,6 1 UHCIO BePHLIX SHAKOB B HEM, eCJIH THCIA CONePIKAT TOALKO
BepHble UuPPLI B WIUPOKOM CMEICIE

Pewewnue Uveema, = 4, n, = 4,0, = 5,n, = 4, ® = 1. Torna

® 1 1 1 1 1
8 e [ . — | = —— [ — - — | =10-2.0,45 .10-3,
“ 10""(0&1+a5) 10“(4+5) 10708 <10

Tlpon3sesierte COACPIKHT TPH BEPHLIE 3HaUAMKe NHPPH B WHPOKOM CMBICAE, T. €. HA
ORHY MeHbIe, YeM KaXkKAufl H3 COMHOKHTeNe .

3amewuanne PaccMOTpHM caydail, KOra HaXONUTCA MPOH3BeNe-
HHE GOJIBIIOrO YHC/a NPHGAHMEHHBIX YHCes
U= XXy ... Xp (B> 10).
IpenenbHas oTHOCHTCNbHAA NOTPENIHOCTb cOnvacHo dopmyse (8) papHa

8 =05, 46k, .o Oy

Onnaro npy GoIbLIOM YHCJIE k2 yOGHee NOAb30BATHCS CTAaTHCTHYECKOI
OIEeHKOH, YUHTHIBAIOMEH YaCTHYHYIO KOMIICHCAMHIO TOTPEUIHOCTeH PasHbIX
3HakoB. EC/H mpefie/bHbIE OTHOCHTE/BHEIE NOMPENIHOCTH COMHOMXHTEse
IPHMEPHO OJHHAKOBBI U PaBHbI 8], TO /Il ONpe/iesIeHHs NPEeNbHO OTHO-
CHTE/ILHOI! IOTPELIHOCTH POH3BEJEHHS MOXKHO BOCNOAB30BATLCA POpMyTolt

=V3k-8 (13)

Ecnu xe npefienbHas OTHOCHTEbHas TOTPEIIHOCTb OJHOTO H3 YHcen
3HaYHTE/LHO MPEBLILIAET NOTPEITHOCTH OCTALHBIX COMHOXKHTeJeH, TO
TipefieNibHAs OTHOCHTEJIBHAS IOTPElIHOCTL NPOU3BEACHHA NPHHHMaeTcs
PaBHO# 3TOH MaKCHMAJIbHOMH MOrPEIHOCTH,
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§ 1.8. MorpewHoCTh HacTHOro, YHCNO BEPHLIX 3HAKOB HAacTHOro

Morpewnocts uacthoro, Teopema. OmHocumesras —noepeutHocms
He cymMmoL X deaumozo

p
u Qeaumeas.
JlokasareabcTBo. [lycTh X H y— npuOMHIKEHHBIE YHCIIa,
a Ay u A, — abcomoTHble nOrpeiHocTH. Jlisi OnpeieaeHHOCTH NOMOKHM
x>0, y> 0. TpebyeTcs HaliTH NOTPEIIHOCIb Y4CTHOrO
u=-"= 1)
¥

Ipouorapug )BaB"BH (1), noayunm

Inu=1Inx—Ing. 2)

AGcooTHas MOTPemHOCTb anreGpanyecKoll CyMMBI NPHGIHIKEHHBIX YH-
ceJ/l He NPEBOCXOAHT CyMMbI aBCOMIOTHEIX IIOl"[)eLLIHOCTEl‘;l csiaraeMblx, mos-
TOMY

A u << Ainx4-Bin e @)
INpumensas nprOAHKEHHYIO (OpMYTy
Anu | d Inu | =,
noyyHM
. @
Ham

8, < 8+ 8,0 @)
3Hak MOJy/il B PaBEeHCTBE (4) omyuieH, TaK Kak MBI MOJOXKHJIH X > 0,
y>0.

®opmyaa (4), oueBH1HO, GyseT BepHOH U TOra, KOrja AeIHMOe U Ae/H-
Te/Ib UMEIOT Pa3HBe SHAKH,

Caepcrsue. I1ped
PpasHa cymme nped
Aumeas.

HeiierButensto, 8,<C 8%, 6, <<§;, 1.e. 8, <81+,

8, =05+ 6. (5)

3ameuanue Bee npaBuna NpuOLIIKEHHBIX BEIMHCAeHHH, cdop-
MyJTHD ansy 1, PacnpocTpa 1 Ha ciyuail 1enenus.
B YaCTHOCTH, €CJIH OJIHO H3 yucea (nennMoe HAH lle.}'mTeJIb) OTHOCHTEJILHO
TOUHee APYroro, To 60JEe TOWHOE YHCIO OKPYIVIAETCS Tak, YToOb B HeM
OKasasoch Ha OJHY 3Hauauiyro nudpy 6o/ble, yeM KOJMYECTBO BEPHHIX
SHayamuX MHpp HaHMEHEe TOYHOro M3 uHCel. DTO Ke MPaBHJO PacrpocT-
pansiercsi Ha Cay4al, KOTa NPHXONHTCA NEPEMHOKATh HAH JEJHTb He-
CKOJIBKO YHCeJ. OxoHYaTe bHbI pesy/bpTar, Kak MpaBuJo, 3alHCHIBAeTCA
€ abcomoTHOH WM NpeAenbHofi aGComoTHON norpemHoctbio, Ilostomy,

P
P i Qeaumozo u Oe-
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SHasl OTHOCHTEJBHYIO HJH TIPEJeIbHYIO OTHOCHTENBHYIO HOTPENIHOCTb HacT-
HOTO, JIETKO OMPEAeNHTh a0COMOTHYI0 HMN MpeledbHylo aGCooTHyo
TIOrpelHOCTb pedyabTara 1o Gopmyse

Ar=lu|6s.

Tpavep 1. Buuncants 9acTroe u == /g nprbaumensux gucen £ = 5,735 »
y = 1,23, ecan Bce UnbPHl NeANMOro i AEANTENA BEPEH B LIHPOKOM cMbicae. Onpe-
neaHTHL npeaensﬂue OTROCHTE/IbHYIO M aGCOJIOTHYIO NOTPEIHOCTH.

eure H i e CHauana BuuucanM uacTHoe. Jleanmoe x = 5, 735 CONePIKHT ve-

THpe sepuue SHAdAULHEe LHQPH, IENHTENb — TPH; MO3TOMY yomuo NIPOBOAHTL JeJCHHE
$e3 mpenBapuTeNLHOrO Okpyraenns: u = 5,735 : 1,23 = 4,66. B pesy.anTare octas-
JMeHH TPH 3HauaziHe UH(PH, TaK KaK HamMeHee TOYHOE YHCJIO (JeAHTENb) COACPKAT
TPR BeHME 3HAuarihe MHPPH.

2) Tloacunraen Tp! nor wacTHOrO NO (op=
uyse (5), yunTesas, 410 Ax = 0 001 Ap= 00D

= 85 - ——=0,00018-0, 0081 00831 =0,83 %.
=+ 5735 123 0. + 3=0,00
3) Onpegesun npeleishylo aGCoMIOTHYIO NOTPENIHOCTD
a;,=|u|85=4,66.0,0083=0,04.
OKOHYATRIILHBI] PE3ysTaT CrlellyeT SalucaTh Tak: u = 4, 66 + 0,04.
3aMeTnM, 4TO WA(PA COTHX Losiell sBAsETCS conumenwoﬁ nockoasky 0,04 >
> 0,01. Ecam 3a:incaTb pesynsTaT TOABKO C BEPHEIMH 3HAYANIHMH LHPPaMH, TO He-
oﬁxonmo npomsﬂm‘n ORpPYT/ICHHE H Y4ecTb MOTPEIlHOCIb OKDPYIVIEHHS, T. €. Uy =
=47, Ai= A+ Agp= 0,04+ 0,04 = 0,08 ~0,I. Torza u=4,7 0,1
Oamako na canon fene npejenbiias aGCONOTHAS MOrPEIIHOCTh HECKOABKO HHXKE
Uncno BepHbIX 3HaKOB YacTHOro. I1ycTh MpuGAHIKEHHbIE YHCAA X H i
HMEIOT 10 7 BePHBIX 3HavallHX UuQp H MyCTb
X =0y 105 4oy 1067145
=By 100 4 By 105714

Tora, MCHOAB3ys PaBEHCTBA

~ © . ® z
6‘=_a1.10"-‘ 'é”_—ﬁ,»m' 05<oD),
HafifeM TNpeeNbHYI0 OTHOCHTEJNBHYIO MOTPelHOCTh YacTHOTO
5’=6‘v5‘=_ﬁ_4_L=_“’_(L L 6)
R T T R T 5 ©

CuiejloBaTeIbHO, ecii &, == 2 u By = 2, TO yacTHoe HmeeT n — 1 Bep-
Hy!o 3Hauamylo nudpy. Eciu ke a; = 11 f, = 1, T0 yacTHOe MOJKeT HMETH
n — 2 BepHble 3Havaine LHPHL.

Mpumep 2. Buuncauts gactroe # = 39,356 : 2,21 u onpefennTh, CKOIBKO B HeM
COMIePKHTCA BEPHEIX 3HAYamuX UADP, eCin B N HMOM H Je/THTene BCe UHPPH Bep-
Heie (B YSKOM CMBICAE).

emenue, 1) [ockonbky B KenTene TPW BepHele 3Havamue WHGPH, a B Ae-
JIMOM — TSTh, NENHMOS oxpyr.vmen no ueTHIPeX 3HAYAMHX UKD H NPOHIBOLAM Je-
qerue: u = 39,36 : 2,21 = 7,8 (B pesysbTaTe oCTaBJfeM CTONbKO 3Hada«
WAX LHpP, CROABKO HX mueercx B lmc:le © MEeHbIIHM KOAHYECTBOM BEPHHIX SHAYaIIHX
undp)
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2) Tloxcuer mp efe/bHOf OTHOCHTE/BHOR NOTPEIIHOCTH Tpon3BefeM mo Qopmy e
,5, TOCKOJIBKY IE/HMOE H JRMNHTeNb COREpIKaT BepHEe UHPPH B Y3KOM

TaK K4K MeHee TOUHOE YHCJIO COMCPHKHT TPH BepHhle UHYPH; ¢ = 3;
By = 2 C-Yle[lOBaTe.nhHO,

1 I 1 1 1 5
oo 2 (L o () 2 j0-r—0,42%.
= e (ot )= T (54— oo e
TaxnM 06Pa30M, 4aCTHOE COJCPIKHT ABE BepHbE 3Hauamne UuPPL (B Y3KOM CMBIC-
Jie), T. €. Ha OXHY 31a4aiiyio LHDPY MeHblle, yeM ¥ NpHOAHKEHHOTO Yicaa (leanTens)
© MCHBIINM KOJHYECTBON BePHLIX 3HAUAMHX HAP.
Tipumep 3. OupenednTh NpelebHYIO OTHOCHTEbHYIO MOrPEINHOCTE YACTHOTO
= 15,834 : 1,72 n KO/MYECTRO BEPHHIX SHAUAMKX LH(P B HEM, eCJli GeJHMOE H Je-
.Imreﬂb COZepKAT BepHLE SHAYallHe NHDPH B WHPOKOM CMBICTE.
emre e HaHueHee TO4HOE WHCAO COXCPHKHT TPH BePHBIE SHAUAULIHE UHGPEL.
Onpenenum NpefeibHYI0 OTHOCHTEAbHYIO MOrpeliHocTs no gopuyae (6), npuuaB
1 (ancaa cofepikaT Bepubie LAQPH B MHPOKOM CMBIJE):

@ 1 i 1 1 1 2
5= — == — = ]=—==0210-1
LT TN P + B 100 (17 100
Mo BHANW, YTO YAaCTHOE CONASPHHT TONBLKO OJHY BepHYIO 3Hauamylo uxppy, T. e-
ia ABe BepHbie SHavalyie LNphL NeHbIE, YN y HaHMeHee TOUHOTO WiCAa,

§ 1.9. MorpewHocTH cTeneHH U KOpHS

MorpewnocTs cTenenu. Teopema. [pedervras omrocumebnas no-
m-ii 1 np qucaa  (m — Hamypaisroe)

& m_pas Goavtue npede i canozo wucaa.
okasaTeabctno. [lyers u = x7, Torda

U=X+ Ko ke
. m commomuTeneh

Haiinem npenenpnyio o'rHocHTeJleylo MOTPEMIHOCTb MPOH3BEAeHH s
s

m caaFaenux
T. e

& =mb, 1
uT0 M TpeGoBasock 10Ka3ath. M3 pasetictsa (1) BhTekaer, 4TO IpH BO3Bele-
11K MIPUGNMKEHHOTO YHCJA B CTEMeHb B Pe3yJibTare C/AELYeT OCTaBHTH

CTONILKO 3HAYAIIHX UKD, CKOJLKO BEpHBIX 3HAYAlHX LHGBP COIEPIKHTCA
B OCHOBAaHHH CTENEHH.

MNpumep 1. Cropona Ksaxpata a = 36,5 cm (¢ Tounoctsto 10 | mm). Haiitu nao-
malb KBajpaTa, OTHOCHTENbHYIO H aGCOMIOTHYIO MOTPEWIKOCTH H UHCAC BEPHLIX 3HA-
KOB pegyJbTara.

Pewenue. I) Bouncaum mromags ksanpara

S=a =365 = 1332 = 1,33 . 10° (c®).

2) O NMOrPemHOCTs IIomatH

~0,0054.,
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3 0 p Yi0 rorpemy naomain
A= Sb5==1,33:10%-0,0054=0,72-10 = 8 cn’.

OxoMUaTeLHHA OTBET MOXKHO SalHCaThb Tak:
8 = (1,33 £ 0,008) . 10° (cn?).

Takuyt 06pa3soM, PesyabTaT HMeeT TPR BepHble 2Hauamme WH(PH B MUPOKOM
cmpene.

MorpeirocTs kopus. Teopema. /1pedeasnan OMHOCUMENbHAR nOzpewd-
HOCMG KOPHA m-il Crienenu & m pas Mexbule npedeatHOil OMHOCUMEAbHON
nozpeurHocmit  NOOKOPEHHOZO HUCAA.

m

HokasateabeTBo, [lyets u =7/ X, toraa x = u™, Orciona
nonyuaem O3 = mby, T €,

8=l % @
w

uTO M TPeGOBaNOCh JIOKA3aTh:
M3 papenctsa (2) BbITeKaeT, 9TO NpPH H3BJIEYEHHH KODHS m-it CTeNeHH
3 TIPHO/IMXEHHOTO UHCIA B pe3yJibTaTe cllellyeT GPaTh CTOMbKO 3HaYallHX
UHQP, CKONBKO BEPHBIX 3HAYaulMX LUHGP HMeeT MOLKOPEHHOe YHCJIO.
Mpumep 2. OnpeneanTh, ¢ KaKol OTHOCHTENbHOM NOTPEUIHOCTHIO W CO CKOJILKHMM
BEPHLIMH LMQPaMH MOXKHO HaliTH CTODOHY KBajpara, €CNH ero miomais S =
= 16,45 cu® (¢ TounocTbI0 K0 0,01).
Pemenue Hyveew a=1/§= 4,05 (cm);
1 10,01
[ SO .
a= 9 STy T 16,45
A3 = 4,056 - 0,0003 = 1,2 - 10~* 0,002,
Takum o6pasom, a = 4,056 & 0,002 (cv), oTkyaa n = 3.

=0,0003=0,03 %}

§ 1.10. Npasuna nogcuera uupp

Tpu BBIUKCIENHAX, €CAH HE NPOBOAHTCA CTPOTHIl MOJCYET MOrPeIHO-
creil, peKOMeH/lyeTcs N0/b30BaTbCs NMpaBuaaMu Nojcuera undp. 3tu npa-
BHJIA yKa3bIBAIOT, KaK CJIENyET NMPOBONHTE OKPYIVIEHHE BCeX Pesy/bTaros,
4TOGH, BO-NMePBLIX, 06ecneunTh SalaHHyI0 TOUHOCTb OKOHUATENBHOTO pe-
8yJ/bTaTa H, BO-BTOPBIX, He np Th BbI' c
He OKa3blBAIOIMMH BAHSHME Ha BEPHLIE SHAKH PesyJbTara,

Ipupenem npaBnna noacuera uHodp, navnse B. M. Bpa-
-ILHCOM.

1. Ilpu cnoxenuy H BLINHTaHHH NPHOAMMKEHHBIX YHCEN B pesy/bTate
CJIeIyeT COXPAHHT CTOJILKO ASCATHYHEIX 3HAKOB, CKOJBKO HX B MPHGAH-
KEHHOM JQHHOM C HaHMEHBILIHM UHCJIOM AECATHUHBIX SHAKOB,

2. TIpu yMHOXeHHH H Ie/IeHHH B Pe3yJibTate C/IyeT COXPAHHTD CTOb-
KO 3Havaumux Lll‘lq]}). CKOJIBKO HX B l'[pHGJIH)KEl{HDM JIaHHOM C HaHMEHbIUKWM
YHCJIOM BEpHbIX 3HaAualluXx ullll)]].

3. Tlpu BosBeenn: NPHOJIHKEHHOTO YHMCAa B KBaAPaT HAH Ky6 B pe-
3yJIbTaTe CEAYeT COXPAHHTb CTONBKO SHAYAWHX HHPP, CKOJBLKO HX B OC-
HOBaHHH CTeNeHH,

32




4. Tlpu u3BleuEHHH KBaipaTHOro H KyGHYeCKOro KopHefl U3 mpHG/IH-
JKEHHOTO UHCJIA B Pe3yJibTaTe C/Ie/lyeT COXPaHHUT CTOMbKO 3HaYaluX udp,
CKO/ILKO WX B TNOJKOPEHHOM YHCJE.

5. [pH BHIYKCTEHHH MPOMEXKYTOUHBIX PE3yJILTATOB CEAyeT COXPAHHTh
Ha oy udpy Gosblue, YeM PeKOMEHIYIOT NpaBuia 1—4, B oxoHuaTess-
HOM pe3yJIbTare 3Ta udpar or6p

6. Ecau HeKoTOpHe JaHHBIE HMEIOT 6o/bie ﬂecilTH'—lelX 3HaKOB (NpH
CJI0XEHUH W BEIYHTAHUH) MK GoMblue SHAuaUMX nudp (MpH APyrux nef-
CTBHAX), UM APYTHE, TO HX NPe/IBAPHTENBHO C/IEYET OKPYTIUTD, COXPaHss
JHILb ONHY «3amacHyio WHPys.

7. [lpn BBIYHCAEHHH C NOMOIIBIO JIOTapH(MOB OXHOUIEHHOTO BHIPaKe-
HUSA PEKOMEHJlyeTcsi MOJCUHTATb YHC/I0 X nudp B
JaHHOM, HMEIOMeM HaHMeHblUee UHCI0 SHAYAIIHX Wudp, H BOCIIOB3OB aTh-
cs1 1ab/ieit JIOrapHGMOB € UHCIIOM JECATHYHBIX SHAKOB Ha EJMHHIY
GoabunM. B oKoHuaTe/bHOM pesybTaTe NOCHeMHAs sHavalias ungppa or-
GpacsiBaeTcs.

8. Ecau fanmbie MOXKHO 6paTh C MPOM3BOJLHOE TOYHOCTBIO, TO JVIA
NOJyYenHs Pe3yJibTaTa C 11 BEPHLIMH LH(PaMH HCXOJHbIE JaHHBIE CelyeT
Gpath ¢ TaKuM 9HCJIOM WH(P, KOTGPHIE COrMIaCHO NpPeNbIAYIUM TpaBHIaM
oecnieanpaiorT m + 1 uuppy B pesynbrare.

OTH NpaBuia JAlOTC B NPEANOJOXKEHHH, YTO KOMIOHeHTH JeficTBuil
COZiep:KaT TOJIbKO BepHble H(PEI H YHCJO AeHCTBHI HEBEJAHKO.

2
¢ 1{"— Te @ =7,45 (0,01), b = 50,46 ( & 0,02),
o= 15 4 ( & 0,03). OnpeseAnTh NOTPEmIHOCT Pe3yJbTATA.
Pe e ue. TIpy sLUHCTEHHY IPOMEKYTOUHBX PeSy/IbTaToB Gy IeM COXpaHATS
ONHY ¢3aracHYIO UHPPY?, T. €. eClH 10 ObmeMy NPaBHIY CIefyeT OCTaBHTh 7 3HaUa~
WHX WP, TO B IPOMEKYTOUHBIX PesyabTaTaX coxpanuM a ~+ 1 undpy. Hneem
413,5-7,1035
a3=413,5, V5=7,1035, ¢3=237,% X=—%7—2=12,4.
B pesyabraTe ocTaBieHbi TPH SHAYAIEE UKHPPH, TAK KaK HaHMeHbIICE YHCIO SHA-
9amiX UPQP B COMHOKHTENSX DAaBHO TPEM
Tloncunraem HOrpeliHOCTH pe3yJbTaTal

Mpumep 1. Buuncaurs X =

=383+ 73;.(46; =0,00405 4-0,0001954-0, 0038 = 0,0081
% =12,4-0,0081 =~ 0,11.

Hrak, nonyuaem otser: X = 12,4 = 0,115 8% = 0,81%.
Npumep 2. Buuncauts X = (+ )) rie  ¢= 2,754 ( £ 0,001), 6 = 11,7
(£0,04), m=0,56 (0,005, c= 10,536 ( £ 0,002), = 6,32 ( x 0,008).

Onpesie/uTh mOrpemHOCTE pesyn TaTa.
Peme nue Haxomam

a + b= 2,75+ 11,7 = 14,45
Agav=Au+ Ap+ Aogp = 0,001 - 0,04 ~ 0,004 = 0,045;
0 — d = 10,536-—6,32 = 4,216} Ag .. g = 0,002 - 0,008 = 0,010,

CrieoBaTeabHO,
14,45:0,5  14,45:0,56
o ALA050  18,45:056 156~ 0,46 = 4,6-10-1
1,216 s =0 10=14,6-107
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0,045 0,005
]445+ 0,56

=0,003114-0,00894-}-0,00474 =0, 01679 =~
~ 1,68 %;
Ay = 0,46 - 0,0168 = 0,007,
Hrax, nonysaes oteers X = 0,46 ( & 0,0077); 5 = 1,68%.
MNpamep 3. Tobaysch npaBunamu noicyeTa WHQP, BHIYHCIHTE

V=it (R—%).

8y = +2g

rae b= 11,8, m = 3,142, R = 23,67,
Pemenue Haxopum
V= 3,142 . 11,8 (23,67—3,933) = 3,142 . 11,8* . 19,737 =
= 3,142 . 139,219,737 = 437,37 . 19,737 = 8630 =~ 8,63 . 10%,

YnpakueHuus

1. Bumnoannts nocncnoaarem,nme oxggmemm crepyomux uncent a) 2,75464;
6) 3,14159; ) 0,56453; r) 4 ]945 ) 0,606

‘Omeemst: a) 2, 7546, 7. 2 8; 3; 6) 3,1416; 3,142; 3,14; 3,15 3; 8) 0,5645;
0,565; 0,56; 0,6; 15 r) 4,194, 4] ,2; 4 )06065'0607'061 OS,I.

2, Oxpyrm‘m C/AeNYIOUHE UHCNa JO TPeX SHAuAIHX UuDP, ONpeNeNnTL a6ConioT-
Hylo A, M OTHOCHTeBHYIO (B NpoueHTaX) §o NOFPELIHOCTH NOAYUCHHBIX MPHOHIKE-
i a) 1,1426; 6) 0,01015; 5) 0,1245; 1) 921 55, 1) 0,002462.

Dmsemu a) l 14 1] A = 0,00 6; 8, = 0,23%; 6) 0,0102; A, = 0,00005; 8, =

5%:; 5) 0,124 Ag = 0,0005; 8, = 0,41%; 1) 922 A, = 0,45; 84 = 0,046%;
Ll) 0 20246‘ A, = 0 000002 '8, = 0 082%
or}

Ay cneyomux npn5nu»<euuux gucea

1o ux Umocu'renbﬂoﬂ norpemuocm 8y a) x = 2,62 8y = 3 6) x = 0,986;
g~=oé B) x= 46,72; 6, = 1% r)x-199]‘5*‘001 1) x = 0,86341;

Omeemsi: ) 0,018; 6) 0,099; B) 0,047; 1) 2,0; 1) 0,00035.

4. Onpenmm-b KOMHUECTBO BEPHBIX 8HAYAULHX umpp noy KOM # HIHPOKOM CMBIC/IE
AR CHCLYIOMUX NPUOAHKeHHBIX uncem a) 39, 285 ;t 0,034; 6) 1,2785 =+ 0,00073
8) 183,3 =4 0,1; r) 0,056 + 0,0003; z) 84, 17:{:0

Omsz'mu, 2)3u3;6)4nd;B)3nd; r)2ul )3

OnpejeuTs, Kakoe ns paBeHcTB Toumee: a) 6/25 = 1/4 wan 1/3 = 0,333;
6) 1/9 =~ 0,1 wan 1/3 = 0,33; B) 15/7 = 2,14 nan I/9~0 11; 1) 6/7 =0, 86 wan
n = 22/7; 1) n = 3,142 wan V10 ~ 3,1623.

Y kasanne. Ipeasapurensio "naiiTi Tpeebible OTHOCHTEbHEE MOrpel-
uocth. Bollee TOURMIM SBASETCA To PaBEHCTBO, NpElebias OTHOCHTE/bHAsS NOrpew
HOCTb KOTOPOTO MeHbIle.

Omgemot: a) BTOpOE; 6) BTOPOE; B) NEpBOE; T) BTOPOE; i) BTOPOE.

6. OKpYraHTL COMHUTeNbNEE UNPH ncAa @ = 47,453 = 0,024, ocTanms b Hem
BepHLe SHAKH B Y3IKOM CMEICAE,

em: a = 47,5,

7. OKpYrauTh CoMHUTeJbHHE WM(PH uYHCAa a = 46,3852 £ 0,0031, ocrapns
© HCM BepHLIe SHAKH B LIKPOKOM CMbICIIE.

OIn«em. 46,39.

)yrmms coMHuTeNbRHE UuPEl IPROAMKERHOrO uncna a = 3,2873, ecan
by = C" 1%, 0CTaBHE B HeM Beplble SHAKH b LIHPOKOM CMBICHE.
meem: 3,29.

BA Haiitu upepenbupie abconioTnrie H OT1 TOrpeuIHoCTH
HGIX GHCEJI, EC/H OHM HMCIOT TOJIbKO BepHele UHppH: a) a = 0,7538 (8 y3KOM CMHIG=
ne): g) a = 17,354 (B LIHPOKOM CMBICIE).

K a3 anue. Henomssosars popmyny (4) § 1.5.
Omeemsi: 2) Az = 0,00008; 85 = 0,0075%; 6) Aq = 0,001; 8; =

,01%.
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10, Co cKOJIbKHMH BepHbIMH 3HaUamuMH LUpPaMy HANO B3ATb Pe3yJbTaThl yKa-
SaHHBLX HUIKE ONepallufl, 4T06 HX TpefieNbHEe OTHOCHTC/IbHE TIOTPEIIHOCTH He fpe-
BumatH &

a) a=1/3, 8:=0,1%; 06) a=V/2; 82=0,1%;
5 a=5/27, 8:=0,1% ©) a=y 37, 8:=0,1% x) a=y3, 65 =0,1%
Yxasanne Bocromsosarsea gopuynok (4) § 1.5.
Omeemst: a) 4; 6) 3; B) 4; 1) 3 1) 4.
11. BuucauTh cnenyw LHe C OlleHKO# nor B orsere
COXpaHWTb BCE BePHHE UHGPH H ONHY COMHHTeNbHYIO. Bee uncna paHbl C BEPHBIME
nudpami.

3,07-326 36.245- 85
Y=o ) Y
DY = OV " amen
o y o T2 458,67 96,801 —4,25
) V= 36,5.246 T 33,340,426 °

Omaemee: a) Y =0,085; Ay = 0,0012; 8% = 1,4%: 6) ¥ = 1,20; A} = 0,056;

8% =4,7%; 8) ¥ = 0,0652; Av = 0,00043; 8V =0,77%, 1) ¥ = 2,747; A}=0,0090;
87 = 0,33,
12." Tloabsysich mpaBustast NOLCICTa WAGP, BHYKCAUTE:
2 attdabtb
S——— " rpe h=2,7% a=0,152, b6=0,328;
a) T axor rae a 52; b=0

6) S:TH(D‘—d’), rre N=0,937; d=0,0630.

Omaemss; 2) S = 0,594; 6) S = 0,687.

Fnasa Il
METOABI CUCTEM H
§ 2.1 " pbi. O

Haa MATPMUAMM K BEKTOPaMM

npﬁMOyl‘OJleaH Taﬁnuua, COCTaBJIeHHad U3 3JIEMEHTOB (B YacTIIOM
cnyuae ‘-lHCEJl) ¥ HMEIOLas m CTPOK H n CTOJ\GL[OB, HasblBaeTCs Mumpuueﬂ
THNA m X 1, DIEMEHTH MATPHIL 0603HAUAIOTCS Uepes a;;, Iae [ — HoMep
CTPOKH, a | — HOMep cToACIla, Ha MepeceueHHH KOTOPHIX HaXOLHTCS 3TOT
BJIEMEHT.

Hanpuwep,

Tan @ ag.an 7
Ay Qgp  Gog eeelyp
g1 gy Oy e Osp
—a 1 Ama Qg "'amn_
MaTpHna THIa m X fl, UMEIOWas m CTPOK | A CTOMGIOB.
lgCoxgameHH:ﬂ 3anuck MaTpHIB! Hmeer BHA A=Ila;;l, e i =1, 2,...,m;
L2 wy
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EcJiu B MatpHue m =% N, T. €.4HCJI0 CTPOK HE PABHO YHCAY CTOJOUOB,
TO MaTpHIla Ha3biBACTCs NPAMOYSONbHOL,
Marpuia, HMeomas TONbKO OIHY CTPOKY, T. €, m = l, HasbiBaercs
' HIH P PHMED
A =lay Gaeatpyl wm 4 =11234L
Marpuna, umeomas ToJIbKO OAMH cToaCed, T, €, 7 = l, HagbiBaeTcs
i 26L0M, WAH .

an

an
A=| . |wm A=

Ay |

1

0

4 |

5

B nasbHefimem MaTpHIy-CTPOKY HJIM MaTpHIy-cTonGen GyneM HashiBaTh
1

x3
gexmopon 1 0603nauath X =|  [uan X = 1x; X5 eee o) UHCHA Xy, £a, 100s ¥

xn
HasbIBAIOTCA HIH KOOp pektopa X, Tak Kak unc-
JI0 KOOPAHHAT BEKTOPA €CTb, 110 OMpELe/IeHHIO, €F0 Pa3MEPHOCTh, TO BEKTOp
X aBnsercs n-MEePHbIM,

Ecau B marpuie

Gy Qyg e Qpp
A=| % Gy

%
Oy g oes Gn
THUA M X N IOMEHATH MECTAMA CTPOKH H CTOAIOUEI, TO OJYUHTCS MaTpHIa

A Qg e Oy

A gy gy ves g
Q1 Qon ees Aon
THNA m X 1, KOTOpasi p no or
K A.
Mpumep 1, Jaa matpaus
12 -3 5
A=|2 0 42
12 3 4
THna 3X4 TpAaHCTIOGHHPOBAHHON ARJAETCS MaTpuia
121
202
A=
—3 4 3
52 4
mana 4x38,
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TpaHCHIOHHPOBAHHE MATPHILI-CTOAGHA JaeT MATPHILY-CTPOKY, M Hao-
Gopor. Ecii B MAaTPHIle YHCIIO CTPOK PABHO YHCAY CTOJOLOB, T. €. /m = 1,
TO MaTpHIla HasbiBaercst kéadpammuod. TaKylo MATPHIY MOXHO 3anucarh
B BHIE

Ay gy ees Qpp

oy Gay e llyy

Qn1 Qpgevelpn

Jinst KBaJPaTHOH MATPUIb! Ofiee YHCAO CTPOK MM CTOJGIUOB HasbBaeTcs
nopaOKoM MaTPHIBL

Taasroil OuaeoH@%0 KBaApaTHON MaTpHIbl HasHIBaeTCsi AHAaroHafdb,
IPOXOALLAA Yepes BepXHHuii NeBbill W HWKHHI npaBeifi yroa, T. €. CORO-
KYTHOCTD SJI@MEHTOB BHAA ;,, FA€ i = 1, 2, .., n.

KpaapaTHas maTpuia, y KOTOPOH BCE SJIEMEITHl, DACNOJOKEeHHbIE
BHe TJIaBHOH JLnaronan#, paBHbl HyJ/O, HasbBaeTcs Quazonanbroll. dra
MaTpHila HMEeT Cuellylouuit BuL:

Tag 0 0 .0 7
0. az 0 .0
A=l0 0 ay..0

L0 0 0 ..aq,]

Jlnaronasibnas MaTphia, y KOTOpOfi Bee 3JeMeHTHI, CTOAMUHE Ha [VIaB-
i. E

HOil AmaroHany, paBHbl elHHHLe, a4
Matpuna o6o3HayaeTcsi cuMBosiom E M HmeeT BHA
10 0.0
E,=| 01 0.0
00 1..0
00 0.1

Wuneke n ykaswiBaeT Ha MOPANOK eAMHHYHOM MaTpuuel, B marphunom
HCYHC/IEHHH eIHHHYHAA MaTpHlla HrpaeT poJib €AHHHIB.

Marpuiia, Bce SeMEHTHI KOTOPOH DaBHBI HYJIIO, HA3bIBAeTCs Hye60d
H o6osnayaercs yepes O, Ec/iH HYMHO yKasaTh YHCIO CTPOK H cTOAGIOB
TO 1IYT Oyt

Ksanpatnan Matpuia, B KOTOPOH BCe S/EMEHTH PacrOJIOMEHE! CHM-
METPHYHO OTHOCHTEJIBHO IJIABHON JIHArOHANH, HASHIBACTCS CUMMEMPUUNOL.
D8 cHMMETPHUHO! MaTPHIEL HMEeT MeCTO PaBeHCTBO @i = Q.
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Hanpuwnep,

124
A=|2 3 5
45 6

€CTh CHMMETPHYHAA MaTpHUa,

e marpunst A = [a;;] u B = [by;] naswiBaorea pasuounu, ecan:
1) oMU OAHOrO H TOrO K€ THNA, T. €. YHCJIO CTPOK MaTpHulbt A paBHO YHCAY
CTPOK MaTpHibl B M 4HCIO CTOAGNOB MATPHILI A PAaBHO GHCTY CTOJOLOR
MaTtpuusl B; 2) COOTBETCTBYIOIIHE S/EMEHTbI STHX MATPHL PaBHBl MEXKILY
coGoii. Takum oGpasom, ecau

Ay Gy ey by big e bin
A=] % ; B= by by wer by
Ay Dt g een b,,,,, _

Hayy=by; (=12 .,mij=12 .., n), 10 A =

Cymnoll aByX ManHll onuHakoBoro TtHma A -+ B = [a,,] + byl
(@=1,2 ..,m =12, .., n) nHasseaercs marpuua C = [¢;;] Toro xe
THIIA, BJIEMENTH KOTOpOH C;j PaBHbI CYMMaM COOTBETCTBYIOUIHX STEMEHTOB
aj; U by Matpuu A H B, T, . ¢ = ay; + byj.

Pasxocme MATPHIL ONPEAESETCs aHAOTHUIIO CYMMe, TONIBKO Y eMer-
TOB BHIYHTA4EMOIl MATPULEI 8HAK MEHsercs Ha MPOTHBONOMOKHBIL: D =
=A—=Bidjj=ay—by (i =1,2 w,mi=12 .,n.

pusiep 2. Mycrs

1234 L 2 =7
—2 045 408 -2 —
Sl s [ OBl 0
1 -1 43 2 3 4 -5
Torza
215 -3 0 31 1
232 1 —6 =36 9
C=A+B= D=A—B=
i 601 1|t PTAEEl L g s f
328 —2 -1 —40 8

Ciiozkeniie MATPHIL NOXMHHACTCA CIEAYIOWHM SaKOHaM:
DA+B+CO=A+B+CYA+B=B+A43A4+0=

ITpoussedenuen mampuypr A = lag;] va wucao o nasviBaetcn Matpuua,
SJIEMEHTEl  KOTOPOH NOJYYeHbl yMHOMKEHHEM BCEX 5JIEMEHTOB MaTpHub! A
Ha YHCIO o

Qay Gy e 0Oy,
Au=| @an aam v Oy

Uy Al wos Allyp



TMponssesenne Ao NOTUHAACTCS CREAYIONHM 3aKOHAM:

D1+A=A4;20-4=0 3) «(B4) = @p) - A.
‘Marpuna — A = ( — 1) A nasbiBaetesn npomuson00xcKoil MaTpuue A.
Mpumep 3. Tlpon3sejensie MaTpHIL

13 —4
A= 01 —2
=3 1 5
Ha 9uca0 2 ecTh MaTpuua
26 —8
M= 02 —4 |
—6 2 10

Mpoussederues sampuyst. A = |yl #a sampuyy B = lbijlpx,
nagbipaeTest Matpiita C = [C1jlyyq.

[poussenenne AB 1BYX MaTPUIl B YKa3aHHOM MOPSAKE BO3MOMHO
B TOM H TOABKO B TOM C/lyyae, KOrjla 4ieao cToiGios Marphust A pasHo
yueay CTPOK maTpuikl B. Eeau tun marpuibl A pasen m X n, a tin
matphiel B pasen p X ¢, 1o Matpuua C = AB umeer THI m X g, T. €.
B MaTpHLE-NIPOU3BEJCHHH UHCJIO CTPOK PABHO WHCAY CTPOK JICBOTO CO-
MHOXHTE/ISl, @ YHCJIO CTOAGLOB — YHCIY CTO/GIOB NPABOro COMHOMHTENS:

Ay Qyg +ee iy by byy o by Cip Cig veChg
C=AB=| % G G || Dby by || Coy € iy |,
At Amg s+ App byybpy v hpq Cm1 Cmz v+ Cmg
Hmobot Cijy L 6 i-d cmpoke u 6 j-m cmoab-
ye npausee()eﬂun AB, HyocHo saemenmol i-ii cmpoku mampuyer A ysHo-
acump Ha j-20 puyel B u nory-

YEHHBIE NPOU3GEOCHUS CAOXCUMD:

C=AB=
byt apby o abp  aubiat byt e Giabpy e
3,1+ Qg+ o+ a,nbm LU O R e

mlbu+am2bﬂ+“'+anmbm‘ brat-Umshyg - voe - Qpupbpgeee
we @ubyg A+ Qyabyy ot aybp,
Aybyg + ybyg e+ pabpy
s Gy brg @ by it A by
T 91‘ €y = aubyy + Qighyy + o+ Ginbny,  TRE P=1, 2,
=1,2 g
Hal‘lpMMCp, CM = aﬁlb]l + ai!bix + + aﬂnbnﬂ'

=




Npumepn.
4.

2 —1
3 2817 |1 =3
AE"[l_ws]'o =
a1

_[3:2%42.14+8:041:3 B(—=1)42+(—3) 81 41-1 ]=[u o]
[1.2+(—4)~1+0-0+s<3 L= 1)+ (—4) (=3)+0- 1431 7 1)’
3gech AB=lajlaxs-1bijlex2 =C=1[cy]oxz.

1237 11 11422433 1
5. AB={456].] 2 |=] 414+5.246.3 [=] 2
789] L3 7.1+4-8:249.3 50

Bnecs AB=[agjlaxs: [bi;l3x1=[c1,]8x1.
o ap[12].[B 6] [1-8427 Lo42.87_r19 22]
. '=[3 4]'[7 8]_ [3-5+4A7 3-s+4-s]“ [43 50]°

A [3 68”1 2]: [5.|+6-3 5~2+6-4]= [23 34}' T e ABBA.

34)” [714-837.248.4] [31 4
4
123
. AB= 2 -
7. AB [456] 13
130

_ [\.3+2~2+3.4 1.24-2.143.3  1.44-2.3 3.0 ] _ [ 19 13 m]
T {48345.2-6.4 42451463 4.4-45.346.0 | [ 4631 81"

BA 213 123 e cyllecTsyer.
= g5 Mo cymectsyer.
430
Marpuunble NPOKZ"C IeHHS MORUMHAIOTCS CEAYIOUHM 3aKOHAM:

1) ABC) = (AB)C; 2) a(AB) = (@A)B; 8) (A -+ BIC = AC + BC;
4 C(A + B)=CA + CB.

Ommerny, uto AB = BA, T. e. IPOH3BEeHHe JIBYyX MaTpHIl B oOleM
cayyae He 06/andeT CBOMCTBOM NEPEMECTHTENbHOCTH, 3HAYuT, B OGlieM
CJy4ae He/lb3sl MEHATh MeCTaMH MAarpHUbI-COMHOMHTE/IH, HE H3MEHMUB KX
NIPOM3BENCHHS.

Eci HaMeHHTDH TOPAAOK COMHO)KHTQJI@P’I, 10 MOXET OKasarbCs, 4YT0
TIPOM3BECTH YMHOMEHHe MaTpHI BOOOILE HEBO3MOKHO,

O npoussenennn AB asyx matpui A 1 B GyieM TOBOPHTb, 4TO MaTpHLa
B ymnoxaercs Ha marpuuly A cneBa, Wad uto Marpuila A yMHOXKaeTCs Ha
Marpuuny B cnpasa. .

Tlponssenenne Hecxonbkux Matpuu ABC cnenyeT NOHHMATh Tak:
Marpuna A yMHOXaeTCA cnpasa Ha MaTPUIly B, a MosiydeHHas Marpuua
yMHOXaeTcs cnpaBa Ha Marpuuy C u 1. 1. KoanuecTso nepemHOKaeMbix
MaTpHI MOYKeT ObITh JHOGEIM. JHIE 6Bl MOXKHO OBVIO MEPEMHOMATH Kak-
Zble IBE PAAOM CTORUUE MATPULlbl,
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Marprua A" naseiBaercsi n-it crmenenwio Marpunsl A. Ecan A — xsal-
paTHasi MaTpHIA, a n — LEJOe NOJOAHTEbHOe 4IICI0, TO

Ar=A-A- A

n MHOKHTeAeH

A

JleHiCTBHS COMKEHHS H YMHOXKEHMS Ha UHCAO Hal MaTpHUaMH-CTOG-
naMH H MAaTPHUAMH-CTPOKAMH (T. €. BEKTOpaMH) NPOH3BOJATCA aHAJOrHY-
HO COOTBETCTBYIOMHM JHACTBHAM Hajl KBaapaTHbiMu MaTpuuami. Tak,
cymmoll Osyx sexmopos X =1x; xq...xa) B Y=ly; y2... yn) Gyzer Bemop
Z =lz129...2,) ¢ koopnunatamu z, = Xty 23 = Xy + Y, .o 20
= Xp + Yn, npoussedenuem sexmopa X = lxy Xy ... x,,l HQ quca0 o —
BekTop Z = aX = lax, ax,...ax,).

Npumep 8. Cywya pextopos X=[123] u ¥ =[—5—24] ects BexTOp
1
40 7); npoussesennen sexiopa X= | 2 | na uncao =2 apaserca
2
2
BeKTOp Z= 41,
—6
§ 2.2. Onpeat CsoiicTea onp

W METOAbI €ro BbIYKCNEHHS

C xpanparnofi matpunefi 4 = la;;) cBsisan onpedeaumens (demepmu-
nawm), KoTophiil o6o3navaeica det A wan | 4 |:

Ay Qyp «ee Qg
det A=]A|=|% Qo+ Gan |,
Ay Qpg oo Anp

OnpejennTesb MaTPHILL! €CTh YHC/O, BRIYHCAAEMOE TMO HEKOTOPHIM MpaBH-
AaM, KOTOpbIe MbI paccMOTpHM HHXKe,

B onpenenutene pasanyaior ABe JHaronain: M2BHYIO W noGounyio.
Trasnas duazonass, Tak ke Kak W B KBaAPaTHOI MaTPHUE, COCTOMT H3 dJie-
MEHTOB @y, Te { = 1, 2, ..., 0. /] Quazonaab mp
KyJSIDHO IV1aBHO¥I, 13 BEPXHEro MpaBoro yria onpenenwrem B HUXHAA
JIeBbIH,

TlopsnoK onpesie/nTeNs COOTBETCTBYET NOPAIKY MATPHILb, ONpEnei-
TeJleM KOTOPOil OH ABASIETCSH,

Onpedeaumens 6mopoeo nopadKka paBeH NPOH3BEICHHIO SEMEHTOB IVIaB-
HOH AMaroHaju MHHYC NPOW3BENCHHE S/1eMEHTOB MOGOUHON AHaroHami:

detA=

ay a
e A

Ay Ay
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Mpavep 1.

Onpedeaumenen mpemsezo 10padka HasHBAETCS YHCJIO

An Gy Oy
det A= |y Gy Oyg| =011 Gy gyt 815 Oy Ay A1a Bag A1 —
@1 Gss Q35

Qg Qg Q1= Ay gy Ay — Agp o5 Oyge

TaxuM 06pa3soM, Kamaslil 4ieH onp TeJIst TPEThero mop npen-
craBasier co0Oii NMPOH3BENCHHE TPEX ero SIEMEHTOB, B3ATHIX MO ORHOMY
M3 KaXJIOH CTPOKH H KaXKJIOro cTonGila, DTH npoussenenus GepyTes ¢ on-

ay ap a5

A
KX

Puc. 2.2

PeNle/IeHHBIMH 3HaKaMii: CO 3HAKOM TLIIOC — TPH 9/IeHa, COCTOSIIUE H3 BJe-
MEHTOB [/1aBHOMl JHAarOHa/H H U3 5/1MCHTOB, PACTIONIOMKENHbIX B BEPIIHHAX
PaBHOGENPEHIIBIX TPeyTOBIHKOB C OCHOBAHMSAMH, Napaj/iebHbIMH T71aB-
noit juaronanu (puc. 2.1); cO 3HaKOM MHHYC — TPH WeHa, PACTIONIONKEH-
Hble anaornylbM 06pasoM OTHOCHTEBHO NOGOYHOT nuaroualm (puc. 2.2),

Ykasannoe npasHIo A npasusom
Mpuvep 2.
12 3
detA=| =4 5 —1|=1.5.243.1.(—4)+2:(—1).2—2.5.3—1(—1)-1—
21 2

—2.(—4).2= —19,
MNepeuncany teneps cpoficTBa onpeieaHTens.

1. Onpedeaumens ne npu
Ay Qyg oo Gy Gy Gy v Gy
dot A |1 Gaz o+ Gan | _ | Gry Gpy one Gy
Qn) Gpy yp Ogp v Gnp




Hanpivep,
12 3 1 —4 2
detA=[—4 5 —1{=[2 5 1|=1.5:24+8.(—4)-142:(—1)2—
21 2 3 —1 2
—8:5:2—1-(—1)-1=2.(—4)-2=—19.

2. Ecau o0Ha u3 cmpok wau 00Ut u3 cnioab08 0npedeumeas Cocmoum
u3 Hyaeti, mo onpedenument pases Hywo.

Hanpuwep,
012

detA={0 3 4|=0.3-1540.1.4--0.2.10—0.3.2—0.1.15—0.4.10=0,
010 15

3. Om nepecmanoski 0syx cmpox uau Osyx cmoabyos onpedeaumens
MeHsem MmoAabko 3HAK.

Hanopumep,
12 3
det A=| 2 1 2l=1.1(=1)42.2:(—4)+2.5:3=3. 1.(—4)—
—4 5 —1

—5.21—2.2.(—1)=19

(cp. C NpHMEPON, HATOCIPHPYOWAM CBOACTHO 1),

4. Onpede O i dee cmpoku uau 9sa 00u-
HAKOBbLX L'mO./lﬁL{a, Pasen Hyo,
Hanpumep,

2 3
det A=|1 2 3|=1.2.24-2.3.241.1.3—2.2.3—1.2.2—~1.1.3=0.
21 2

5. Ecau 6ce saesermbr Hekomopotl cmpoKu uat cmoabya onpedeaumeas
YMHOXCumb Ha 4ucao k== 0, mo cam onpedesumens YMHONCUMCS Ha MO
HUCA0.

Hnave 370 cBOHACTBO MOXKHO COPMYANPOBATE TaK: 00wjud MHOMCUMENL
606X 51EMEHIMOB HEKOMOPOLl CIMPOKU UAU HEKOMOPOO CMOAGYA MOMHO Bbi-
Hecmu 3a 8HAK onpedmume/m.

Hanpuwep,
3 6 9 12 3
det A= 21 2f{=3.] 2 1 2|=3-19=57
—4 5 —1 —4 5 —1
(CP. ¢ IPHMEPOM, HIJIIOCTPHPYIOMHN CBONCTBO 3).
6. Onped poawguil de nponot AbHbIE CIMPOKU, Paser
Hyao,
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Hanpumep,

369 123
det A= |12 3] =3.|123}=3.0=0.
212 212

7. Ecau ece saemenmol i-ii cmpoku onpedeaumens n-eo nopx@tca nped-
cmasnerel 6 6ude cymmer deyx caaedembix: agy = by + ¢y (f =1, 2, ..., 0),
mo dannbul onpedeaumens pasex cymme dsyx onpedenumenet, y KOmMopPbX

6ce cmpoKu, Kpome l-ﬂ maKue me, KaK U 8 3a0anHOM onpe@e/lumelle. ai-
cmpoka 8 o0nom u3 M

us bij, a 8 dpyeon —
u3 anemMeRmoe ¢y, m. e.
(2 Gy Qg o Qi
gy = byy oy gy = by +Cop @y =g+ Cpg .. Ay = by +Con
det A= @51 sz Qsg v gy
Ane Qng Qg e Qg
Ay Qgp Qg +0e Gy Ay Qyy Bz voe Ay
byy Dyy byg vv by Cgy Cay Cag ovs Cap
= |20 G5 Qg5 - g Qg1 Q3 Agg-e0 Aan
Gn1Qng Qngene dpp Qpy Qg Apgees A
Hanpuwmep,
279 134 145
det A= |13 4|=|134{+|13 4|=0—1=~1.
102 102 102

8. Ecau oda us cmpox onpedeaumensi npedcmagasiem cymmy Opyeusx
cmpok uau cymmy npoussedenuil Opyeux CMpok onpedesumens KA 4UCAO

k, mo onpedeaumens pasen nyao, (10 caenyer us cBoficts 6 u 7 onpene-
JauTens.)

Hanpumep,
123 123 1238
det A= 132 7|=|123|+2.|102|=042.0=0.
102 102 102

9. Ollpeﬁeﬂumeﬂb He UBMERWMCA, €CALL K SaeMeRmant 00RO U3 e2o cmpork
dpyeoti  cmpoku

(cmoabya), ymHOJCeHHbIE HA OOHO U MO dice YUCAO.
Hanpamep,
279
det A= [134|=—1
102
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(cm. IpHMED, HAMOCTPUPYIONLK CBOHICTBO 7). VMHOMKIUM TPETHbIO CTPOKY Ha 3 H MpH-
6aBHM KO BTOPOil CTPOKE; TOTAa

27 9
det A= |4 3 10{=2.3-241.7.10+4-0.9—1.3.9—4.7-2—2.0-10=—1.
10 2
Ip BhIIEY cBoficTBa onp Tenelf, MOXKHO ynpo-

CTHTb 32124y BLIMHC/CHHS ONPEIEHTENel n-r0 TOpSAKa.

OnpejieiuTesb n-10 TOPAAKA MOKET ObITh BbIpaXeH Yepes Onpeiesu-
Tean 60Jee HI3KHX MOPANKOB.

JIAsi 5TOr0 HeoGXOJMMO BBECTH MOHATHSI MHHOPA M ajireGpanyeckoro
sononuenna. ITycTb naH HeKOTOpBIi ONpejennTens n-ro nopsaxa. Muxo-
pom k-ro opanka (1 << k<< n— 1) onpenenutens d HasHBaeTcs onpesne-
JuTelb, TIOMYYaiOWHACH T0C/Ie BHUEPKIHBAHHA B IICXOAHOM ONpeje/nTee
HEKOTOPHIX 7 — k CTPOK M 7 — k cTOA6NOB.

Tak, Hanpumep, MHHOPOM A-TO MOPSIIKA ONpepeNHTes

Ag G G Gy
d— | %1 Gz Gay Oy
Qg1 Qg Qg3 Qg
A Gy Qi3 Gy

opH k= 1 sBAAETCA ONpEAeNHTENb C BHUEPKHYTBIMH TPEMA CTPOKaMH
M TPeMs CTOAGIaMH, TIPH 2 = 2 — ONpe/le/IuTe b ¢ BLIYEPKHYTHIMH ABYMS
CTPOKaMH H JBYMs CTOIGUAMH H MpH k& = 3 — OMpEJe]HTeNb C BHYEPK-
HYTOH CTPOKOii M CTOIGUOM.

MakcumanbHoe gneao k aus OMpEeACNNTeIA 7n-r0 NOpsiaKa MOXKeT GBITh
pasio n— 1. [lpn k= n — | BHIYEPKHBAIOTCH TOJBKO OJHA CTPOKa
" OAHH cTOsIGen.

B uactHOCTH, eCl B OUpENe/INTeIe f-T0 IOPAAKA BBIYEDKHBAETCH TOMb-
KO OnHa CcTpoKa (i-s1) M OmHH croJIGel (j-i), TO Ha HX NepeceyeHHH OKa-
KETCH €JIMHCTBEHHBIA 3JIEMEHT @;j, W MONYYEHHBIH MuHOpP (n — 1)-To mo-
PALKa HasbiBa€TCs COOTBETCTBYIOUIHM 3TOMY 3JIEMEHTY H oGo3HayaeTca
uepes M,;.

Hanpumep, siementy a;; COOTBETCTBYET MHHOD

Qyy Gps GOy
My=|ay ag s,
gy Qg3 Gy

TaK KakK 3JIEeMEHT @y, JIEXKHT Ha NEpeceueHuH ﬂepBOﬁ CTPOKH H nepsoro
croubua.

Ecan TNIPHCBOHTE MHHOPY 3H2K « ~+» HWaM « —», B 3aBHCHMOCTH OT
CYMMBI HOMEPOB CTPOK H CTOJIGIOB, Ha MePECeYeHHH KOTOPBIX HAaXOJHTCS
COOTBE’I‘CTBy!Ou.LHH STOMY MHHOPY SJIEMEHT, TO JaHHEI MHHOD HA3LIBACTCH

0Go: A Ay = (— 1+ M,y

Oqesmmo ec:m CcymMa i + j HeTHas, TO anreGpanyeckoe IOTOHEHHE
HMEET TOT e 3HaK, YTO M MHHOD; €C/IH 3Ke CyMMa i + j HeueTHas, TO 3HaK
H3MEHHTCA Ha NPOTHBOTIOVIOMKHBI,
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Mprmep 3. [lns onpegenntens

2 -1 5
d= |6 21
1 43
anpepanvecKos NOTIOJHERHE SIEMEHTA gy BHITHCASCTON TakM o6pasom:
-1 5
Ag|=(—1)'+'MW=(—1)3M51=(—1)3‘ ; 5| =(—D(—8—20=33.

Bootime, onpedeaumens pases. cymze scex npouaeedeuuu 9AEMEHIMOE
KAKOU-2UB0 CmpoKu tau
ckue Gonoanenus, a UMEHHO!

Gy Qyp ooe Qin
d=|%a % O ) =ay A+ ay Ayt e+ i Ains (1)
Qi Gug +o1
HITH
d = ayhiy + 55455 F wn + anihnp 1"
rie gopmyaa (1) naer pasnoxkeHue onpenemutens d TO SJEMEHTaM i
CTpOKH, a gopmyaa (1) — no saemenTaMm j-ro cToaGua,
Npumep 4, Buuncai Tb onpeseds Tedb

1 -2 =3
=6 5 —4f,
73 —7

PASAOITS €10 10 seMenTaN BTOpOfl CTPOKH
Pemenne Hueenwm d= (LMAH + a,zAn2 + ay3dy,, oTRYIA
—2
d=—6 5
% Skl 2

i+, 3|=(—6>423-;-5.14-(-4,17=
138470468 =0,

Tpumensa csoficTBO 8 ompenesnTesiss, MBI (bl MOTWM CPasy CKasaTh, 9TO STOT
OnpejeNHTeN, PaBeH HYJIO, TaK KaK BT Pas CTPOKA eFo NPelCTaBaseT coboli cymmy
TpeThell M nepBOfi CTPOKH, YMHOMCHHOH Ba — 1,

Mpumep 6. BuuncauTh onpelenuteas

[ |

1

12 3 4
=l s 6 10|*

14102

PA3JIOKHB €T 110 3/IeMeHTaM fIEPBOro cToabua.
Pewenune 1) Mueem d= a33451 + agds + a5l + ag Ay Haxonnm

2 3 4 23 2
65/ |3 5 6
=3 6 10]=223 6 5 =4(2 . sl_slz 5-}-2l2 . )=
4 10 20 2 5

=4(2.5—3.5-4-2.3)=4,



Mbl BHIHECIM 32 SHAK onpejiesuTens Ay o6muil MHOKUTE D 2 N3 TPeTbeil c’rpOKu "
ofmuil MBOXKHKTENb 2 H3 TPETHEro cToabla u p MHE 10T
1e/ib 11O SJEMEHTAM TIEPBOfl CTPOKH

2) Haxoaum

1 11
6 10 3 10 36
= =2 = _ =
An=—[3 6 10 36 10 2(|5 1o| |2 1o+|2 5)
4 10 20 2 5 10
= — 2(10—1043)=—6.
Mb! BbIHECH" OGWuf MHOXKHTENb 2 H3 TPeTbeli CTPOKI B PasJOKUIH ONpefeanTenb

10 3JeMEeHTaM NepBoii CTPOKH.
3) AHalornuEo mosydaem

11 1 11 3 4 N
=2 =2 4| = —
A S il 2(ls wl |2 lolﬂz
4 10 20 2 5 10

=2(10—12-+4)=4.

4) Hakouew, Kaxo iy

[
3 4
Ay=—12 3 4 =—| =
6 10
3 6 10

5) Packaaneisas onpeleautens A 10 3/eMenTaM nepsoii CTPOKH, OKOHUATENbHO

nonyunn
det A=1.44+1(=6+1 4+1-(=1)=

Mpumep 6. Briuncauts orpejenuten, 3aianuulii B NpeLIAYIEN NpHMepe, NPH-
MeHsis n1peoGpa3oBaHus, OCHOBaHHbIE Ha CBOACTBaX Onpele/uTens (Tak HasbiBaeMbie
3JIEMEHTapHEL + D200 pa3oBanns)

Pemen ne. 1) Eciu Mbl OCTaBHM IEPBYIO CTPOKY ONpesieiuTeNs Ges n3MeHeHHS
W, YMHOMHE ee Ha — |, IpuOaBHM CHaualla Ko BTODOH, a 3aTeM K TpeTbeii H yeTBep-
TOl CTpokaM, To ONpejeaHTeNb He USMeHHTCH (CBOACT=0 9):

) U U U U A 6 U U A

aob 28 4l jor2 s
Tlt s 610 j0o25 9|
1410 20{ {03919

2) 1Dt IMTe]b MO 9JeMeHTaM Nepsoro cronbua:

d —daﬁAu“’l‘ a Ay -+ ayAeg + anAu. Tak Kax gy =0, ay =0, ay=0,
rod = a;

3) Ocms:mem 6es HIMeHeHHA mepBYIO CTPOKY, 3aTeM, YMHOKHUB €& Ha — 2, NpH-

0aBHM KO BTODO/ CTpOKE H, HAKOHEIl, YMHOKHB Ha — 3, IPHG2BUM K TPETbeil CTPORe.

Coraacro csojicTy 9, onp Te/b OT STHX NP ii we msvenutcs. [loay-
12 3
d=|[0 1 3|,
03 10
4) PacknamsiBas Nb CHOBA 1O TepBOro cTon6-

na, uveen d= agdy + a“Aﬂ + Gy Ag, HO TaK Kak Gy = 0 4 ay = 0, 10
d= .
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5) BulunciseM nonyueHHbll B pesyibrate npeoGpa3soBanHli onpeneNuTeab BTO-
POTO MOpsiAKal
13
¢ l |

3 10

TakuM 06pasoM, ME PaccMOTPENH 1Ba W3 CYMECTBYIOUIHX MCTOJOB BHIURCACHUs
onpejeauntenedt n-ro nopsira

§ 2.3. PaHr matphubl

Panzom MaTpulE! Ha3bBaeTCs HauGoJbluil NOPSAIOK MUHOPOB AGHHOH
MaTpHILbl, OTJHYHBIX OT HYJA. Hs OMNpeeaeHns CJAEAYyeT, YTO €CJH paHr
MaTtpHibl paBeH r, TO B MaTpHUe MOXHO HalTh XoTs1 Gbl OJINH MMHOP r-TO
nopsjika My, He paBHbiil HyJI0, @ Bee MHHOPE! (7 - 1)-ro mopsaKa paBHbl
Hymo. OTMETHM, 4TO PaHT HyJeBOH MaTpHIEI paBeH HyJiO, a PaHr MaTph-
UB-CTPOKH (HJIH MaTpHIbI-CTONONA) paBeH eAHHUIe.

TIps HaxOKIEHHH PaHra MEPeXONsT OT MHHOPOB MEHBIUHX TOPSLKOB
K MHHOpam GOJTBIINX TNOPAILKOB H npuuep)«uaamm CcJelyiouero HpaBHJIBI
NyCTh Halilen MHHOP £-TO NopsiaKa M;;, OTIMUHBIA OT HyJsl, TOrAa HyXHO
BBIYHCJIHTH JIHIIL MHHOPH (r 4 1)-r0 mopsika, OKafiMisiOmue AaHHbI
MuHOp M. Eciiu Bee 5TH MHHODHI PaBHbI HYJIO, TO PAHT MaTpHILL PaBen
7, €CaH Ke XOoTa 9% OJIHH M3 HHUX OTAHMYEH OT HyJs, TO STy onepanyio cJje-
JYeT MPHMEHHTL K Hemy, NpPHUYEM B 3TOM Ciyyae panr MartpHubl 3aBeOMO
Gonbiue r.

Npumep. Hafitn panr Matpuus

2 410

2 410
-1 —2 3 1]

0 072

am-rémuﬂop HAXOLHMTCS Ha NepecedeHHH BTOPON i TpeTbeil CTPOK H BTOPOTO H TPeThero
crou

2) HaitlieM MHHOPBI TPeTLETO NOPAKA, OKARMISIONIHE NAHHE, COMH BOSMOM+
HBIMH cnocoGamu. CocrasisieM My u My Hs BTOPOii, TpeThell W YeTBePTOf CTPOK:

2 4 1
My=|—1 —2 3|=0
0 07
(TaK KaK TpeThs CTPOKA paBHa CyMMe MepBofi W yABOCHHOR BTOPOH)]
410
My=|—2 3 1

07 2
(no Tofi e NPHIHHE).
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Oxafimisomue MHHODPE HS MepBOff, BTOPOH W TPeThed CTPOK HE COCTZBJSEM,
TaK KaK OHH PaBHH HyJo (mepBas ¥ m‘u)&ax CTpoKH paBubl). TakuM o6pasoM, BCe MH~
HODE TPETHETO MOPS/KA PaBHEL HYMO. MHHOPH YETBEPTOrO MOPSAKA yHKe HE BHUHC:
;eM, BCe OHH TaKke paBHul HyJo. ClefosareasHo, 7 = 2.

§ 2.4. O6parHan matpuua

Marpuna il 0 OT! K JIaHHOf, ecH ee yM-
HOXEHHE KaK CIpaBa, TaK W C/eBa Ha JaHHYI MATPHIY, €T eAHHHYHYIO
MaTpuiy. .

Insi matphiel A ofpaTHas matpuua ofosnauaercs A%, Tlo onpene-
JIEHNIO,

AAT = 474 =

Haxoxnenne obpaTHofi MaTpuIlbl Ha3biBaeTcsi obpaujenues NanHoi
MaTpHIBL.

KBB}IPBTHBS! Marpuua nin
HOl, €CIH ee OTpeNeNHTeND He paBeH Hymo. Ecai e onpenenuTesb Mar-
pHUBLI paBeH HYJO, TO MaTpHIla Ha3bIBaeTcs DCOJEHNOU, HJIH Sblpa?lfl)eht-
Hotl. Besikas HeocoGerHas MaTpHna umeeT oGpaTHyio,

Mycts fana Matpuna

O

A
Qg
agy

Ay
1)
gy

ay
%)
Qg

al! gy

Qs

O6parnyio marpuiy A~! HaXoanT no cienylouest
1 a r, BLiuncasior onpeseantes

cxeme:

an
1A= Gy G gy Gy |
an LET
an Qg Gy,

QG Gy Gy

Ay
Ay

11 war., Beuncaswor anre6pauueckue JIONOMHEHHS K dJementaMm
MaTpHLb A w coctaBasior Maipuiy, COIO3HYIO TIO OTHOLUEHHIO K J@HHOM.
Ecan n3 8JII'€(])3HQCCKHX JIOTIONIHEH I BCeX 9J1eMeHTOB MaTpHub! A co-
CTaBHTb HOBY¥0 MaTpHIly W TPAaHCIMOHHPOBATL €€, TO NoJyyeHHasa MaTphila
9 COIO3HOU TI0 OT K JaHHOit 1 0603HayaeTcs

AI] ‘411 Aﬂ’l A-ll
a| e An Aa Au

AIB ‘42.\ AM Ad.‘l :

Ay Ay Ay A,



1T w a r. Haxonst o6parsyio MaTpuuy no gopmye A~ = l—;—l .
Aul| Al Ayl Al Anll Al Anll A
Ap/lA] Aw/l Al Agl] Al Agl|A|
Aull Al A/l Al Aw/| A] Ayl A]
AIAL Al AL Al Al Al Al

?_;1

A=

Ecan nopanok MaTpuilsl A 60bIIOH, T 3TOT MeTO opallerH s MaTPUIB!
TpeGyer cI0XHOi BHIUHCIHTeIbHOH paGoTsl. CyliecTBYIOT Apyrie crocobLl
oOpallenns MaTPHIE], PAaCCMOTPEHHBIE HHKe.

HaxoxzieHne o6parHoii MaTpHithi A~ HMeeT HCKJTIOYHTENBHO BaxHOE
3HaYeHHe JVIf PEIleHHs CHCTEM JHMHEHBIX YypaBHEHHil,

Mpumep. OGpatuTb MaTpHIy

12 2
31 —3
A=l 23 -1 1"
—12 o 1
Pewenne [ mar. Busncasey
12 4 2
31 1 =3
tA=
A=l 53 1 )’
—12 o 1

L5l 4ero pas/oXHM ONpeieuTe s N0 3ICMEHTaM NepBOf CTPOKH, Hyeenm

1 1 =3
Ap=|3 =1 1|=—1+2—6—3=—3
2 0 1
3 1 =3
Ap=—|—2 —1 1|=—(=3—1+3+4+9)=
—1 0 1 N
31 =3
Ag=]—2 3 1|=9—1+12—942-6=T;
-1 2 1
31 1
Ay=——2 3 —1|=—(1—4+3+6)=~6.
-1 2 0
CilezioatebHO
det A= 1 (—8)+2 (—1)-4- 742 (—6)=6,



II mar, Buouncasiem ocTalbHble adreSpauteckhe AONOMHEHHS aneMen10B
marpuus A

2 4 2 1 4 2
Ap=—[3 —1 H=—(—2-48-}4—12)=2 Ap=|—2 —1 1|=
2 01 —1 0
=142 8=1;
122
A= —{=2 3 1|=—(3—2—84644—2=—1;
-1 21
12 4
Ag=|—2 3 —1|=2—161242=0;
-1 2 0
2 4 2
Ag=|1 1 —3|=2—2—4—4=—30
20 1
14 2
Ap=—{ 3 1 —3l=—(+12+42—12)=—3
-1 0 1 -
T2 2
Apg=| 3 1 —3|=1-46-412-4246—6=21;
—1 2 1

124
Ag=—| 3 1 l|=—(—242444—2=—24;
—120

2 4 2
Ap=—|1 1 —3|=—(2—36—2—6—6—4)=5
|3 =1 1
1 4 2
Ap=| 3 1 —3|=142%—644—12—3=8
—2 —1 1
12 2
Ag=—~| 3 1 —3|=—(4124+18-44+9—6)=—38
—2 3 1
12 4
Au=| 3 1 1|=—=1—4+43648—346=42.
—2 3 —I



1l war. CocraisieM COIO3HYIO MATPHILY

Ay Ay Ay Ag —8 2 —30 52
A= Ay Ap Az Ap _ -1 1 -3 8
Ais Awy Ay Agg 7 —1 2 —38
Ay Asy Ag Ay —6 0 —24 @2
Hennu Bce SJIeMeHTH COIO3HOA MaTpHum Ha |A|= 6 u noaydaem o6paTnyio
MaTpHuv A
—8/6 2/6 —30/6 52/6
o] —ue e 38 8/6
716 —1/6  21/6 —38/6 | "
—6/6 0 —24/6  42/6
Mposepra:
12 42 —8/6  2/6 —30/6  52/6
| 311 =3 —1/6 16 —3/6 86 |_
—23 =1 1 76 —1/6 216 —38/6
-1 2 0 1 —6/6 0 —24/6  42/6
T—8—24+28—12 242—440 —30—6484—48 52416—152-+84
6 6 6 6
—24— 147418 6-41—140 —90—3421472 156-4-8-38—126
6 3 6 6
16—3—7—6 —4+43-4140 60—9—21—24 —104-}-24-438442 |~
6 6 6 6
8—240—6 —2-0240+0 30—6--0—24 —52416-+0--42
_ 6 6 6 6 |
100
010
“loo
000
§25 A M HOpMa P
Tox i (Momynem) p A = la;;] monn-
maetcsl matpuua | A | = [|a,,]], rae Bce anementsi | a,; | ecTb Moy M 3i1€-

MEHTOB MaTpHILb!
Tlon Hopmoil Manuum A = [a;;] nonumaercs AeACTBHTENBHOE THCAO
| A |, ynoBneTBopsioulee CJeAYIOLHM YCJOBHAM:

1) | A= 0 (upnyem [ A | = 0 Torna u ToibKO Torxa, koraa A =0);
2 jaA=]al-| A, rae « — uncno (mpuuem [— A | =] A4 [);
3)\A+B|,\ A\H—\BI
HlA-BI<[Al-IBI
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rie A W B — MaTpuilsl, s KOTOPBIX COOTBETCTBYIOLLHE ONEPALHH HMEIOT
CMBICIT.
Marpuna A = la,;] onpenensiercsi Tpemsi HopMaMH:
nyal,= m?X Y | a; | — nopma 1 — makcumaronas cymma nody-
T

aeil puyst 1O CMpP H
2| A}, =max Y |a; | — Hopma 2 — makcumansas cymma #ody-
;
st r no
A Als= 3 |a;s|* — Hopma 3 — Kopens Kkeadpammusiil u3 cym-

o
Mol K6a0pamoe 1ody el GCex SACMENIMOB MAMPULbL,

Mpumep 1. Ias MaTphis

s e dda 1
JAlly=max (2 14, 54342 64 74 3) =max (7, 10, 16) = 16,
[Al,=max @456, 14347, 44 2+ 3) =max (13, 11, 9) = 13,

1A= VPFPF R F I TR+ 2= 3=12,2

X1
*2
Ilns mektopa X =| : | 9TH HOPMBI BBIYHCASIOTCA MO CJIELYIOUIHM
Xn,
Gopmynam:
1X |, = max |, | — makcumaronas us KoopduHam 6ek-
mopa, 63amas no Modyaiwo;
[ Xl =1x00 4 [ %o | + oo + | X, | — Cymaa sodyaed Koopduram exmopa;
[Xls=V Tx [FH 1 X Jg+-ee 1%, |2 — KOpero xeadpammsul us cysmmo k6ad-
pamos mody et KoOpOURAM 6eKmopa.
Hopwma [ X |5 nasuiBaetcs alcoaomuoil eeudurol sexmopa.

TNpumep 2. [las sexrtopa

@ o -

—5

seuncants | Xfg, [X [ u | X[s.
Pewenue, Hwmeem
[1X fy=max (I, 2, 3, 5)=5

[Xfp=1-42+345=11;
IXs=VEF2 L5 =]30=6,2.



§ 2.6.

P wap

TIpy BBINOJHEHHH BLIYHC/IEHHIl Haj MATPHUAMH BEICOKHX MNODSIKOB
Henecoo6pasHo pasbuTh HX Ha KJETKH (GVIOKH) C MOMOIIBIO TOPH3OHTa b
HBIX H BePTHKaJbHBIX NEPEropolioK, WAYLIHX BJOAb H TOMepeK Beeil Mar-
puubl. Takum o6pasoM, Kaxkias MaTpuna pa3GHBaeTCsi Ha MOAMATPHUbLI
MEHBIUIUX TIOPSIIKOB, BBIYHCHTENbHbIE JCHCTBHA Hajl KOTOPHIMH NPOH3BO-
ZMTb SHAYHTENIBHO TIpOLLE.

PasGuenne KBaJpaTHBIX MAaTPHL HA KJAETKH, PZCCMOTPH.\( IBa MeTolxa
p336HeHHH KBaJlpaTHBIX MaTpHIL Ha KJETKH.

epBH i MeTo A Jaunyio Marpuiy S YeTBepPTOrO MOPSAAKA MOK-
HO Pa3sGHTb Ha YeTbIpe KBajpaTHbie MaTphibl A, B, C, D BToporo nopsiika:

Su Sz | Sis Sua A1B
s So1 Sg3 | Spp Saa i
N . T lclp

Sa1 S32 | S33 Spa

L Sp Sup | Sys Sus
rie

i [ ] R [ s] oo [ ] D=[s,‘ 3.]

521 SZZ 538 Sas. S(l 512 543 S“
Haj kaeTounbivm MaTpHUaMH TaKOro THMA MOXHO NPOH3BOAHTE ONepalni
CJ/IOXKEHHS] H YMHOXEHHS, ONepHpPysl C KJAETKaMH MalpHilbl, KaK C 3JeMeH-

TaMH OOBIYHON MaTpHIlBL,
Iycrs

R i =—|—

= KJIeTOYHBI® MaTPHUbLI OAHOTO H TOIO K€ THOA H paSsHeﬂHﬁ, Torna

A+K | B+L AK +BM| AL+BN
StP=|— | """ | sp|—— 1 |
C4+M|D+N CK+DM| CL+4DN
Mpusep 1. Marphus
57 —3 —4 123 4
76 —4 —5 2345
le s —s —a|® B=| 13557
85 —6 —1 2468

paséuTs HA KBajparnbie KAETKH H Buuncants A-}B u AB,
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Pewenne 1) Pasofbem maTpuusl AH B Ha KBALPATHE KJICTKH CJAYIOMHM

o6pasos:
5 T—3 —4 1 2|13 4
[A,, Ah] L el R ] 2 3(45
Anlan ) |6 a|=s =2 " [Bals.] |1 3|5 7
8 5|—6 —1 2 4l6 8
9) Haxoan
6 9]0 0
Au1-4-But | Ao+ Bro 99 0
A4B= ~ .
Aok By | AntBa)” |7 7[2 5
109}0 7
3) Uneen

g [ A Bk By (A Ba-Ars By
T Aw BuHAn By |An Byt An By
5

e A i

7
6

—_ —Il —-25 8 6
e o) TR s

B 14 24
# "_[a 5] 2 3] Jxa a1
—3 —2] 1'% -7 -1
A“B“‘=[—s —1]'[2 4]=[ —8 —2‘1]'
77
AzIBxl+AzzBe|=[m of
e mae|B 7] B 4] [ 5
R P '[4 5|7 |45 s8]
—3 —4] [5 7 —3 —53
A“B*F[—a —5]‘[5 s]z]_so —tss]'
42
N I

6 4] [3 4] [3 4 -3 —2)[b 7
= . = A, = . =
Au B [8 5] [4 5] 144 57]' e B [—6 —t] [6 s]

MocneoBaTeIbRO 0Oy deM

—o7 —a7 71
<[ T Za) awmuransa=[g 7]
Takum o6pasom,
86 4 2
5 0[=5—10
a=| | — |
71 7

109 8 7



Bropo#i MeToX MoXHO pasOuTb MaTpHIy n-TO TOpsiiKa
Ha KJETKH Tak HasbiBaeMbIM OKQiMACHUeM,T. €. Ha KBaIPaTHYIO MaTpHILY
(n — 1)-ro mopsiiKa, OKafiMIeHHYIO MaTpuuef-cTpoxoii (n — 1)-ro mo-
pAlKa, MaTpHueii-cTo6uoM (n — 1)-ro TOpsiKa W MaTpuieii Nepsoro
TOPSAAKA — YHCIOM:

n-1.n

Qpy Gpyer G, 1| Gnn

rae A,., — KBagparHas Marpuna (n — l)-ro nopsuka; U,., — Mar-
puua-cronGer, (n— 1)-ro nopsizka; V,_,—marpuua-ctpoka (n — 1)-ro
NOPSAKE; &y —YHCIO,

HeﬁCTBliﬂ Han OKafiMIeHHEIMU MaTpHUaMH NPOU3BOAATCS TaK XK€, Kak
JeficTBHs Hajl KETOYHbIMH MaTpHIAMH,

Mycts
A= MU . B= PY
Va Xb

— JBe OKaiiMJIeHHble MaTpHubl 7-ro mopsiika, Toraa
A+B= M+P U+Y . AB= MP+UX MY+Ub
V+X a+b VP+aX VY+ab

rae MP w UX — marpuusr (n — 1)-ro nopsaka; MY n Ub — Marpuubi-
croabubi (n — 1)-ro nopsiaka; VP u aX — Matpuubl-cTpoku (n — 1)-ro
nopanka; VY u ab — uncaa,

Npumep 2. Marpuis

5 8 —4 3 25
A=|6 9 —5| uB=[4 —1 3
4 7 =3 9 6 5

PasbNTL Ha KMETKH OKaimaenueM u peuucauts A -~ B u AB.
eweHue, 1) PasGunaem matpuusl A u B ¢ novoumio OKaiiMaennat

5 8| —4 3 95
MU
o ity N TN i Y WA
47| —s Via 9 o5 Xl
9) Haxounw
8 10 1

M+P U4V 10 8|—2
A+B=[ VX atb ]

13 13] 2



3) Mmeen
AB= MP--UX MY +-Ub
| vPaX VY

TMocnegoBaTteibHO MONYYaeU

wef JE -2 3] oo o

927,

—27

wo (2] e[S} [ 28] e[ 2]

2

[40 1], aX=(—3)-[9 6]=[—27 —Ig],
VP+aX =13 —17];

VP=(4 7] [2

VY=[47].[:]:41. ab=(—3):5=—15, VY --ab=26.

Taxny 66pasow,

-2 2
as—| 9 —o|®
13 —17[26
0 maTpiy i wa kaerku. ITyers S = [g|_g] —

KJeToulas Marpuua, B Kotopoil A u D — KBajpaTHbIE KIeTKH nopﬂ,’u&os
p u g (rne p+q==n), Ham nyxno naiitu o6paruyio Matpuny S™'= [

B K0T10pOil K 11 N — KBajpatiible MATPHILLI TaKyKe NOPSIIKOB p H q.
o onpenenenmio obparuoii matpuuel, SS™ = E,. Ho eannuunas
marpuua B AaHHOM c.'ly'lae TOXe 6y11e’r paséwra Ha KJIETKH aHaJIOTHYHbIM

ofpasom, T. e. E,= [0 E ]. rae Ep u E, — eAulHYHbIE MATPHIbI, COOT-
BETCTBEHHO MOPSKOB p H q. Torna

ss|[AB] [KL|_|AK+BM AL+BN7 _[E, 0
CcD] |MN| |CK+DM CL+DN | [0 E|

’ﬂl

[prpaBHUBas B/MEMEHTH MaTpPHIBI-NPOH3BEACHHS 3/JEMEHTaM eIHHHY-
HOl Ma1pHIbl, BHIBOAHM C/eayloune GopMyJibl ANs ONpEe]eHHs KICTOK
00paTHOli MaTpHILbL,

lepsas epynna gopmya (o0pauieHne HayHHACTCA ¢ BbIYHCAEHHA A1)

=(D—CA- B)™,
1)

L
K=A7—A" BM
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Bmopas epynna gopmya (obpamenue HaunHaerca ¢ Byucienus D1 ):

_(A BD-1C)Y,
—KBD,
—DICK, @
—D-'CL.
O Gopmy.sl B_APEAIO. YTO BCE Y o6paire-

HUSL MaTPHIL BLIIONHUMEL, Takum o6pasoM, obpalieHie MaTPHIL MOPALKA
1 CBORMTCS K OGPAlIenHio IBYX MaTpHIL MOPSUKOB p H § H K HECKOJIBKAM
MaTPUYHBIM YMHOXKEHHAM.

Mpumep 3. O6paTuTh Ma1pHIY

UPH NOMOUK Pa3GHEHHA HA KJETKH.
ewe e 1) Pagbusach Mannyio MaTpuiy S He KACTRH

1o 12
—rel| 31 A8 KL
S| ——— |= [~ s='=|——|
4 0| =21 D MI|N
02l 12

Ins BruHCAEUE BO3bEN nepsylo rpvany dopumyd.
2) Boiuncasen marpuuy A

o a o
s 141=2
A= [aﬁ o= 2 fm

A _Asi
a-ie| 14114l 2, Ap=—a;,=0,
Ay Ao =1, Am=an=1
Al Al
C/IeJOBATENbHO,

o[22 0 q_q 1o
“[1/? 1/2]‘[1/2 172 ]

OGpasyem mpoussezenus

g [ 1O 1 2j_[1 2
4 ’B_[lﬂ 1/2]'[3 1]“[2 3/2 ]’
1

0 24 0[1/21122}= E: ;]‘
eans=[ 1[5 3)=4 o)
cuo=ly o] o sl=[3 3]
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[ans z(mnponix BBIYHCASIENM MOCAEAHII0 MaTpHLy JBamabl — kax (CA~1)Bn
xak C(A

3) Cocrasny Marpuuy

—2 1] [4 8 —6 . —7
D—CA-1B= - = -
[ 2] [a=150 0
u nazoxi o0paviyio ol warpuuy N — CA-1B)-1,

Wiveem det (D' — CA-1B) = 6—21 = — 15, OGosnaunm

[-6 —7]_ [pu Plz]
-3 —1 P pael’

TorAa anreﬁpaw:ecxne ﬂonomemm

1 Pag= —pg=71, Pp=
= o = P = d}leﬂunﬂeﬂbno " ‘“ “
115 —7/15 1715 —7/15
—(D——CA=1 By~ _ .
N=(D—Ca=8) [-3/15 6/15] [—1/5 2/5]
4) BuiuncAsien MaTpHUb!
Y15 =7/15 40
= — ~l—= ] .
e I B
_ —3/15 —T7/15 ‘[1/5 7/)5"
“{—2/5 215]‘ 25 —2/5 J
12 17156 —7/15
e A-1BN—— . _
b=—Amton 2 3/2] [—1/5 2/5]
_ [_5/15 5/15 _[ 13 —1/37,
T L5300 —s/15] L 16 13 )

12 1/5 7/15 1 —1/3
M . - X
4 BM_[Z 3/2] [2/5 -.2/5] [1 1/3]
10 T -3 0 13
—A-1— A1 BM = - = 5
K=ami—amon [|/2 1/2] [1 x/s] [—1/2 ]/G]
B pesyastate noaysaes
0 1/3 1/3 —1/3
S~ K L —1/2 1/5 16 13
MN Y5 7/15 1718 —7/16
2/6 —2/5 —1/> 2/
OGpaienye KJIETOUHBIX OKafimjeHHsX mMaTpuu, [lycTb

Tau G wefpm An
Gy Gy e Oy ny on
Ay Unsy
A= = .
net, 1 Gnety 2000 Gpet, =1 | Gnotyn Vet @an

Gt Qpy voe On, g1 [

Bynem cuntarth, uTo naHHas MaTpuia A NOTyueHa B pesyanTare oKafiMae-
mHa Marpuusl A, nopanka n— 1 Marpuueii-ctpokoii  V, , =
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ain

=[Gy Gny os Gy, n-1)y  MaTpunedi-cronGuom U,y = [‘;""‘ ], TaKkKe
On-1.n
HMEIOIHMH NOPAJOK n — 1 H YHCJIOM App.

Matpuua A~Y, obparHas AaHHOfH, TOXKe UMEeT BHI OKaAMJIEHHOH MaT-
jRaitog

Ppey Ry
A= [

Qnar .
B KOTOPOH HCKOMbIe BeNHUMHBEI TAaKOBH: P,_; — Matpuua (n — 1)-ro
nopsaaka; R,_, — Matpuua-cronGen (n — 1)-ro nopsaka; Qn—; — Mar-

puna-crpoxa (n — 1)-ro nopsaka; L queno.
n

@
MpuMenss npaBHaO yMHOKEHHS OKaiMICHHBIX MATPHIL, HMeeM
Pooy Ry
Ay Uy n
AA1= v ) =
n=1 Gnn L,
Ayt P U A st
o1 Poe FUnct Quey A Ruca +
a,
Vot Pacst@un Qs Vot Ruca+ ;"
_[Ennr 0
0 1
[TpupaBnnupasn  s/enenTbl  MaTpHUbI-TIPC COOTBETCTBY
SEMEHTAM eHHHUHON MaTpHLBI, noJyuaeM ciejiyioue $opmysbl A
BEIYHC/ACHHS 9/IEMEHTOB 06paTHOi MaTpHubl A~
)
=0y, —V o AT Uyeyy
Rpey= 'A'l~—\Un-—l Oy
Vi
Qpuy= — ————, 3
n-t . 3)

Py Ant )+ Ay Unet Vaoy Aly
%n
Takuym o6pasoM, ofpamieHie oKaifiMJIeHHOH MaTpHUBI 7-TO MOPANKA
CBOAMTCS K 0GP ALeHHIO OHOH MaTpuutbl (11 — 1)-r0 NopsiKa U HECKOMbKUM

MaTpHYHBIM  YMHOMEHH M.
Tlpn 5TOM AN HAXOXKIAEHUS 3/]€MEHTOB OOparHOil MaTpuubl A~ npu-

MEHAETCS] caefyloulas cxema.
1, Mycts sjements Matpuubl A~! oGozHaveubt uepes dy (4, |

, 1), a snementhl Matprubl Ait; — vepesd'yy (4, ) = 1,2, .0, n — I).




Torna

dnet, 1 dnmt, 2 e iy,
2. BHIUWCASIOT  BIEMEHTH CTPOKH-Tpomssepenns — Vo, A7l ®
cronbua-npoussesenua — Azl U,_;, 0G03HAUHB HX COOTBETCTBEHHO
— Vs AR = V1 Yrares Vo, ki

— At Uy =

L Ba-sin
3. Onpenensior gHCIO Oy

O

n—1 n—1
nn+ Y Gni Bin=0nn+ D) Gin Vnse

=1 v
IlBofiHoe BEIYHC/EHHE HHCA G CAYXKHT KOHTPOJEM MpEAMIECTBYIOMHX
BBIYHCJIEHH .

4. Haxonar Bce siementh Matpuusl A=* no cieyioumm gopmyiam:

. B
dy=dj+ i":"’* @ k<n—1y
n

iy =, dy=T0 (G, S —1); @
on oy
d=-1-.
Npnmep. Merogiom oxafimaenusi o6paTHTL MATPHILY
3—4 510
i L T
228 N2 o am
3=1 4] 1
Pewenue Isvamn O6pamaen matpuuy An_gb
3 —4 b ” v
I P 1=[n-1 n-1 J.
T — Va1 @n-1,n-1
3 —=bl—1

1) Haxopum matpuny A te. Vimceus

3 —4
A,._,,=[2 _3]; det Agog=—1;

Ay=—3, An=4, Ap=-—2, Ap=3

61



C/IeNOBATENBHO,

3 —4
azo=[y o)
-3,
2) I MaTpUYHEE Y nosTyTaen SJeMCHTH CTPOKH-NPOHSER-
ZeHHS B CTOAGUA-NPOHSBCICHHS!

)
[vs Vsl = —Vn2 A a{=0 =3

3 —4 5 —11
[pa [==rezsvne== [, Z)[1 =[5
3) Haxonum umeno o3 AByHMs cnocoGamms
y=az -+ agi fra-tam fay=— 14 3(— 1) -H(=5)-(=N)=13
Oy =agg--a13 Va1 +aza Yo =— 1451+ 1(—3)=1.
4) Ilo gopmyaam (4) shyscasied saenertsl MaTpuus A 715
P13 vai 3 (—“J'l _

di=di,+ -8
x3
=it ﬁn‘m =_4+<~—u> (=3) _gq,
~=7)-1
iy +M=?+%=_5;

115 v an, O6pamaen natpuny A:

3 —4 50
e 2 =3 11 Ap—3 Un_g
s =5 —12 |7 Va-i Gnn

3 -1 41
1) Marpuua A1) Guaa onpenesena ua I srane,
9) TIpPOHSBOLMM MATPHUHEE YMHONEHHsT

-8 29 -1
W Ve Yel=—=Vuos 47l == =1 4-) =8 18 =7 |_15 —g7 023
1 -3 1 :
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B1a —8 29 —11

Ba | =47ty Un=| =5 18 —7

Bas 1 -3 1
3) Beiuncasem ot

0ty =04t Ogt Bra+04s Baa-+-0ug Pag =143 (=7) -+ (= 1) (—4) +-1-4= —12
%= G4~ 1q Va1 020 Voa - Gng Vag= 1404154 1+(—57) 4-2.22 = — 12,

4) O6osnauns
St Sia Bpp
St #
Amt=g=f Bt Sw
531 Sae Sas
Sat Sa2 Su

0

[C

S
824
a1

Sag

10 hopMyaam (4) onpejensien saeMEHTH MaTpuus A=Y

Pra var (=715 9
=y g AT 2
su=du A= + 5 5
sp=dpat
sig=dyz+
Sy =dyy P __5+-—-T 0
_ fias Voo _
Spp=dag w =
Bas Va3
Bog=tlog |- @
B3s Y
= dg - —2
sy =dy -+ Py
Sap =g Ba Voo
%
B3y Ves
=gy Ves
g3 =day-{- P
7
8= ) 2
15 y.
Sy= 1‘: =—gi =T o=
e 2 1L
ST T TR T T TR
Hrak, okonuarenbho maXoaum
9 —51 22 7
i 0 —I2 4 4
A= S=—
12 -3 21 —10 -1
—15 57 —22 —1

[}
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Marpuust Gosee BHICOKHX TIOPSIKOB 06paIaloTcst aHalOTHYHO, MocTe-
TICHHBIM yBe/HUCHHeM NIOPANKA OKAHM/ICHHOH MaTPHI, T, €, YBEAHUCHHEM
9HC/a MATPHUHBIX YMHOXEHHi.

§ 2.7. TpeyronbHbie P
Ha NPOM3BEAEHHE ABYX TPEYronbHbIX MaTPHL
KBanparHaﬁ MaTpHla HasbiBaeTcsa mpeyeonbno!l, €CJIH 3JIEMEHTBI, CTOs-
UIHe BHIE WITH HUKE TMIaBHOM 1uaroHany, papsel nyaio. Ecnu papust Hymo
SJEMEHTHI, CTOALIHE BHILIE TJ1aBHOR JAHaroHanH, TO MaTpHUa HasblBaeTcs
Hugcned mpeyeoabHol; TaKoBa, HampHMep, MaTpHUa
ty 0. 0
Ty=|ta fa.. 0
tas tas wer tun
Ecau xe paBHBI HYJIO S5JIEMEHTBI, CTOSIIHE HHXKe T/1aBHOM JMaroHamn,
TO MaTpHIA 51 8epxHell ) TaKOBa, MaTpHna

gy figeee in
0 rog e lon

Tan
OnpenenuTent TPEYFONLHON MATPHUE! PaBeH MPOU3BENERUIO ee Juaro-
HanbHbIX 3aeMentoB. Ecau T = [4;] — Tpeyronshas marpuua, 1o
det T = titygouctune
OGpatias Marphua HeOCOGEHHOH TPeyroJbHOH MaTpHIEL €CTh TaKike
TpeyrosbHasi Marpuia TOro ke THAa H Cprl\'Ty]th
Ecan kBanparnas Matpuua
Ay Gygees ip
A=| GGy
Ay Qpgy +e Gap
WMeeT OTVINYHbIE OT HyJis OQuazoranshoie MUROpbL (TaK Ha3LBAOTCA MHHOPB
ONpPeNie/IMTENs MATPHLEL, Y KOTOPHIX Ha TVIaBHBIX AHATOHANAX CTORT AMaro-
HaJIbHEIE 5JIEMEHTHl MAaTpHIb), T. &
ARty
Ay dzp

a0, #0 ., delA£0,

TO €e MOXHO Das/OXHTb Ha NPOH3BEJEHHE ABYX TPEYTOJbHbIX MaTpHI
(Bepxuefi u mixHel). D10 pasnokenue OyleT eIMHCTBEHHBIM, CIH QMa-
TOHA/IbHBIM 3/EMEHTaM OJIHON H3 TPEYro/bHBLIX MaTpHI 3apaHee 1aTh OT-
JIMYHbIE OT HyJsi 3HAueHHd (HaNpHMep, TOJIOKHTb HX PABHBIMH EAHHHIE),
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Nyere 4 = Ty T, 11e

t, 00 .0 1 1y figen iy
Ty= lyy 13y 0 0 0 , Ty=|0 1 ryery,

tnylnatng weeton 000..1
HIcKOMbIE 37EMEHTE! TpeyronpHblX Matpun Ty # T, HaxOAT CAelyiomiM
oGpasoM:
1) Tlepemuoxaior marpuinl T; # Ty (Ha NpAMepe MATPHILL YETBEPTOTO
nopsiaka).

t; 000 11y g 1y
Ty Ty= tartyy, 00 L1 01 ryyry
o lyg £y 0 00 1 ry
tats tote 0001
ty tulis tuls T
=)t et fufiatlnry, alig =+ fof o

o~

s Iafptiss  lafig il [Z1ETE M VE S PR
to tarntle  lafutlofatls tarutlara+lals +1a
2) TIpHpaBHHBAIOT COOTBETCTBYIOIHE SJEMEHTH MATPHLbl-NPOH3BEe-
HHA 3EMeHTAM MaTPUllsl
Ay Gip Qi3 Oy
A=) G2 Qo Qg3 Gy
@3y gy Qg3 Gy,
adl Qg Oy aM
a UMEHHO fy; = ayq3 foy = Gogy Ly = Qg5 fy = Q1 fulye = Gygy «oe . [ocae

3TOTO pewaloT CHayala OAHOWIEHHbIE, 3aTeM JABYWIEHHHE H T. A. ypaBHe-
HHS,

Tpumep 1. Matpruy

1 2 -3
A=]3 2 —4
2 -1 1

PasJIONKHUTh Ha NPOH3BENCHHE ABYX TPEYTONbHEIX MATPHIL.
Peme uue. 1) Beezem obosnavennsn

ty 00 1 rs ris
A=TiTy Ti={ty tn 0 To={ @ 1 rg |,
fn fa tw 0 0 1
[Ipon3Besem MaTpHIROE YMHOKEH 181 .
fy 0 0 1 re s ft tiria targ
TiTe={tn fn O 0 1 rg|=|tn farttes  farizthoeres .
fat t2 fs3 {0 O 1 tst taretin tsfisttsratis
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2) Cocrasum ypasreHns
ti=1 hirp=2 fif rig=—3t
tor retlee=2  fu Ngfln rg=—4

tu=2 tyn fettaa=—1 to1 fstta fea-tla=1.

3) Pewaen 9T ypapHenus:

Frp=—

1

f1=38; 1 =2—3:2=

—1—2.2=—5;

Taxum 06pasom,

1 00 12 =3
Ty=[3 —4 0 |, Te=|0 1 —5/4 |
2 —5 3/4 [0 0 1

[Tob3ysich pasnokenneM KBaapaTHONH MaTpuubl A Ha NpousBeleHHe
ABYX TPEYroJbHbIX, MYKHO JIETKO BBIHCAATL 06paTHyto marpumy A~Y,

a umeHHo, ecan A = T\Ty, 1O
AN =T7' TV
OGpartiile MaTpULB AT TPEYTOAbHBIX HAXOASNTCR CPABHHTEABHO MPOCTO,

Tpumep 2. [Lin MaTphus

2 -3 1
4 =5 2
5 —7 3

§ahTi OGPATHYIO, PANOKHB IAUHYIO MATDHILY Ha NPOH3BENeHHe IBYX TPEYTOJBREIX.
Peweuue. 1) Chavana sbiuncasem

2 —3 1
det A=| 4 —5 2 |=—30—30—28-2548--28=130,
5 —7 2
2) Harnnyio maTphiy Ha np EBYX Tpey
tu 00 1 re
Ti=|tu t 0 To=|0 1 ry |,
f51 tas ta3 00 i
tm hine s

TiTo=|tn tariotte tarigtinres -
ta tmretle feists et



@ocTaB/seM YpaBHeHHA!

ha f=—3 hirg=1
bt et =—5  lu r13-+tas res=2
to1=5 tai rizFlas=—T1 g ris-Ftas rast-tay=3.
Pemias STH YPaBHeHHS, HAXOMMM fyy = 2§ rig = — 3/2 ryg= U2 fy =
fp= — 5 6= 1 ryy=2-2=0; fyy = 5 fyg = — 7 + 18/2 = 12,15y
= 3—5/2 = 1/2. Cnegosarenpuo,

2 0 0 1 =32 12
Ti=l 4 1 0 ki Tey=|0 1 0 |
5 1/2 12 0 0 1

3) Ing maxomjenus obpatiofi MaTpuum A~1 = T;1T;1 HeoOGxomumo ompe-
genuts T3l w TT1.

O6pataym mMatpHiy To; OGpaTROM A5t Hee SBASETCA BEPXHSAS TPEYToNbHAS MaTs
pEIla, 37eMEeHTH I/aBROf AnaroHann xoropoi pasus 1. Monoxam

1erg g
Tsl=] 0 1 1y
o0 1
Torna T3 Tg'=E, nan
1 =32 12 I ora o
ToTri={0 1 0 |0 1 ry |=
0 0 1 0 0 1
PRI S Wy [
“lo 1 ras Slo1rof
0 0 1 00 I

CocTaBasier ypaBHEHUS

3 3 1
M= =0 = o=

Orciona HaxomuM rg; = 3/2; ry; = — 1/2. CaegosaTensHo,

132 —12
ryi=lo 1 o |,
0o 0 1

[Mepexonny K HAXOMIECHHIO MATpHUbI, 06paTHOH mo oTHowenuio K Ty; Tyt Tak-
xe Gyjer Bepxieil Tpeyronbuoll Marpuued. ITonommm

a0 0
To'=|ta te O |
tn tsz lgs
Torpa
2 0 0 ty 0 0
TeTil=| 4 1 0 |.|ta te 0 |=

5 1/2 12 far fss tss



211 0 0
At +ts e 0

1 1 1 1
Stutgtatg ta ety M

o o~
o - o
- o o

Llus
2
CocraB/sM ypaBHERHsAL
21n=l: AtnFtn=0; tu=1N
5t1r+—;"u+ ta=0; — - ot L tn=0i o fn=1
Orciona HaXOLHM

=12 ty=(—4(1/2= =2 tu=11
(=B 1/ =12

_ — 1/
—_—— o}, p=———=—]; =——=.
a1 2 3 a2 2 5 tas 72 2
CaenosaredibHo,
2 00
Tri=| —2 1o |
-3 =12
4) Tenepb MOXKHO HaliTH MaTpuuy, oOpaTHYIO AaKHOiL
1 32 —1/2 172 00 —1 2 =1
A= =TriTri=| 0 1 o |.|—2 10|=|=2 1 o]
0 0 1 —3 -1 2 -3 -1 2
§ 2.8. o I
B obwem Buze m i don

1%
B8aNHCLIBAETCA TaK:

Ay Xt ap %t ety Xy e+ x=0by,
Aoy Xy + Qgy Xyt o095 X5 = wvs 4 Qg X =by,
ay x,+u.,x,+ o F Xyt X =by

Ay X+ Gy Xy oo Gy Xyt evs - Gy X = b

YpapHeHHs CHCTEMbl CUHTAIOTC TNPOHYMEPOBAHHBIMH: TepBOE, BTOPOE,
vy mee. UHCHA Xy, Xy, ..., Xn HA3BIBAIOTCH HEUSBECIMMGIMU CHCTEMBI;
Qy1, Qigy voey Qpun — M TIPR Hel HBIX CHCTEMBI,
Kos(hpHIHEHT TpH HEH3BECTHOM X;; B (-M ypaBHEHHH 0GO3Hauaercs
yepes a;;, I21e NEpPBbIli HHAGKC { yKAashiBAGT HOMEP yPAaBHEHHS, B KOTOPOM
HAXOANTCS AAHHBIA KOI(HUMEHT, a BTOPOH MHAIEKC j — HOMEp HEeH3BeCT-
HOTO, MpPU KOTOPOM HaXOAMTCS AawHblil Kos(uunent. Hanpumep, Kosg-
(PHUHEHT Qgy HAXOLHTCS BO BTOPOM yPaBHEHHH CHCTEMBI TIPH HEHSBECTHOM Xg,
Yucna by, by, e by, Ha3BIBAOTCH C6060ONOIMU 4ACHAMI CHCTEMBI,

O]
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Kparko cucrema (1) moxer GbiTh 3anmucana Tak:
3 ayxy=b, (=1, 2., m). (%)
1=1

Peutenuen cucTeMbl MMHeRHBIX ypaBHennd (1) HaabiBaeTcs m0Gasi COBO-
KYIHOCTD YHCRJI Oy, G, a1sy Gy KOTOPAsS GyAYuH MOACTABJIEHHON HA MECTO

HEM3BECTHEIX Xy, Xg, ..., ¥ B YPABHEHMsA NaHHOH CHCTeMEHl, 00painaer Bce
5TH yDaBHEHH: B Tomnec‘raa.

Herema [0 L] €c/IH OHa
WMEET pelleHHe. ECJIH CHCTBMa ﬂl{HeﬁHHX ypaBHeHHH He YIMEeT peleHus,
TO OHa W N

CoBmecTHAs cucreMa JIMHEHHBIX ypaBIlEHHl‘a MO)KET HME’TB OJIHO HJIH He-
CKOJIBKO P €CJTH-HMEET OJIHO eHHCT-

BEHHOE pelmenne, 1 neonpeaexzemod, €CJIH HMeeT GOJIbIIe OJLHOTO PelleHHs:.
JlBe cucTeMbl JIMHEAHEIX YPABHEHHH C OXHHUM H TEM KE UHC/IOM HeHs-
BECTHBIX" HA3bLIBACTCA IKEUSAACHMHbLIMU, €CJIH OHU HJIH o6e HECOBMECTHBI,
U1 00e COBMECTHBI H HMEIOT OfHH H Te Xe peLienus.
B 3701 riaBe MBI GyIeM PaccMaTpUBATh CHCTEME! 7 JIHHEMHBIX ypaBHe-
Hul c n HEU3BECTHBIMH, T, €, CHCTEMbl BHJIA

( Gy %yt Xt e b ay Xyt a, X, =by
Iuﬂx,+a¢,x,+. Xyt Oy, Xy = by,

@
a,,x,+a,gx2+...+a‘,x,+ +a,,,x,,—b¢,

Any xl+anz xrl-...—l-a,., x;+.A.+an,,x b,,.

§ 2.9. MatpuuHas OPMa 3aNMCH CHCTEMBI NMHERHLIX YPaBHEHUH.

P ypP

TlycTb Jana OnpejiefieHHas CHCTeMa A IWHEHHEIX ypaBHeHHH
Ay Xy Qg Xy s F Ay, X, =0y,

gy X1+ Agg X voo =+ A3 Xy

Ay %y Qg o - +11nuxn —b

Jlannyio cuctemy, MOMb3YsCh MATPHYHBIMH OGOSHAUCHHSIMH, MOXKHO 3a-
nHCaTh B CELyIOUIEM BHAE:

[4))

AX = B, 2
e
Ay Gig ve Qi 1 b
e B B B B A
Qpy Qg ve Opp X by,
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Ksanpa'ma;l marpuna A puyelt (1), a BexTOpH
H B — COOTBETCTBEHHO CHCTEMBI
u - Guyom ee 01
B ManW-IHOM Busie cucremy (1) MO)KHO 3amlca1'b M TaKi
an Qg eee Qyp 1 by
[ X, b,
21 gy eea Gop A% =%, @)
Gut Gpy eos o | | 5, b,

PacemoTpiM TpH BHIA MaTpHUHBIX ypaBHeI-mH  Croco6bl HX peleHus,

. Mampuunoe ypaswenue 6uda AX = B. Jlaa peleHHs NaHHOro
ypaaﬂenun YMHOXHM C/iea 00e ero qac‘m Ha A%
A7'AX = A-'B.
Ho mnpoussenenne A~'A = E, caenosateavio, EX = A~'B, orkyna
X = A"1B, 3)

Mpumep 1. Hcnosssys MaTpHYHYI 3aNHCh, PEMHTH GHCTEMY JHHeHHHX ypas-
weHHit

Xt 20=—1,
2x1 —Xg -+ 265 = —4,
dxy 1 xotAxg=—2,

Pemenue. 3anamey cuctemy s suze AX = Bi

[

Haxonnu A7

112
Gt A={2 —1 2|=6; Au=—6 Au=—2 Ay=4
4 14

A==ty Ap=2 Ay=6;

_[-6 —2 ¢ —1 =13 2/3
A:[ 0 —4 2]: A-l= —2/3 us].
6 3 —3 12 =172

A

-o

Tenepb, noMbayscs dopuydoit (3), noayuaen

—1 =13 3] [—1 1
X=a-1B=| 0 —2/3 13| —4|=| 2|.
12 —12] [—2] [—2

Oxonuaremshuic oteeT: %3= 13 X =2 x3= —2.

Ecau nmeercsi HECKONBKO CHCTEM JIHHEHHBIX ypaBHEHWH, HMeHOUMX
OIHHAKOBble MaTpPHILbI CHCTEMB, TO HX MOXHOQ MRAHHHTB B OAHO MAlpHY~
HOE yp H peuath
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Mpumep 2, JlanE TPH CHGTEMH JHHEAHEIX ypaBreHnill
n—t20=1, ( f—3r+2%=5 ( x—3%t26==5,
Bxy —4x5 =2,

Bxg—4x; y 4 Bxp—dxg -2,
20y —Bxg-3x5=2) | 2 —5x;+Brg=9; — Bitg -3,
Haiitu aX pemenus,

-7

Pewe u ue. Cocrasasem MaTpuynoe ypasrenne AX = B, rae

1 —3 2 % % 15 —5
A=|3 —4 0, X=|x % x| B=|2 7 —2
2 5 3 x5 % X

29 —7
== COOTBETCTBEHHO MATPHIA CHCTEMEI, MATPHIA HEW3BECTHLIX H MaTPHUA ©BOGOIHBIX.
wnetion. Matpuua-pewesne meer sut X = A-1B.
Haxoguy A%
1 -3 2
detA=|3 —4 0|=1; Ay=—12% Ay=—1;
2 -5 3
Ap=—9 Ap=—1; Ap=6 Ay=—T; Auy=

o[- 18
A—‘:A:[ 9 -1 e}.
-7 —1 5
—12 —1 81 5 —
-9 —1 GJ‘[Z 7 —2|=
-7 —1 5] |2 9 -7

CrenosaTensno, penlelnsi AaHHBIX CHCTEM T4KOBBI
=2, %=1 x3=

Takum o6pasom,

X=4-1B=

—
-t
oo
o oo
—_

1%y =5, %= 2, x4 = 3; X, =6, xg =5, x5 = 2.
1. Mampuunoe ypaswenue guda XA = B, Iina pelenus ypaBHeHHs
YMHOXHM cnipaBa o€ ero uactu Ha A~%:

XAA-' = BA,

Buaunt, XE = BA-', orkyna
X =BA"1,

Mpumep 3. Pemuth MaTpuuHOE ypaBHeHHe

1 1 -1 6 2 —1
X2 —1 =6 1 1.
1 0 1 8 —1 4

Pemwenue Haxomnm A4

@

11—l
detA=2 —1 1|==3 Ay=—1 Ay=—1 Ay=0 Ag=—1
1 0 1

Ap=2 Ap=—3 Au=1 An=1 Ap=

o[-t -t 1713 13 o
A=-1 2 3 —2/3 1},
11 —1/3 =13 1
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Io gopumyae (4) nonyuaen
6 2 —I 1/3 173 0 311

X=BA-i=|6 1 1. /3 —=2/3 1|=[2 1 2|.
8 —1 4 —1/3 —1/3 1 12 3

1I11. Mampuurioe ypasrenue 6uda AXB = C. Jlna peilesus ypaBHerus
yMHOZKHM O ero uacti — cneBa Ha A™), a cnpasa Ha B~ Torza

oydHM
A*AXBB-' = A-'CB-,

HIAH
EXE = A-CB-,
OTKyna

X = A-1CB, ®)

Mpumep 4 PewnTb MaTpuykoe ypabienue

1 -3 2 311 8 —4 —4

3 —4 0f-X-|2 1 2f=]18 5 10].

2 —5 3 1 2 3] 17 =3 ~1
Pewenne Haxonnn

—12 —1 &
A-l=[ =9 —1 6
—7 —1 5

(cM. npumep 2). Temeps BHUKCATEM

—12 -1 8 8 —4 — 22 19 30
A-'C=| —9 —1 6|18 5 10|=|12 13 20].
—7 —1 5,

17 =3 -1 u 8 13

Haxoanm B-1:

det B= Bu=—1; Buy=—1; By

Bgs=—4; Byg=3; Byy=—5 By=1

1/4 14 —1/4
]; B-t={ 1 -2 1 ].
~3/4 5/4 —I/4
Tlo opmyste (5) noayuaem

22 19 30 174 14 —1/4 2 5 6
X=A4-1CB*=[12 18 20} 1 —2 1 =[1 2 5{.
118 18] | —3/4 &/4 —1/4 132

Bua=—4 Byp=38




§ 2.10. @op Kpamepa ans p
YPaBHeHMH

TlycTb Aana cHCTeMa JHHEHHBIX yDaBHEHUH (118 IPOCTOTH PAaCCMOTPHM
CHCTeMY YETBEPTOTO NMOPsAAKa)
( Qb1+ i Xy 4 Qyg X5+ @y Xy = by,
Qg1 X1+ Oy X+ @y, X5+ Ay Xy =y,
Qg1 X1+ Qgy Xy + Agy Xy~ QgyXy = by, M
gy Xy Ao Xy + gy Xyt AyaXy = by

Bsezem cJepyioliie 0603HAYCHHS:

A Gy Gy Gy by a4y ay
D=|% Az Gy Gy D= by Gy Gy
@y Gy Gy ay | ' |by an ay |
Qg Qgp Qgg Gy by ay ay a,
@y by ay ay an @y by oay
D= Ay by Gy @y Dy n Gy by a4y
Plan by ay an|t U lag an by gy, |
an by ay ay, a4y Ay by ay

ay G Gy b
n Gy Ay b,
Ay Ay Gy b

a4 A b,

3nech D — onpeaenntens cuetembl, a Dy, Dy, Dy u Dy — onpenennteny,
No/ydaioliecs B Pe3yJbTaTe 3aMeHbl CTO/GUA Ko3(HILHEHTOB TIpH COOT-
BETCTBYIOLLEM HEHSBECTHOM CTONOLOM CBOGOMHBIX YJICHOB.

Ecnu D 5= 0, To cucrema (1) sBasercs onpereneHHOM, T. ¢
HMeeT eIMHCTBEHHOE pellente, DTO pelieHHe MOXKHO HalfTH 110 CJIeAYIOuHM

dopmymam:

D; D D D,
o R B=Gh o m=gh @

KoTopble HaswiBaiotes gopmyranu Kpamepa,
Mpumep. Pemuts no popuynam Kpamepa cuctemy annefinpix ypasnenni
w— xptxgIu=—1,
nt xo—xg—dr= 6,
3— ntnt u= 4,
Xy —3xy 3%y = —5.
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Pemenne Haxomum onperenutens D, Dy, Dy, Dy u Dy, packaaisisas ax
Ha MHHOPH 110 9]1€MeHTaM noc/efnell CTPOKH, a 3aTeM PHMEHss NPABHAO TPEYrOMbe
HHKOB:

—1 1

2 -1 1 3 2 3
p=j! 1=t 11—t =31 =1 g
g -l -1 11 3 1
1 =3 [ 3
2 -1 1
23]l 1 =1 =(—=1):0—3.5-4-3.0= —15
3 -1 1

(nepBuifi # TPeTHii ONpPeie/NHTE/ N PAbHE HYJIO, T2K Kak HMEOT NPONOPUHORaIbHEE
croabus);

—1 -1 1
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-1 1 3 -1 1 3
p=| & =l =45l 1 43| 6 —1 —t|n
- -1 11 ¢ 1
—5 -3 0 3
-1 -1 1
43| 6 1 —1|=5.0—8.543.0=—15
4 —1 1
S e s
e P == 6 =1 —af=sit -1 —al
1 1
L s o 3 4 1 3 1
2 -1 1
431 6 —1{=—=1.5—5.5+3.10=0;
3 4 1
f —i _; ": -1 =1 3 2 —1
L N B B R ] B ] T
| 3 s -1 4 1 341
2 -1 3 2 =11
451 1 =4[ 43|11 6[=(—1)-5—3.15--5.(—5)+8.10—
-1 1 3 -1 4
2 -1 -
. 11 é -1 1 =1 2 1 -
A o T ] B L I
I s o —s o 31 4
2 —1 1
—5[1 1 —1]=(~1).0—3(~10)—5 0=30,
3 =1 1



Teneps 10 gopmynam Kpamepa nosyuaem pememue CHCTEMHI:
Dy =15 Dy 0

3ametnM, 4TO petleHue CHCTENB! AMHefiHHIX ypasrennil no gopmyram Kpamepa
oueHb TPOMO3AKO. Ha NpaKTiKe TaKhe CHCTEMB OGHIYHO PEWAIOT APYTHMH METOLAMK,

§ 2.141. i a
o { Faycca)

HauGoslee pacnpocTpaHeHHbIM METOAOM peLUeHHSI CHCTEeM JWHeHHBIX
YpaBHEHHi ABJAETCH METOA MOC/IEAOBATENLHOTO HCK/IOUEHHS HEH3BECT-
ubiX. Ho npexe, uem mepeiith K 0GbACHEHHIO 5TOTO METOAa, HEOGXOAHMO
TIO3HAKOMHTBCA C 3/IEMEHTAPHHIMH NPeOGPasoBalHAMH CHCTEM JHHEHHBIX
ypngﬂeunﬁ

"y A CaIefylouye TPH THIA
npeo0pa3oBannil CHCTEM JIHHEHHBIX ypaBHEHHI:

1) mepecTaHOBKA NBYX ypaBHeHHIl CHCTeMBI;

2) ymmoxenue o6enx yacTeii ypasiens CucTeMmel Ha Jiofioe OTmIYHOE
OT HYJSi YHCJIO;

3) npuGapienue (BLYHTaHHE) K OGEHM YacTsIM OAHOTO ypaBHEHIs CO-
OTBETCTBYIOIIMX yacTeil JPYroro ypaBHEHHs, YMHOMXEHHBIX Ha Jio6oe
OT/IHYHOE OT HYJS 9HCJI0.

MoxxHo JI0Ka3aTb, 4TO 3/1EMEHTapHbIe npeoﬁpaaosaﬂuu TIEDEBOAAT NaH-
HYI0 cHCTeMy JTHERHBIX ypaaneHﬂi’l B 3KBHBaJelTHYIO. Boinosnenne age-
MeNTapHbIX np I it PaBHOCHABHO P ONHOTO HeH3BecT-
HOTO yepes JApyrie.

Memod nocaedosamenstozo uckaouenusn Heussecmuolx (semod Iaycca)
paccMOTPUM Ha MpUMepe CHCTEMEl YeThIpeX ypaBHEHHH ¢ YETBIPbMs Hel3-
BECTHBIMH, Hycrs JlaHa cHcTeMa

o Xy ¥ Gy Xy = g
g 2y Gy Xy gy X,y Xy = s, o
g 2+ By Fy g ot Gy Xy =,
1+ By Fyt g Xyt 0y = By

Byrem nckaiogaTh HEH3BECTHOE X; W3 BeeX ypaBmemuii cucrems (1),
Kkpose nepsoro. Hasosem x, sedyuyus M, a Ta, —
Gedyugum kospuyuenmon. PasfienB nepeoe ypaBHeHHe Ha ay; (310 BO3-
MOZKIIO, ecan @y %= 0), moayunm

Az a3 a1 a1
oyt ey M By
an an an an

Ctesnaunm

Q2 py,, 2
2

s __ Q15
W D=by, —E=by
an an an an



1 Boobe b,; =
BHA

2 (> 1). Torna paccuarpHBaeMoe ypaBHeHHe Mpimer
11

X1 byg¥y + bigxs + by¥y = by @
uan

Hy = byg — bygity — bygity — byuXes

JIns nekmoueHns HEH3BECTHOTO X, M3 ypaBHeHui cnereMet (1) npoBenem
ceftytolie npeoGpasoBaHusl.

1) M3 Broporo ypasnenus chcTembl (1) BeluTeM ypaBHeHHE (2), yMHO-
MEHHOE HA Ay}

g1 X1+an Xg + apg %5+ da Xe= ay
— Ca1 X1 — g bro Xp— o bys X3 — 91 byy Xe= — dz1 bys

(aga—agy b1a) Xa~+ (@as—0ay U1s) X3+ (Gps— Gay byy) X4 =(as— Q21 b1)

O6osnaunm
Ap—yby=all; ay—anby=at}
Ay — 0y by =04}, ay—ay bis=af
H TIepenHIleM MOJyueHHOE ypaBHEHHE B BHie
a5, 0, ot %, = af).
2) Hs Tperbero ypapuenns cucremnl (1) BhiuTeM ypasienue (2), ymHo-
HEHHO® Ha (g

51 %1 -+ age xp + Uag Xa -+ Gag Xg = Gy
— 51 X1— 031 b1a Xa— 51 bis X5 A1 bra Xa= —an by

(ay — @51 b1a) xa-(2s3— 51 b13) X5+ (dag— o1 b14) Xg =35 — g1 by

OGOZHAUHB  (gy— Ay by = a3Y; Aga—apbig=aty ¥ T. 4., Nepenuiem
TNOJyueHHOe ypaBHEHHE B BHIE

0+ a5+ 0 vy = a.
3) V3 uetseproro ypasHeHHsi cHcTeMel (1) BbuTeM ypasHenme (2),

YMHOXEHHOE Ha Q. IIpHMEHHB aHajorHuHble o6O3HAYEHHS, MONYUHM
criefylonee ypaBHeHHe:

o) y+ il o al) v, =ail.
B pesyabraTe MpOBEJEHHBIX SJCMEHTAapHBIX NPeOOPasoBaHuii HMeeM

CHCTeMY TPeX ypaBHEHHI C TPEMs HEH3BECTHBIMH, SKBHBAJIGHTHYIO CHCTe-
me (1):

a5+ o) 5y a5, = afl,
aff) X+ af) g+ all) x, = all, an
a xp+ad xo+ ol x,=all),

Tae KospdHuHMenTE a, (i, j > 2) BrumCAsIoTCs 10 QopMye af)’ =a,, —

—@uby (Hanpumep, aty = dy3 — azb15)

76



P: nanee, Gduunents nepsoro y cueremel (1) Ha
Beayuiil KOSpHUIUHEHT ayh == 0, noayyum nepeoe YypaBHeHHe CHCTeMbl
B Bille

ol

o
X+ =L t X3+ —==
(l) ail)
23
Ofo3HaUHM
(D i
B3 D1 pelye "u =b); a5 . p
0] Rt (U ®
A3y Apy ayy

H aooﬁu.ne a“, = b4 (j > 2). Toraa nepsoe ypasuenne cucremsbl (1°) npu-
MeT BHI
g b g 4 01 xy = b, @)

Xy = b —bY) x, — b, x,.

Hckmouas Teneph X, U3 BeeX ypasHennii crcremsl (1'), kpome nepBoro,
TakuM XKe CHOCOGOM, KakdMH Mbl HCKJIOYaNH X;, NPHIAEM K cne}lyloul.eu
CHCTeME H3 IBYX ypaBHeHHIl C ABYMA HEH3BECTHBIMH:

{a‘ﬁx,-{-agﬂ = af}), )
a@x+afr=a)
e a = g — alPb (i, j > 3). (Hanpumep, a5} = afy — afpbsy.

Pasnams Kosxpfbuuuenm nepaoro ypasuenns cuctemsl (1) Ha Benymuit
kosduunent agy 5= 0, monyunm

*g+ 05 X =0, @)

rae b = e,
Hy= b —b8 5,

Vckmiouns Tenepb X aHAJOTHYHBIM NyTeM H3 cHctems (1), Haxommum

af) xy = afy, )
me aP=aP—af bsP (i, j>4). Orcona
o) 11
Ha= = @
d
o

Ocranbibie HEH3BECTHBIE CHCTEMDBI MOC/ENIOBATENLHO OINPEASISIOTCA N3
ypasrenuit (27), (2) u (2):
=YD,
Xy = Ul =01 5y — ) x,
Xy = byg— by Xy —byy Xy —byy Xy,
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% = P u
A1 912 13 a
Qs Qg ag3 o
agt az A3 ags
gy Qg Qa3 Qg
a a; 13 LT
1= by =—12 biy=—= b=~
@y au an
TooT ¢
o) |=ay—ay by @i =a;—an bys a5} =ay—an by
afh) =a5,—az1 byy af) = ags—az by afh) =ag— a5 by
a/P=ag—an by ai) =ay—ay b a{y) =ay—au by
(1) (1) (L
=2 by =2 sy ="
agh ay ash
o = at ) — gl "
|l =afh —afP bofy | ol =aly —aib sy
(2) — 4t s ' (2 all < 1
aiY =aly —aip biY | ol =af) —aih bsy
B =0 —atd b
laf¥ |=aiP —af} b33
v
1 n!l’
=2a
adi)
1
1
1
1




Ta6anma 2.1

Pasge-
CrofonHHe Sers z 6i
cxenst
a 15 =0+, s +0u+ais
O3 @95 =g+ 2+ Gya Gyt G5
as 35= gy + a5+ G35+ a5 +ass
ag 45 =041+ ayoF Ag+- s As 1
as an,
b= 222 big= 2 = 1 byg byt bus b
ay au
)1 g
agp Y +aidaik aty
\ ot
ai Fas+agi +alp
¢ Gy —at ¢ () g
Ay — a5 —au by ail) =ay—an be=aiy +aiy +aiy +aip "
=
g
g
=
2
B
=
) gl gtb bt ) gth _ gih) BLby— g2 b gid) g2
aly =ay —asy b1y aif =aip —aly bip =ay +alp +aip
(2 — gt — gt b o) _ (1) b gt g2 L gt2
aid =al) —ail b ai =ayp —aiy by =aiy +ai +aip
11
@
sy
by ==X = 1P H
a®)
9 gt gt pea @) ) gty piz) — gtsy 1 gt
@i =aip —aiy bR aiy =aiy —aiy by =aiy-aid
W
3 o
agd) as}
BB et O =—-=14-bp
45 45 3 43
af® asy
< = bt —
xy=b§ xy=bR =14x
=
- - S
xg=biy —biY x5y *o=b —bFr=1+1x B
— by 2. — b1 (% (03— =
==yl — b5} xg— b3 x X =byt — by X — by} xa=1+x, v |2
Xy=bys—bisx— H=by—buxy—bi s —byx=1+x &
—biaxg—bip ¥y S




Takny 06pasoM, MPOLECC PEIeHHs CHCTEMEI JINHEHHBIX ypaBHeHHI no
metoay [aycca CBOJHTCS K TOCTPOGHHIO SKBHBANCHTHON CHCTEMbl ypaBHe-
nuit (2), (2'), 2" (2"), Merox 'aycca nprMeHuM NIPH TOM YCJOBHH, 4TO
BCe Bellylue KO3Q@HIHEHTb OT/IHYHBI OT HyJsl.

JIist yRo6CTBA BHIUMC/IEHHS NPOMSBOAATCS 1O CXeMe, HashiBaeMoli cxe-
Mol eDuNCMBeH020 Desenus. Briuncienne si1eMeHToB b;; HasbiBaeTcs nps-
MOIM XOOOM, BEI HBIX — x0dom,
TAK KaK CHayala OMpeJeNseTCs 3HaueHue TOCHENHero HeH3BecTHOro.

Cxema eHHCTBEHHOTO fesienns (cxema [aycca) coctapaselcs clelylo-
muM 06pasom.

B paspen 1 cxembl (cM. Tabn. 2.1) sanuchiBaioress Ko3phHIHEHTE npH
HEHSBECTHBIX (B CTOMOMAX COOTBETCTBYIOIHX HEH3BECTHBIX), CBOGOLHbIE
uleHt H_JAf KKIOH CTPOKH MONCUHTAHHLE CKOHTPOJBHHIC CyMMbiy
(ctoaben 2), pam-me CyMMe 3/1eMeHTOB a,; B 1aHHOH cTpoke (3nech § = 1,

, 3,45 j =1, 2,3, 4, b); nocnentsisi cTpoka pasaena I, coctosmuas 13 1 #
S1EMEHTOB b(}, nonyqae‘rCﬁ ZefleHueM nepBoli CTPOKH pasiena Ha Bedyilii
KO3(pHILHEHT @y,

Snementsl pasfena 11 cxembl paBHBI COOTBETCTBYIOLIHM 3JEMEHTaM pas-
mena 1 Munyc mpousBeseHue a,by, (1, | = 2); Hanpumep, aby = ap5 —
—aybys. Tlocnenuas crpoka pasaena I, coctosutas u3 | H s1eMeHTOB
b5, monyyaeTcs Ae/eHueM TMepBOfi CTPOKH pasiena Ha BeyWnH Kosd-
(uuneHT ash.

Ananoruyso shiuncasiores anementst 111 u IV pasnenos cxemnbl. 1, 11,

I u IV paa,ue.'lbx 3aKaHuHBalOLLHECs BHIUHCAeHHEM sementos bif " (1 =
=1, 4;j=2,3,4,5) cocraisior npaMO# X0 Bbmncneuuﬁ
cxemu

OGpaTHB A XOJ HAUWHAETCH C BLHMHC/EHHT NOCTQIETO Hems-

Bec‘[HOrD CHCTEeMBI yp X, M 32K 5 BBIYHCTEHHEM
TIePBOTO HEH3BECTHOTO Xy. npﬂ oépa'rnom XOJ1€ HCIOJBL3YIOTCA JIHILIL CTpoO-
KH DIPAMOIO XOJa, COAeprKalllMe eAMHIIlbI H COOTBETCTBYIOLNME 3JIEMEHThH
b,; (Ha30BeM 3TH CTPOKH «OTMEUEHHbIMHA).

DnemeHT b4y MOC/eNHel «OTMEYeHHOR» C1POKH H CTOAGHA CBOBOAHBIX
UJE€HOB Jla€T 3HA4YeHHe X;. ,Ela.rlce, OCTaNbHbIE HEH3BECTHBIE Xg, Xy H X
HaXxoAsTCs BRIUATAHHEM H3 CBOGOIHOTO UJIeHa «OTMEUEHHOMy CTPOKH CyMMBbI
npouaseneﬂnﬁ ee KO?q}@HuHEHTOB Ha COOTBE'I‘CTByIOLuHe 3HaueHHA paHee
HailCHHBIX HEH3BECTHBIX; HampHmep, xy = b§Y — bi¥x,.

3HaueHHsi HEH3BECTHHIX TN0C/1eI0BATENbHO BBINNCHIBAIOTCA B \% pasaen.
Paccrap/ieHHEIE TaM €IHHHIB NOMOTAKT HAaXOMHTb 177 Xj COOTBETCTBYIO-
wmue KOSleJHLlHeHTH B «OTMEUEHHBIX» CTPOKaX.

JI1st KOHTPOJISt BBIUKC/IEHHIT HCTIONB3YIOTCS TAK Ha3blBaeMble KOHTPOJIb-
HBIE CYMMBI:

5
= ,Z,a,, (=1,234 nby= 3 by+1 (=1,234),
= 1

TIOMelleH ke B cTobne 2.

Hast KOHTPONILHEIMH CyMMaMH B KaJOii CTPOKE NPOLENBIBAIOTCS Te e
OnepainH, YTO ¥ Hajl OCTANbHBIMH 3JIEMEHTaMH 910l CTPOKH. ﬂpu oTeyT-
CTBHH OWHMOOK B BBIYHCJCHHAX 3JEMEHTH CTONGHA % PaBHEI CyMMaMm 3ile-
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MEHTOB COOTBETCTBYIOIHX NPeo6pasoBaHHbIX cTPOK. Takum 06pasoM, KOHT-
POJMPYETCS MPAMOf XON CXeMEL.

JLast KOHTPOJIs 0GPATHOTO X0/la X, HAXOZHTCA B MIOCAEAHeH COTMETeHHOI
cTpoke cTonbua I, e X = bi%, a OCTa/bHEIE HEH3BECTHHIE 3TOrO CTONG-
na %; (f = 3, 2, 1) NONCUNTHBAIOTCA B TeX e CTPOKAX H IO TeM ke hopMy-
71aM, 9TO M _HEH3BECTHBIE Xy, TO/BKO B (POPMYJIBI MOACTABASIOTCS COOTBET-
cTylouKe x;. B urore uincna Xy Ao/KHEI COBMANATh ¢ uncaamu x; + 1,

fpamep 1. [lo cxeme en#HCTBEHHOTO _eMeHHA PEIIHTH CHCTEMY

20 4 29— a3+ xg=4,
4y + 30— x5+ 20, =6,
Bxy-}-6xg— 353 t4xg=12,
30y 4 85, — 243 + 22, =

Peme#Hne. Bpassenl1aba, 2.2 BnucriBaeM MaTPHIY CHCTEMBI, e¢ CBOGONHLIE
9neHb H KOHTPOABHBIE CYMMEL 3aTeM TMONCUHTHIBAEM OTMEUEHHYIO» CTPOKY STOTO
pasgena, pasiesiuB 0ePBYI® CTPOKY Ha Gy = 2. Hanpumep, by, = ==

Tabnnrua 22

| N CroGoAHbIE l s Pastens

1 4 8 s

2 6 11 |
1 12 2%

2 16 112

0,5 | 2 1

0 —2 —2

0 —1 —6

0,5 0 0 1
0 2 2

m
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BDnements pasiena [ pemuciAseM 0o cenyiomemy OPaBHay: KaXiei sfement
9TOro pasiena DaseH COOTBETCTBYIOWEMY SJcMeHTY pasieda | MHHYC Npouspe-
JeHHe NMepBOro SJEMEHTa €0 CTPOKH Ha SJIEMEHT (OTMEUeHHOM» CTPOKH B €ro CTo/IbIe,
Tlosydennbifi pesyNbTaT SamuCHBaeM Ha COOTBETCTBYloLlee MecTo B pasiee I1. Ha-
npumep, N

@iy =gy —ay by = — 1—4(=0,5)=1,

a8}y =853 —ay; by = —3—8(—0,5)=1.

DnemenTr coTMeyenHoly cTpoKH passena II moayunm, pasl.lem‘m €ro fMepByIo CTPOKY
)

na eaymu Kosppuunent aly = — 1. Hanpuvep, o4 =28 =~ _1

5
Asanorusso 111 # 1V pasgeacs. H

=—1

a2 = aY) — a6} =2—-3.0,5=0,5,

o) = a® — a@ b =0—(—0,5)(—1) =—0,5.

s BLrapCAenna saeMentoB pasfena V, T. e. sl HAXOMICHHA HEHSBECTHBIX,
HCTOAb3YeM «OTMeuenHbes CTPOKH, Haunpas ¢ mocenueil.

Heussecrsoe x, npeicTaBaset coGoit i wren
eTpoKH: Xy = b} = 1, 4 OCTa/lbHBiE HEU3BECTHEIE Xg, X3 H X; MONYHAIOTCA MOCAEA0~
BATENbHO B PE3YJIbTaTe BHYHTAKNA H3 CBOGORHBIX U/CHOB COTMEUCHHEIX» CTPOK CyM-
Nbl nposmerenuil cootserctoylomax xosgduinentos b4~ Ha panee nafizennue
3HAUCHHA HEH3BECTHBIX.

Koutpoas ocymectsasercs ¢ nomMompio cToa6ua =, Haj KOTOPHIM NPOH3BOAATCA
Te }e JeRCTBHA, 4TO ¥ Al OCTalbHsiMu CTonOuami (oM Taba. 2.1 u 2.2), u B uTOTE
CyMMa SJIeMEHTOB KaXXAofl CTPOKI CXeMbt (Kpome ctoaibua 2) K0NKHa GLITh paBHA SJe-
MERTY 5Toii CTPOKH U3 cToabna 2. Kopuu x,, nprnaatexamue croabuy =, RoakHh
GbiTh paBHb | <+ X; A KaXo# CTpoku pasicaa V.

B peayaistare nonyuaen x; = 1,k = |, x5 = — 1, xg= — 1.

Tpumep 2. o cXeMe €JIHCTBEHHOIO Re/EHHS PEUIHTH CEAYIOMYIO CHCTEMY AH-
HeiiHBIX ypaBHenuii ¢ TouHOCTBIO K0 0,0001;

0,63 x--1,00 xp 40,71 x5 +0,34 x, =2,08,
1,17 %, 40,18 x5 — 0,65 x3--0,71 £, =0,17,
2,711 —0,75 xg+1,17 x,—2,35 x5 = 1,28,
3,58 11 40,21 xg—3,45 15— 1,18 x, =0,05.

Peuenne cucTembt npuseneno B Taba. 2.3. Oxounuateabsmii orser: x3=0,4026,
%,=1,5016, x3=0,5862, x4=—0,2678

Ecan le!GJlH)KeHHbIE 3HAYeHNs KOpHeﬁ, TNosyueHHble IO Cxeme l‘aycca,
JIOCTaTOYHO TOYHHI, T, €. NONPaBKk KOPHeH MaJH 110 a6COMOTHOM Beanguue,
TO KOpHH MOKHO He YTOUHATD.

B cayuae ke HeOGXORMMOCTH YTOWHEHHS NPHOIMXKEHHBIX 3HaveHuil
KOpHel NocTynakT caeayiomnM o6pasom:

]) BLIYHCAAIOT /151 KaX/A0TO ypaBHEHHA CHCTEMbl NEBASKU — pasHocTH
MEXIY npaBuﬂ 1 JIeBOfl YacTAMH CHCTEMBI, I0JyYalolHecs nocye nojcra-
HOBKH B YDaBHeHHs TIPHOIHKEHHBIX SHAUEHHE KOPHEH; eCIH 0603HAYHTE
npubimKeHHbe 3Hauenns KopHeli uepes 11, x¥"), ..., i, HeBASKH—
uepes &y, g, .., &, H CBOGOAHBIE WieHb — yepes by, b, ..., by, TO
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Ta6aunua 2.3

CBOGONHLE WMeHS z
E 1,00 0,71 0,34 2,08 4,76
L7 | o8 | —0,65 0,71 017 1,58
o7l | —0,75 L7 —2,35 1,98 2,06
388 | 02 —345 —118 0,05 —0,79
1 1,587 1,191 0,539 a3z | 7,555
L6768 | —1,9%86 —3,6933 —7,2593
—5,0508 | —1,8842 —7,6684 —18,4141
—5,4715 | —T,4847 —11,7712 —27,8370
1 1,17402 | —0,04735 22020 | 4,320%
[T0%54] | —4,0198 | 3,4564 | 3,45212
I L 028027 | 4,146
{ i ( —1,00106 { 0,548 0,85332
| | = | et —3,24404
| i —0,26785 0,73215
1 =0,73215
1 %y=1,58625
1 %=2,50164
1 f=1,40257
.
g =b— ‘g‘ V8
-
e=0,— 2 ay

2) BHIMMCHIBAIOT HEBS3KW &; B OTAE/bHBI cronben cxembl [aycca
H NPOH3BOAST HAL HHMH T€ JKe ONepaiky, YTO H Hajl APYTHMH CTOAGHaMH
CXeMbi;

3) cunrast croabel & CTOAGHOM CBOGONHBIX WIEHOB, BBIYHCJSAIOT g,
€9, ..., £, KK 3HAUEHHS HEH3BECTHBIX;

4) HaXOAST YTOWHEHHble 3HAUCHHs HEH3BECTHBIX, Npnbapasia K npu-
GUIEHHBIM 3HAYEHHAM HEH3BECTHBIX X' COOTBETCTBYIOUIME HEBA3KH &)

=t G=EY G G =0 e
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Mpumep 3. Pewnte metogom laycca O TpeMs NECATHUHBIMH 3HAKaMH CHCTEMY
7,09 %34 1,17 2g—2,28 43 = —4,75,
0,43 ;4 1,4 x,—0,62 x3=—1,05,
3,21 x;—4,25 x3+2,13 x3=—5,06

W YTOURHTH mONY
ewen # e [locxeme [aycca Buuncasem x{®

Kophed A
X
uadpamu (Taba. 2.4).

preit 1o 10-¢ .
49 1 £{9) © TpeMa sHavamBMA

TaGanna 2.4

n x X CroGonuie b e

|7 ,nsa] 1,17 —2,23 —4,75 1,28 0,00097
0,43 1,4 —0,62 —1,05 0,16 0,00087
3,21 —4,% 2,13 5,06 6,15 —0,00295
1 0,165 | —0,3145 | —0,6700 | 0,1805 0,00014
|T3250 | —0.4847 | —0,7619 | 0,0824 90,0008}
—4,779% 3,1395 7,2107 | 5,570 —0,00340

1 —0,3647 | —0,6733 | 10,0620 0,00061
4,4705 | 5,8669 —0,00048
1 3,2015 4,2015 —0,00035
i 3,2015 | 4,2015 —0,00035
1 0,5043 1,5943 0,00048

1 0,238 1,2388 —0,0005

TakuM ofpasom, x{» = 0,239, x§» = 0,504, x{» = 3,202.
&
Yro6E HaliTH HEBASKY & = | &, |, HeOGXOLHMO PEWNHTb AAaHHYIO CHCTEMY € TOll
&,
ke Matpuuedt
7,09 1,17 —2,23
0,43 1,4 —0,62
3,21 —4,25 2,13

H HOBBIM CBOGOJHBIM 4/1CHOM €, KOTOPBI MOACYHTEIBaEM CJeAYiouiM o6pasom.
BIMHC/SIEM 3HAYCH NS CBOGONHEIX YIEHOB, it YerO NOACTABAREM B Y paBHERHS
Hannoii cucteMit HaueHns x40, x{0), x{0;
7,09-0,239 +1,17.0,594 —2,23.3,202= —4,75097;
0,430,239 4 1,4 - 0,594 —0,62+3,202 = —1,05087;
3,21.0,239—4,25.0,604—2,13.3,202=  5,06295.

Hepsasku cootsetcreenso pasunl & = — 4,75 4 4,76097 = 0,00097; e, =
= ~— 1,05 - 1,06087 = 0,00087; &5 = 5,06—5,06295 = — 0,00295.

PeuraeM Jiannyio cuetemy co cBOOGOLHBMH WieHamy & = 0,00097; e, = 0,00087
i eg = — 0,00295, CooTBeTcTBeHHO ¢ TOYHOCTBIO Zo 10~% noAywawTCA 3HaueHus
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= —0,0004; &, = 0,0005; eg= — 0,0001. Tenepb waxoauy yTouHeHHHe He-
H3BECTHBE!
X =%{" +8;=0,239—0,0004 =0,2386,
Ko =20 4 e =0,594 40,0005 = 0,545
x3=x{" +83=3,202—0,0001 =38,2019.

§ 2.12. B

p < cxemsl Fayeca
Merox [aycca MOKET GBITh HCTOJIbIOBAH NPH BLIYMCIEHHU ONPEETH-
Teneit:

iy Gy wee Gy
gy Bop -+-"yp

=ay afyaf ... afi=h,
Qpy Ay eer Ay
e ay, o, a5y, ... oY — Beltyiuse SAEMENTHI CXEMBI €NUICTBEHHOTO
JesIeHH s
Tipumep 1, TT0 cXeme eAHHCTBEHHOTO HeNeHHS BLISHCAHTH ONPEAC/IHTENb
1 1 2 3
3 =1 —1 —2
d= .
2 3 —1 —1
1 2 3 -1

Pewenue npuseneHo B Taba. 2.5,
TaGanua 25

Cron6uw
z
1 2 3 4

] 1 2 3 7
3 ~1 —1 -2 -1
2 3 —1 -1 3
1 2 3 =1 5
! i 2 3 7
= —7 -1 —22
1 —5 —7 -1
1 1 —4 -2
| 7/4 22/4
= —66/4
—3/4 —30/4
1 22/9

—17/3
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27 17
Taxny oSpasom, d=1.(—4) ('T)'("T)"”’&

Tpumep 2. [To cxeme eAHHCTBEHHOTO Aejehus C TO4HOCTbO 40 0,001 BhuHCARTS
onpejesiuTelb
1,00 0,42 0,54 0,66
0,42 1,00 0,32 0,44
0,54 0,32 1,00, 0,22
0,66 0,44 0,22 1,00

d=

Peuwtenne npusefedo B Taba. 2.6.
Ta6anua 2.6

Cronbus
z
1 2 3 4
] 0,42 0,54 0.6 2,62
0,42 1,00 0,32 0,44 2,18
0,54 0,32 1,00 0,2 2,08
0,66 0,44 0,22 1,00 2,32
i | o 0,54 0,66 2,62
078235 0,0932 0,1628 1,079
0,0932 0,7084 0,1364 0,6652
0,1628 —0,1364 0,5644 0,5908
1 0,1135 0,1973 1,3108
056978] —0,1548 0,5430
—0,1549 0,5323 0,3774
t —0,2219 0,7781
|| ! 0,4979
Oxonyarenpro umeem d = 1 . 0,8236 . 0,6978 - 0,4979 = 0,2861,
§2130 3 cxemsl Faycca

Tlycers nana eocoGennas marpuna A = la,l (¢, = 1,2, ..., n). Has
HaxoxenHa obparHoit marpuubl A~! = [x,,] Hcnozesyercs ochosioe
coornomenne A « A = E, rae E — equnnunas Matpuua.

Tak, A5 MATPHILBL YETBEPTOrO NOPSIAKE, YMHOKHB

QG Gy Gy X dig Xig ¥ [1 000
AA =] B Ga Guy G | ] Koy X Ko Xy | 0o1oo0

ay gyt ag | | g v x| 0000

An Gy Qg Gy a1 Xap Xgg Xga 0001



noayyHM 4 CHCTeMB! ypaBHeHHI OTHOCHTeNbHO 16 HeHsBeCTHbIX X, (7, | =

=1,23 4.

B 06li1eM Cilyuae HMeIOT MECTO COOTHOLIEHHS

e

1, Korna i=
8= {

(=12 ... n),

0, koraa i==j;

8, HasbiBae1cst cungoron Kponexepa.

Toary n cHeTeM

aas

i=12.

WMeIOT OfHY H Ty 2Ke Matpuuy A u paSJIH‘IHble CBOGOAHBIE Y/IEHbI, COCTAB-
nisIoLe MHHYHYIO0 MaTpuiy, TI03TOMY 5TH CHCTeMbl MOXKHO pelaTh MO

cxeme [aycca.

Pelenns x;;, HaiileHHbIe 0 CX€Me eHHCTBEHHOrO JeJeHHs, H OyayT
1

seMeHTaMH 06paTHOl MarpHubl A

Ta6amua 27

tl] x” x,] xl‘y 1=1 =2 1e=2 =4 13
0 1 2 1 0 0 0 5

2 3 1 0 1 0 0 6

0o |—2 1 0 0 1 0 4
0l 1 2 0 0 0 1 6
1] o | R | 0 | 0 o | s
[H] 4 3 I 1 0 0 11

0 | —8 -7 —4 0 I 0 —16

2 1 2 0 0 [ 1 6

1 2 3/2 1/2 12 [ 0 | 1172
= -7 —4 0 1 0 —16

3 -1 -1 —l 0 ! -5

1 716 4/6 0 —1/6 0 16/

(32 1 —1 —1r2 1 3

N S

1 2/5 —2/5 | —1i5 2/5 6/5

1 2/5 —2/5 —1/5 2/5 6/5
1 1/5 7/15 115 | =715 | 19/15

1 —12 1/6 1/6 1/3 776

1 0 173 13 | =13 473
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Ta6anna 2.8

1y 21 =3; 4 j=1 =3 =t z
0,47 —0,11 0,55 1 0 0 0 2,91
0,42 1,00 0,35 0,17 0 1 0 0 2,94
—0,95 | 067 1,00 0,36 0 0 1 0 2,78
0,54 | —0,32 | —0,74 1,00 0 0 0 1 1,48
1 0,47 —0,11 0,55 1 0 0 0 2,91

[0-3028] 0,392 | —0,0610 —0,4200 1 0 0 1,7178

0,7875 | 0,9725 0,4975 0,2500 0 1 0 3,5075

—0,5738 | —0,6806 0,7030 —0,5400 0 0 1 —0,0914

1 0,4936 | —0,0760 —0,5233 1,2460 0 0 2,1403

[0,5838, 1 0 1,8220

—0,3074 1 1,1367

1 0 3,1209

1 2,3770

0,9626 2,2882

Xsa= 0,962 2,2882

1 X3a=—0,9189 0,936

1 x, ,5: 1,8519

1 x14=—0,8781 0,8841

CaiegoBatelibHo,

A-xz[
—0,

1,9759 —1,2017
1,2883 2,1003
1,4921  —1,7239
,3750 0,0453

—0,0120
—0,4869
1,0873
0,6553



Mpumep 1. O6paruts no cxeme Taycca matpuuy

10 12
—-12 31
=l 4o =2
02 12

Pemenne npusesieno B Taéa. 2.7 na crp. 87,
Taxum  o6pasom,
0 3 s —13
P R T 113 |
s 715 15 —7/15
2/6 —2/5 —1/5 2/5
fipumep 2. OGpatuts MaTpuuy
1,00 0,47 —0,11 0,55
0,42 1,00 0,3 0,17
—0,25 0,67 1,00 0,36
0,54 —0,32 —0,74 1,00

no cxeme Taycca; BCe pacueTsl BECTH C YETHIpbMA AeCsTWUNBLIMU 3Hakamn OTBeT OK*
PYIAKTE X0 TPEX AECATHYHBIX 3HAKOB.
Pemenne npusejeno B Ta6a. 2.8 Ha cTp. 88.

§ 2.14. pes ans POB M MaTPHL

TlousTne mpelena A BEKTOPOB H MATpIil HeOGXOAHMO [V OMHCAHHS
NIPHO/IHKeHHEX (HTEPAlIOHHBIX) METONOB pEIIEHHs CHCTeM JIHHeHHBIX
ypaBHeHui.

l'lycn: JlaHa TOoC/el0BaTe/IbHOCTh BEKTOPOB!

1 2 . 2
o @ X
xo & o [ xo | W
M) O M
¢ koopmuHaTami X1« wvey 20y vy 27, o, 2, Ecau y axnoit Koopmi-

Hatel cymectsyer npezen lim x¥ =
koo

i T, €4

Ao 2y, XD Xy, e, XD > K,
(A)

x sy, AP o Xy, ey A0 >k,

%1

10 BekTop X=| 2 Test npedeaost nocaed AbROCTIL Bek-




mopos XD, X®, ..., X®, a cama noc/ef0BaTeJbHOCTs HasHBAeTCH
cxodﬂweucx K Bektopy X, T e.
X&— X, wan hm X® =X,
L

AHanorHuHO, €C/TH HMEETCS! NOCJENOBATENbHOCTh KBaJAPaTHHIX MaTpHI

aY @) .. atl) a?) o) ... a
A = asiash .. asy Aol af . a ] .
a;.\'.a',‘é" " ) V.h a“' a,‘.‘z‘.‘ aﬁ.i‘
aff o ... afy
vy AB = | af o ... af)
o 'aik:

C syeMeHTaMil aj}’y s, ad mei=1,2 .. s j=1,2, .., n, T0 npe-
denom nocaedosamensrocmu mampuy AD, .., Al’“ Ha3blBaeTCA MarpHua
¢ aneMeHTamy @;; = lim aP, 1 e

koo

1) . . AR . ) 1} (k)
afl > ay; i @ > aus o G0 > Aoy e @R > dpn,

TIpH yCJIOBHH, YTO BCE STH MPEAeJbl CyUECTBYIOT. Cama xe nocJjeaoBarenb-
noers AM, .., A HasbiBaetcs cxodswelca K A, T. e.

AR = A, wan im AW =
koroo

Ecin A% — A, 10 A®X > AX npun moGom Bektope X n
(A®W)=1 > A1,

M3 cKasaHHOTrO Bblllle BHITEKAeT CJlelyiollee yTBepXieHHe (MPHBOAHM
ero 6e3 J0Ka3aTeqbeTBa): ecau nocaedosamensrocme mampuy AN, ... A%
umeem 0 Au eexmapbx BM, ..., B® cxo-
dames k B, mo pewenus cucmem AOX = B, ..., ABWX = B® yyeiom
npeden, seasuouqutics petuernuem cucmemsr AX = B ‘l‘. e.

X = (A®)~1 B . A-1 B,

§2.15,

p Mmeroaw p cucrem

6

MeTO/Ibl cHcreM nos-
BOJISUOT NOMYHaTh SHAUEHHS KOpHeM CHCTEMBL C 3a;(ammﬁ TOMHOCTBIO B BRIE
npenena nouxeuosaTeabuocm HEKOTOPLIX BEKTOPOB. l'lpouecc TOCTPOeHHS
Takok (nosr

SbexTHBHOCTD npu.\xeuenux NPHOTHKEHHBIX METOIOB 3aBHONT OT yaau-
HOTO BbIGOPa HAYa/NLHOrO BeKTOPa H GLICTPOTHI CXOAHMOCTH Mpolecca.

PaccMoTpuM JiBa IPHOJHIKEHHBIX METOZIA: METOA NOC/Jef0BATeNbHbIX
npuOaHKennit (MeTo HTepauny) H MeToA 3elifens,
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MeTon noc. TeJBHBIX TPHO. i (MeTox MT ). [ycrs
JlaHa CHCTEMa JIHHEAHBIX ypaBHEHHI
A Xyt A Xyt e F @y, X, =0y,
g1 X1+ g Xy wee Gy X = by, I

Ay Xy F Qg Xy s+, X = by

3anumem cucreMmy (1) B8 MarphuHOM BHIe:

AX =B, @)
rne
1y Gy eee Oy K
A=| % G| x| %| B
Qn1 Qg «e pn Xn by

Mpeanonaras, YTo AMaroHaibHbIE seMeHTH ay; 5= 0 (i = 1, 2,..., n),
BEIPaSHM ¥; Yepes TepBOe ypaBHEHHE CHCTeMbl, X, — UEpe3 BTOpOe ypas-
HEHHe W T, 1. B pesyJabTare MnoJy4YHM CHCTEMY, 3KBHBAJEHTHYIO CHCTE-
me (1):

b, a; a; ay

=t G w, Gy
an any an an
by _an 2%} as,

Xy =t -Hy - By -2k, 16}
Gy ap an axn

& a n-
&_l_nxl_ 2n LTS
@un  Gnn @ ann
by a,
OGo3HauuM 7&:5‘; — = TAC i=1,2 ., j=12_.,n

i
Torga cuctema (3) sanuuiercs TakuM 06pasomM:

Xy =P Oy Xy g Kyt s Uy X
Xy = Pyt Gy Xy g Xyt e A gy X )

X0 =Bt G Xyt G Xy 0 o Xaon

Cuctema (3') HasbiBaeTCsl CHCTeMOH, NPHBELEHHOH K HOPMAA6HOMY 6udy.
BBeas 0603HaueH S

%y Oy e Gy il
a=|% %% | = f’fe ,
Gny Gpg e ‘7ou P

91



sanmiueM cucremy (3') B MaTpHuHO# opme:

X =p+aX,
i
%1 B Oy Gy e Oin *
Ko | Po| 4] % Qo %n |, . @
Xn, B, Ot @pg es COnn Y,
Pemmmm cucremy (4) Metozom noc. JILHEIX TPHG. . 3a Hyme-
BOE ﬂpHGJlH)KeHHe npHMeM cTonGeil cBOGOAHBIX Y/IEHOB!
W7 [B
«o
AW =) Be Y _ugaesve npumuscenue,
w1 Lg.,
najee, MOCTPOHM MATPHUBI-CTOMGIE!
H By Gy Oa ee i x
(1 ©
Xl = [_32 S| P Oz Gan | ¥ | —nepsoe npubauscenue;
) Y o )
Xy [ Clny Cing vee Opy Xn
£ B Q41 Cag ves Gy P
x2 3 P
= l?‘ | Pt Faee Gan | & | —emopoe npubauscenue
@ 3 )
LS Bad Lom anomn ] L%
HT. 1.
BooGue, moboe (& -+ 1)-e npubiukenye BHUHCATIOT no Gopmye
Xtth=ptaX® (k=0 1,..,n). [6))

Ecam nocsienoparensrocTs npubamskennit X0, XM, ,,,, X(*) umeer npe-
nen X = lim X®, 10 9TOT npenen ABASETCH peIIEHHEM CHCTemsl (3),
oo
NOCKOJIbKY 110 CBOfCTBY mpefiena lim X®+D = § 4 o lim X, 1, ¢,
e koo
X =a+ pX.
fpumep 1. MeTozoM mocefOBaTeABHEX NPHOAHKEHHA PEWHTD CHCTCMY
8+ xat+ x=26,
x+ 55— xg= T,
= xg4brg= T,

Pewenue, 1) [lpusenem nauuyio cHCTEMY K HODMAZTbHOMY BHAY!

x1=3,25—0,125 15— 0,125 x5, 0 —0,125 —0,125 3,25
x=1,4 =0,2% +0,2%, a=|-02 0 02 kop={14 |
xa=1,4 —0,221 40,2y —0,2 02 0 1,4
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2) Crpoun . Hyzesoe

I 3,9
XO=| 2 |=]| 1,4
{0 1,4
[Nepsoe npubauxenne:

[0 [3,25 0 —0,125 —0 125 3,25 2,9
A |=fne |+[-02 o 1,4 |=[1,03]

40| [1e —0,2 0,2 ] 1,4 1,03

Bropoe mpubanmenue: :

[ <2 3,25 0 —0,125 -o 125 2,9 2,992
W@ [={14 [+] =02 o ] 1,08 |= 1,02 |-
L | [0 —0,2 0,2 1,03 1,026

Tpetbe npu6nux<euue

[ (3,25 0 —0,125 —0,125] [2,992 2,9935
=114 |4+]—0.2 0 0,2 |.|1,02 |=|1,0068 .

L« |14 —0,2 0,2 0 1,026 1,0068

Takum ogpagow, 51 = 2,9935' n= 1,0068; x5 = 1,0068 u ¢ TourocTsI0 0 10~1'
noayyaeM x; = 3; xg = 1; ¥3 =
Mpumep 2. Me'roxou HTEpanKH pemmb @J1e/1y oY i0 CHCTEMY G TOUHOCTBIO 4o 10=3%

7,6x140,5% +2,4x=1,9,

2,261 +9, 1xy + 4,455 =9,7, *)
—1,3%;40,2x9 4+ 5,8xs =—1,4.
Pemenue. 1) [IpuseseM Jannyio CHCTENY K HOPMaJbHOMY BHIY:
1,9 0,5 4
n= T T e
97 2.2 44 0,25—0,065x9—0,3158%,,
m=gl=g T nan | xg=1,0659—0,2418x,— 0,4847x,,
x3=—10,2414 4-0,2241x)—0, 3448x,;
14 )3 0,2
x3= 5.5 + 5—,811—5 X3y
0 —0,065 —0,3158 0,25
0 —0,4847 |; p=|—1,0659 |.
—0,3448 0 —0,2414

BaMeTHM, YTO JHHEHHYIO CHGTEMY MOMKHO IIPHBECTH K HOPMaJbHOMY BHAY TakKkKe
cae youam o6pa3oM: 3anucaTh KoShYHUHEHTE MPH X, X3, X B COOTBCTCTBYIOWMX
ypaBHeHHsAX cacTeMbl (*) B 8uje kX, Te k — wucio, 6in3koe k kosdduuuenty npu
COOTBETCTBYIOLIEN HEHSBECTHOM H HA KOTOPOE JIErKO PasiednTb Kos(@HUHERTH NphH
HEH3BECTHEIX 1 COBOLHBE SIeHb.

Hanpumep.
10y =7,6x; +2,4%; (B nepsow ypasenuu),
9,1x340,9x; (80 BTOpOM ) pasHeiii),
10x3=5,8v5+ 4,23 (B TpeTsen ypasieuin).




Tepennmen cuctemy (*) Taxnm o6pasoM
10%1=1,9+2,4%;—0,5%3—2, 4x3, x1=0,19+40,24¢;—0,05%,—0,24x5,
10xg=9,7— 2,28 +0,9%2—4, 413, £3=0,97—0,22%; +0,09%,— 0, 44y,
10xs=—1,4+1,3%; ~0,2¢54-4,2¢5 | x5=—0,144-0,13x1—0,02xp+ 0, 4255,
Marpnua o B BekTop P MpuHHMEIOT BHA

0,24 —0,05 —0,24 0,19
a=|—0,22 009 —0,44|, p=| 0,97/
0,13 —0,02 0,42 —0,14

2) TlocnegoBaTebnO HaXOMMM,

£0 0,19

=1 o97],

P —0,14
K 0,19 0,24 —0,05 —0,24 0,19 0,2207
& =1 o97|+[~0.22 000 —044|-| 097|=| 1o,
) —0,14 0,13 —0,02 0,42 | —0,14 —0,1935
P 0,19 0,24 —0,05 —0,24 0,2207 0,2359°
2 1= o097 |+]—0,2 0,00 —o0,44|-] 10771|=]| 1,1034}.
el —0,14 0,13 —0,02 0,42 | |—0,1935 —0,2141
Takuu 0Gpasom, @ TodHOCTI0 10 10~ nonyuaem

X =0,236; x = 1,103; £, = — 0,214,

§ 2.16. Ycnosus

TTycTh nana MpuUBEjeHHas K HOPMaibHOMY BHAY CHCTEMa JHHeMHbIX
ypasHennii X = P + «X. MTepauuoHnblii mpouecc H €ro CXOAHMOCTB
3aBHCAT OT BEIHYHHb 37€MEHTOB MaTPHIUBI ¢ CIELYIOLIHM 06PasoM: ecat
cymma Modyaedl 9AEMEHMO8 CINPOK UALL CYMMA MODYnell SNCMEHMOB CMOAG-
406 Mmenviue eduruyst, Mo npoyece umepayui 0as Gannol cucmemsr cxodums
[Z MO om evl6opa ek
mopa.

Crief1oBaTeNbHO, YCIOBHE CXOMHMOCTH MOXKHO 3aMHCaTh TakK:

n n
IEl]a”|<1 (i=1,2,..n) wm ‘zl|a,,]<l (=12, .., n)
Tpumep. Jlna cHCTeMEr

851+ xet x=26,, 2,=3,25—0,125x5—0, 135x,,
45— xg= 7, nm { xp=1,4 —0,2%; 0,25,
n— xg+by= 7, x3=1,4 —0,2¢; +0,2x3

HTEPAIHOHHBIH NPOIECC CXORUTCH, TaK KaK

0 —0,125 —0,125
a=|—0,2 0 0,2
-0,2 0,2 0




laul + e | + 1an|=0,24+0,2=0,4 < 13
loal + \ gy | + | 2591 =0,125+0,2=0,325< I
Yogsl 4 | 2as | + |ags|=0,1254-0,2=0,325< 1.
AHaNOru4HO MOXHO 610 6bl NPOBEPHTD BEINOHEHHE YCAOBAS CXOAUMOCTH, B3TB
eyMMBL MOLyJiefl 5]EMEHTOB CTPOK.
[lpouecc HTepannn sasenoMo CXOIMTCH, €CHIH BJIEMEHTH MATPHUBI G Y/IOBJETBO-
10T HepaBeHCTBY |ozu| < Vn, tne n — uucao Henaaecmux LaHHOH CHCTeMBL.
B amen npumepe n =3 u e n - Jap| < U3,
CXOﬂHMOC’I‘b HTEPAalNOHHOrO Npolecca CBfzaHa ¢ HOPMaMH MaTPHL[b] o
CJAeNyIOMUMH COOT Ecau oy 00O u3 ycaveut:

.
leh=max 3 la,|<1,

aubo
n

lob=max X joy <1,

ubo
T —
leb=1 5 Zmar<t

mo npoyecc jinoil K ed pe-
wenur

Tak, B PACCMOTpEHHOM BHIIE DpHMEpE HOPMa
fleJ, = max (0,4; 0,325; 0,325) = 0,4 < 1,
T, €. UTCPALHOHHELH MPOUECC EXONHTCA,

§ 2.17. Oueuxa norp o
Me1oAa MTepaumm

Ecan sanana 10mycTuMas NOrpeIHOCTh BhMHCAeHHH & 0 X, — BeKTOp
TOUHbIX SHAUEHHIl MEW3BECTHHIX NHmefinoii cuctemsi, a X\¥ et ke
TpHO/MIKeHHE 3HAYEHHH HeW3BECTHIX, BBIYHC/IEHHOE METOJIOM HTepallu,
10 1nst oyenku noepewriocmu | X; — X | < ¢ metona npumensercs op-
MyJTa

1x,—xhy Aot "“'” ABL o

rne| o | — onHa u3 Tpex HOPM MaTPHUB! a, | f | — Ta Xxe HOpMa BekTOpa
B, @ k — uncno urepauuii, HeoGxoAUMOE JJIsi AOCTHIKEHHA 3afaHHOH ToU-
Hoery. [pu 3ToM npeanosaraercs, uTo Ic npu6

X" (tmej=0,1, ., b i=12 ., 1) BHIYHCIIOTCA TOYHO, B HHX
OTCYTCTBYIOT [IOTPEILHOCTH OKPYTVIEHHS,
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TNpamep. TMoxasaTe, 970 477 GHCTEMB
9,9x;= 1,53 +2,61,=0,
0,42 + 13,61, —4,215=8,2,
0,7x3+ 0,4xp+7,lx3=—1,8
HTePALHOHHEI NPOLECC CXONHTCS, U ONPEleJIHTh, CKOJIbKO HTepaunil eneayer sunon.

HHTb, 9TOGLI HalTH KOPHH CHCTeMH O TOYHOOTBIO o 102,
Pewmenune, 1) [IpuBoguM cHCTeMY K HODMaNbHOMY BHAYL

105y= 0,lx;-+-1,6x—~2,6x3,
20xp=—0,4x; +6,4x, +4,2¢;+8,2,
10xy= —0,7x;—0,4x, +2,9%,— 1,3,

2= 0,01t; 40,152, —0,26x;.
xg==—0,02%; +0,32x5}-0,21xy 4 0,41,
x3=—0,07x;—0,04x34-0,29x; —0, 13,
2) Matpuua cucTembl
0,01 0,15 —0,26
—0,02 0,32 0,21
| —0,07 —0,04 0,29

Ucronssys nopmy ol noaysuw fels = max (0,1; 0,51; 0,76) = 0,76 < 1
CrenosaTesibHO, NTePAllHOHHEIN NPOLECE NS NaHHON CHCTEME! CXOIHTCH,

0
3) Heen ﬂ.-_-[ 0,41}, [Bla=0+0,414-0,13=0,54.

4) Tlpumenss popmyny (1), naxonnm
L 0,76°+1.0,50
X —x® fleols Bl _ 0 ,5 -
[X—x®) < P e < 10-4

10~1.46
_5 3

0,764+1.0,54 < 10=4.0,46; 0,764+ <

(k+1)1g0,76 < Ig 46—1g 54—14;
—(k+1):0,1192 < 1,6628 — 1,7324— 2= —4,0696;
4,06 .

EHI> e =320 k> 32,9 k=i,

Teopernyeckas OLeHEa Tncia s samannoh
TOYHOCTH, NPAKTHUECKH OKA3bIBACTCH 3aBbIIEHHOM.

§ 2.18. Meropg 3e¥, Ycnoeus 3ei,

p

Memod 3eiidesn npencrapiner co60i HEKOTOPYID MOAHQHKALHIO Me-
TONA TOCMeNoBaTe/bHLIX npuGnuzennil. B merone 3efiiens npu Bhumce
senun (k + 1)-T0 MpuOMHKEHHA HEH3BECTHOTO X; YWYHTHIBAIOTCS yike
HaiifleHHbIe panee (& + 1)-€ NPHOMUKEHUs HEH3BECTHBIX Xy, Xy vovy Xyo1.
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[lycts fana NumHefiHas cucreMa

$y=Br A ar Xyt g Xy wn b oy X,
Xy =Py b Oy Xy O a4+ s 0y Xy,
Xy By gy Xy Ogy Xy A e A 0 X )

Fn =Py + Cn1 X1 Cag X3 Fous - Olnp Xpe

BuifupaeM TIPOM3BOJIBHO ~ HayalbHble NpHOMMMEHHS KODHeA  x{,
2, vy X4 H NOACTABJISIEM B NePBOe ypaBHeHue chereMsl (1)i

Y =By oy MO 0y X0 - os 0 XD
N0Jy4eHHO NiepBoe NPHONNKEHUe X{ NOACTaBIAeM BO BTOPOe yPaBHEHAE
cuerembt (1):
20 = By F gy KD - gy XD s - g 2O
y nepBble NpHC %" u x4Y nojCTaB/AEM B TpeThe ypas-
Henue cHcrembi (1):
# =Py - atgy 4D - g ¥5” - avo 1y XD
u 1. A. Hakonen,
KD = B - Gy 1D gy XD - v b g ¥ A 0 £

AHaNOTHYHO CTPOUM BTOpBIE, TPETHH H T, /i, HTEPALUH,

Takum oGpasoM, mnpeanoaras, 4To k- MpHOJHIKEHHS KOpHeit P
M3BECTHEl, N0 MeToay Jefinens ctpouM (k -+ 1)-e npuGAMKeHHS NO Cle-
Ayomum hopmynam:

.
A=yt 3,
p

"
AV =Byt o A+ D+ 122 LIRS N @

a=1
BV, + 3 0y YD 4 10,
i=1

Mmek=0,1,2 u,t

Nprmep 1, Merogom 3efifens pemnTs crcTeMy
7,6 3+0,5 x3-+2,4 x,=1,9,
2,2 £+ 9,1 tp+4,4 x3=9,7,
=1,3540,2x45,8 xa= ~1,4.




Pewesne. 1) [TpuBedem ChcTeny K HOPMAAbHOMY BHAY:
10x,=1,94+2,4x—0,5x—2,4x3,

9,7—-2,2x4-0,9x3—4,4 %3,

—1,441,354—0,2 %+4,2 x5,

x1=0,1940,24 x,—0,05x,—0,24 x5,
x2=0,97—0,22 1, 40,00 x;—0,44 x5,
xg=—0,14-4-0,13x; —0,02x, 40,42 x5.

2) 3a Hyaessie MEM ylouiie 3nauenns
anenos: x{0 = 0,19; x{» = 0,97; x“” = —0,14.
3) Crponm u'repalmu 710 MeTody Sen.uenn‘ nepaue npHOAHKEHR:

#1=0,194-0,24.0,19—0,05.0,97—0,24.(—0, 14) =0,2207,

*4)=0,97—0,22.0,220740,09.0,97 —0,44.(—0, 14) = 1,0703,
)= —0,14--0,13.0,2207 —0,02-1,0703-+0,42.(—0, 14) = —0, 1915,

Bropue mpuGnuKeHM L
£{%=0,19--0,24-0,2207—0,05.1,0703—0,24-(—0, 1915) =0,2354,
x§ =0,97—0,22.0,2354+0,09- 1,0703~0, 44-( —0,1915) = 1,0988,
£ = —0,14-0,13 0,2354--0,02.1,0988-}-0,42.(—0,1915) = —0,2118

oA
Pemenne s1oro npumepa npusejeno e taba. 2.1,

TaGanua 2 11

N urepaumi % x x5

XN N AL OO

—0,2243
1,1145 —0,2243

Moctpoenne nTepaunii 3aKaHINBaETCs, KOTAa C 3aiannofl CTENEHbI0 TOYHOCTH NOAYs
4a.M ONMHAKOBHE 3HAYCHRA B ABYX HTePaUnsX NOAPAA. B Hamem npurepe 570 HTepas
win 7w 8.

Oxouuatensinl oTeet: %, = 0,248; x, = 1,114; xg & — 0,224,

TMpouece 3eiigens ans anueiinoi CHCTEMb X = ﬁ + aX TaK xe, Kak
1 TIPOUeCe NOC/e/0BATe/bHBIX L3
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pewierio npu a1060s 6o60pe HA4AA6HO20 NPUB. ecau Y
143 HOPAL MAMPULDL O MeHbLe eDURNLSL, M. €. ecaU

n
Jah=max 3 lay| <1,
PR
mbo

fal—mex 3 jay| <,

lals= |/ Slay P <L

Iporece 3efinenst CXOAMTCH K €IMHCTBEHHOMY PpeLISHHIO GEICTpEe
npoiecca NpOCTOfl uTepauuH,

6o

fipumep 2, TIposepuTs, GXoRNTCS 11 Mponece Seilfiest LI CHCTEME, PACCHOTPEM
noft B npivepe 1.
Pemenne, 1) [ocae CHOTEMH! K Bugy (em. c1p, 98)

noaydaeM MaTpany
0,24 —0,05 ~0,24
a={ —0,22 0,09 —0,44 1.

0,13 —0,02 0,42

2) Haxonam
Ne Iy = max (0,53; 0,75; 0,57) = 0,76 < I,

CnenoBaTelbHO, IPOLECE HTEPALHE IS JaHHOM CHCTEMB CXOAHTCS R IRHCTBEHHOMY
pelenyio, BECMOTPS Ha TO, 4TO

n
lefo=max X |ais]=max (0,590,16;1,1)=1,1> 1.
i=1

§ 2.19. Oueunxa norp pow;

Myets pana aunefinas cucreMa X = f + X, Ecm X; — tounoe
3HageHHe KOpHEil THHEHHOM cHeTeMsl, a X§¥ — k-e  npuGmmKeHne, 'Bhl-
UHC/IEHHOE TIO MeTOy SeHens, TO A1l O4EeHKI NOZPEUIHOCMY FTOTO METOXA
npumensetca gopmyaa

(&
[X=X0], < lo)f X0 — X O, 1)
I1=lak

Rpumep. Ioxcantats, cKOJABKO RTEPalRil no MeTony 3efifiena HeOGXOAHMO Bbl-

TOMHATH, YTOOH G TOYHOCTHIO 10 104 HaliTH KOPHH CHCTEMEBI

9,9%1 — 1,522,625 =0,
0,4x;+13,6x,—4,2x,=8,2,
0,710, 4%5+7, Lig=—1,3,




Pewe 8 ue, 1) ITpAsesen cacteny « HopmaanHOMY BHAY (CM. cTp. 961
%1 =0,01x; 40, 152, —0, 2613,
[x,:ﬂ,ﬂ —0,02x; +0,32x54-0,21x3,
Xg===—0,13—0,07x; —0,04x,4-0,29x3.

9) 3a nyJeBHe npROMNKeRHA NPHMEN eTONGen GBOCOXHHX dnenop: £{0 =
9 = 0,41; x{» = —0,I3 u BHYHCAEM nMepBHe OPHONHKeHHS

£ =0,01.0--0,15.0,41—0,26+(—0, 13)=0,0953,
1) =0,41—0,02.0,09534-0,32.0,41--0,21(—0,13)=0,5120,
) = —0,13—0,07.0,0953 —0,04.0, 5120 0,29 (—0, I3) = —0, 1948,

0,01 0,15 —0,26
a=| —0,02 0,32 0,21 |s
—0,07 —0,04 0,29
3uaunt, [o ;= max (0,42 0,55 0,40) = 0,55. ITockonbky

0 0,0953
XO= o0,41| uxV={ 0,512 |,
—0,13 —0,1948

0,0953
XOW_xO®=f 0,120 |, 1. e [XV—=XOp =0,1120.
~—0,0648

8) Marpuua

nMeeM

4) Tlo dopmyne (1) ompenensiem &t
107 < 0,55 +0,1120; 10=4.0,45 < 0,550, 1120;

0,45
—4 1g 10 120,45 < £ 180,55+ 1g 0,1120;
— 40,3468 < k (—0,2596— 0,9508); & > ‘:zﬁ =3,50; k=4.

AHaJlorHIHO MOMKHO TPOH3BOAHTH OLEHKY MeToAa 3eiizens no wopme 2,

§ 2.20. np B yp K BHAY,
yAOGHOMY Ans MTepaumin

Tlpoueccet nocsieioBaTe/IbHEIX NPHO/IHKERNI 1 Sefiiens Aas JHHeAHOHR

cuctembl X = B 4 aX cXOAATCA K eIHHCTBEHHOMY PeIICHHIO HEe3aBHCHMO
oT BbI6Opa HaYaJBHOTO BEKTOPA, eCH

Dl <TE=1,2, ey ) man 3 fon] <TG =1, 2, oy 0.

TakuM 06pasoM, JJfi CXOAHMOCTH BHILEY X HTep HEIX
TPOLLECCOB JOCTATOYHO, YTOGE 3HAUCHHS S/IEMEHTOB oi;y MATPHUBI & MPH
i 7 j Obii HeGOMBIIMMY TIO aGCOMOTHOM Be/HYHHE, DTO PABHOCHIBHO TO~
MY, YTO ecan Ans aunefinol cucrembl AX = B MOAYJH AHAarOHaJbHLIX
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KoS(HHIUHEHTOB KaMIOrO YPaBHEHHA CHCTeMbl GOAblue CyMMbl MOAyaedi
BCeX OCTajbHBIX Koadx];uuemoa (He cyurasi CBOGOAHBIX Y/IEHOB), TO HTe-
pauioHHbE TIPOLECCH /1St STOH CHCTEMBI CXOASTCS, T, €, €CIH Mbl HMEeM

crereMy Z agxy=1b; (i =1, 2, v, 1), npuuem |ay, |>Z| a; |, T

npoueCCH HDCJIEBOBBTEJIBHHX ﬂpHGJIH)KEHHH H 36}‘!}19![5{ RJISI ABHHOH cH-
CTeMBl CXORATCS.

[TpHMeRsisl SneMeHTapHEie NpeoGpasopalis, —JHHelHyio cﬁc‘reMy
AX = B MOKHO 3aMeHHTh Takoil SKBHBajeHTHOH cuctemoit X = f -+
- aX, st KOTOPOIt YCJIOBHS CXONUMOCTH GyAYT BLIMONHEHEL

Mpumep 1. [Ipusectn nannyio cucteMy JuHefiHbX ypaBHeHH# K BHAY, YIOGHOMY
s uTepauuit

0,9% 2, 7%, —3,8t,=2,4,  (A)
2,5%1-5,8x,—0,5¢,=3,5, (B)
4,55, —2, 1xp+3,20,= —1,2. (B)

Pemenme, f) Us cHCTeMB! o Koappu-
LHEHTaMH, MOAY/H KOTOPHIX GOJbINe GYMMEI MOAYJed OCHOBHMX KO3(uIHeRTOB
cactembl. Kajkloe ebljenentoe ypapheHke BHINCHBAeM B TaKYlO CTPOKY Hoaoﬁ cuc-

TeMEl, YTOBH 10 MORYJIIO OKasanca fHar
B ypaaﬂeuuu (B) kosqm)nuuem npu Xy M0 MOAYAI0 GOJIbiIe CYMMB Monynei oc-
TANBHBIX Ki (B) sa Bropoe ypabuenHe HOBOH
cHcTeMBl
2,5%; + 5,8xy — 0,555 = 3,5, an
2) Hs CHCTeMB aunel-

HO He3aBUCHMEIE MEXAY oo KOM6EHaL\HH. Tak, 8a nepsoe ypaBHeHHe HOBOH CHC-
TeMBl MOKHO B3AT JkHeAnyio komGuraumio (2B) -+ (A), Toraa nmeem

9,9y — 1,51, + 2,6x5 =0, 4]

(ZA)33 '(rge'rbe YpaBHeHne HOBOH GHCTEMb MOXHO MPHHATH JHHERHYIO KOMGUHALMIO

0,75+ 0,48y + T,lxg = — 1,3, ay
nTOre MONydaEM )

3B Teny it (1),
(11), (1I1), sKBUBANEHTHYIO HGXOLHOH B ynosnemopmomyno yutosum CXORHMOCTH
HTCPAUKOHHOTO NpoUecca:

9,9x; ~ 1,5%3+2,6x3=0,
2,5x; -5, 8¢, —0,5x;,=3,5, =)
0,7%;40,4x, -7, Lxg= —1,3.

Tpusens cuctemy (*) K HOPMAaNbHOMY BHAY, HMEEM

{114=0,lx,+0,15x,—0,26x,, [ 0,10 0,15 —0,26]_

%3=0,35%1 —0,21x,+0,42¢3-+0,05, 0,35 —0,21 0,42
X3= —0,13%; —0,07x,—0,04x3 40,295 -~0,13 —0,07 —0,04

|l s=max (0,58; 0,43; 0,72)=0,72< 1.

0Ta0TCA pewruTh CHCTEMy OAHUM H3 HTEPAUWOMHHX METOAOB,
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§ 2.21. Yenp i i

TlycTb nana HeocoGeHHas Marpuna A utpeGyercs Hafith el oGpatnyio
A-Y, TIpenmo/ioxuM, 4T0 Mbl NOJYYH/H NPHOMHKEHHOE 3HAUEHHE 00paT-
HOHl MaTpHILL!

D, = A7,
Toraa AIst yAYUIIEHHS TOYHOCTH BOCTIOJIB3YEMCS METOLOM MOC/IEN0BATE b
HBEIX NPHOTMKEHHH clenylomuM o6pasoM, 3a HyieBoe NPHO/IHKEHHE 00

patHoit MaTpunbl A~' npuHUMaem 3HaueHue Dg, IOTPEIHOCTh KOTOPOro
€cTh MaTpHIa

= E — AD,.
Jla i Te/bHbE TPHO. Gynem CTpOUTB no (op-
Myie
Dy=Dp1+Dpy Fpoy (k=1,2,u) [V}

1 COOTBETCTBYIOMAsA HOTPeMHOCTh
Fp = E— ADy,
Ecan Bce snementel Matpuubl Fo = [fy;] yrosaersopsior nepasenctay

110 <L <r» TA€ n — TNOPANOK MATPHUb! H 0<C ¢<< 1, To mpouecc utepa-

i 3aBe£l0M0 CXOAHUTCS,
OL{EHK(I nozpewirocmy NaHHOTO METOJa HMeeT BHA

147 =D <20, @

TXe NOX HOpMOli NoHKMaeTcs HopMa 1 WM HopMa 2,

Ipouece yrouneHHs o/eMEHTOB oO6paTHON MATPHIBI MpeKpailaercs,
Koraa oGecreyeHo HepaBeHCTBO | Dy — Dy [ <&, Iie e — sajaHHas
TOYHOCTD.

Npumep [as Marprust

1,16 0,83 —0,66
=]0,45 —0,54 0,83
0,32 0,28 1,06

1iCNpaBHTh SJEMEHTH TPHOIHIKEHHOH 0B6paTHO/ MATpHUB G TOuHOCTHIO Zo 10-8,
Pewenne, I) Metogom Maycca naxojum npHOJHKEHHYIO 06PaTHYIO MATPHILY

0,495 0,655 —0,205
Dy=| 0,326 —O0,886 0,896 |,
—0,235 0,036 0,768

Iaace, nonyuaem

0,99988 0,00066 —0,00100
ADy==10,00016 0,99957 ~0,00015 |,
0,00058 —0,00032 0,99936,
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0,00012  —0,00066 0,00100
Fy=E —ADy=| —0,00016 *0,00043 0,00015 |.
—0,00058 0,00032  0,00064
Tak ®ak ]| Fo 11 == 0,00178 < 1, T0 HTepanHOHHE DpoLECC CXONHTCH.
2) Moassyscs q;opMleoifx (1), HaXolum caeflyiomee nprOankenne Dy Mmeem
0,000164 —0,000111 0,000462
Dy Fy=| —0,000339 —0,000309 0,000767 |,
—0,000479 0,000416  0,000262
0,495164 0,654889  ~0,204538
Dy=Dy+-Dy Fy=| 0,325661 —0,886300  0,806767 |,
—0,235479 0,036416 0,768262
1,00010501 —0,00000021 ~0,00000039
AD; = 0,00006849 0,99999889  ~—0,00000022 |,
0,00002982 —0,00000108 1,00000032
—0,00010501 0, 00000021 0,00000039°
Fi=E—AD;= |:~0,00005849 0,00000111 0,000000‘22].
~0,00002982 0,00000108 —0,00000032.

3) AHanorHIERM 06pasoM moNyYSHM npuGiHxenme Dy
—0,000091 0,000001 0
Dy Fy ==|: 0 0,00000f 0 ],
—0,000001 0,000001 O
0,495073  0,654890 —0,204538 ]

Dy=D;+Di F1= [ 0,325661 —0,886308  0,896767
—0,235480  0,036417 0,768262
Cnendparesnbto,
0,49507  0,65489 —0,20454
A=l [ 0,32566 —0,88631  0,89677 ]
—0,23548 0,03642 0,76826

Ynpamuenns

1. Bouncante AB, ecan

1 -2 3 2 31

a) A={3 -1 ?]x B=[l 2 3]1
4 =21 218
-3 2 25 6

6) A=[3 —4 1]| B=[l 2 5].
2 —5 38 132

6 2 4 1 5 =5
Omeemsis u)[s 9 Gj}; 6)[3 10 0].
8 91 2 9 =7

103



2. Buuncmirs 2{A--B) (28— 4), ecan
2 3 —1 -1 05
a) A= [ 45 2 ]; B [ o 13 ];
~1 0 7 2 —2 4
4 5 —2 21 -1
6) A=[3 -1 0]: B=[0 1 3],
4 2 7 57 3
8 =56 54 —72 =72 78
Omeemo;  a) l:—S() —100 146 ] 3 6) [ 3% 5 —6 ] .
18 —82 28 66 240 88

8. Hafitn npouseenenne XY, ecan

M 1
@ X= ; L v=[12-23; ¢ x:[z], V=i 5}
N 3
12
7
© X=[10 17 8 5 1}, v=| 5
4
10
P wlu o ‘6
Omsemor;  a) s g _6 NE 5)[ 8 IO]; 8) 409,
- - - 12 15

2 4 —4 6

4. Hailtu nponspesenne AX, ecnd

2 —~1 =3 0 4
a A=7 2 5 5 2|, X=
3 4 1 =7 -1

1 2 —4 -2
6 4=|3. 0 —2|, x=[_3].
2 2 -8 —4

—9 8
Omseme: )| 20{3 ©)2].
—18 2

6. BulupcauTs OnpeseanTesn

11 -2 3

13 —4
8 4 1
a)d=0ll;6)d=;4ea|
258 56 8 —4
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1,6 5,4 —7,7 =3,1
8,2 1,4 —23 02
53 —5,9 2,7 —7,9|"
0,7 1,9 —8,5 4,8
Omeemoi: @) 22;  6) —26; ®) 4279, 1.

6. Buuncante A=! A79 caenyiomEX MaTpHII

L =32 53201
2 A=|3 —4 o|; 6 4= - h
s 58 342 1
684 3
1 0 00
0 2 00
WA=l 5 40
3 2 —1 3

—12 —1 ¢
Omeemst: 8) A":[ -9 —1 6]; 6) A-l=
-7 ~1 &

—4 10 —6 2 [ ¢ 000
1 0 —1 67 —3 1 0 1200
=% —u -3 o7 o P P4 =ul e 6 o
0 0 —9% 48 —28 —5 2 8
7. Oaa matpuu
—0,3 1,2 —0,2 0,2 0,44 0,8l
4a=| —0,1 —0,2 1,6 | n B=|0,588 —0,20 0,05
—1,5 =03 0,1 0,05 0,34 0,1

BHOHCANTL HOpMY 1, HOpMY 2 m HOpMy 3.

Omeemes: a)|Aly=1,9 [Ak=1,9 [Als=2,55 6)[Bl=1,45 [Bl=
=1,07 |Bls=1,20.

8. Hafitn AB, rpe

141 3 [N
0 —1 8 —1 1 423
=ls 10 2| liwss |
1 —25 1 610 1 4

mByMa cnocoGamm: a) pas6us A u B ua KsappaTHse KieTkd; O) pas6us A w B
Ha KJIETKH OKafiMJeHneM.

24 57 15 31
—4 16 6 11
16 27 7 1|
10 53 13 29

Omeems AB=



9. Buigncante A~1, npuvenus pasGuenue Ha KBapaTHbie KJETKH H OKAlimJes

HHe, ec/H:
1 2 3 —2 3 -2 2 0
2 —-1 —2 -3 2 1 1 =2
i EE R e
2 =3 2 1 1 2 -1 —1
1 2 3 2
1 2 —1 2 -3
L .
Omgemeir a) A=l= Im 3 o o |
-2 -3 2 1
6 —4 0 8
11 —12 5 -1
[ETLE
9 4 Tl —12 119 —13
—6 —5 9 1

10. Martprus, sananksie B ynp. 9, PasnoXKuTb Ha NPOEIBEJCHHE ABYX TPEYTOMbe

HEX 1 06PATHTL HX, MaTpHll Ha ABYX Tpeye
TOJLHEIX,
1 0 o0 o0 12 3 -2
-5 0 0 01 85 —1/5
Omeemsi: a) A=T;To= —4 185 0 Too 1 — ,
2 —7  36/518 00 0 1
1 —2 15 2 i o 0o o
0 1—85 —3 25 —1/5 0 0
T TRl .
4 Te'Tr 0o 0 1 2 7/18  4/18 =5/18 0
0o 0o o 1 ]| —218—318 2/181/18
12 3 2
1] 21 2 -3
“E| o8 —2 -1 of
—2 -3 2 1
3 0 0 1-2/3 2/3 0
_ 2 s 0 0 1 =17 =67 |
O A=RR=ls 1 17 oo o 1B |
183 —9/7 18 00 0 1
123 —47 8 13 0 [
01 17 -1 —2/1 37 0 0
A-1=R:1Rr1= .
Re' R oo 1 —sll-s = 7 o |7
00 o 1 —1/3 —5/18 9/18 1/8
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6 —4 0 8
1 —12 59 —1

—12 19— |
-5 -5 9 1

11, PemuTs MeTpRanbe ypasnenisn:

03 —1 76 —3
a) X»[ 2 -1 2 =[_s 3 61
-3 1 4 e 13
76 —3 —3 —10 —4
6) [—8 3 G].X:[ 21 14 —10],
1o 13 8 2 30

3 2 -1 0 -1 2
Omeemer: a) X=| 0 —I 2 14 6) X=|1 0 =2 |,
5 7 1 3 1 2
12. Cnenyiomue chéteys nmnefiuuix ypassennii pemuts no gopuyaay Kpamepa

Wy xy f A= 7, Hxd-3y— z=
0 < 6){

2%y —Xy— 3x3 =— 5, 2x-4-5y—52
3 4xy—bxg= —14 x4+ g+ 2 1.
Omeemet: a) x; =0, X, = — 1, %3 =26 x=2,y= —2,z=1,

13. PewnTb chefyiomue cucTeMsl no cxeme Maycear

Xy —4xy —xy= 6, 2%
@ Kt xa2x3-+8x=—1, 6
2% F3x— x3— xy=—1, Xy —Xy
X122+ 3x3— x4= 3 —%;+-3xy—2x3 = 7.
Omeemsi:  a) m=1, m=—1, m=1, n=—=1 6 n=—1, =2
£3=0, x3=3.
14. G tounoctsio g0 0,001 peuruTh caelyioimHe CHCTEMH 1O cXeMe [aycca:
1,14x—2,15%,—5,1lx3= 2,05, 0,61x+0,7ly~—0,052= —0,16,
a){ 0,42%—1,13%,-7,06x3= 0,80; 6){ —1,03x—2,05y-0,87z= 0,50,
—0,71%,4-0,81%,—0,02x3= ~—1,07; 2,5x—3,12y+45,03z=  0,95.
Omeemer: 2) x; = 1,120; %, = —0,341; x3= — 0,008; 6) x = 0,008; y =
= —0,231; z=0,042.

15, BHYHCAUTH ONMpejenTe]d MO CXeMe rayccax

141 3 —1,6 54 —7,7 38,1
-1 3 82 1,4 —2,3 02

D A=ty 1o off P97 53 59 27 79
1 —25 1 07 1,9 —85 48

Omeemet: a) d = 88; 6) d = 2111,97,
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16, OGpatuTh cieflyomue MaTpuubi no cxeme Iaycea:

122 -1 032 0,52 —042 0,23
276 —1 0,44 —0,25 0,3 —0,51
= 6) =
VA=l g1 4|t V4= i om —os o8
001 —1 0,% 08 05 0,36
BECTH C TpeMsa 8HAKAMH, OTBET OKPYIIHTbH 1O ABYX decs-

THYHBIX 3HAKOB.
10/3 —7/6  1/2 =1/6
—5/3  5/6 —1/2 —1/6
—12 12 32
—l2 12 12

1,19 —0,31 —0,82 —0,12
—0,17 1,57 1,28 0,70

Omeemsi:  8) A== A

-1
o 4 ~1,75 0,11 0,30 0,87
—0,12 —2,92 —1,09 0,17
17. Pemutn y CHCTeMbl y © Toanoctsio o 0,01
METOROM JBHEX HO onp

MOE KONHUECTBO Liaro.
8,74, —3, Lty 1,813 —2, 20 = —9,7,

o] a6 T —2,25 =13,1,
3,2¢—1,86,—9,565— 1,05, =6,9,

1,262,800 —1,4x5—9,0¢, =25,1;

6,1y + 0,7y—0,052=6,97,
6){ —1,3x—2,05y 0,872 =0, 10,
2,5¢—3,12y~—5,032=2,04.

Omeemot: a) %, = —072 Xy =1,88 xg= —0,92 x3= — 1,94 6) x=

; Yy =
18, Crerens anneRnux ypaaﬂeanﬁ n3 ynp. 17 pemuts Metojom Seitfess, npeds
BAPHTENbHO ONPEACTHB HeoOXO0AlMOe KOJNHYECTBO [AroBs,

Tnasa Wl

METOALI

§ 3.1, Anre6p R yF

Tlpu pelennn NpaxkTHYeCKHX 32jla4 9acTO NMPHXOAMTCH CTANKHBATBCS
it, Besikoe yy C OHHM HBIM MOXKHO

NIPENCTABHTE B BHJE
9 () =g, 1)

rIle q; ug (x) -— JlaHHble (yHKOHH, Onpeie/ieHiibie Ha HeKOTOPOM GHC-
obaacmoro X ypas-

HE}( uﬂ.
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YpaBHERHE ¢ OJJHHM HEH3BECTHBIM MOMKHO 3alHCATD B BHAE
7 =0 @

JleficTBUTENbHO, TIepeHecs g (X) B JIeBYIO 9acTb ypaBheHus (1), uMeem ypas-
nerne @ (¥) — g(x) = 0, pasuocuabHoe (l). Ecanm oGo3nauuts neByio
yacTh TIOCTENHEro ypaBHeHHst uepe3 f(x), To NOJydyaeM ypaBHe-
une (2)

CoBDKyl'lHOCTb 3HAYeHHT MepeMeHHol x, TpH KOTOpHIX ypabienne (1)
npeBpallaeTcsi B TOKLECTBO, ¥p
a KaxXJoe 3HAYEHHE X W3 9TOl coaoxym-xocm HasLIBACTCS KOpPHeM ypaB-
HEHHSs.

Hanpumep, ypaBuenie x* = 2 — X HMeET KOPHH X; = — 2 H x, = I,
Toncrasus — 2 u 1 B 3aaHHOe ypannenue BMECTO X, NIOJIy4HM TOXKIECTBal
(=2 =2— (=2, T.e.d=4; 1% —2—-1,1“&1

PeinTh ypaBHEHHE — 3HAUHT HAfTH MHOKECTBO Beex KOpHeil sTOrO
ypasueHHs. OHO MOKET GhITb KOHEUHbIM MM GeckoHeunuM. Tak, pacemoT-
PeHHOE BHILIE ypaBHEHHe HMeeT JBa KOpHA., YpaBHeHHe sin X = 0 umeer
pemenne x = nn (n=0, &1, £2, ...). IIpunasan n pasTH4HbIE 3HAYEHNS,
noayyaem GecKoHeYHOe MHOKEeCTBO Kopﬂeﬁ

BOKYMHOCTh HECKOJABKHX YpaBHEHHII C HECKOJbKUMH HEH3BECTHHIMH
Ha3HIBAIOT cucmemoll ypasrenudl (HeuspecTHOe, 0G03HAUEHHOE ONHOI U TOM
ke OYKBOH B KaX/IOM W3 ypaBHEHHI, IO/KHO O3HAyaTs ONHY H Ty e He-
H3BECTHYIO BEJHYHHY.

Peweriuem cucmemst ypaxmeuull ¢ HECKOJIbKHMH HCH3BECTHLIMH Ha3bl~
BaeTEs COBOKYNHOCTH 3HAUYCHMH STHX HEH3BECTHBLIX, obpalaiomas Kam/ioe
YPaBHEHHE CHCTeMbI B TOXKAECTBO,

Hanpuwmep, crcrema

24 y=5,
{x+y‘=3

HMeeT pellenne X = 2, y = |, Tak Kak NpH 3THX 3HAUEHHAX HEU3BECTHBIX
ypaBHeRHsi cHeteMsl obpamtaiorcsi B toxuectsa: 4 4+ 1==5,2 4- 1 =3.

Peints  cHcTeMy ypaBHEHHHt — SHAUHT HaliTW MHOXKECTBO BCeX ee
pelleHnii WK 0Ka3aTh, YTO OHA PElleHHil He HMeET.

B 3aBucHMOCTH OT TOro, KakHe (yHKUMH BXOAAT B ypaBHerus (I)
WM (2), ypaBHeHHs DaslesloTcs Ha ABa GOJbIIMX Kijacca: anreGpamye-
CKHE H TPaHCIeH/eHTHbIe,

QyHKUNA Ha3bBATCA A12e06pautecKoll, €C ANS TIONYYeHHs SHAYCHHS
q)yHKI.lHH 10 IaHHOMY 3Ha4Y€HHIO X HYXKHO BHIOMIHHTH apmbme'mqecxue one-
pauiK W BO3BEACHWE B CTENEHb C PAallMOHANBHBIM NokasateneM. (Onepa-
Lusl H3B/JEYEHHS KOPHS MOXKET OBITE npeicraBaeHa Kak onepanus Bo3Be-
J\eHH$! B CTENeHb ¢ [I0KasaresaeM 1/n.)

AnreSpanyeckan (yHKIHA Ha3bIBACTCA PA{UOHAALNOL OTHOCHTEIBHO
TIepeMEHHOH X, eclM Haj X He NIPOH3BOJAMTCA HUKAKHX APYLHX JeHCTBHI,
KPOME CJIOXKEHUs, BBIYHTAHHS, YMHOMEHHS, AC/eHNs U BO3BEACHUA B Ile-
A1YI0 CTeNeHb,
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Hanpumep:
[1() =+ 155" —1200x +4; ()= -

() =@F—9HE+5); fx)= —+

345

Ecnu B palHOHa/bHYIO (YHKIHIO NIEPeMEHHas ¥ He BXOHT B KauecTe
JeNHTENs W He BXOLUT B BEIpaeHHe, ABJIAIONIEecs JeHTENeM, TO TaKas
yHKius 5 yeaodl

Hanpumep, cnenyiomue QyHKIHH:

1) y = agx" + ax"* + .., 4+ a, (n—HaTypaibHOE YHCJO HIH HYJb,
@y, @y, 4.y @ — JOOHE JCHCTBHTEJBHBIE YHCAA, TIPHYUEM @y 7= 0);

2R
2 f= L2t

ABAAOTCA NeALMA pausoHanbibivi, [esan pannonansnas QyHKius on-
pefesieria Ha Beel. YHCIIOBOH OCH.

Ecn B pauncHasbHOIl (QYBKIHK XOTs OBl OAMH pa3 BCTpeyaercsl Jede-
HIe Ha mep yIo X WM mep X BXOJHT B BBIp SBARIO-
meecst IeHTeNeM, TO Takas QyHKIUA ca Opobro-pay, 26HOLL

TakoBa, Hanpumep, q)yukum

P T

A€ m — HaTypajiLioe UHCAO HAH HYJb, A — HATypajlbHOe YHCIO;
Gy, gy very Doy Oy, ... — J100BIE ACHCTBHTENBHBIE Uncaa (ag 7= 0, by = 0).
JlpoGHo-pannosaibHas (QyHKIEA onpeleieHa Ha Beefl yHCJOBOH OCH, 32
HCKJ/IIOYEHHEM TeX TOYEK, B KOTOPBIX 3HaMeHaTe/lb oGpamae’rcsl B HyJIb.

DYHKIUS HA3BIBACTCH UPPALUOHANGHOL, €CTTH ISt TIONYYeHHS 3HAUEHHS!
GYHKLHH 10 JaHHOMY SHAYSHHIO X HYKHO BHITIONHHTD, KPOME YeThIpex apHp-
METHYECKHX JIGHCTBHH (ECEX HIH HGKOTOPHX), €lle W H3BJIeYeHHe KOPHA.
Tpu sTOM QyHKIHA GyIeT HPpaUHOHATBHOI JHIIb TOTa, KOTAa apryMeHT X
CTOHT TOJ 3HAKOM pajiKana,

Tax, hyngiuns

y=

e
Yy Tx—4

ABASETCA HPPAUHOHANLHON, a GyHFIUs

y ‘/x+1/

HPPAIMOHANBHON He ABJsETCA, TIOCKOJABKY X He CTOHT MO 3HaKoM pazu-
Kana.

Beinie ykasbiBa/ioCh, 4TO BCe PallHOHa/IbHHE H HPDPAHOHABHBIE (yHK-
UHH OTHOCATCA K Kniaccy anreGpauyeckux QyHKIuiL,

Jpyroii Gombuwioit kaace QyHKumil — mpancyendesmnse GYHKUAR,
K rnv oTHOCATCA Bee HeanreGpamuecKHe (YHKIMH: IOKa3aTelbHAs af,
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forapu(muueckasn log, ¥, TPHTOHOMETpHYeCKHE sin ¥, cos x, tg x, cig x,

oGpaTbie TPUTOHOMETPHYECKHE arcsin X, arccos ¥, arclg ¥, arcctg x u ap.,
Ecau B 3amicb ypaBHEHHs BXOIAT TOJBKO aareSpandyecKue PyHKUHH,

TO ¥P HasplBaeTca a. um,

Hanpumep, ypasueHus

B—4=0 =3 +B52—x+1=0

ABASIOTCH aAre6panTecKumHu,
Anrepanueckoe ypaBHEHHe MOXeT ObITb NPHBEACHO K BUAY

ap X" a Xl a2 L a, g X a, =0, 3)

TlosToMy, KOLAA FOBOPSIT «aireGpanyeckoe ypasHenwe», TO 0CbIUHO HMEIOT
B BUJY ypaBHeHHe BHIa (3).

Ecan ypasuenue (3) nonyueHo npeoGpasoBaHHeM ypaBHEHHS, B KOTO-
poe BXOIWa 1POOHAA palUOHaNbHas WK MPPalHOHaNbHAs QYHKIHSA, TO
HeOGXOHMO YUHTBIBATD, YTO 5TH (YHKIHH OTDEIe/CHE HE HA BCeft YHCI0-
BOH OCH.

Hanpuwmep, ypasuene

Vi—2 4+ V6=
Tocie 0cBOGOKACHHA OT HPPalHOHaNbHOCTH NPUMET BHA
4t — 16y — 47 = 0,

Onusako mnepBOHayaibHOE yPaBHEHHE ONpEIEJICHO He Ha Beefl YHC/IOBOMN
ocH, a AJIA x, NpMHAAJIEeXKAIEX oTpesKy [2, 6],

Yueaa ag, @y, ooy Qp cs p MU yp 3),
OHU MOTYT GHITb KaK AEfCTBH: TaK H KOMIL B nanbueii-
1eM H3JIOXKEHHH 6yAyT pacCMaTPHBATLCA anrefpaHueckne ypaBHEHHS BH-
21a (3) TONBKO C AEHCTBHTEAbHBLIME KO(DHILHEHTAMH,

Pewerue YPaBHEHHA C OJHHM HEH3BECTHBIM 3aKJ/JIOYaeTCA B OTHICKAHUH
KOpHedl, T. . TeX 3HaueHnfi X, KOTOpbie OOPAIAIOT yPaBHEHNHE B TOXAECT-
Bo. KopHu ypaBHeHHS MOryT ObITh BelleCT IMH M HEBEILeCT IMH
(KOMILTEKCHBIMH).

Haiii TouHEle 3HaYeHUsT KOPHEH ypaBHEHHS MOXKHO TOJBKO B HCKJIO-
UHTEIBHLIX CIyYasx, oObUHO, KOTAa ecTh KaKas-/i6o npocras GopMyna
V1Al BLIYHC/IEHH S 3HAYEHHS KOPHel, BBIparKalomas HX Yepe3 H3BecTHbe Be-
JIHYUHEL

Tak, 215 HaX0X/IeH NS KOPHEH KBaJAPaTHOTO ypaBHeH s ByAa x* -+ px -
+ g = 0 ncnonbayercs gopmyia

——
S Ve (4)

st pewenus xyGuueckoro ypasuenns Biia x° -+ px - ¢ = 0 npuwme-
HAeTcs popmyna

3 —— 3 —
TRV VY
* 1 2+l/4+21+ 2 4 Lot ®

1

=3




OpHaKo NMPaKTHIOCKOE MPHMEHEHHe 3T0l GOpMYJIbl BechbMa 3aTpYAHHTENLHO
1 TpeGyeT HCIONb30BAHHA KOMIVIEKCHBIX UHCRJL.

Jlas pellleHust ypaBHEHHS YETBEPTON CTENEHH TaKkKe CymIecTByer dop-
MyJla, ONHAKO OHA SBJSETCS HACTONBKO CNOKHOMH, YTO IPAKTHYECKH He
TIPHMEHSAETCS, H MbI €¢ PaccMaTpHBATh He GyzeM.

Hopsexckuil MaremaTrk Alenb 0Ka3af, uTo Npu n > 5 He cymiecT-
Byer dopmy.Jsl, aIr KOTo yp 3)
NpH TIOMOIIH apHOMeTHYECKHX OmepatHii 11 P — kopHeii. Jlnws
LISl HEKOTOPHIX YACTHBIX C/yuaeB aireGpaHuYecKux ypaBHeHui, CTernenb
KOTOPEIX GOJIbIle HeTHIPEX, MOryT cyuxecnaosan GopMyTbl PEILeHHs.

Kpowme roro, HEHTHI X il sBafIOTCH NpH-
5,vumem-mmu gHCaNK H, CAEI0BATETBHO, Bonpoc 0 HaXOMK/EHHH TOUHBIX
KopHeil BooGIle He MOXeT GbiTh NOCTABJIEH.

Tlostomy Goabinoe 3HAYEHHE npuoﬁperam METO/Ibl  NPHOJTHKEHHOTO
BHIYHCJICHHS] KOPHeH ypaBHenus f (x) =

Tlpi pelieHuH MHOTHX npaxmqecxnx ‘sanan Tomroe pemerne ypas-
HEHHA He BCeria ABIAETCA HeoOKOAMMBIM. 3ajlaua Haxoxiemus Kopuefi
CUHTAETCH PELIERHOMH, eC/H KOPHH BBHIYHC/CHLI C 3a]aHHOM CTereHblo TOU-
HOCTH.

Kak e c/IeflyeT HOHUMATh YTBepXKIeHHe <KOPEeHb BHUNCIIEH ¢ 3alaHtolt
cTenenblo ToyHocTHy? [TyeTh § — KOpeHb ypaBHEHHS, X — €ro NpHO/IHIKeH-
HOE 3HauCHHE ¢ TOUHOCTHIO JIO &; 5T0 osHauaer, uto | & — x | < e. Ecun
YCTAHOBJEHO, 4TO HCKOMBIH KOpeHb & 3akaIOUeH Me:Xiy 4nciaMu a u b,
7. e a<< E<< b, npuuem b — a < e, 10 ynCAa @ B b — 3TO npuémmeﬁ-
HbIE 3HAUCHHS KODHS § COOTBETCTBEHHO C HEJOCTATKOM H C H3OBITKOM ¢
TOYHOCTBIO IO €, TaK KaK | E —a| < b—a<Len|E—b|<b—a<e.
3a npu6aHKeHHOe 3HAYEHHE KOPHS § C TOYHOCTBIO JI0 & MOMKHO NPHHSTH
moGoe uHenio, cofepalleecs Mexay a i b.

Hanpumep, ecin kopenp § 3akmouen meway 3,228 u 3,229 (1. e
3,228 <C £ << 3,229), To 3a npHGIIKEHHOE 3HaYEHHe KOPHA C TOYHOCTEHIO
710 0,001 MOXKHO NPHHATD ancna 3,228, 3,229 u moGoe 4ncl0, 3aKMOYEHHOE
MEeX]ly HHMH.

B Hacrosimeii rsiaBe Mbl OyJeM paccMaTpHBaTh crocoObl NPHEMHKeH-
HOTO perleHHs YPaBHEHHH M CHcTeM ypapHeHHH. Hekoropnie u3 HUX ORH-
HaKOBO NPHMEHHMBI K OTHICKAHHIO KOpHefi KaK TpaHCILeHJGHTHBIX, Tak
1 anreGpanyeckux ypasrenni., JIpyrue crocoGsl NpHMEHHMBI TONBKO K aj-
Te0panyecKiM ypPaBHEHI M,

§ 3.2. Fpacp! MeTogb P M cHCTEM

Ipaduueckne meToxnt pemenns ypassennii. OXHHM H3 METOZOB pelue-
HHs ypaBeHu#i Apiserca rpapuuecknii, TOYHOCTb TAKOTO PelICHHs HeBe-
JIHKA, OJHAKO C NOMOLUIBIO rpadHKa MOJKHO Pa3yMHO Bb!Gpa‘n; TIepBOe NpH-
GnuKerne, ¢ KOTOPOTO HauHeTcs Aa Cy-
LECTBYIOT ABA CTOCOGA IPauyeckoro pellienus ypaBHeHMM.

Tepsbii cnoco6. Bee uieHb ypaBHCHNs NIEPEHOCAT B JEBYIO
9acTe, T. €. npejcrasisior ero B BuAe f () = 0. Ilocse aToro crposar
rpapuk QyHKUHE y = f (x), e f (x) —nesan wacTh ypaBHeHHs. AGCIUH-

1z




cbl TOueK mnepeceyeHHs rpaduxa GyHxuim g = f (x) ¢ ocslo Ox u ABaS-
jorcA KOPHsSIMH YpaBHeHHs, TAK KakK B 9THX Toukax y = 0 (puc. 3.1).
Bropoit cmoco6. Bce wienn ypasHenus pasGuBaioT Ha ABe
TpYTNb, OJHY H3 HHX SAINCHIBAKT B JIEBOH 4acTH YPABHEHNd, a APYrylo
B [IpaBoil, T. €. MPEJCTaBJAI0T ero B BrAe ¢ (x) = g (x). [Tocne sroro cTpo-
AT rpaQuk ABYX QYRKUM §y = @ (x) u y = g (x). AGCHHCCH ToYeK nepe-
ceyeHust rPadHKOB 3THX ABYX GYHKIHI ¥ CIYXKaT KOPHAMH JaHHOTO ypas-
sennst, [TyCTh TOUKA IePeceyeHns rpadHKoB HMeeT aGCIHCCy Xq, OPAHHATH
oBoux rpaHKOB B TOil TOUKe PaBHBI MEKAY COGOH, T. €. ¢ (¥) = & (¥o).
Hs 3TOr0 paBEeHCTBA CIEAYET, UTO X — KOPEeHb ypaBHeHHs (pHC, 3.2).

y

Yy

L4 X

o)

Puc. 31 Puc. 3.2 Puc. 3.3

Tiprmep 1. Pewnth rpaduyeckn ypasuenne x* — 242 - 2¢ — 1 = 0.

Pemenne [HepBruft cmoco6. [octpory rpaduk dysxunn y = x° —
—24% -+ 2x —1 § onpefenny aGCUHCCH TOYEeK MepecedeHus 3TOro rpaduka ¢ OChD
Ox. Kpusas nepecexaer ock Ox B Touke X = 1, CleloBaTebHO, YPaBHEHHE HMeeT .
onin Kopenb (puc. 3.3). (OTMerTnM, uToO anreGpanieckoe ypaBHeHue TpeTheli cTeneHn
HMeeT Ml OXHH JelCTBHTe/bHHH Koperp HAn TPH. Tak KaK KpuBas Nepecekaer och
a6CIHCC TOMLKO B ORHON TOuKe, TO JAaHHOE ypaBHeHUe HMECT TOJbKO ONHH fAefCTEH-
TeAbHH} KopeHb, OCTaibHEe JBA KOPHS — KOMIVICKCHbIE.)

Bropoi cnoco6. [Ipencrarum fannoe ypamuewne B Bufe x° = 2x* —
—2x 4 1 1 mocTponn rpadnky dynKnui g = u y= 24> — 2¢ 4 1. Haitzen a6-
CUHCCY TOYKH NepeceueHHs 5TUX rpadukos; noayinM x = 1 (puc. 3.4).

Tpumep 2. Hafitn nprbauxkenHo rpaduyeckaM cnocofoM KOpBU ypaBHEHHS

lgx—3x+5=0.
Peumenne. [epennmen ypasnenne Cleayiomnm opasom:
lg x=3x —5.
DyiKUuy B 1eBOf 1 B IPasoil 4aCTH ypaBHEHHs RMEIOT OGUIYIO 06.aCTb OnpeNeleHus:
unrepsan 0 < x < -+ oo. [MostoMy GyneM uCKAaTh KOPHH HMEHHO B 9TOM HHTep-
Baze,

Crponm rpagukn dyuxunii y = 1g * u y = 3x — 5 (puc. 3.5). llpsvas y =
= 3x — 5 nepecekaeT JorapHdMBYECKYI0 KPHBYIO B JABYX TOuKaX ¢ abeuuccamu
#; =2 0,00001 u x; ~ 1,75. Ha puCynKe TPYAHO NOKa3aThb nepeceuense rpapukos
STHX ABYX QyHKLHEK B IEPBOA TOUKE, OAHAKO, YUHTBIBAS, YTO HHXNHAA BETBb JOrapud-
MHUCCKOR KPHBOK HeOTpaHHUEHHO NPuOAKKAETCs K OcH Oy, MOXHO mpeAnoaarats,
9TO mepeceyenHe STHX UBYX rpaduKos NPOH3OHeT BOAH3H TOUKH NEpeceuenHs rpa-

3



¢uka pyrkunn y = 3x — 5 u ocn Oy. AGcumcca TOUKH nepeceverns NpuGAMMenso
pasia 0,00001. Hrax, kopun ypaskenns v = 0,00001 & 1, ~
Mpwvep 3. HallT rpadmsecki Kophn VpaBHemis 25 = 2x
Peuenue. Cpor rpaduks GyHKuni y = 2% uy = 2¢ OTH rpadukn mepe-
CeKaloTCd B IBYX TOUKAX, aOCIHCCH KOTOPHX paBHH % = 1 nxy = 2. Januoe ypas-
HeHue wyceT 1Ba KOPHA ¥ = | 1 x; = 2 (pHC.

nO}lBO}lﬂ HUTOT BBILIEU3JIOKEHHOMY, MOXKHO peKDNEH,'.KOBa’Ib‘A'lSI rpaﬂ)u-
YeCKOro peleHHs ypaBHewus f (x) = 0, Bce KOpHH KOTOPOTO Jexar
B npomexyrke [a, bl, creayionyio npocTyio cxemy.

y =Ty

Y2201

Puc 84 Puc 35 Puc 36

1. TIpencTaBuTh yKa3aHHOE ypaBHEHHE B Bhie @ (x) = g (X) ¢ TaKuM
pacuetoM, yToGbl GyuKIHE § = @ (X) H ¥ = g (x) GblH MPOCTHI U YACGHEI
J15l HCCJIGJIOBAHHSA H MOCTPORHHSI.

2. Ha wmmanumerposoit Gymare BbiuepTuth rpadukd QyHKuail y =
= ¢ (x) 1y = g (v) B npomexyTke la, bl.

3. Ecan rpadukn He mepecekaiorcs, TO KOpHeil B JaHHOM NPOMEXyT-

ke HeT. Ecan xe rpaq)nxn TCS1, TO HYKHO C Th TOUKH HX
Tnepeceyenns, HaliTH aﬁcm{ccm 3THX TOYCK, KOT0pl>le H 6)’,’1)1' l'lpllG'lld)KeH'
HBIMH KopHeii paccMarp 0 yp

Tpad METOAb P cHCTEM ii. Mbl BHIeaH, 4TO
peulel-me l‘pulynﬂcu\llM METOJIOM YP. C ONHHM 'HbIM HE Bbl-

3bIBAET OCOOBIX SanyllHEHHH 3TOro Heqb3s CKasaTh O pELeHHn l‘paq)l'l‘
YeCKHM METOZOM CHCTeM ypaBHeHui. UacTo fake pelleHHe CHCTEMB! ABYX
)paBHeHlH:I C AByMA HeH3BeCTHBIMI OKa3bIBAeTCsi BECbMA CJIOKHBIM,
ITycts 3agana cuctema
{ Fy(x, 9)=0,

Pl )=
Ecan ofa ypamnemus cucTeMbl MOXHO PaspeminTh OTHOCHTETBHO OZHOH
H3 JABYX TNepeMeHHHX, TO pelUeHHe CHCTEMBl 3HAYHTEJbHO yMpoIlaeTcs,
Tlyers ns nepBoro ypasHeHus chcTembl HMeeM y = f; (x), a H3 BTOpOro
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y= I (x). B pesyaprare monywaem ypasmenne @(x) = f; (x) —
— fy (x) = 0, KoTOpoe pellaeM OJHHM H3 pPacCMOTPEHHBIX BHIUE CINO
co6oa
Mpumep 4. Haiitu rpadudecKu peuwenne CHCTeNMb yPaBHEHIH
xy+cos x=0,
{ xy—sinx=0,

canrast x > 0.
Pemenmne. P y ot HO g1

o=—2%  snx—x,
¥= PR y= 3
T e
cos x
sinx—x=— .
x
cos x
Crpouy rpabnku Qyskunit y = sinx —xny = — (puc. 3.7). AGenmcca

B opunﬂara TOUKH mepecevenus rpadukos sTHX PyHKIHI H nam‘r PeLICHHE CHCTEMHI

= 1,22; -

Puc. 37 Puc. 3.8

Mpumep 5. HaiiTu rpadnueckn pemerne cucTeMul ypaBheHHmil
242 4-3y2 —6y —4 =0,
{ XB—3y?4-4x—2=0,
Peme nue [Nepennmen 3a1annyio cucTeMy cleAyiolLiy o6pasom:
243 (y—1)*=7,
{ (x+2)2—3y2=6.
Tepaoe us y it saABNC, BTopoe — runepGoay.
uBHie, B ABYX TOYKax

o
1 (x5 1) B M, (ng y2) (puo. 548)4 Ecan na MEATHMETPOBOR Gymare cliefiaTh Gonee
quﬂun YepTelK, TO MOXNHO ONpelednTs ¥y == 0,55; y; =~ — 0,46; x, = 1,7, 5, = 1,6.

§ 3.3. Oraenenme KopHeH

B npenbmyu.LeM _maparpade GbI pacCMOTPEH BOMPOC O TpadHyeckoM

H CHCTEM Y[ it. OnuaKo Jaxke NpHu oYeHb Tilla-

TenbHoM ncmpoemm HepTe:Ka 3HaueHHs KOPHEH MOKHO TMOMYYHTD C He-

Gonbuioii cTenensio TounocTH, I103TOMY YTOGHI 5TH SHaY€HHSs MOJYUHTH

¢ moGoit 3ajaHHOM CTENeHbO TOYHOCTH, HEOGXOAHMO MPHMEHATH METOAH,
KOTOpEIE TO3BOJIAOT KyTOUHATE? HailjleHHbIe 3HaueHHs,
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Tlpouece HaXoxJeHHs MPUOMIIKEHRBIX SHAUEHHIi KOPHEN ypaBHeHus
pas6uBaercs ka JBa Tana: 1) oTiesenne KOpHeii; 2) yrouHeHHe KOpHefl
JIO 3a1aHHOM CTeNeHH TOYHOCTH,

B nacrosiuem naparpape paccMaTpHBaeTcsl MepBbifi sTal — 0T A e-
JeHue KopHei.

Kopenb £ ypasrenus f (x) = 0 CUnTaeTCq omdeaetiHbid Ha OTpesKe
la, b), ecan na stom orpeske ypasuenne f (x) = O He uMeeT APYrHX KO-
e,

7 )v,\Jx, x,\ X 0 Xr=X7 XJ\K

Puc. 3.9 Puc. 8.10

OT1eHTD KOPHH — STO SHAyNT Pa3GHTH BClo 06AACTh IOMYCTHMBIX
Snayennii Ha OTPE3KH, B KaXKIOM H3 KOTOPHIX COAEPHHTCS OAHH KOPEHb.
Otjienienue KOpHEfi MOXHO NPOH3BECTH ABYMA CIIOCOGAMH — epaghutie-
CKUM N QHAAUMUMECKUM.

Ipaguueckuii MeTon ornencuns Kopuei. Ilpn rpaduueckom merone
OTAe/IeHH S KOPHEH NOCTYNaloT TaK e, KakK H Npu rpapHyecKkoM MeToje pe-
ueHus ypaBHeunﬁ.

Crpost rpapuk GyHKUMH y = f (X) AAA ypapHenus Buia f () =0
WM TIPENCTABJAIOT YPaBHEHHe B BuAe ¢ (X) = g (x) W CTPOST rpaduky
dynRuHi § = @ (x) B y = g (x). 3nauenus AeACTBUTENLHBIX KOPHEIi ypas-
HEHHs SIBAAIOTCA aGCHUHCCaMH TOYeK Nepeceuenus rpaguka GyHKUHH y ==
= f (x) ¢ ocbto Ox nan abcunccamu TOueK nepeceyenns rpahukos GyHKUHE
Yy =@ (¥)u y = g(x). OTpeskH, B KOTOPHIX 3aKMIOYEHO TONBKO 110 OXHOMY
KODHIO, JIErKO HAXOAATCA.

3ameuwanmne [Ilyerb rpapux ¢GyHkudm y = f(x) umeer Bua,
n306pakenublii Ha puc. 3.9. Kpupam TpHaIel nepecekaer och aGCeimce;
C/IeJIOBATeTbHO, YPABHEHHE HMEET TPH MPOCTHIX KOPHS.

Ecnu ke kpusas xacaetcsi oc aGewnce (puc. 3,10), TO ypaBHenue
HMeeT ABYKpaTHbli KopeHb. Hanpumep, ypabnenne x* —3x~+ 2 =10
HMeeT TPH KOpHSA: & = — 2; Xp = xg = | (puc, 3.11).

Ecan e ypapHenwe HMeeT TPeXKPATHBI AeHCTBHTENBHBI KOpeHb,
TO B MeCTE KacaHHsi C OCblo KpuBas & = f (x) HMEeT TOUKy nepern6a
(puc. 3.12). Hanpumep, ypasnenue x* — 3x* - 3x — 1 = 0 Hmeer Tpex-
KpaTHulit Kopenb, paBHbIH eunie (puc. 3.13).

Ipadmueckuii MeTon orzenenus Kopueii He ofnajaeT GOJBLIOH ToY-
10cTbio, OH J12eT BO3MOXKHOCTD TPyGo ONPEAeNHTh HHTEPBAIL! H3OAALHU
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kopHs, [lazee KOPHH yTOUHSIOTCA OAHMM M3 CNOCOGOB, yKasaHHBIX
HIKE,

" AHaHTHYECKHIE METO OTe eHns KopHeli, AHATHTHUECKH KOPHH ypaB-
nettnst f (x) = 0 MOXHO OTAEAHTD, HCMIONB3Y$ HEKOTOPLIE CBOCTBA (yHK-
uuil, H3yyaeMsle B Kypce MaTeMaTHYeCKoro aHamuaa.

CopMyJHpyeM 03 0Ka3aTellbCTBA TEOPEMB], SHaHHE KOTOpBIX HeoO-
XOZHMO TIPH OTAE/ICHHH KODHEH.

Teopema 1. Ecau dynryus f (x) wenpepoena na ompesre ta, bl u npu-
HUMAEM HQ KOHYAX BM020 OMPESKA BHAHEHUS PASHBLX BHAKOG, MO BHYMPY
ompeska la, ) cymecmeyem no Kpadueil mepe odur Kopewv ypasHenus

f() =0
Teopema 2. Ecau ¢ ) Ha ompesKe
la, bl & npusumaem a Kowyax ompeska sual«enux PASHYX BHAKOS, MO

Y
/ 3
‘ %
¥ y 7
Ay 0
W S
5
> —~

f"-Z/ olz X 70
i

/(f)(f& X!

Puc. 3.11 Puc, 8.12 Puc. 3.18

enympu ompesxa la, b] codepacumes kopeno ypasserus f (x) == 0, u smom

Kopero eAuHCmBeHHbLl.

Teopema 3. Ecau pynryus f (x) nenpepwsna na ompesxe la, b) u npu-
HUMGeM HQ KOHYQX OMpesKa SHAUEHUS PASHbIX SHAKOS, @ NPOUSOOHAs
f'(x) coxpanisiem nocmosnbul SHaK BRYMPU OMPe3Ka, Mo 6HYMPU OMpesKa

KOpero  yp f(x) =0 w npumom eduncmsenroul,
anBEJ.IEM Tenepb uex(ompue CBEJECHHUSI H3 MaTeMaTH4YeCKOro aHajH3a,
KOTOpEIe NOHAf00ATCA B AaibHefimeM.

Ecnu Q)yﬂkuuﬂ f 3anaHa ananwnwecxﬂ TO 06.4aCMYbIO CYL4ecmBo-
eanus
BCeX TeX AHCTBHTENbHBLIX S8HAUEHHIT aPTYMEHTa, IIPH KOTOPHIX aHAJHTH-
YecKoe BhlpaeHHe, onpesensioniee GyHKIHIO, He TepsieT YHC/IOBOTO CMBIC-
Jla M TIPUHHMAET TOMBKO AEHCTBUTSAbHEIE SHAUCHHUS,

DyHKUHA § = f (¥) HasBIBaeTCH 603paCMAlOyerl, €CTH C BO3PACTaHHeM
aprymenra DyHKUMH Y (puc. 3,14, a u 6), u y6oi-
6aioweri, eCH C BO3PACTAHHEM apTyMEHTa SHayeHHEe (YHKUHH yMeHb-
aercs ( puc, 3,14, 61 o),

ur



q)yHl(LlHﬁ HasbIBAETCSl MOHOMOHHOL, 2CIDI OHA B 33/laHHOM NPOMEKYTKE
H60 TOIBKO BO3DACTaET, MO0 TONBKO yObiBaer,

TTycts na otpeske la, b} dynkunust f (x) HenpephiBHA ¥ NPHHHMAET Ha
KOHUAX OTpe3ka SHAayeHHs! PasHEIX 3HAKOB, a NMpousBoAHast [ (¥) coxpa-
HsIeT NOCTOsIHHBI 8HaK Ha HHTepBane (a, b). Torna ecnu BO BCEX TOUKAX
unTepsana (a, b) neppasi NPOM3BOLHAs MOMOXKHTENbHa, T. €. ['(x) >0,
To yHKWHs f (X) B 5TOM HHTepBaZe RospacTaeT (puc, 3,14, au6)

q )
Y A R
&
N
a a b
0 (I 0 EV X
&)
<s &
#(a)<0, (b)>0 Aa)=0, #(b)<0
F) =0, F'0)0 £16) <0, F1l)<0
¥ ¥
9 a9
8
s
0] Vg bx 0 a bx
A 3
#a)<, #b)=0 #a)>0, £(b)<0
Fl)=0, Fin<0 £1)<0, £'(>0
Puc. 3.14

Ecan e Bo BceX Toukax mHTepBana (a, b) nepsas mpousBojHasl OTpHua-
TeabHa, T. €. f (¥) << 0, To QyHKUHS B 5TOM HHTEpBane y GHBaeT
(puc. 3.14, 6 1 ¢). Koprem pyHKIMH c/TyXHT aGCrucca TOUKU TNepeceyeHns
rpaguka dyHKiumH f (x) ¢ ockio Ox.

Ilycts Ha orpeske (a, b] dyskuns [ (x) HMeer MPOH3BOAHYIO BTOPOrO
TOpsKa, KOTOPas COXpaHsAer NOCTOSHHLIA 3HAK Ha BceM oTpeske. Toraa
ec ' (x) > 0, T0 rpaduk QyHKIHM SBJAAETCS BHINYKAHM BHHS
(puc. 3.14, a u 2); ecan ke f'(x) < 0, To TpaduK QyHKUHH ABJACTCS B bl+
NyKJABM BBEpX (puc. 3.14, 6 1 o).

Touxu, B KOTOPHIX NIepBad NPOU3BOAHAs PYHKIWH PaBHA HYJIO, a TaKs
e Te, B KOTOPLIX OHa He CyIecTBYeT (HanpHMep, o0pallaeTcs B GecKoned~
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HOCTb), HO (YHKIHS COXPAHAET HENPephiBHOCTD, 1a3bIBAIOTCS KPUMLL-
weckumu (3TOT NPU3HAK ABJACTCH HEOOXOAMMBIM MPH3HAKOM 3KCTPEMyMa).

Ecan gysxuns f (¥) nenpeprisia Ha otpeske [a, bl, To Ha 3TOM OTpeske
BCEria MMEIOTCS! TOYKH, B KOTOPHIX OHA NPHHHMAeT Ha H GoJ bl ee
¥ HaWMeHblIee 3HAYEHHA. DTHX 3HAYEHUH prHKLlH'FI JlocTHraeT HiH
B KPHTHYECKHX TOYKAX, HJIM Ha KOHIaX OTpeska. CJIeJlOBaTeJH:HO, 4TOOBI
onpeenuTh HauGoJbliee U HauMeHbllee 3Hayenne QyHKUMH Ha OTpe3ke,
Hago: 1) onpenenuTb KPHTHUECKHE TOUKH (QYHKUHH; 2) BHIUHCIHTb 3HAYe-
nist GyHKIWH B KPHTHYECKHX TOYKAaX M Ha KoHlax orpeska [a, 0]; 3) na-
uﬁo.ku:ee U3 3HayeHHH, HaWAeHHBIX B 1. 2), GyleT HaHOONLIINM, a HaH-
(yHKIHU Ha OTpesKe.

B CBA3H C BBIEH3JIOKEHHEIM MOXKHO PEKOMEHI0BATh CJIGleXOUlPIﬁ
TIOPALOK JICHCTBHA A1 OTAENIEHHS KOPHell aHANHTHYECKHM METOJ0M.

1. Haiiti f' (x) — nepeyio npoH3BOAHYIO.

2. CocTaButb TaGaully 3HAKOB (QYHKUHH f (x), mosjaras x paBHBIM:
a) KPUTHYECKHM 3HaueHHsM (KOPHAM) MPOM3BOAHOH WM GamkaliumMm K
HUM; G) TPaHHUHBIM 3HAUEHNAM (HCXOAS H3 0G/MACTH JOMYCTHMBIX 3HAUCHHH
HEH3BECTHOTO).

3. OnpenienTh HHTEPBALl, Ha KOHIlAX KOTOPHIX (DYHKIHS NPUHUMAET
3HAUEHHs MPOTHBONOJOKHEIX 3HAKOB. BHYTPH STHX HHTepBalOB COAEp-
KHTCSl 1O OJHOMY M TOJBKO N0 OAHOMY KOPHIO.

Mpumep.  Otgesute KOpHH ypaBHeHHs 2% — 5x — 3 = 0 aHaJUTHYECKHM Me-
TOMOM.

Pewenune O6osnayuM f(x) = 2¥ —5x —3. OG6nacto onpegencHun
tpyuxuun f (%) — Best yncnoBas ock, HafigeM nepeyio npon3BoRHYIO

/" (x) = 2% In 2—5.

v B yio HYAIO B KOpeHb}
5
2 In2—5=0; 2*In2=5 2"=H2—; xlg2=1g5—1gn2;
P lg5—Igin2 _ 0,69904-0,1592 0,8582_2 5.
T g2 0,3010 0,3010
Coctaanxem 'raémmy 3HaKoB q;yﬂxunu f (0, nonaru x paBHHM a) KPHTHYECKHM
HAM ; 6) rp 3Haue-
HHAM (ncxonﬁ 3 obaacTu nonycmmux 3Hayennil ﬂemsecruoro)
x —0 | 2 3 400
sign f (x) + - - +

VpaBuenre mMeeT ABa KOPH#, Tak KAK NPOHCXOAAT ABE NepeMeHh 3HaKa (yHKIHH.
CoctaBum HOBYIo TaOanily, ¢ Goflee MEAKHMH HHTePBAJAaMH H3OJALMH KOPHA:

& —1 0 1 2 3 4 5

signm)l - l - I - - l +

Kopun ypapuenus sakaouensi B npoMexytkax (—I, 0) u (4, 5).
19



§ 3.4. Yrounenue xophek. Merog npoS

Tpensinywnit naparpad Gbl1 NOCBSIIEH NEPBOMY H3 3TANOB npﬂém-
JKEHHOTO P anre6p. KHX H TP, THEIX Y it —
OTJENEHHIO KOpHeii,

Bropoii stan — yTouHemue KopHefi, T. e. JOBeleHHe HX 1O
3a/laHHOM CTeNEHU TOYHOCTH.

B nactosmewm naparpae paccMaTpuBAIOTCA HEKOTOPHIE CMOCOGH yTOU-
HEHHS KOpHel:l, HpMMEHﬁEMbIe AV pellleHHs Kak a.1re6pauqecknx, TaK H
TPaHCUEHAEHTHHX ypaBHeHHH. CyllecTByiOT, oaHaKo, NIPHEMEL, - KOTODEIE
TIPHMEHUMBI TOJIBKO A5 P aare6p KHX YP Hx bt
paccmm‘pﬂM HHXe.

A

Puc 315 Puc. 316

Tyers naHo ypasrenue f (x) = 0, rae f () — HenpepeiBHas GyHKIHA.
Tpebyercs HafiTH KOPEHb 3TOTO ypaBHEHHA & ¢ TOYHOCTLIO JO €, TAE & —
HEKOTOPOE MOJIOKHTENbHOE 0CTATOYHO MaJloe YHCII0.

ByzeM cuntars, yTo Kopens & OTAeJEH M HAXonmuTCA Ha oTpeske [a, b,
T. e, HMeeT MecTo HepaBeHcTBO a < & <C 4. Hucaa a u b — npubamxen-
hble 3HAYeHUs KOPHA § COOTBETCTBEHHO C HENOCTATKOM H C H3GHITKOM,
TlorpemHocTb STHX NPHOAHAKEHHIT HE NPEBHILIAET INHHBI OTpesKa b — a,
Ecmn b —a<e, 1O TOYHOCTB JOCTHTHYTa,
¥ 3a NpuG/IHKEHHOe 3HAaUCHHE KODHA & MOMHO MPHHATE JHGO a, AHOO b,
Ho eciin b — a > ¢, To TpeGyemas TOYHOCTb BHIYHC/ACHHIT HE JOCTHTHYTa
W 1eoGXOANMO Cy3UTb HHTEpBal, B KOTOPOM HaXOZHTCS KOpeHb E,
T. €. noxo6path TakHe WHCTA a H b, 9T0GH! BHITOJHSINC HEPABEHCTBA
a<E<bub—a<b—a Ilpn b—a< e BhuucTeHHA crenyer
NPeKpaTHTh H 33 NPHOJHXKCHHOE 3HAYeHHe KOPHS C TOYHOCTBIO N0 &
TPHHATD JH6O @, 6o b. CrelyeT OTMETHTb, YTO 3HAYEHHE KOpHs Gyner
GoJiee TOUHBIM, KOTXa 32 TIPHG/IHIKEHHOE SHAYEHHE KOPHSI NPHRSTH He KOH-
Ubl OTPe3sKa a # b, a cepeala STOTO OTPe3Ka, T. €. (a -+ 6)/2. Torpem~
HOCTB B 5TOM CJyuae He Npesbimaer Beanunmsl (b — a)/2.

Mevon npo6. Iycre nano ypassenue f(x) = 0 If(x) — Henpepunﬂaa
¢ynxkuus] u kopens & ornesnieH Ha orpeske la, bl, 1. e. f (@) - f () <O,
npuyeM b — a > ¢, TpeGyerca HaliTi sHaueHHe KOPHs & ¢ TOYHOCTBIO .
€ (puc. 3.15)
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Ha orpeske la, b] sriGepen n1)0M3301|1>m>1M 06pa3oM TOUKY @y, KoTopas
pasieNHT €ro Ha ABa OTpeska la, a;) ulay, bl. F3 sTHX ABYX oTpeskom
caeayer Bblﬁpa'l'b TOT, Ha KOHIAX KoToporo fpyHKu[Iﬂ TIpHHHMaeT 3Haye-
Husd, NPOTHBOTIONOXKHEIE NMO 3HaKy. B Hawewm npumepe f (a) - f (a) >0,
f (@) - f (b) < 0; mostomy caenyer BrGpath oTpesok [ay, b. 3arem Ha sTOM
Cy’KeHOM OTpe3Ke ONATh NPOK3BOJILHBIM 00Pa30M BO3bMEM TOUKY @y H Hali-
JieM SHaKu mpousseneHuit f (a)) -+ f(ay) n f(am) - f (b). Tak Kak f (a) X
X f(b) <0, To BBiGHpaeM oTpe3ok lay, b). 10T Mpoiece nposoKaeM 10
TeX NOP, MOKa ANHHA OTPE3Ka, Ha KOTOPOM HAXOAHTCA KOPEHb, He CTaHeT
MeHbLe &. Kopenb & nosyunm Kak cpelHee apuMeTHIeCckoe KOHUOB Haii-
JIeHHOTO OTpe3Ka, MpHyeM MOrPeliHOCT KOPHS He MpeBhilaeT /2.

Memod npo6 B Takom Bile, KaK OH omicai Bue, Ha 9BM He npume-
nsercs. Jlns cocTasieHns Tporpamm i pacueToB Ha DBM meton npob npi-

B BAIE TaK rO Memoda n: enerus.

Tyets Kopenb E ypasHeHns f (x) = 0 oTaeqeH H HaXOLHTCSA Ha OTPe3Ke
la, b}, 7. e. f (@) - f {b) <O, npuuem b — a > & [snecb f (x) — HempepmiB-
Has bynkwisi]. Kak 1 panee, BosbMem Ha otpeske la, b] mpoMexyTounyio
TOYKY, OHAKO He NpPOH3BOJbHHIM 06pa3oM, a TakK, YTOGEI OHa ABJAJACh
cepeannoil orpeska la, bl, T. e. ¢ = (a 4 b)/2. Toraa orpesok la, bl
TOUKOI ¢ Pas/ie/IHTCA Ha Ba paBHbIX OTpesKa la, ¢l  [¢, bl, nauna KOTOPBIX
pasha (b — a)/2 (puc. 3.16). Ecau f (c) = 0, T0 ¢ — TOYHHI{I KODEHB yPaB-
nenHs f (v) = 0. Ecan e f (c) = 0, To 13 aByX 06pa3sopaBiIHXcs OTPE3KOB
la, ¢l u [c, b] BrIGepem ToT, Ha KOHLAX KOTOPOTO QyHKIHs f (¥) NpHHKMaeT
3HAYeHHSI MPOTHBOIOJOKHEIX 3HAKOB; 0Go3HaunM ero [a,, b,]. 3arem or-
pesok la,, b,] TakKe neaum momomam u MIPOBOJMM TE Ke PacCyrKAeHHs.
Tonyuum orpesox la,, b,l, ainna koroporo pasha (b — a)/2?. ITpouecc
JZieNleHHs OTpe3Ka NOMOJaM MPOH3BOIHM /0 TeX NOp, KOTJa Ha KaKOM-TO
n-M 3Tane anGo CepeuHa OTpesKa OyleT KOPHeM ypaBHeHus (cayuad,
BECbMa PEAKO BCTpeyaloluics Ha NpakTHKe), JHGO GyIeT noJyyeH oTpe-
30K la,, b,) Takoi, uto b, — a, = (b — a)/2* < & i a, < & < by (unc-
710 7 yKa3bIBaeT Ha KOJHYECTBO NPOBEAEHHHIX fedenHit). Uneaa a, H by, —
KOPHH ypaBHeHus f (x) = 0 ¢ TOYHOCTHIO 110 &. 3a NMPHGTHKEHHOE 3HAYEHHE
KOpHSl, K4K YKasblBaJloch, BHILUE, CleNyeT B3iThb & = (a, + b,)/2, npH-
4eM TIOFPeIHOCTb He MpeBhillaer (b — a)/2"+.,

Tpumep 1. Meronom npo6 yrounnth 0 & = 10-% Menbwnli Kopeb ypaBHCHKS
£432—-3=0,

Pemenne. OrjesuM KODHA STOTO yDAaBHEHHs aHAaJHTHUeCKH. OYHKIRS
f Ha Beelt gHCT oca. I " (x) Hy11O H BHIUHCAHM KOPeHD
NPOH3BOAHOI:
F@=38246532+6r=0 x(x+2=0x=015=—2
Cocrapnsiem TaGanny sHaKOB GyHEKIAH!
x |—w]—2|—]|0'l,|+oo
L e e e I

121



BuAUM, UTO NepBulil KOPEHb COJCPIXKHTCH B nuTepraje ( ~— co, — 2). BosvMem xas
npoGh ¥ = ~— 3 u Haiigem f (—3) = —3:

x |4|—2|-—1|0|l
N e

C:leaoaa'renwo, Kop(-m ypagHeiiis X3 - 3x* — 3 =0 cojepxarcs B WHTepBanaxr
-3, =25 (—2 — 0, 1).

Yroynn vessumi KOPeHb, Aexamull B nHTepBaje ( — 3, — 2), METOZOM TOJIO-
BHHHOTO feJeHus. [J1a yRoGCTBa BHIYHCJACHHH COCTABHM Taé}muy {cm. Tabn. 3.1).
[3Ham—l « —> ¥ «-> B BEPXHHX WHAEKCAX dp U by OSHaYaIOT, uTO [ (2,) <0 1

0.]

Fon) >

Ta6auua 3.1

M ar ‘ bF nna._"*;b" o ‘ 3x% ‘ fen)
0 —3 —2 —2,500 |—15,625 18,750 0,125
1 -3 —2,500 —2,750 |—20,800| 22,689 —1,111
2 —2,750 —2,500 —2,625 | —17,990 20,670 —0,320
3 —2,625 —2,500 —2,563 | —16,840 19,701 —0,139
4 —2,563 —2,500 —2,632 | —16,230 19,233 0,003
5 —2,563 —2,532 —2,548 | —16,540 19,479 —0,071
6 —2,548 —2,532 —2,540 | —16,390 38 ~0,034
7 —2,540 —~2,532 —2,536 |—16,310 19,293 —0,014
8 —2,536 —2,532 2,634 | —16,270 19,263 —0,007
9 —2,534 —2,532 —2,533 | —16,250 19,248 -—0,002
10 —2,533 —2,532

Wraxk, xopem, ypaBHeRHs ¥y &= - 2,532.
Mprmep 2. OTZeAuTs TPadHICCKH KOPeHb YpaBHEHHS

# loges (x+ D=L
BHIYRCAUTL ITOT KOPEHDb METONOM MPo6 € TOUHOCTLIO & = 10-2,
Peme yue. IlpepcTasuM ypasHenue B BHAe
1
log, 5 (x+])=7

u noCTpouM rpaduks PyrKiuf y = loges (v - 1) ny = 1/x% Us pue. 3.17 smano,

PaBHEHWE WMeeT ONMH KOPeHb Xy =2
=~ =—0,7, Onpejenny sHakRu OQYHKUHH CaeBa B
cnpasa O xgi

x | —0,8 l —0,5
sign f (x) | + | -

Jlas yno6crBa pacueroB nepefijeM K HeCATHU«
HEIM JIOTapRhMaM:

—l=x%

ERLICE )] lg(x+1)
[ry=x2 10,5 -

0,301

duc. 3,17,



Coctapuy cre1yiomy 0 Tabauuy (Taba 3 2).

TaG6anua 32

" at o7 “"_2" i g 1) 7 o)
0 —0,8 —0,5 —0,65 0,4225 ~0,4559 —0, 361

1 —0,8 ~0,65 —0,73 0,5329 156! ~0,0067
2 —0,73 —0,65 ,4761 —0,50! —0,1

3 —0,73 —0,69 —0,71 0,5041 —0,5376 ~0,0

4 —0,73 —0,71 -0,72 0,5184 -—0,5528 —0,048
5 —0,73 —0,72

Hiax, x= —0,73,

§ 3.5. Merog xopa

Memod xopd siBnseTCs OAHHM M3 PACNPOCTPAHEHHBIX METOJIOB pelie-
HiHS aireGpaHyeckuX 1 TPAHCUEHACHTHBIN ypaBHeHHil. B suteparype on
TaKKe BCTPEUACTCH MOA HA3BAHHAMH «METONA JIOXKHOTO MONOKEHUA» (re-
gula falsi), «metona JHHEHHOTO HITEPNOMHPOBANHSY H §METOJA NPOTIOPILH-
OHAVIbHLIX YacTefy.

y ) )
"o
A
Az
a=Xe _ N/%% 3
0 3 b X ol a x5 57X
Az 5
Ar
A
Puc. 8,18

[ycts aaxo ypasuenne f (x) = 0, rae f (x) — HenpepuiHas QyHK-
i, HMEMOLLas B nuTepsade (a, b) NPOH3BOAHEIE IEPEOTO H BTOPOTO NOPs/L-
koB. KopeHb CUHTAETCs OT/E/IEHHBIM I HAXONHICA Ha OTpe3Ke la, b), T. e,
f@- 7)<

Vinest MeTofia XOP/{ COCTOHT B TOM, 4TO Ha I0CTATOYHO MaJloM IPOMEKYT-
ke [a, b] nyra kpuBoit y = f (X) saMenseTCs CTArUBAIOWEH ee XOPJOL.
B kauecTse NpHO/MKEHHOrO SHAYEHHS KOPHA NPHHUMAETCH TOUKA mepe-
cevennst XOpJbl ¢ ocbio Ox,

Panee Ml PaccMOTPeJId YeThIPe CIy4as PacrosioKeHus AYTH KpHBoii,
YUHTBIBAs! 3HAYCHHs IEPBOIl H BTOPOH NPOH3BOAHEIX.

PaccMOTpHM CJlyuaH, KOria TepBas M BTOpas NMPOM3BOAHbIE HMEIOT
OAHHaKOBLI € sHakH, T, & {' (%) « {" () > 0.
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Tycts, manpuvep, 1@ <0, f(H)>0, fW>0 f(9>0
(puc. 3.18, a). I'paduk dyHkunn npoxoaut uepes Toukn A, (g f (a),
B (b; f (b)). Vickomslit koperb ypaBHenus f (x) = 0 ectb aGeuicca ToukH
nepeceuerus rpaduka GpyHrunn y = f (x) ¢ ocblo Ox. 3T1a 10uKa HaM He-
H3BECTHA, HO BMECTO HEE Mbl BO3bMEM TOUKY X, mepeceyenus Xopasi A,B
¢ ocbio Ox. D10 1 Gyaer npHO/IHKEHHOe 3HaueHHe KOPHS.

YpasHensie XOp/bl, npoxonsuieli uepes ToukH Ay u B, uMeer BHA

y—F(a@ x—a

To—f@  b—a’
Haiinem snauenme x = x;, Ana Kotoporo y = 0

fa) (b—a)
—q—L@k=a
"‘ T6—7@
Q)
914 ) y 7) s
By
B,
AN b-Xg a
0 a X <)
[ E “‘z\ X 0 AW: bty X

Puc. 319

Ora opmyaa HOCHT Hasganue Gopmyan mMetoxa Xopa. Tenepb Kopenb §
HaxXoAWTCst BHYTpH oTpeska lx;, bl. Ecin 3Hauenwe KOpHA X, Hac
He YCTPaHBaeT, TO €70 MOKHO yTOUHHTH, IPHMEHAA METOL XOPJL K OTPe3Ky
[x;, b]. Coemtinm Touky A, (x;; f (x;)) ¢ Touxoft B (b; f (b)) u naiinem x, —
TOYKY Nepeceyenusi Xopasl A;B ¢ ocbio Ox:

[(x) (b—x1)
Xg = Xy e,
S TOPAY

npononmaﬁ 3TOT NpoLecc, HaXoAuM

F () (b—x3)
g == gy — LD O =)
T 0=l (xa)
u BooGuLe
[ (xn) (b—1n)

. 2)
(o) =1 (xn) @

Knp1=Xp—
Tlponece nponoaxaeres 10 TeX NOP, NOKa MBI He NOJAYYHM NPHOMHKEHHBIA
KOpEHb ¢ 33JlaHHOH CTElleHbIo TOYHOCTH,
To npuBeseHnbM Bhillie GOPMYyJIaM BHIYHCIAIOTCA KOPHH H AJIA CAyyas,
xora f (@) >0, f (6) <0, f'() <0, {" (x) < O (puc. 3.18, 6).
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Tenepb PpaccMOTPpHM CJayuaH, KOrla nepsas M BTOpas NPOH3BOAHBIE
HMEIOT pa3ubie 3HAKH, T.e. f'(x) « f(x) < 0.

Tycts, manpuvep, f(a) >0, f () <0, f (<0, f (x>0
(puc. 3.19, a). Coennuum ToukH A (a'f (a)) u B0 (b f (b)) v sanueM ypas-
HeHHE XOpJbl, NPoXofsuieii yepes A u

y—=i(®) _ X—b

fo)=t@ — b—a’
Hafizem x; kak TouKy nepeceuenis xopabl ¢ ocbio Ox, monmaras y == Ot
}(b) (b—a) 3
o) —i (@’ @
Kopens & Tenepn sakmouen BHyTpH oTpeska la, x,1.

Tpumensis Me10A XOPA K oTpe3ky la, x,], nonyuum
fx) (xi—a)

[ —i(a)

Xy =b—

Ky=x—

1 BoOGImE F )
(*n) (xn—0a)
bt =5 T ) —f @) *

Io stiM ke (opMy/aM HAaXOAMTCA NPHGTHKEHHOE SHAYEHHE KOp-
HA W Aas cayuas, Koraa f(@) <0, f(6)>0, (>0, f (<0
(puc. 3.19, 6).

Hrax, ecmn f' (x) o f* (x) > 0, T0 npuGAHKEHHbI KOPEHb BHIYHCAAET
cs 1o lpopmynam (1) u (2); ecan xe f (x) . f'(x) < 0, To — no opmyam
@) u

O}IHaKO BHIGOP TeX HHM HHbIX GOPMYJI MOXHO OCYLIECTBHTB, OJB3YACh
HPOCTHM npaBuIOM LM KOHYOM pesi mom,

SHAK ¢ Ot o 8HaKom 6mopotl npoussodnod.,

Ecnu f (b) 1" (x) > 0, To HenoABHKeH KOHel b, a Bce MPHOTHKEHHS
K KOpHIO & siexkar co croponsl Konua a [popmyast (1) u (2)1. Ecan f (a) X
Xf" (¥) >0, TO HenojBHMEH KOHEW a, @ BCe NpHOJMMEHHS K KOPHIO §
JIeXAT €O CTOpOHEI KoHUa b [popmytkt (3) u (4)].

l'lpn oyenke nocpewrocmu TPHGIHAKEHHS MOXKHO NOJIb3OBATBCA (op-
MyJ0#t

15— | <|*a—%*nals ©)
re § — TouHOe SHaueHHe KOPHS, & X,y H X, — TPHOIHKEHHA K HeMy,
noiiyuenHsie Ha (n — 1)-M # n-M warax. OfHako 3Ta Gopmysa cnpasef-
JHBA JIHIIB Ha JIOCTATOYHO MaJBIX OTpesKaX, Ef0 MOXKHO MOJIb30BaThCS,
€CJIH BHINIONHEHO yC/IOBHE

M<L2m, ©)
rae
M=max|f’ (x)], m=min|f’ (x)].
r“]H @1 min | )1

“pumep 1. Mc’ro;wm Xopd yTouHHTs 20 & = 0,001 MeHbuIkil KOPeHL ypaBHENHT
+ 3 HH ypaBHeHHS OTIe/ekE 1 MEHbIURI KOPeHb CogepXxuTCs Ha
o1peaue l -3 —2] (cM, npumep 1 §3.4).
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Pewe uue. Iposepsien suinonnenue ycaosus (6):
1 (5 [=[ 32> +6x s
M= max |} ()]=127—18]=9; m= min | (x)]=]12—12] =0;
[—3,—2] (—3,-2]

M« 2m.
Boabmen cepennny otpeska [ — 3, —2], T. e. TouRy x = — 2,5, u subepen
unteppan [ — 3; — 2,5]. [lpoepney BunoARerEe ycaoBns (6):
M= o 1 Wi=9 m= _min [ ()1=3,75 M« 2m.

Boiﬂzhle‘d Teneps cepeuny oTpeska [ — 3; — 2,5] — Toury x= —
F(—275) <0, f (—2,5 >0, f (— 3) <0; BuGupaen orpesox [ — 2,75 25]
Haxonuyv

M= max 7 (x)|=6,189;, m=
[—2,75—2, 51” @1
T. €. B 5TOM CJIyuae BHNONHEHO ycaosne M

TakuMm o6pasom, A OUEHKH norpewﬂoc‘m xopun JleXanero Ha OTPesKe

[ — 2,75, —2,5], moxkno moabsoBaThes popmyol (5):

18—x | <|¥n—*n-1l

7. . MpoleCE NOCIE0BATENLHOTO IPRGAMKEHAS K KOPHIO C/EAYeT NPOOIKATh KO
TeX Nop, NoKa He GYJeT BHNOJHERO YCJHOBHE |Xp — Xn-1
OnpegeanM 3HAaK BTOPOH NPOH3BOJHOHR H yc‘ranosmv. 10 Kakofi q;opug'ne nano

! I (x)]=3.75,

—2,75;

NPOU3BONHTL BHIYHCACHHS. Haxcnm\xf" (x) = 6x -+ 6; na orpesge [ — 2,7
uMeoT Mecto Hepasenctsa [ — 2,75) <0, I( — 2,75) - /’ (x) > 0. SHaqm sa
HeMOABIKHE{ KOHEL OTpeska HYMHO npm-m x= —2,75. TorAa BhuMHCACHHA
creqyer sectd no dopmynam (3) m (4)1

o d@MO=a) - Hm)n—a)

fe—i@’ T e —t@

rie a= — 2,75 u [(a) = — 1,111. Ecau mnociejnee BHpameHHe NPEACTaBHTH
b Bute

[ (xn) (tn—0)
Fln)—f(a) 7
TO CPa3y e MOXHO GyjeT MOJYy4aTh PasHOCTb MeXAY ABYMS MOCACAOBaTebELIMA

NPHOAMKEHHAME U NPOHSBOXHTL NPOBEPKY HA OKONYaHHE BHUHC/AeHWH, T. €. mpose-
PATH_BHNOJHEHNE HEPABCRCTBA | ¥pt1 — Xn | < ©.

Xnpi—Xn=—

ce yao6no b B y ‘Tabanue;
Ta6auma 3.3
- Fx ) =3 i(xy) Gy —0)
a| i1 I 33 ’ +;’X:_; Rl ey
0| —2,5 —15,625 6,250 | 18,75 0,125 0,25 —0,025
11 —2,525 | —16,098 6,3756 | 19,1268 0,022% 8»225 —0,008
% —g,gg}q —16,213| 6,4060 | 19,2180 0,00: ,219 | —0,0009

H3 Ta6a. 3.3 su,mo, 470 | X3 — X3 | < 0,001, mosToMy OKpYIIsisi X3 A0 THCAYRHX
Rodeil, noaysmy 22,532,

Tipimep 2. MeTD,'loM XOpA yTouHAT Jo & == 0,001 KOpeHb YPaBHEHHS X —
— sinx = 0,25, sakaniouenustit na orpesxe [0, 7/2],
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Pewenne. 3annmeM ypaBHenne B Bule ¥ — sin x — 0,25 = 0 u onpefeannm
F () = 1 — cos x. J\1A NpoBepKE BrOAReHns yenopns (6) COCTABHM BCMONOTa-
TesibRYI0 T26AHLY, B IEPBIX ABYX CTONGLAX KOTOPOH yKasambl HaYaJo U KOHel BHG-
paHHOTO HHTEPBAA HIOMAURH KOPHsi.
Ta6aunua 3.4

Suaun Bunomn- | S

. " G | a o

‘ @ | 1o " Frome | 7 y("T)

0,00 | 1s7 | — | + | Lo |o wer | 0,78 —

0,785 | 1,57 | — | - | 1,00 |0.20951| wer | 1,178 +

0,785 | 1,178 | — | = | 06172 | 0,2925 | mer | 0,982 =
0,982 | 1,178 | — | 4 | 06172 | 0,446 | na

U3 nocnenneit ctpoku Taba. 3.4 BuAHO, uTo Ha oTpesxe [0,982; 1,178] ycioene
M < 2 m Bunonnserca. CreloBaTeIbHO, NPH OLUEHKe NOTPEMIHOCTH NPHGAHKEHHOIO
3HaUeHUs KOPHA 00 METONY XOPA MOXHO BOCMOAL3OBATLCS HEPABEHCTBOM | Xn —
—xp_1]|<e. Kopenb ypaBnenns x — sin x — 0,25 =0 naxonurcs Ha oTpeske [0,982;
1,178]. Onpenenny 3Hak BTOPOli MPOH3BOAHOA BHYTpH OTpe3Ka:

P =1=—cos x; f* () =sin x >0.

Ec/in BO3BPaTATBCS K npeXxunM o6o3navenusM, 1o a = 0,982, b = 1,178. 3nak sro~
poil npoussojHof cosnajaer co sHakoM GyHKUHH B Touke b. ClefoBaTesibHO, 3TOT
KOHell OTpe3Ka sBJSETCH HEMOABHMKHBIM, a BCe MPHGIHKEHHA K KOPHIO Je€XaT co

cTopontl Konua a. st KOpHS! y bopuy 1) n(2):
@00
[(®)—i(a)
R Y Ry
FO)=F (xn)

rae b= 1,178, f (b) = 0,00416. CoctaBum clepyiomyw Tabauny (Tabn. 3 5):
Ta6aunua 3.5

Fleg) (b—xp)
n *n —sin gy | Heg=ag i 1, —0,28 | b=y T
0 0,982 | —0,83161 —0,09961 0,19 0,189
1 1,171 | —0,92114 —0,00014 0,007 0,0002
2 L1712

Wrak, x== 1,171 ¢ toynoctsio fo & = 0,001,

§ 3.6. Metop HuloToHa [MeTop KacaTenbHuIX)

Iycrs kopenn ypasrerus f (x) = 0 otzesen na orpeske la, b], npu-
ueM f* (x) i f (x) HenpEpHIBHEL H COXPAHSIOT MOCTOAHHEIE 3HAKH HA BCEM
orpeske la, bl.

Teomerpuyecknii cMbica memoda Heiomona cocTouT B TOM, YTO Ayra
KpHBOii y = f (x) 3aMensieTcs KacaTe/LHON K 3Toil KpHBOii (0TCIOAA U BTO-
Poe HasBanue: Memod KacamenbHoLx),
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Mepsuit cayuai. Tlyers (@) <<0, F(5)>0, [ (x)>0,
f(x) >0 (puc. 3.20, @) unu f (@) >0, f (6) <0, ' ()<< 0, ' (N <O
(puc. 3.20, 6). TlpopesieM KacaTelbHyl0 K KpHBOH y = f (x) B Touke
By (b; f (b)) n nafiieM a6cuucey TOUKM NepecevyeHusi KacaTebHOM C Ochio
Ox. H3BecTHo, 4TO ypaBHeHHe KacaTenbHoi B TOUKe By (b; f (b)) mmeer
BHA

y—F® =f @ x—0).

. @ y s
4 ) 8, ?
| !
A ol
| e/ | Ul 3 1 ke
0 ol (VST 7 0 «a A : P i3
L |
A I3
Puc. 8.20
TNonaras y = 0, x = x;, NOJY4uN
PR () )

[A0R

Tenephb KOpeHL ypanrenns Haxoautcs na orpeske la, x]. Tlpumenss cno-
Ba MeTon HploToma, npoBejeM KacaTelbhyio K KPMBOH B TOuke
By (xy; f (x)) 1 momyunm

Fea)
Xy= gy — 2
EERNTIT)
n  Boobule
X1 =¥p— /{ ((};:)) . @

Tosnyuaenm noc/1eA0BaTENBHOCT TIPHGJIHIKEHHBIX 3HAUCHHT Xy, Xa, 401y Xny 1res
KaKAblii NOC/ELYIOUL i YIeH KOTOPO# G/IHaKe K KOPHIO &, ueM NpeibLTy iHii,
OnaKo Bee X, OCTAIOTCs GOJbINE HCTHHHOMO KOPHA §, T. €, Xp — NPHOIH-
JKeHHOE 3HayeHHe KOPHS & C H3GBITKOM,

Bropo# cayuai Iyers f(@<<O, f(6)>0, f (x>0,
(0 <0 (puc, 3.2L, @) nan f @ >0, f () <O, f ()<<O, f" (x>0
(puc. 3.21, 6). Ecan cHOBa MpOBeCcTH KacaTelbHYlO K KpHBOH y = f (x)
B TOuKe B, TO OHa nepeceyer och aCUHCC B TOYKE, HE MPHHAAJeRailel
orpesky la, bl. TlosTomy nposefiem KacateabHylo B Touke Ao (a; f (a))
H 3anAweM ee ypaBHeHUe AV JaHHOTO cIyyasn:

y—i@={(@x—a.



Tlonaras y = 0, x = Xy, HAXOHUM

. [©]

Kopeub & Haxonutcs Temepb Ha otpeske fx, b]. Ipuvenss crosa MeTox
HuioToHa, NPOBEAEeM KacaTenbHyio B Touke A; (xy; f (xy)) # nomyqum

fla)

Xg=Xy—
T W
u BooGuie
7 (xn)
Xpp1 = Xn— . 4
T T ) @
Y 3
Ao
@)\
i3
LAVEERIR\N 1]
] TNy
Puc. 321

TlosyuaeM NOC1€/I0BATENBHOCTE MPHOHAKEHHBIX SHAUCHHIT X1, Xa, very Xny ooy
Kax/pifi NOCeAYIOWUH e KOTOPOii Guike K HCTHHHOMY KOpHIO &, dem
TpefbInyImil, T, €. X, — NpuOMMKEHHOe SHAaYeHue KOopHA & C HepocTar-
KOM.

CpasniBas 3T GOpMyJbl C panee BLIBEACHHBIMH, 3aMEYaeM, UTO OHH
OT/IHYaloTCA APYr oT Apyra TOJbKO BblGOPDM Havya/lbHOIroO I'lpHGJIM)KeHHSI:
B TIEPBOM C/y4ae 38 X, NPHHHMAJICH KOHel b OTpeska, BO BTOPOM — KO-
neu a.

Tlpu BeIGOpE HAUaNBLHOTO NMPHOHMKEHHS KOPHSI HEOGXOXHMO PYKOBOA-
CTBOBATBCs CAGAYIOWLHM M1 D B H /10 M: 3a UCX00HYI0 mouxy caedyem eu—
6Gupams mom xoxey, ompeaka la, bl, & an,
3HaKom 6mopoti npouseodroli, B TIepBOM Cilyyae fO)~F (x)>0mu uaqa.'lb-
Hast TO4Ka b = x,, B0 BTOpoM f(a) « f'(x) > 0 W B KayecTBe HayaILHOTO
npuGAHKeHH GepeM a = Xo.

s oyenkcu noepeturocmu MOXKHO NOJL30BAThEs! o6Lwelt GopmyJioi

[E—x, | < LG ®
)
rae
m= {T},T‘]f (S}

(372 Qopmyna FORNTCA 1 ANA METONA XOPA).



B TOM cTyuae, KOTAa 0TpesoK [a, b] HacToMIBKO MaJl, YTo Ha HeM BHIIOJ~
Hsieres ycaosue M, < 2 my, tae Mx—!max 17" (0], a m,—m1n| 1,

TOYHOCTL NMPHOIHKEHHS Ha A-M IIare OleHHBAeTCs chE;Lleu.udM Oﬁpasow

et | Xy — Xy | <&y 10 | §—xn | <R

Puc. 8.22

Ecan nponspoanast f* () majio us-
mernsiercst Ha orpeske la, bl, TO aas
YIPOUIEHHS BHUMC/ICHU MOMHO IOJb-
30BaTbeA GopmyJoi

[ (xn)

Xpp1=Xp— 6,

= Hn (6)
T. €. 3HAuEHHE TIPOM3BOJHON B Ha-
YanbHON TOYKE  AOCTATOYHO BBIYHC-
JIUTh TONBKO ONHH pas. [eomerpuue-
CKH 3TO 03HAyaeT, YTO KacaTe/bHble
B TOYKax By (%n; f(x,)) samensiorcs
TIP IMBIMH, napanNeNbHEIME - Kaca-
TEeNBLHOH,  NPOBEJEHHON K  KPHBOW
y=] s owe B, (0; F (x0) (prc.

Mpumep 1. MeTozonm KacaTedbHuIX yTOu-
miTb 0 & = 0,001 Kopens ypapiieuus ¥’ -4
3 — o, pacnofONel bl 1a OTpes-
xe [ — 2, 75 ,5].

Pemenne. Pauce 6o yeranosieno, wto f( — 2,75) + ¥ (1) > 0 (cm.
npuvep 1§ 3.5). [105ToMy, 4ToGH BOCHOAL30BATECH METONOM KACATENbHLIX, CleAyer
BLbparh ¥y = — 2,75. Buiucaenns 6yaem peetd no gopuyae (6). HaonnM

I (x) = 3% A 63 [ (x0)

/' (— 2,75)=6,1875,

Jlan yroGeTsa Bce BHULCJEHNS CBEACM B CHEAYIOMWYIO TaGaHILY:

TaGauua 36

Flxg)
n . I 2 3k e | ===
] —2,75 —20,797 7,5625 22,6875 | —1,111 0,179
1 —2,571 —16,994 6,6100 19,8300 | —0,164 0,026
2 —2,545 | —16,484 6,4770 19,431 —0,053 0,008
3 —2,537 | —16,329 6, 4364 19,309 0,020 0,003
4 —2,534 | —16,271 6,4212 19,2636 0,007 0,001
5 —2,533 .

Ua 1a6a. 3.6 BuaHO, uTO | x5 — X4| < 0,001, nostomy & = — 2,533,
Tipumep 2. Metogom kacaTeabibX yTOUHHTL Ko & = 0, 0001 KOpeHb ypdBleHUs
x —sin x = 0,25, pacnonomcnmh na orpeske [0,982;

Pewenwe. 3nech
[ (x) = sin x >0 na [0, 982
Bhiuncienus Gyem pect 1o

]lzxonm! Py =1—cos_x

=0,982; b= 1,178.
117815 F(1,178) 4 /" (x) > 0. 3uaunr, xo = 1,178,
"popuyaant (1) n () v cueneM WX B Taga. 3.7,

Hs Tabn, 3.7 BUAHO, YTQ | Xy — X4 | < 0,0001, Taxum obpasom, § = 1,1712,
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TaG6anua 3.7

- . Flagi=ig= P oapy= Feg)
- *n #n —-slnnx"—no,% —iecos xp o l:n)
0 1,178 —0,92384 0,00416 0,61723 —0,0065
1 1,1715 —0,92133 0,00017 0,61123 —0,0002
2 L1713 —0,92127 0,00003 0,61110 —0,00005
3 1,17125

§ 3.7. KoMBHMHMPOBAHHLIH METOA XOPAR M KacaTenbHLIX

MeTop! XOpA H KacaTelbHIX JalOT NPHO/MHMKEHHs KOPHA C pas-
HBIX CTOPOH, l’losromy HX YaCTO NPHUMEHAIOT B COYRTAHNH APYT C APYroMm,
M yTOYHEHHE KOPHS NMPOHCXOHT GHCTpee.

Tlycrs paHo ypaeuenne f (x) = 0, Kopenb § OTIe/eH H HaXOLUTCH HA
orpeske la, b). TIpumennm xomburuposantoil semod xopd u KACamesbRos
€ yuetom THMa rpapuka GpyHKIHH.

Ecmn f/(x) « "(x) >0, 10 Memod xopd naer upuGAHKeHHS KOpHA

c a Mem —c (puc, 3.23, a u 6).
g a) Bo ¥
i y'<0!
¥>0 l §'<0|
40 /1
a=0__ o /u ) i

| JEbb bk x [
A

4
Puc, .23

X0p0 monyyaeM 3Haue-
X—c¢C

Ecan e f (x) - f" (x)<0 0 Memodos
HHE KOpH: ¢
(puc. 3.24, a u 6).

O’maho BO BCEX CAYYasXx MCTHHHBIA KOpeHb SaK/MOUYeH M € XKy
npllﬁJlH)KEHHblMH KOpHAMH, MONY4YatOUMMHCH MO Me'rony X0pa " Mero;(y
KacaTeIbHbIX, T. €. BBIIOJHACTCH HEPABEHCTBO a < Xp << E< X << b,
e x, — HPHGJIH)KEHHOC 3HaYeHHe KOpHA C HEROCTAaTKOM, Xn——C us-
GBITKOM,

Bhiuucsenns ciefyer Becru B TakoM ropsake. Ecan f' (x) « f(x) > 0,
TO co CTOpOHLI KOHUA @ JIeXKAT ﬂpMﬁlllDKEHHble 3HayeHusl KOpHs, 1oJryyeH-
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HEIE TIO METOZY XOpJ, a CO CTOPOHH! KOHIA b — SHaueHHS, NONyueHHEe TI0
MeTOlly KacaTe/bHEIX, H TOTAa
fa)b—a) pf®
= = ) ]
t fo—t@ () (
Teneps HCTHHHbII KOpeHb Haxoxntes Ha umrepsane [ay, b;l. Tlpune-
Hsisl K STOMYy HHTepBaly KOMGHHHDOBAHWBIH METOR, MOMyyaeM

Ip 4 a) g
l}
y}ﬂ | ¥>0
[ad } 2 y=0
A VAN b=by.
0| a=g, 4G | *
i
|
By
Puc. 3.24
Gy=ay— Iy bi—ay Fb1)

feo—I@) = ' T
B BooGIe

An41=0p—

L(an) (Bn—an) 4 —b— f () 9
b ~an) 0T T @
(cM. puc. 3.23, a u 6)
Ecu e f'(x) « /7 (x) << 0, TO CO CTOPOHBI KOHUA @ JIeXAT NPHOIHKeH-
Hble 3HaUeHHA KOpH#, TNOJIy4YeHHEIE IO METOAY KacaTeJbHbIX, a Cco C10pOHBI
KOHIA b — 3HaueHus, NoJydeHHbE N0 MeToAY XopA. Toria

aymam L@y 1G)e=a)

@ [ACE=ICH ®

TlpuMersas K orpesky la;, by KomMGHHUpOBaHHHI MeTol, mHOMyuaem

fla) oy (b) (hi—ay)
Py YT THeo—l(ay

aG=a—

1 BooGiue

Haw) b, — L{bn) (bn—an)
=b,— 20 Un=0) 4
[ A TOR S ) @
KomGunupoBanibifi METOX OUeHb yA0OeH NpH OLEHKe NOrPeHOCTH B
unciiennii. TIpouecc BhMuCAEHRf PEKPALAETCS, KaK TOJBKO CTAHET Bhi-
TONHATECA HEPABEHCTBO | Xn — X, | <C €, 3a NpHGIHIKEHHOE SHaueHue
132
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KOpHS C/IEAYET NPHHSATD
5=—;- (n+%), (5)

e % W X — NPHGIKEHHbE SHAUEHHS! KOPHS COOTBETCTBEHHO C Helo-
CTaTKOM H C N3GHITKOM,
Npumep. Komﬁnﬂnpoaannmv METOJOM XOPH H KacaTe/bHBIX yTOUHHTS zo 0,001
—24x+1=0.

KOpHH ypaBHeHHx 24 32
Pemenune 1) OTae/HM KOPHA aHaJuTHuecKn. Mmeem

f) =243 =24x+ 1, f (x) = 32 4 6x — 24,
T, €. KOPHH NPOH3BONHON X = = 4; Xy = 2. CocTaBuM TabauLy SHAKOB (yHKUHHI

x | = | =t | 2 | 4o

s | — |+ [ = 1 +

JHannoe y HMEET TPH KOpHsi!
%1 €(—00, —4), £2€(—4, 2), %€ (2, -o0).
YMEHbWAM NPOMEKYTKH HaXOMACHHA KopHefl o LIMHLI, paBHOi It

x ,—7’—-6'—5'—4[—-3]—2]—]' [ | l~| 2,3 ] 4
sgnf) | =T+l l+T+l+T+T+T=-T=-T-T%+

Hrak % €(—7, —6), x€(0, 1), x€(3, 4).
2) Yrounam METOLOM XOpA i KOpeHb, JIexamui
B muteppase (=7, —6). Hueem f(—7)= —271<0;f(—6)=37>0 u
Pl =8+ 6x —24>0; [/(x) = 6x + 24 <0; /' (x) « * (x) <O.
JIlns pacyeros npumensiem Qopyyast (4):
_ 1 (an) oy [ (bn) (bn—an)
A= dn = bat1=bn i bm—I @)’

_fan) .

Gnt1=an+Aap, rae Adp=— ———— )
F(bn) (bn—an)
1 (bu) =1 (an)
(ap n by — MpuGaAKNEHHbIE BHAYCHHS KOPHS COOTBETCTBEHKO C HEJOCTATKOM M C H3-
GHTROM). BcCh @y = a = —7, bp=b= —6.
Beriuncaenus y;(o&ﬁo pecti B TaGuue (cm. TaGa. 3.8 na ctp. 134).
CrefioBatenbio, & =~ — 6,639,
8) Onpenennm npnﬁnmxevmun RopeHb Ansi mitepsana (0,1). [Hneen [ (0) >0,

oy <

bpyr=bp+Aby, rae Abp=—

ﬂ (x) =3x24-6x—24 < 05 ["(x)=6x-+6>0; ['(x) + ["(x) <O.
Kak ® B mepsoM cayuae, Bocnoabdyemcsi Gopmynamu (4) npu ay =
by=b=1.
’ Cocrapasiem cnenymmy»o Tabnuny (cM. 1a6a 3.9 wa crp 131).
Takum o6pasom, &y = 0,042,
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4) Hannem npuGnmxennnll  Kopenb u3 mutepsaza (3, 4). Hueem 1@ =
=170, f(@)=17>0n
P =826 —24>0 " ()=6:+6>0 /(5 /(>0
Bhuncnenns GyseM BecTH mo gopuyiam (2
[(an) bn—an) f (bn)
Fl—i(a) * "TTT e

Gnpr=0n—

tp1=an+Aay, rie Agp=— %‘M

bpt1="bn+Bbn, rae Abp=

3nech qp=a =3, by=1b=
Boluncaenns CBOAMM B Taommy (cm, Tada. 3.10).
Buauur, &5 = 8,586.
Ta6nuuna 3.8

T A ] oo [
. - : ey L
DO b2 F(by) i Bk VN (R
—7 49 —343 | —27 0,333) —6, 667
0 1 81 64
—6 36 —216 37 —0,578 —6,578]
—6,667 44,449 | —296,34 —1,985| 0,027) —6,640]
1 0,089 73,345 6,037
—6,578| 43,270 —284,631 4,052 —0, 060 —6,638|
—6,640) 44,090| —292,75| —1,12
0,002
—6,639 44,063 | —292,49) 0,011
TaGanna 3.9
a, o @ | e = |0 | ot
n bp—a i (e »
W 1T e Lre |0 e e, e
0 0 0 1 0,040 0,040
0 1 —24 —20
1 1 1 —19 —0,95 | 0,050
0,040 0,0016] 0,00006 | 0,045 0,002| 0,042
1 0,01 —23,755| ~0, 147
0,050 0,0025/ 0,00012 |—0,102 —0,007 | 0,043
0,042 0,0016| 0,00006 |—0,0031
0,001
0,043 0,0017| 0,00007 0,037
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TaGauna 310

a, a2 o (2n) . Aa, | anqy
N ren | L

by 2 o3 | i) (S PR
NEET 9 |z |17 | g e 0,500| 3,500

4 16|64 17 —0,354 3,616

3,600 [ 1g | 12:250] 42,875 3,375 o7 oo ¢ o, | 0.0923,50

3,646 13,293 48,467 1,842] —0,041 3,605
13,59 12,903 46,346 —0, 155 0,00039| 3,5921
2 | 5,605 | %013 | 13,596 46,861 0,319] 3618 0,477 | =500 35063
1 3,599 12,906 46,362 —0, 138 0,00382] 3,596
3 | 73,5063 0% | 70,0085 12,054 0,004 %3] 192 | =5h5i| 3 es
"~ 13,59622
4 |3,5902 | 00002 | | 1 | | I

§ 3.8. Merop pauun [Metog p ]
Tlycts sanano ypashenue f (x) = 0, rae f (x) — HenpepbiBuas (yHx-
s, Tpebyercs onpeiennTb BEIIECTBEHHLIH KOPEeHb 3TOr0 ypaBHEHHS,
sakJouenHb Ha oTpeske [a, b].
Bamenum ypapHenue [ (x) = O paBHOCH/IBHBIM €My ypaBHEHHEM

x =9 . 0}

BuiGepem Rakim-miGo cnocoGom ¥ € la, 6] u mojcraBum ero B npasywo
yacTb ypasHenus (1); Torna noayunM x; = @(x,). 3areMm 3T0 3HayeHHE X,
TIOJCTABHM CHOBA B NPABYIO 4acTh ypaBHeHHs (1) u nomyunM x, = @ (x,).

nOETOpﬂﬁ TOT Mpouece, nojyyaem rMoc/leJ0BaTe/IbHOCTh YHCEN X, =
= @ (X,-,). 371€Ch MOTYT BCTPETHTHCA [Ba CJyyas:

1) nocse10BaTeNbHOCTD Xg, Xqy +ovy Xpy v CXOXHTC A, T. €, HMEET
npejies, U TOra 3TOT npeznen Gyner KopueM ypasHenus f(x) = 0;

2) NOCNENOBATeNLHOCTD Xoy X1y vaey Xpy vve PACXOAHTC A, T. € HE
HMeer npenena.

Tpusenem Ge3 JOKa3aTeNbCTBA TEOPEMY, BHPAKAIOULYIO YCJIOBHE, NPH
KOTOPOM HTePAlHOHHI MPoIece CXOAUTCS.

Teopema. [Tycmo #a ompeske la, b) umeemcs eduncmsenroui Kopers
_Ypasrernus x = @ (x) u 60 6cex MOUKAX 9M020 Ompeska npoussoda ' (x)
Ydosaemsopsem HepaseHcmsy | @ (x) |<g< 1. Ecnu npu smom 66IN0A-
Haemes u yeaosue a << @ (x) << b, mo npoy;

a sa_ nynesoe pudﬂumceuue Xo MOXCHO 638mb AUGO 4uCa0 U3 ompeaka la, b).

Tocaenree yenopue o3nauaer, uTo BCe NPHOTHKEHHS Xg, Xy, voey Xpy oo
Takwke Haxoastces Ha orpeske la, b). Uem meubme | ¢’ ()|, Tem ayuiwe
CXOJMMOCTb HTEPALHOHHOTO Npoliecca.

PaCCMOTpW\A BOHDOC o6 onpeieIeHHH TOYHOCTH BLIYHCJIEHHBIX npu-
Guuennplx sHaueHuii kopus, IlyeTh & — TouHoe 3HaueHHe KOpHS
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ypasHenns x = (Y, a uc0 g H3  COOT
19" ()] < g<<1. Torna CnpaBEJ.l.'IHBO cooTHOWeRHE

[E—%,]< | %n—%pls @

Ecan nocrasuts yCJIOBHE, YTO HCTHHHOE SHaueHHe KOpHA E JROJIXKHO OTJiH-
uaTbes OT NPHOMIKEHHOTO 3HAUYEHHS HA BEIHUHHY €, T. €. | & — Xy | <<
< &, TO IPUGVIHIKEHNSA Xy, Xy, +vvy Xn HAJIO BBIYHCIATH IO TEX NOP, MOKA He
6)’,’1&’1‘ BBITIOJIHEHO HepaBeHCTBO -

g
'I—_T]xu-xn—xl<8

WU

Puc. 325 Puc. 3.26

Vpasuenne f (x) =0 k BHAY ¥ = @ (X) MOXHO NPHBECTH DA3THUHBIMH
CHUCOﬁaMl’I, OHaKO I METOAa HMTepauHH CJe1yeT B3fiTb TO ypaBHeHMe

Bia X = @ (¥), A5 KOTOPOTO Bbi ycaoBre
Teopembl,

FeomeTpuueckast wHTepnpetauus metopa HTepauun. Ilycrs sazano
ypasente f(x) = 0 [f(x) — pyugunsl. ITp 3T0 ypaB-

Henne K BHay x=¢@ (x) u noc’rpouM rpadukH GyHKuuil y xHy=¢ (x).
AGcuncca TOYKH mepeceqeHuss rpaguKoB STHX QyHKUHi H aBaAAeTCA
HeTuHEBIM KopreM § (puc. 3.25).

BriGepem x, € la, b] n onpenesnm @(x,). YcaoBHMCS Toc/en0BaTeNb-
HOCTb TOYEK, JeXalyX Ha KpuBoH y = ¢ (x), oGosnauaTh uepes
A (i =0, 1, 2, ...), a NOCTE0BATENLHOCTb TOYEK, JEKAHX Ha NpAMOil
y=x,—uepes B; i=1, 2, Us toukn A, (xe; (xo)) npoBeseM
NpAMYI0, NapajIeNbHyi0 OCH 0x'10 nepeceyenns ¢ NpsMOM y = x; TorAa
noayunM Touky By(x;; @(xo)).

JleficrButensio, ACoy = @ (xo) = B,Cy, Tak Kak A,B, || 0C,,
B\C, | A,Co. Ho OC, = B,C, (A OC,B; — npsmoyroabubiii H paBHOGen-
PEHHEI, MOCKOIbKY MpAMas § = X €cTb GHCCEKTPHCA KOOPAHHATHOTO
yria). CrenoBatenbHo, X, = @(x).

Tlposenem A,B, || OC, u, NoOBTOPsis BhILLEH3 paccy:
yGenuMesa B TOM, UTO X3 = @ (xy),
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Ha puc. 3,25 nsoGpaxen cxonsmuiics nrepannonHuii mpouece. Kpu-
pasi TiepeceKaer GHCCeKTpuCy y = x B Touke M c aGeuuccoit &€ n o npr
x> § JIEKHT TIOR énccempucou. a @'(x) yHOBNETBOPSIET  YCJOBHIO
0< ¢’ () <1 Toc bH Koy Xiy ey Hny e
{obu1He aGCUHCCH  TOYEK rpadmxoa ‘obenx GyHKuHA) MOHOTOH-
no y6uBaioT. Kamnoe mnocienyiomee npuGIHKEHnE X, OCamxe
K HCTHHHOMY KODHIO, YeM Ka)KlOe Npeabiayulee X,.;. JIomanas Jau-
i AgByA,ByA,... NMeET BHA WIECTHHIBI.

Ha puc. 3.26 npoussoanas ¢’(x) << 0, HO no aGcoMOTHOI BeTHYHIE
MeHbIIE EAHHHIBL, T. €, | ¢'(x) | << 1. Mitepaunonnuiii npouece cxoanres,
HO TNPHOJNHXEHHA KO eGJII0TC A OKOJO TOYHOTO SHAYEHHS KOPHS.
Jlomanast JuHHST A By A;ByAs. . UMeCT BUHI «CIHpATIHY.

Hrax, ecin B Hexmopoﬁ okpectHocTH (a, b) KopHs & ypasnenus
x=0¢ npousaozmaﬁ ¢ (x) COXpaHAET MOCTOAHHEIA 38HAK H BLITONHEHO
nepasenctso | 9'(x) | < ¢ < 1, nphuem ¢ (x) > 0, To mocsenoBaTeJbHbe
NpUOIKEHHS X, == q>(xn_)(n =1, 2 ...) X, € la, bl cxonstes
K KOPHIO MOHOTOHHO. B ToM 3xe ciyuae, koraa ¢’ (x) <0, nocefosatens-
Hble IPHOHKEHASA KOJIEGIOTCS OKOJIO KODHS

Ha puc. 3.27 nokasan pacxoasumiica mepaunouuuu npoiecc. 3xech
¢'(x) > 1. KpuBasi nepecexaer GHCCeKTpHCY y = X B Touke M H Ipu
%> E MexuT Hajl GHCCeKTPHCOI.

Ha puc. 3.28 nokasan pacXoasmuiics HTepaHONHLI Npouece s cay-
uas | ¢’(x) | > 1. Ioc. P YAQISIOTCS OF TOY-
HOTO 3HaYeHHs1 KOpHA §.

Puc. 827

ﬂpnnep 1. MerojioM HTEPailHH YTOYUHHTL no 10-' Kopeib ypapHeHns 5x® —

x + 3 =0, sakmouennbiii Ha oTpesxe [0,
P ewenue JlauHoe ypaBHeHHe cienyer npmsecﬂi K BHAYy x = ¢ (x). 310
MOXKHO clenaTh

1) x=t-H(5—20x43), Torna @ (x)=5¢'—19x+3;

3/ 20x— 3/ 0x—3
2) x=l/ ——-—"5——, Toraa q:,(x)=l/ =
5043 5x3-43
3) x= 20" , Toraa g (x)= 2:' .
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Onpegenum, Kakoii u3 noayuenusix Gynkunit ¢ (x) menye'r socnomaosan:cx
s 0 ecnn @ (x) Ha
otpeske [a, b] yaosnersopsier yeaosnio |¢' (x) | < ¢ < 1, T0 m-epaunoﬂﬂuﬁ npouecc
cxoautes. Haxonum

191 (x) |=| 158~ 19| > 1 [na 0,1];

1557 3
sy S
(5 I= | = <1 wa 0,
C. 07K H BCA &pynxunek @5 (%) B ucKaTh nocAefoBa-
TeJbHbe npuG}mmemm METOOM HTepauuu no dopmyne
5x 3
=g

3a nauanpnoe NpuGAILKeHHE BOILMEN Max @ (x) Ha [0, 1], T. e, xp=0,75. Tonssysch

dopmyaoii (3), onpesesuM, KaKoii RoAkHA GLITh PA3HOCTb MEXAY JBYMs MOCHefoBa-

TeAbUBIMH NPACAMKCHAAMI, 415 TOrO UTOCLI 8ajalias TOMNOCTD OLIa JOCTHIHyTal

0,0001+(1—0,75) _ 0,0001.0,25
T 05 0

|Xn—Xn-1] < =0,00003,

TakuM 06pasoM, KOra aGeoyoTHas BenYnta PasHocin | Xp — Xp—1| He npessofiger
0,00003, urepauHonHwlli Npouecc cJeAyeT NPEKPATHTh W CYMTATh, YTO SajdHHAS
TOYROCTb JOCTHIHYTA.

Boiyncaenusa yA0GHO BECTH € HOMOWbIO CaAeNyIOWed Ta6auubl:

Ta6auuwa 3.11

n *n i @ o) =y
0 0,42188 0

1 0,2555 0,016777 0,154144
2 , 1541 0,005652 0,151413
3 0,1514 0,005443 0,151361
4 0,15136 0,005442 0,151361

Ha 3ToM nTepanBOHHbI NPOLECC MOXHO OCTAHOBHTL i cuntath § = 0,1514.
punep 2. BHMHCAUTH C TOYHOCTBIO 1O & =
=10-% Kopenb ypapnenus e¥ — x*= 0.

P e we nue. [lepenuwen ypapHende B Buje
e¥ = x* n oTjennM KopHil rpadmueckm Tloctponn
rpadukn Gynkunlt y = e*u y= x* (puc. .
M3 ueprexka BUAHO, 4TO YpaBHeHne e¥ — x2 =0
HMEeT OfHH nenc‘mmenumﬁ KOPEHIJ, KoTOphiff
nesxnt B uitepsane [ — 0,8, —0,7).

[posepny, AckicTBHTENLHO JH 8TO Tak, On-
peneany f(—0,8) w [ (—0,7):f(—0,8)
=0,44933—0,64 = — 0,19067 <0 Fl—=07) =
= 0 49659— 0 49 = 0, 00659 > 0. Tak kaxk snaxn

YHKUHE [ x)=z"—x" H3  KOHWAX OTpe3xa
— 0,8;—0,7] pasnuunEl, TO BHYTPH 3TOTO OTpe3ka
Puc, 3.29 COACPKHTCA KOPEHb ypaBHEHUs,




TMonpoGyem_CYSnTh HHTEpBal, NpHMeHuB MeTox mpo6. Haxoxmm f( — 0,75) =
= 0,49237—0,56250 < 0, Ho f ( —0,7) > 0; suaunt, KOpeHb HAXOAHTCS Ra OTpe3Ke
I —0,75;—0,7]. Cysuv stor orpesok cme pas. Hwmeem f ( — 0,725) = 0,48432—
—0,62562 = - 0,04130 < 0. Ho f (—0,7)>0. CiiexosaTelbHo, KopeHb HaXoxutcs
na otpeske [ — 0,725; — 0,7].

U3 ypasnemna e* = x* ompezensem, ato x= — V/e%. (Ilepen pamuxaiom
GepeM 3HAK MHHYC, TaK KaK HaM H3BECTHO, UTO KOPeHb oTpuuaTesei.) [lepennmen
670 ypanene B Bufie x=— e*/2 j npopepum, Kakmy Oy T #TepaHoHAL npouece:

wan T e A nepaencteo | (x) | < L.

B pawmem npumepe
Pl)=—e"?, ¢ (1)=|7e”2,
197 (—0,725) | =0,34727; |¢’ (—0,7)]=0,35230.

Tockonsky | ¢ (x) | < 1, ntepaunonnsiii mpouece cxoautes. Yueao g & popuyae
(8) Boabmem paBHbiM 0,36, Tak kak & = 102, 1o

0,00001 (1—0,36)
0,% =0,000018.

Xn—¥p-1] <

Tagny o6pagom, TpeGyemasi TouHOCTb 6y/eT AOCTHTHYTA, eC/H BHIONHACTCS Hepasen-
€TBO | Xn — ¥n-1| < 0,00002. 3a myseeoe NpuGIHIKEHHE MOXKKO NPHHATH AwGOR
ns kokuop orpeska [ — 0,725; — 0,7] u mobyio TouKy BHYTPH ero. IIpuyeM xo =

Bolunclienns CBelleM B CJAeAYIOmYIo Tabauiy:
TaGanna 3,12

*n »
n * ,?t 2
0 ,7 —0,35 —0,70460
1 —0,70460 —0,35230 —0,70307
2 —0,70307 —0,35154 —0,70360
3 —0,70360 —0,35180 —0,70342
4 —0,70342 —0,35171 —0,70348
5 70348 —0,35174 —0,70346
6 , 70316

Tax Kak | — x| = | — 0,70348 — ( — 0,70346)| = 0,00002, 10 TpeCyemasn
TOMHOCTL BhiuHC/AeHKH focTHrHyTa ¥ § = 0,70346,

§3.9.Mp P CHETeM YF
Metopn HeloToHa Anst cucTembl ABYX ypaBHeHMH

B nanHOM naparpade pacCMaTpHBaeTCs PelleHHe CHCTeMbl ABYX HeH-
HeltHBIX yp it c syms HBIMH dos Heromona. Ilycts

JAlaHa cucrema

{f(", =0, 0
¥ 1) =0,
e fu ¢ — fii npyembie ¢y . IT

Pep P P
YTO HBBECTHBI 71-€ NPHOJIKENHS HeH3BECTHBIX, TOTAa 3a 60/1ee TOYHBIE HX
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SHAYEHHs| MOXKHO MPHHATH
x=dn+ hn, § =g + bns
Toraa cucrema (1) sanumercs B Buge
{f(xn+hm Yotk =0, @
@ ($ntPns Yot ka)=0.
Passnoxum GyHKUHH f H @ B pan Tefopa no crenensm hy, H kat
Fnthns Yo+ ko) =1 (n, y,.)(+huf§ n> Yn) + ko i (s ) +
1 n» “nlr
Qg oy Ynthn) =9 Fno Yo) +h 0k (o Y0) o 05 (5, Ha)
+0; (ha, Fen).
3nech Oy(fn, Fn) # Oylhy, k,) conepxar unieHbl Golee BHICOKOTO NMOPSAKA

MANOCTH, HEKeJH i, U R, OTpaHiuHBanch B TMOCJEAHEH cuCTEME JIHHEH-
HEIMH WIHAMH OTHOCHTEJIBHO /iy H Ky, NOMYTHM

‘f(x.., Ya)Fhale@a Yo)tEnfy(Sn Y2)=0, @)
@ (s Hn) + B O (s Y+ Fin @) (s 90) =0
HIH
{hn Fx (no Yn) Flafy (Bns n)=—F (X0 n)s @
P @2 (s Yn) a9 ($nr Yn) = —@ (%, Yn)s
OTKyJAa
— £ un) i G 9m)
=P (tn, yn) P, (Xns Yn) Aby,
/T D AL L R 5)
" l L G 4n) Fy (ks 4n) An ®
9% (¥, yn) @y (¥ns Yn)
VI (s yn) =T (%0, yn)
9y (ns 4n) —9 (xn, yn) Ak
LA A e S i 6,
" Ta Gens 4n) 7 (s 4n) dn ©

9% (xny Un) @ (¥ns Yn)

Takum 0Gpa3oM, HaxOXUM

Tt = X0+ Nay Yy =Yn+ kne (7
HcXOAHEE 3HAYCHHA Xq, Yo ONPENLSIOTCA NPHOANMEHHO, OGLIYHO H3 rpa-
uyecKoro pemwens.

Npumep, MeTogom HbloTona pemuTh CHCTeMY ypaBHeHHE

{ 242 -8y — by —4=0,
K2=3y2- 4x—2=0,

Pewenge CacreMa HMeeT ABa PeWCHAs. YTOUHAM OJHO M3 HHX, NPHHALTe-
xamee obracti 0,6 < x < 0,6; — 0,48 < y < — 0,44, (Kopum pamee ObiAm OT-
HeneHn rpaqmqecxn, cM. § 3.2, npumep 5.)
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1wt

Ta6amma 3.13

2

0 < 22 g dan | W tn) | FyGne on) | Fy (Fne va) iy n
An
n w2 =6t | —si—2 | Cn tn) | @, (ne m) | @ (*ne 4n) Ay o
0,5 0,25 0,50 2,25 —0,1052 2 —8,76 3,6612 0,0749
48,32
—0,46 | 0,6348 —0,6052 —2,6348 —0,3848 5 2,76 0,2436 0,0050
0,5749 | 0,3306 0,6612 2,6302 0,0222 2,299 —8,7300 ' —0,1409 —0,0027
51,2357
|—0,4550 | 0,6210 —0,6490 —2,6210 0,0092 5,1498 2,7300 1,1221 0,021
0,5722 | 0,3272 0,6544 2,6160 —0,1864 2,2888 —8,6040 0,0483 0,0009
50,2224
—0,4340 0 5652 | —0,8308 —2,5652 0,0508 5,1444 2,6040 —1,9751 0,039
0,5731 0,3283 0,6566 2,6207 0,1666 2,292 —8,8380 —0,0374 —0,0007
52,0079
I—0,4730 | 0,6711 —0,4900 —2,6711 —0,0504 5,1462 2,8380 0,9728 0,0180
0,5724 0,3272 0,6544 2,6160 0,0054 2,289 —8,73 0,0290 0,0005
51,1647
—0,4550 0,6210 | —0,6490 —2.6210 —0,0050 5,1448 2,73 0,0492 0,0009
0,5729

—0,4541




3a wavasbnoe mpuGAHKenHe NpHMEM Xo==0,5; yo = =0,46, [ance, Hazozast

T(x y)=22+ 6y—4, ¢ (x, y)=x*+4x—3y> =2
fi=4x, [,=6y—86, qi=2¢+4; g)=—6y.
YEOGEHO BeCTH ¢ Tabanum (oM. Tabd. 3,13 ma erp, 141),

OxonuateabrLifi oTseT: x = 0,573; y =~ — 0,454.

§ 3.10. Merop urepaumu ans Wbl YP

Tlycrb 3ajiana CHCTEMa ypasHeHHit

{F.(x, y)=0, a
Py, )=
Tpebyercst Haif1u ACHCTBHTELHbE P ¢ 0 TOU-
HOCTH.
TMepenmnuwenm cuictemy (1) B Buae
=9 (% ),
{ 91 (%, 1) )
§=0:(%, 4).

Tlyetb x, B Yo — HAYaAbHBIE NPHOMNKEHHA KOPHCH, NoMyyeHHbe rpapu-
YECKH WM KaKHWM-THOO APyruM cnocoGom. ITofcTaBHB B mpaBhle 4acTH
ypaBHennii cucTembl (2) BMECTO X H y Haya/JbHble 3HAUCHHA X, H Yo, NOJY-
anM

X1= @y (%o, Yo %)
= @2 (Xor Yo)-
AnanoruyHo monyyaeM BTOphie NPHOMHMKEHHS
=1 (¥, 4a)s @
=y (¥, Yo)-
B ofuem cayvae
Fn =@y (¥n-1s Yn1)s ©)

Un =2 (¥n-1 Yn-1)-

Ecan QyHKIHE @y(X, y) H Qy(¥, §) HEMPEPLIBHEI H TOCIENOBATELHOCTH
X1y Xor evey Xny oo M Y1y Yoy +oey Yny +oo CXOJATCA, TO TPENiENbl HX JAIOT pe-
WeHHE CHCTEMBL (2), a C/IeI0BATeIbHO, H cHeTeMl (1).

TlpuBesenm Ge3 J0Ka3aTen1bCTBa TEOPEMY 06 YCIOBHAX CXOJXHMOCTH HTE:
PaALHOHHOrO TIpolecca.

Teopema. [Tycms 6 i 2 Ra<r< 4,
b < y < B) umeemes 00HO w moAbKO 00HO pewieHue x =X u Y =4
cucmenet (2).

Toeda ecau:

1) dynryuu @i(x, §) u @y(x, y) onpedesentt u Henpepsisro Augpepers

yupyemot 6 R;

2) HauarbHoie NPUBAUNCERUS. Xo, Yo U 60 NOCACDYIOUIUE NPUGAUINCEHIS
Xny Yo (1 =1, 2, ...) npunadaeacam R;
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3) 6 R 6vinoAnenbt HepageHcmea
0@1 ‘ 0y I<q‘<l

0¢| [ [ 0 I<q2<l ©
LU HEPABEHCIMEA
i S+ W l<a<t,
’ U]
m 20
= o |<a<t,
mo npoyecc npu K7
x=% Y=y
OueHKa TOrpEMHOCTH #-TO TIp p s Hep
OM
[F—xa | +y—p.l < ®)

rae M — HauGosbliee M3 UHCRI Gy U (s,

BXOJAmHX B Hepasencrsa (6) wan (7). y

CXOIMMOCTb METOfAa HTEpALHK  CUH- 2 “
Taercs xopoweii, ecnn M << Yy mpu X=3008) +03
stoM M/(1 — M) << 1. Ilostomy ecnu B N\

JIBYX TIOC/IEOBATE/IbHEIX TPHOIHKEHHAX
COBMAjaloT, HaMpHMEp, TPH RECATHUHBIX & ———1 -

SHAKa MocJe 3amaToH, TO OMHOKA MOCHeN- —N\-—— |
Hero npu6aixenus ve npesocxoaut 0,001, -2

Mpumep 1 MeTofoM HTepalin pewuTs CH- -3 y=sin(x-06)-16
creny
{sln(x—O.G)—yzl,G, * Puc 330
3x—cos y=0,9 )

¢ TouHoCThIO fio € = 0,001.
Pewe u ue, [IpusejeM CHCTeMY ¥ BHAY

!
{ 5 syH0,3= oulx, 1), ®)
y=sin (x—0,6)—1,6 = ¢y (¥, y).

Orzenny kopiu rpadnueckn (puc. 3.30) Hs rpaduxa snmm, uTo cucTe\xa (B) nueer
CJHHCTBEHHOE Pelleine, 3aKaioyenEoe B ofnacTn 0 < x < 0,3, — 2,2 <y < — 1,8,
Tposepuy cucTemy (5) Ha 0 mpouecca:
o
ax
6w- {

l }~xcos(x—oe)[<|cuso 31=0,2955 < I;

l——smyl |——-sm(—l8) =0,3246 < I; l




Chegonatenso,

Ll dw:
o | <h
Yenosus " I nafigen no

dopmyaan |
In41 =705 yn=-0,3,
Ynb1 =Sin (x,—0,6)—1,6,

Bubepen vy = 0,15, o= — 2.
Boiyncienus YA00HO BECTH C NOMOMBIO clelyroueft TaGaumbr:

TaGanna 314

n . oy xy=0,C |sin(x,—0,6)] cosyy % cos o,
0 0,15 -2 - —0,45 —0,4350 —0,4161 —0,1384
1| 01616 | —2,035 | —004384 | —0la2a5 | —0l4477 | —0.1892
2 | 01508 | —2,0245 | —0,4492 | —0,4342 | —0,4382 | —0,146]
3 ) 01539 | —2,0342 | —0,4461 | —0,4313 | —0,4470 | —0,1490
4 {01510 [ —2,0313 | —0,4490 | —0,4341 | —0,4444 | —0, 1481
5 0,1519 | —2,0341 —0,4481 —0,4333 —0,4469 —0, 1490
6 | 01510 | —2,0333 | —0,4490 | —0,4341 | —0,4461 | —0.1487
7 | 01513 | —2,0341 | —0,4487 | —0,4340 | —04469 | —0,14%0
8 | 0.1510 | —2,0340

Takum obpasom, x = 0,151; y =~ —2,034.

§ 3.11. O6uwme Hi anre6p yp
O uMcna KOpHe#H

anre6pauueckoro ypasHeHus

O6ume cpoiicTea aareGpamyeckux ypashenuil. 3amuweM asireSpau-
UeCKOe ypaBHEHUe n-fi cTeneny

Py (%) = apx* + o+ app Tt b L gy x4, =0, (D)

rae P, (x) — MHOTOWIEH n-if CTENeHH, /4 — HAHBBICLIAA CTeNeHb NPH He-
M3BECTHOM, G, Oy, «.vy Oy — ALHCTBHTENbHBIC KOIDPUIHEHTEL.

Besikoe yncao €, ofpaliaioiiee MHOTOWIEH B HYJb, T. €. TaKOg, YTO
P, (§) = 0, nasmBaercs xopuem MHorowsena, COIrIacCHO OCHOBHOI Teopeme
anreGpel, MHOTOWIeH P,(x) ctenmenu £ (n > 1) ¢ MOGHIMH YHCIOBEIMH KO-
s{ihuUenTaMH HMEET 7 KOPHEH, eC/lH Kamblit H3 KOPHEeH CUMTATD CTOMIBKO
pas, KakoBa ero KparHocTb.

UYucao & sBasiercss KopHeM MHOrousesa P, (X) Toraa H TOXBKO TOria,
Korja P, (x) neantes Ges octatka Ha x — E. Ecan npu stom P, (x) geaut-
cst Ges ocratka Ha (x— E)* (& = 1), HO yKe He feautcs Ha (x— E)4+1, 10
& waspiaercst k-xpamuewn kopres (WAH KOpReM Kpamrocmu k) Muoroue-
Ha P,(x). Kopuu KparHOCTH k = | Ha3bBAIOTCA NPOCMbIML KOPHAMU
MHOTOu/IRHA,
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Kopuu aareSpanyeckoro ypasuenus (I) MOryT 6bITh Kak AefiCTBHFENb-
HBIMH, TaK H KOMILTEKCHBIMH.

KomnexkcHele KOpHH ypaBReH#s (1) 061anaior cBOACTBOM naproi co-
NPANEHHOCMIL, T. €. ecHH ypasHenue (1) HMeeT KOMIIEKCHMit Koperb
& =o0o 4 Bi (e @ u P — nelicTBuTeLHEIE WHCAA) KPATHOCTH k, TO OHO
HMEET U KOMMUIEKCHDII KOPeHb & = o — i Takie KpaTHOCTH k. Mogyan
HTHX KODHell OAMHAKOBBIL

1&]=|E|=Va"+P

Ecnn ypapHenue (1) HMeET KOMIIEKCHBIE KOPHH, TO HX YHC/0— YETHOE+
TlosTOMy BCsIKOE anreﬁpanqeu(oe ypaBHEHUWE HEYeTHOH CTeneHu ¢ jaefi-
CTBH b TaMH MMeeT [0 Kp Mepe OJMH JeHCTBH-
TeMbLHbLH KOpeHb.

TIpexie yem BLIUHCIATL KOPHH anreGPaitecKoro ypasHenns, cHauana
1eoGXOMNMMO: a) onpedeatms 4uCAO KopHel, fcomopoe umeem dannoe ypas-
Herue, 6) Hadmu m pHEL (

u epanuyy A xopneﬁ). nome 3TOTO MOKHO HpHCTy-
nathb K OT/e/IeHHIO Kopneii H UX yTOUHEHHIO.

Onpepenenne wncha JeHCTBHTENBHBIX KOPHEl aireGpauyeckux ypas-
HeRHii, Onpe}xennn: H})HﬁJIM)KCHHO YHCJIO JefICTBUTENIBHBIX TOJOKHTEN b
HBIX KOpHeii anreSpanueckoro ypapuenns (1)

Pr(x) = agx" + "t +F a4 L+ X+ oa, =
MOXKHO ¢ Tomompblo mpaBuna Jexaprta: koaudecmeo Oeiicmeu-
KOpHel Px) =0
% NOHOLM U b Kaxcdoill cmonb-
KO pas, Kakosa ezo Kpamﬂovmb) 2u60 PABHO “ucry nepeMeu BHaKa 6 nocae-
Pr(x)

0, aubo na vemnoe

4UCA0 Menbile (paenble HYa10 He

KoAHueCTB0 OTpHUATENHEX KOPHeli yPABHEHHs PaBHO WHCTY Tepemert
3HaKa B MOCIEI0BATENLHOCTH KO(UPHIHEHTOB Py(—x) WK Ha YeTHOE uKc-
JI0 MeHblIe.

Ecau YpaBHense MOJMHOE, TO KOMHYECTBO €ro II0JOXKHTeJbHBIX
Kopueii paBHO UHMCJY TNEpeMEH 3Haka B Te/JILHOCTH (pprnen-
TOB WY Ha Y€THOE YHCJIO MEHbUIE, a KOJIHYeCTBO OTPUIIATEJbHbBIX KOpHEﬁ —
YHCJTY TIOCTOSINCTB 3HAKA W/IH HA YETHO® YHCIIO MEHbIe,

Mpumep 1. ONpesleTnTh KOMHYCCTBO MOJONKNTEALHLX il OTPRUATEALHIIX KopHeil
Ypasrenus
K 1700 1280 A T — kA 1= 0.
Pewenne Corracho ocnoiofl Teopene areGpBl 5T0 ypaBHeNue MMEET NSTh
KopHeil (#3 HUX XOTs Obl OXHH SIBASETCA ACHCTBRTENBHLIM).
VYpasueuue ABAETCH NOANBM, nOCJ\EﬂOBaTe.'IbHOCTb 3HAKOB  Kos(ipuunenton

ypasrenus takopa: 4, —, +, =+, . 3HaK M3MeHsmeTCA veThpe pasa;
BHAYMT, nonommmsuux KOpHe# dyneT deo 4, 6o 2, anGo Hu OXHOTO.
llmvw NOCTOSIHCTB 3HAKA PabBHO 1; , 8a1aunoe yp Hmeer

ONHR orpuuannbumh KOpeHb.
Tpumep 2. Onpeeants KOAHUECTBO ACACTBHTEABUBIX TONOMKHTEALHBX i OTPHLLA-
TelbubX KopHell ypaBhenin

B = A —

0.



Pewme e, llamme ypaaﬂelme HMeeT [meCTe  KOpRefi; moclMefoBateln-
HOCTL  3HAKOB: , .+, HMeeT MecTO TpW mepeMeHH 3HaKa; Cae-
LOBATENbHO, NONGHKHTEADHHX xaneA 6o 3, aubo 1. Hasee, Lis MHOTOYJEHA

Pa(—n)=x—30d—x3+2—1
MOCAEAOBATENLHOCTL SHAKOB TaKopa: -+ , s+, — . Brech Takme myeew
TPH NePeMerbl 3HaKa — A0STOMY 01phuaTeanHx xopﬂeﬁ .'mﬁo 3, aubo 1.

Boqee To4HO wyHCaI0 KOpHEﬁ 8JIF86PBH'J€CKOI'O YPaBHEHHSA MOXHO OI-
peneauts npu nomomd mpasuaa ILITypwma, sakmoyaiomerocs
B CJIeyIOLeM.

Iycre ANA JaHHOrO anreGpauuyeckoro ypapHeHust Pp(x) = 0 Kakuu-
au00  crnocoGoM YCTaHOBIEHO, YTO BCe ero JefCTBHTe/bHbIE KOPHH HAX0-
naTCst B MHTEpBane (a, b) (a v b — AeHCTBUTENbHbIE YHCIa 1T He ABIAIOTCS
KopusaMK ypasenns, a < b). Haiizem nepsyio npoussonuyio Py, (x) u pas-
ZleJuM Ha Hee MHOrouaeH P,(x). Octatox ot jenenust Py (x) Ha Py (x) Bo3b-
MeM C MPOTHBOMOJIOKHEIM 3HAKOM H 0003HaynM ero uepes Ry(x).

3ateM TOYHO TaK e JeuM Py, (X) na Ry(x), nomyyennii ocTatok Gepem
© NPOTHMBOMIOJIOKHBIM 3HAKOM W 06O3HauMM uepes R,(x). Pasnenun R,(x)
Ha R,y(x) ¥ CHOBA B3sIB OCTAaTOK C NMPOTHBOMOJOMKHBIM 3HAKOM, MOJYYHM
R y(x). Tlpouece Aeierns NPoJoMKaeM 10 Tex MOp, NOKa He GyJeT mojy-
YeH OCTAaTOK, ABASIOUMHACS NOCTOSHHOH BeTHYUHON. DTy BENUUHHY TaKKe
ﬁepeM € MPOTHBONOJIOKHBEIM 3HAKOM.

Tomyyaem nocsienobatenbHOCTh (yHKIHH

Py (®), Pr(x), Ri(%), Ry(¥),ses Rp-y(x), R,=const.,

B 31y nocnenosarelbHOCTL MOACTABAfSEM BMECTO X CHayana a, 3atem b
H TOZCUNTHIBAEM UHC/IA NEpeMeH 3HaKa B 06OMX cayuasx [0603HaunM no-
nyueuuble YHC/1a COOTBETCTBEHHO qepes W (a) u W(b)]. Toraa W (a) >
Z. W(b), u paswocme W (@) — W (b) B TOuHOCTH pasna Koauvecmey
e wopHed yp Pp(x), sax. Mewdy a u b,

TTpn novouw npasia LITypua MOHO ONpEReNHTS YHCIIO OTpHILATE b
HBIX KOpHeit ypasnens Pp(x) = 0. e. onpenesnts KOIUYECTBO AeiicTEH-
TEJBHBIX KopHeil ypashenns Pp(x) = 0 B uutepsaie (— oo, 0)l, a Taxxe
YHCMO TIOOKHTEABHBIX KOPHEH IB nnrepsane (0, + oo)l. Tpasuso Iryp-
Ma NpPHMEHsIeTCsl TaKie JUISi OTJeJeHHsi KopHeil. MyHKIUMH, BXoxsulHe
B cHeremy IHTypma, MOMHO YMHOXATh M J€/IHTH HA IPOH3BOJILHbIE 11070~
JKHTEJIBHbIE UHCAA. DTO SHAYMTEILHO yIpoumaer paboty, Koria NPoH3BO-
AMTCS Jle/IeHHe C OCTATKOM,

Mpumep 3. O Th KOJIHYECTBO KopHe# 543 —
— 20x -+ 3 = 0, a TaKKe OTACAHTH 9TH KOPHIl, NOAL3YsiCh npapiiom Litypua,

Peweuue, Cocrasasem cuctemy ¢pyskuuit Itypma. Hyeem

Pp(¥) = 58 — 20x -+ 3, Pa(y) = 152 — 20..
Tlas onpenenienus Ry (1) ymnomnm Pp (x) na 3 1 3atem pasgeans wa P (x):
1543 —60x+9 | 15x2—20
F15x% 4 20 x
—40x+9

BualmT, Ry (x) = 40x — 9 (0cTaTOK B3AH C POTHBONOMOKHEIM JHAKOM). Y MHOXKHM
Pn (%) 52 8 H PasfeNuM 9T0 MPOH3BEAEHHE HA Ry (x):
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12022 — 160 40x—9
F 12042 4 27 Frae
40 (27x—160)
40-27x—40. 160
F40-27x29-27

TloGROMbKY TMOCTERHI OCTATOK SBJfETCA NOCTOFHHBIM WHCJOM CO SHAKOM € — 3
(a Hac B 5TOM clTyuae HuTepecyer uMeuHo 3HaK NOCTOAHHOTO OCTATKA), MEHSEM €T0 Ha
[POTUBOMONOKHEH, T. €. Ha «

Cocrasiifen Cleayiomyio md:muy 3HaKoB (QYHKUHE, BXOLAMHX. B CHCTeMY
Hirypma:

* Py Py Ry Ry Ve
—o0 - + - + 3

0 -+ - -~ + 2
+o0 + + + + 0

V3 TaGaunel BHAHO, 4TO B umepaane ( — o0, 4+ ) co;xep)xan:ﬂ TPH JeficT-
BHTEABHHX KOPHa [TaK Kak W ( — — W ( o0 ) = 3—| 3]. U3 wmux
ONlHH #BJASETCS OTpHUATebHEIM [ W ( — oo) — W 0 =3-2= l], a 1sa — nojo-
xutenpHEME [W (0) — W (4 oo) = 2

Otzenum kopiu no npasuay Illrypua, coKpamu HHTEDBAJE N0 AKHL, paBHof 1:

x Pp(n) Ppin | Ry (0 I R, | W ()
- —_ - 3
B - s i s
—~2 + + - + 2
I I - O N

1 x z T ¥ i
2 + + =+ + 0

mocnenefl TaGaumHl BHAHO, YTO KOPHH PacnoJOKeHH B HHTepBalax
(_3r‘—2) 0, 1, (1, 2. .

§ 3.12. H y KOpHe#H
anre6panueckoro ypasHeHxs

Npasuno koawua. I1ycms 0ano arzebpauteckoe ypasHerue
P, (%) =ay x5+ a, 207 gy x02 F @y X0, =0,

20e ay, ay, ..., @y — P u nycmeo
A=max{la] |ay], s 10,1}, B=max{lac) |asl v |an-al}-
Toeda ropru ypasrenus saxaouens: 8 Kpyeoson koasye r<<| x| << R, ede
-1 pora A
= e AT AT
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TIpn STOM r — HW/KHSSA, @ R — BEPXHAs TPaHMIA NMONOKHATENbHBIX KOP-
Heli anre6panueckoro ypasHenns Py(x) = 0, # —R, —r cooTBeTCTBeHHO
HUKHAS W BePXHAS TPAHHIA OTPHUIATENLHBIX KOPHGH.

Mpumep 1. Onperenntsh rpaHHum KopHefl ypaaneum 5x3 — 20x ~- 3= 0,

Pewenue, 3zecs [ay| =35, A= 20, |ay| =3, B=20, T e.
A 20

R=1 =14—=5
e =T

Torga, eciin JeACTBHTENIbHEIE KOPHW yPaBHEHHS 5x0—
—20x - 3 = 0 cymecTBYIOT (a OHH 0653aTe/IbHO Cyme~
CTBYIOT, TAK KaK yPaBHElNe HEYETHOM CTeNieHH), TO OHH
PACNONOKEHH B HHTepBae ( — 5, 5); IPH 5TOM OTpHIa-
TenbHBe KOPAHU NexaT & unreprane ( — 5, — 0,013), a
Puc. 3.31 nosoxuTeabHbe — B HHTepBade (0,013; 5)

Tlpu peluenHH ypaBHeHH# yIOGHO CHaua/la yCTAHOBHTH TPAaHHII KOp-
Heif, a TIOTOM yke npuMeHATh npasuso IlIrypma. Io mpasuay Kodblia 5T
TPaHHIEl ONIPEAENSIOTCS BeChMAa IPHOMHKEHHO.

VYkaxeM npuem Gosiee TOYHOTO ONpEAENEHHA IPaHUI, AeHCTBHTENbHBIX
KopHeil anreGpaHyeckoro ypasHenus Pp(x) =

Ecau Ry, — Bepxusas rpannua NONOXKATENLHEX KopHeit P, (x), R, —
BEpXHsis IPAHHILA NOJOKHTRJILHEIX KopHe#t P, (—x), Ry > 0 — BepxHsis

TPaHNIa NOJOKHTENbHBIX Kopueft x"P, (J—) # R, —BepXHsif IpaHHia no-

1
JIOKHTENBHBIX KOPHeit X"P, (-——) TO BCE OT/HYHBIE OT HYJ15 AeficTBHTe b=
Hble KOPHH ypaBHeHus P, (x) = 0 (ec 1 OHH CYWIECTBYIOT) JeKaT BHYTPH
HHTEPBAJIOB | —Ky, .
poasos (—Rs,— g R

Jlst onpenenenus BerHeH TPaHHUB! TIONIOXKHTEILHEIX KOpLeil anre-
GpanyecKoro ypaBHeHHs MOMKHO BOCTIOMB30BAThCs MeTojamu Jlarpamka
ui Hptotona.

Meton Jlarpanxka. Ecau kospuyuenmsr mMHoeouseHa

Po(x) = apx" + a1l + apxn? + L+ a,

ydosaemeopsom ycaosusm ag > 0, @y, Qg, vvey Gpey > 0, @ < 0, Mo gepx-
HAS 2PanuLa NOAOKCUMENbHBLX KOPRel Px) =0

no gopmyre
=1+ f

20e B — Haub us BeAUHUN. Omf Kosghpu-
yuenmos Py(x).
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Tpumep 2. Metozom Jlarpanxa TpaNHIE! n oTpuua-
gebHEX KOPHel ypaBHeHus 8x* — 85 — 3% 4 1 =

PeweHHE 3180k gy =8 > 0; ,—0,:12———8 <0ag= —32,a4=1,
m = 2 (HoMep NepBoro k3 orpunamhnux xosWuunemos), = 32. Cregosa-
tenvHo, Ry =14 V328 =3,

PaccMOTPEM MHOTOWJIEH

Pp(~x)=8¢—82432¢+ L
AHAMOTAIHbIM 06pa3oM HaXOfHM, 4TO IMA Hero BepxHeli rpaffiefl MOJOKUTEALHEX

kopHelt CMyWHT Ry= 14 VBB =2
Janee, aas MHOrowJeHa

& Py (%):x‘—S?x’—Sxi-l—B

HMeel‘éaa 1>0,ai= —32<L0, e, m= 1, B= 32, usuauut, Ry =1+

Hakoueu, ANA MHOro4JIena
1
%4 Py (—-—; =x41-32x3—8x2-8

aMeeM ap = 1> 0,0, =32, 0, = —8,a;=0, ag=8, .e. m= 2, B= 8. [To-

eromy Ry= 1+ V8= 1+ 2)/2 = 3,828,

%IIEI:OBBTQ}IBHO, ecan ypasnenne 8x% — 8x* — 32x -+ 1 = 0 mueer peficten-
m/nabuue KODHH, TO OHH OGf3aTeJbHO JeKaT B WHTepBadax ( — 2; ~— 1/3,828) u
(1/83; 3).

Merton Holotona. Ecau npu x = ¢ mHoz204.1eH

Py (9)=ayx"+a x" . t-a,
u ee0 npoussodutie P(x), P/,(x), npumuuamm noAoKCUMeNbHble 3HAYe-
Hus, Mo ¢ cepxnetl gf 09t KopHeil ypasre-
Hus Pp(x) = 0,

mep 3. Metonom HblO’l‘OHa Onpe;\emﬂb BEPXHIOI IPAHHLY NOJNOKHTEABHEIX
xopueii ypasuemm 8t — 8x* +1=0
u e B ue. Haxomum

P(x) =80 —82 =32+ 1; P’ (x) =320 —16x—32;
P* () =962 —16; P1¢¢(x)=192x; P!V (x)=192.

[Tposepke MojfeKaT ToMbKo 3Hauekua x > 0. Tlpux = ¢ = 'mueem P (1) < 0.
Buayut, NpoBoANTE Jajiee NPOBEPKY Aaa x = I ne caepyer. [lposepum x = ¢ = 2:

P(@)>0, PH2)>0, P"(2)>0, P (2)>0, PV>o0.

TaKnM oGpasow, BepxHel rpaHulel MONOKHTEALHLX KopHelt Apa7eTea 9neao 2,
. R = 2. B xauecTse HHAHeH FPAaHHUbI MOKHO B3ATH YKCIO, obpaThoe R, T. e.
r = 1/2
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§3.13.B Cxema FopHepa

Bounciienue suavenuit muorounena. [Tycrs ano anreGpauueckoe ypas-
HeHue

P (%)= ag %" ay x5 - ap 67 P  F Gpoa ¥ @, = 0.

Kak nspectio, kopHeM ypaBHenns P,(x) = 0 HasbBaeTCs TaKoe 3HaYeHHQ
HEMSBECTHOTO X, KOTOpOe oGpailaeT MHorounen Py, (x) B Hyab. ITostomy cy-
IIECTBEHHOE 3HAYEHHEe NPHOGPETAeT BOMPOC O BHIUHCICHHH SHAUCHHS MHO=
rowieHa. BHMHCINTL 3Hauenue MHOrOwIeHa Pp(x) mpH x = § MOXKHO He-
NIOCPEICTBERHOM MOACTAHOBKOH & B MHOrOWIeH Pp(x), T. €, HyXHO HaiiTH

Pu(®=a8+a & 4+ a8 o apeg E-

Ecaun npu stom P, (§) = 0, 70 § — Kopenb ypasheRusi Pp(x) = 0. Bal-
4HCIeHHE 3HAUCHHS MHOTOY/IEHa TECHO CBA3AHO ¢ BONPOCOM O AEMHMOCTH
MHOTOU/ICHA Ha JIHEHHBI ABywIeH (MHOTOu/NeH mepsoil cremenn). Ecan
PasienHTh MHOTOWIEH P,(x) Ha' JnHeiiHbIi ABywIeH, TO OCTaTOK Gyaer
2160 HEKOTOPHLIM MHOTOY/ICHOM HyJIeBOH cTemenu, aHGO HYyJeM, T. €. He
KOTOPBIM unciioM r. Clefiylomas TeopeMa NO3BOJIACT HaliTH 9TOT OCTATOK,
He BHITIOJIHSIsl CAMOTO JieJIeHHsl, KOT/la IPOM3BOANTCH JeJIeHHE Ha MHOTOUJIeH
Biaa ¥ — &

Teopema Besy. Ocmamox om Oexenus muozousena Pn(x) va dsytaen
x — & pasen Brauenuto 9amozo MKoeouAeHa npu X = E,

HNokasatenbcrBo, Ilyers

Pu) = (x—8) gx) +r,
e g(X) — MHOTOUJIEH CTENeHH Ha eAHHHIlY MeHblueli, ueM P, (v). Haiinem
sHayenne Pp(x) mpu x = &
O =CE—De®+r=r

4TO H Tpeﬁosanocb JOKasarb,

CanencrBue. Yucro & aeasemes Kopuesm mrozouaena Prn(x) moeda
u moabko mozda, kozda smom mHozourer Ges ocmamka Oeaumca Ha AsyuieH
X =&
Ecau MHorowsieH Py (x) Aeautcst Ha HeKOTOPHIT MHOTOU/IEH NEepBOii cTe
neHn ax -+ b, To OH JEIHTCH, OUEBHIHO, H Ha MHOrowieH [x — (—b/a)l,
T. €. Ha MHOTOWIEH BuAa X — § CI]Q}(OBZTE.’IHIO, paseiCKanue Kopuel’l
MHOTOU/IeHA Py (X) PABHOCHIBLHO PAsBICKAHHIO €TI0 JIHHEHHBIX AeHTe e,

Mpumep 1. OnpejeiuTs OCTATOK OT J@JEHUA MHOTOUMCHA
P()= a3 — 20 @ — x|

ua npyuden ¥ — 3.
em e nue, [lo Teopene Besy naxoaum

P@=343.3—2.943—3+41=
=243+ 243 — 54 - 9—3 - 1 = 439,

Tlonpo6yeM pemuTh 5TOT NPUMED HENOCPEACTBEHHLIM JeielneM Ha ¥ — 3 Jlenes
uue GYAeM NPOH3BOMUTD «yIJOMA
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K83t =243 - xt —x - | x—3
Fabiaet x4--6x7 - 16:2 495 - 146,
6yt —2x%
Fbrt 41852
1655 +x2
F16x3 + 4802
492 —x
F4902 & 147x
M6x4-1
F 146 -+ 438
439=r

Wrak, ocratox r = 439, a uactroe g (x) = x* - 643 -+ 16x2 - 49x -+ 146 ectp
MHOTOWIEH CTENeHH HAa eAHHHUY HHKe, YeM 3ajanusifi Muorounen P, (x).

Paccemorpnm GoJlee npocToit MeTO fevIeHust MEOTOUNeHa Py, () Ha Juneii-
HBIil ABywieH x — E.
Cxema lopuepa. TpescraBuy MHOrou/IeH

Pr(t)=apx"+ax" 7+ a0t @ X ta,

B BUJE
Pald) = (x — B glo) + bn,
rae
€09 =0 Xk by 2R by e By
T, €,

Py (%)= (x—8) (b %771 4 by %172 by 70 oo + b y) + by
PackpniBas CKOOKH B NOCHEHEM DABEHCTBE, HMEEM
QX7+ X X b b g, =
— by by L by BT by w2 — by Ben=t by xn=S— by Exndf
vt by ¥ —by o Ex b, —b,y &

Tocsie npuBeaenys NOROGHBIX UIEHOB TOJYUHM
Qyxn a7y x gy L a v a, =
= b (by— By B ok (0, — by DA (g by B
ot by — by ) X+ (b — b1 B
B sieBoii 1 npasoii YacTAX TOC/IEHEro paBeHCTBa HAXOAATCS MHOrOYe-
HBI 0T nepeMeHHoﬁ X. HSBQCTHO, YTO 1Ba MHOTOY/ICHA CUHTAIOTCSH PaBHBIMH,

ecan paBHBl HX KO3 Bl NPH O, X cTeneHsx HO-
ro x. [osromy:
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ay=by, by=a,,

ay=b—by§, by=b,E+ay
a,=by—bi§ by=bt+a,
ay=by—by&  mmn by=byE+ay
a,=b,—~ byt by=bst+a,

by =bp-p &y
@y =by—by 1k by =byyE+a,=r=P(@).

Kak BHIHO 13 NOC/E/HHX PABEHCTB, KaxLli nocenytomuil Kosdduunent
b, monyuaeTcs yMHOXeHHeM MPeABIAYIEro b;-, Ha § i npuGasieHueM co-
OTBETCTBYIOWETO KO3(hHIHENTA a;; TaK e HAXOAHTCA H OCTaToK r.

Briunciennst yn06HO pacnoJarars o caenylouei cxeme (HaskBaeMoR
cxemoii Toprepa):

Qney=bpy—buy

a, ay ay ag a, e an-1 an
] ] nE | eE | bk | esk | o | bneak | baceE
b | 6 | & b b0 | oo | s | bn=r

B nepBoii cTpoke BHIHCHBAKT KOYUIUEHTE MHOTOUIeHa Pn(x) (oTpn-
HaTeNbHEIe KO(MHIUHEHTH CO 3HAKOM «—», NepeJl MOIOKHTETbHBIMH KO3+
(PHLIMEHTaMH 3HaK «--» MOKHO OYCTHTB). B TpeThio CTPOKY cpasy e ne-
PeHOCAT a, = b,. 3aTeM Kamueii KO(GHIHEHT b; YMHOXAIOT Ha & H HOA-
TTHCHIBAIOT MOJ CHIEAYIOUIAM KOIDGHIHEHTOM ;4. UHCNTa MepBoil H BTOPOH
CTPOKH CKJIAJLIBAIOT H PESYJLTAT b;yy SalHCHIBAIOT B TPeTheli CTpOKe,
Takum o6pa3om, B TpeTbeil CTPOKE 3ammcanbl KOS(PUUKEHTH YaCTHOTO,
TIONYYeHHOrO OT JieJleRust MHorouwleHa Pn(x) Ha ABywlieH x — &, U ocTa-
TOK, YHCJAEHHO paxﬂuﬂ 3HAYEHHIO 3TOT0 MHOrOWJeHa MpH X = E, T. €,
by =Py(§) =r.
Mpumep 2. Tloaxaysce cxemoit Topepa, MPOW3BECTH NeJeHHe MHOTOUAEHA
Pr(¥)= 2438 — 28 4 x* —x - 1

HA IByWIeH x ~— 3.
Peme i ue. Cocrabisem cxeMy Fopepa T NaHHOrO MHOrowJeHa:

I —2 1 —1 i
3 3 18 48 147 438
1 6 16 49 146 439=P(3)=r

TaxuM o6pasom,
7= Py (3) = 439, g () = & + 6x° + 1622 + 49x |- 146
(9TOT DpWMEP panee MBI Pemanu NyTeM AeneHHA «YTnom»). CeAoBaTeNbHO,
Pn(®) = (x — 3) (#* + 62° + 164" + 49x -+ 146) + 439,
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Mpumep 3. Onpenenuts, apasetcs au § = | KopueM ypasuenus
P4 22 —3=0.
Pemenne Ecau &= | anasercs kopHem ypasuenna Py (x) = x% 4 2)(a
—3 = 0, To Muorousen Pp (x) nomKen Ges ocTaTka AeNHTbCH HA ABYUJeH ¥ — 1.
Bynem peuxa'rb npumep, ucnonwsys cxemy Foprepa. Yunthipasi, 4o B MHDro'-me-
pe P (x) = £* 4 2x* — 3 KO3((HUKEHT NPU HEH3IBECTHOM B nepscﬁ CTCNEHH pabeH
HYJII0, COCTABHM CJEAYIOUIYI0 CXeMy:

1 2 0 —3
1 : 1 3 3
1 3 3 0

Wrag, P (1) = 0 (ocTatok r = 0) u, snauut, & = | ABAseTCH KOpHeM 3aJaHHONO
ypaBHEHH.

M3BQCTHO, yTO BCSIKHn MHOTOU/IeH
Py()=agxn+a, e 4y = b @y x4 4

c IIEQCTBHTQJIBHHMH KO?WHL[HQHTBMH MOKHO NPEACTaBHTH H MPUTOM €JIHH-
CTBEHHBIM CTIOCOGOM B BHJE IPOH3BE/IEHHS CBOETO CTapIIEro Kosduiiuenta
Ay 1 HECKONIbKHX MHOTOYJ/IEHOB CTENeHH He BhIlle ABYX C ﬂeﬁCTBHTEJﬂ:HHMH
koadpuunenTamMu. JInHelibie MHOKHTENH B 3TOM PasjoXKCHHH COOTBET-
CTBYIOT J€CTBHTEJBHEIM KOPHAM ypaBHeHHs Pp(x) = 0, a KBajparny-
Hble — NapaM KOMILIEKCHO-CONpAKEHHLIX KOPHeii, T. e

Pr () =ay (x—E ) (x =8y e (¥ —E s e
o Pyt )" (P pox @) e (P P Xt @)

KBanparhble Tpexusienbl, BXOAAUINE B Pa3JOKenne, AefiCTBHTebHbIX KOp-
Heil He HMEIOT H yXKe He MOTYT OBITh PAs/IorKeHbl Ha JIHHEHbIE MIOKHTeNH
C JeHCTBHTEBHBIMU KOd(hHILHEHTaMH,

Taxnm 06pa3oM, 3Hasl Pas/OKeHHe MHOTOUJIEHA HA MHOMHT/H, MOXK-~
HO CBECTH 3ajlady OTHICKaHHs KOpHeii ypasHenus P,(x) = 0 x pewenuio
COBCeM NIPOCTHX” ypaHenuit. ONuiM U3 TaKiX METO/OB ABMACTCA Bbilie-
uasoxennblit Meron Topuepa. st jejennsi MHOrouieHa Ha Kpajpariblit
TpexuseH Buja x* 4 px -+ g Tak:e umeeics,ouenb yuo6Has cxema,

=0.

§ 3.14. Cxema feneHHs MHOTOYMEHa Ha KBAAPATHBIK TpexuneH
Paspieiiv MuOrouNeH
Pp(x)=a %"+ a, 2t ay X0 A v a,
Ha Tpexunen Bula g(x) = x* -+ px + g. Moxno samicarb
Qo Xt -y XV g X L @y X A=
= (2 Pt g) (B 472 by 1S By X by byg)
bpey x40y,
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PackphiBas CKOGKM B NIPABOii YACTH 5TOTO PaBeHCTBA, TPOM3BOAS MpHBe-

JleHue TONoGHBIX YJEHOB H CP (utentTsl npH X
CTENeHAX X, noJydyaenm
a,="by, by=ay,
a,=by -+ phy, by = ay— phy,
a,= by pby+-gby, by = a,— pby—qb,,
@y = by pby + qby, by = ay—pby—qby,
@, == by -+ pby+ by, i Da=i—pby—qby,
= by~ pby+qby, by = as— pby—qby,
Gy =bygF Pbygt Gbnse by ey =y — Pbys—Gbn—ps
Gy =byrF PonstGbpy  + bpy =0y —pby_y—Gbys,
=0y + Ghyn by == ap—Gbn-z

Orciona noayyae CAEAYIOIYIO cxesy Geaenus MHo20ureHA Ha Keadparm-
HBLL MpPeXUAeH:

—p| 1 |=pby|—pbi| —pbe | —pby | ... —an—al—ﬁbn—a
—q| —gbgj —gby | —gby | ... —qbn-gl—qbn-s —9bn-z
by | b | b by by || buce | bnt bn

Mpumep. Pasaokuts #a MUOKHTENTH MHOTOYACH
Ppo(x) = 8 — 26 — Tx% — 33¢® — 30x — 25,
sHaf, UTO ONHHM H3 COMHOMHTeqell sBAAeTCS KBaapaTHHA TpeXunen g (x) = x2 4«
+ x4 L
P eweH ue Muorounen Py(x) Heuernoii cTerienin, NOSTOMY OH HMeeT XOTS ﬁu
OfKH JeiiCTBHTEAbHEI KOpeHb, KOTOPBIf

unera. Takum o6pasom, ueuumn KO%HRMH LaHHOTO MHOFOYJIEHa MOIYT OBITh TOJIbKO
upcaa — lul, —5u5 —2

IMposepum no cxewve l‘opuepa, 6Oynmer i ¥ = -— § KOPHEM MIUOroufeHa:
1 —2 —7 — | - | -
—5 . —5 35 —140 ' 865 —4175
1 -7 ] 3 | 173 | 835 | —420050

Tak xak P (— 5) # 0, 10
Tlposepum Tenepnb X
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5 . 5 15 40 35 %
1 3 8 7 5 0
Urak, P(5) = 0; cnegoeatenbiio, x = 5 ~ kopenb P, (x). Hauuwii muorouien

MOKHO NPEICTABHTH B BHIE
Pn(x) = (¥ = B)(x* + 3% -+ 8+ + 7x 4 5).
Quut H3 Mﬂommenei&xg, () = x* 4 x + | nau H3PeCcTeN, NOSTOMY Pa3NeNNV Ha HEro

muorownen Q (x) = x? ~- 3¢° - 8¢ 4 Tx 4 5 no cxeme IeseHns Mporounena Ha
KBanpaTHLL TPeXuleH:

1 3 8 7 | 5
-1 : —1 -2 —5
—1 : —1 —2

Urak, gy (x) = x® + 2x + 5. Caenosatensno, Muorounen Pn (X) Moo mpei-
CTaByTh B BHJE it ¢ pefter TaMH
TakuM OGPasoM:

Py =(x—5) (+x-+1) (+ 2c+5).
Ecan notpebyetcs HaliTi KopHn ypassenus Pp (x) = 0, To npupassuBas HyJio
KaxAbifl M3 CoMuoKuTemel, Ierko onpenennM 5TH KOpHU:

a) x—=5=0; x =5

—14VYT=4
0) Bopxb1=0; 1y 5= —#;/—‘-——-

—1 420

B) X2 4-2+5=0; %, =—12VT=

3jech coshartenbHo NPHBEAER OueHb Mpoctoli mpuMep, rae MHorouaen Pp (x)
HMeeT TOuNHi KOpeHb, KOrophill Jerko YCTAHOBHTb, W Te 3apakee H3BECTCH KBAApAT-
nulil TpEXusen, asaaomuiics gerutenes Pp (x).

M3 BHILEU3TOMEHHOTO CJeyeT, YTo V1S HaXOomAenusa Kopheii aare-
Gpanueckoro ypasHeHHs Ppn(x) = 0 HYXHO yMeTb pasiararb MHOTOUJEH
P,(x) na MuOXHTeAH (MMHElHBe WaH Kpazparnunne). Ilpn stom cymect-
BEHHYIO pOJlb HIpaeT onp p ] JieHCTBH-
TeAbHLIX KOpHEH ypaBHeHus (W1 NOJYYeHHs JHHENHBX MHOKHTeqell),
a TaKKe CNCCo6 MOCTPOEHHS! KBaXPATHUHOTO MHOMKHTENS.

Jlas naxoxaenns npuHGAHKEHHOTO 3HAUEHHs AEHCTBHTELHBIX KOpHeit
anrefpanyeckoro ypaBHeHHs MOXKHO TPHMEHATH Jiofbie M3 pamee H3JO-
JKEHHBIX METOJI0B (MeToib! 1IPoG, XOpJ, KacaTesbbiX, WTepaluu, KomGi-
HUPOBAHHEIE METOJbI).

KpajpaTHuubil MHOXKHTE/b MOXKHO BBIIGNHTL PasAHYHEINH criocoGami,
B crenytouiem naparpade Mbi accMOTPHM OfuH B3 HHX — Ccnocol Xuu-
KoKa.
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§ 3.15. Bi
Tlycrb 3a1an0 anreGpauyeckoe ypaBHEHHe

f,.(x)=x"+a1x"“‘+a,x"—’+...+a,,_,x+an=0.‘ (1)
Paszennm MHorousNeH f,(x) Ha Tpexusen

ap {1 no merogy Xmukoxa

gl =x+ps+gq . @
C HeomnpeJeneHHbIMH KOSWUHH&HT&MH; TOTZa TOJNYYHM TOXJAECTBO
() = (& + px + g) Lix) + xP(p, 9 + Qp,9), ()

rie L(x) — uactnoe ot nenenns fr(x) Ha g(x), a P (p, g) n Q(p, g)—mHoro-
ullelbl OT p H g
JHas Toro q‘m6m TPEXUWIEH gy(x) Obln HeaHTeNEM fr(X), HEOBXOAUMO H
JZocratouno, aro6st P(p, q) = 0 u Q(p, ) = O.
Ecan pemwuth creremy
Pp,g=0, Qp,a=0, &)
TO TeM cambiM H GYAyT HafijeHsl KO(HUHEHTbl KBalpPaTHOIO TpexuJe-
Ha (2).
10T MeTO[ BHJEJEHUS KBAAPATHOTO TPeXu/leHa W HAsHBAeTCA e-
modosm Xuuxoxa. OH TIO CYIIECTBY ABAAETCA PasHOBHIHOCTHIO MeTona Haio-
TOHA VISt PELIeHHs CHCTEM ypaBHeﬂuﬁ OJIHAKO 3/IECh HE HCMOJB3YETCs B
Hbifi Bug MHOroweHOB P (p, q) 1 Q (p, ). Vix 3Hauenus H SHaueHHA Npous-
BOJHBIX, HYXHble B MeTofe HBIOTOHA, HaXONATCA MyTeM JABYKPATHOIO Ae-
nenus f,(x) Ha NpUGIHKEHHOE BEIpakKeHHeE gy(X).
Pasgenum MHOrowlen L(x), BXOXAWmMHA B COOTHOWNEHHe (3), Ha Tpex-
u/ieH (2) ¥ 3amHIleM TOXKAECTBO
L(x) = (¢ + px + QL) + *R(p, 9) + S(p, 9. ©)
Toacrapass L(x) B papenctso (3), nonyunm

ful) = (@ + px + @*Li(x) + & + px + QlxR(p, §) + S(p, Pl +
-+ xP(p, 9) + Qp, 9. G
Jlngihepennupy s noc/iejinee PaBEHCTBO 10 P H g, HMeeM
(Fn (¥)a = 2% (€ + px + q) By () + (By ()5 (° + px + )+
2 R(p, Q+x8(p, 9+ %P, (0, ) +Qs (P 9 )
(Fa (03 =2 (- px +q) Ly () + £y (0)g ( -+ pr 4+ +
+ xR (0, ) +S (P, @)+ xP; (p, 4) +Qi (0, 9)-
Iycrs a; (rae ¢ =1, 2) — kopHH KBaipaTHoro Tpexunena (2), To-
A2 NpH NOACTAHOBKE ¢, B BLIPaKeHHue (2) noayynm
gl =ai + pay+q=0
(kopesb ¢; obpallaeT KBalpaTHLIl TpexuleH B Hy/b), ClIeI0BaTeNbHO,
af =—po;—q (=12, ®
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C zpyrofl CTOPOHE!, MOACTABAAA ¢y B PaBeHCTBa (7), HMeeM
{a%R(p, 9+ S(p, 9+ Py (p, g +Q (0. 9) =0, ©
R (P g)+ S (p,g)+: Py (0. 9)+ Q5 (p, 9) =0.

Hcnonbsys coorHomenue (8), sanuiueM pasenctsa (9) B Biie

{az P2 (p, @) +S () =PR (P N1 +1Q (. O—aR (. 1 =0,

o [P (p: @)+ R (py 91+1Q7 (P, @)+ S (p, P =0.

Ecau Tpexunen (2) mMeeT pasnuuHBe KOPHH (Gq = Cy), TO H3 COOTHO-
wenuii (10) BhTEKaeT paBEHCTBO HY/IO KaKIo# W3 KBajpaTHHX CKOGOK,
T. e

P5(p,q)=PR (P, 9)—S (p. a)r

Qs (P, @) =qR (. q), 1y
Pq(p,9)=—R(p. ),

Q (2, 9)=—8 (. q)-

TakuM 06pasoM, ABYKpaTHOe Jielenne MHOTOuneHa f,(X) Ha TpeXu/en
(%) = x* -+ px - g RaeT BO3MOMKHOCTb TONYUHTD YaCTHbIE NPOH3BOXHbIE
ot P(p, g) u Q(p, q) mo p u g u 3atem peluats cHcreMy (4) no metoxy Hoo-
TOHA.

Eciti yixe H3BECTHO k -€ NPUGIIKEHHE Py H Gy, TO yTOUHEHUE Ko3Pu-
LHEHTOB AG/IHTENS gy(X) NPOUBOLKTCA TO PopPMYIam

Py =Ppthn TR hy= % s
(12
Qupr=qn+tp  TRE ’h=AAL:,
a Ay, Apy u Agy, B CBOIO OUePe/lb, OTPEALMSIOTCH TaK:
- Polpr 4i) Polow 1) \
Qo (Pr 1) Q4 (o 9):
PP @) P (pro 1)
Apo=| 1t . (13)
G eum Qo
Ao, = P(pr @) Po (01> G)
n = ’ M
QPr ) Qo (pws 1)

3Hauenus MPoM3BOAHEIX Haxoustes no dopmyaam (11):

Py (Pa @) = Pr Ry — S Plg(l’kv‘?f-)= — Ry
Qb (Prs Gx) =Gn Ris Qi (Pr G) = —Si-

Bemtunnnl P(py, 4i) 1 Q(pi, 9x) onpenensiiorest no gopmyaam (3), a Ry
H Sy, — 1o gopmysam (5) NMpH MOACTAHOBKE B HHX P = Pp H § = G.

Pacuertl y106HO oQOPMIATh B BUE ABYX BHIYHCAHTENBHBIX CXeM, Of-
Ha N3 KOTOPBIX CIYMKHT JVIA IBYKPATHOFO Jenenus na gf (v), a apyras —
JUIS) BBIYHCAEHHS NONPABOK N 4 [,
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Tipumep.” Pemuth ypaBHerue
X 4 4,808 16r - [ =0

c 'quochxo 20 0,001 npu nmomoumH YHOTO

Pe ue. Onxelum Kakne-uuﬁyns 1Ba KODHS YPaBHEHWs, omnpeliesias
SHaKH (byHKuuu[(x) = &%~ 4x% - 4,8¢% -} 1,6 x - | mpu " HEKOTODHIX SHAYECHHAX
aprymenTa x:

xlOlll—l’—?l—-3|—4
semjy | - |+ | - | - | - | +

Onunn_xopens nexut 8 untepeante (0, 1), apyro#t — B unrepsane ( — 4, — 3),
Tpuvewm x; = 0,5; x,=~—3,5, Torna sa HauanpHOE NPHOJHKEHHE KBAJPATHIHOTO
Aesntens MHOroulena f (x) MOXHO B3ATb
g0 () =2 4+ (—05435 x—2585.05= £+ 3x — 1,75,
rae po =3, g = —1,75.
Pacueth oopmum B BiHAe cxem (cM. Taba. 3.15, 3.16),

Ta6anua 3.15

k H 1 4,8 16 1
0 - —3 —10,65 —
1,75 R 6,2125
1 13 3,55 7,1=Py |5,2[25=Q,
—q=1,75 - 1,75
1 —2=R, | 5,30=5,
1 —3,0 3,9 —0,89 | —17,784 —
0,15 — 0,15 , 0,684
1 0,1 4,56 |—1,769=P, |—0,316=0Q,|
—3,9 —3,9 —
0,15 — 0,15
1| =8,8=R, | 471=8,
2 —3,79 —3,79 | —0,7959 | —16,0472 —
0,23 - 0,0483 | 0,9738
1 0,21 0,0011=P, |—0,0262=Q,
—3,79 3,79
0,23 —
1| —3,58=R,|
3 —3,7889 —3,7889 | ~—0,79984 | —16,05077 —
0,2361 — 0,2361 0,04984 | 1,00018
1 0,2111 4,23626 | —0,00003 |  0,00018
—3,7889 —3,7889 =
0,2361 - 0,2361
1 —3,5778 4,47236
4 —3,78885 —3,78885 | —0,800016 | —16,04977 —
0,23607) 1 = 0,23607 | 0,049846 |  1,000005
0,21115 | 4,236054 | 0,000076 |  0,000005
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Ta6nuna 3.16

2 Ry Pr Py (P 98) Py (Pae T8) Bop e
A
n Sk R @ (7. %) @ (P 98) Agy B
3 —2 7.1 —11,3 2 52,89 48,055 0,9
—1,75 5,3 5,2125 3,5 —5,3 ’ 83,751 1,6
9 —3,8 | —1,769 —19,53 3,8 80,82 —9,533 —0,11
—0,15 4,71 | —0,316 0,57 —4,71 v —7,180 —0,008
3,79 —3,58 0,0011 —18,0323 3,58 77.55 —0,0889 —0,0011
—0,23 4,4641 | —0,0262 0,8234 —4,4641 4 —0,4715 —0,0061
N
3,7889 —3,5778 | —0,0093 —18,0283 3,5778 77,607 —0,00352\ —0,00005
—0,2361 4,47236|  0,00018 0,8447 —4,47236 v 0,00246 0,00003
3,78885
—0,23607




CnenoBaTesbRO,
f(x) =~ («* -+ 3,78885x — 0,23607)(x* -+ 0,21115x - 4,23605) = 0.

Jlna HaXoXJeHHs HCKOMBIX KOpHEA OCTaeTGs peWnTh ABa KBaJApaTHHX ypas-
HeHHA:

1) 5+ 3,78885x — 0,23607 = 0, otkyza i
x1,3=—1,894425 -+|/ 3, 588846 1-0,23607 = — 1, 894425 + 1,9557739,
Toe. x = — 3,8502; x, ~ 0,0613;
2) «2 - 0,21115x + 4,23605 = 0, orxyaa

X3,4=—0, 105575 & '[/0 01115 — 4,23605 = —0, 105575 & 2,0555¢,
T e. X33~ — 0,1056 1 2,0555..
“Taknn oﬁpaaon
x =~ — 3,850; t, = 0,0613; x3,3 = —0,1056 = 2,0555(,
YnpaxHneuus

1. OTfe/nTh KOPHH aHaJNHTHYECKH M YTOUHHTH HX 1o 0,001 metonom npoGi
2 P —x41=0;6) ¥+ 2x—4=0; B) ¥+ 5x—3=0;
)22 —2¥=0; ) 2 — 2 — 1= 0;¢) 2 —dx = 0.

Omeemor: a)—l 325 6) 1,180; 8)—1,876; 0,578; 1) 0,781; 2,401; g) 0,0; 0,399;
6,352; e) 0,310; 4,0.
2. Otzennth KOPHE rpadudecku 1 yTouruTs ux 10 0,001 MeToxoM Xopa:
) 9-fx—3=0; 6) xi+8x—6=0; B) x°-10x—9=0; r) x*—cos nr=0;
. 1
n) —sinnx=0; e) Ig x—x—,=0A
Omsemer: a) 1,213; 6) 0,706; 8) 0,841; r) — 0,438; 0,438; n) 0,0;°0,787; e) 1,897,
3. Meronom KacaTelsHbix ¢ TouHoCThio 10 0,001 mafiTn KOpHH ypasHeHRils
8) ¥ —6x24-9x—3=0; 6) ¥—12x—8=0; ) X*-+4x2—6=0;
r)2lgx-——g—»]-l=l); 1) x2—20sinx=0; e) x—cosx=0.
Omeemer:_a) — 4,071; 0,468; 0,993; 6) —0,695; —3 067; 3,757; B) — 3,523
-—1,567; 1,086; r) 0398 4682 n) 0,0; 2,753; e) 0,T:
4. KomGHHHPOBAHHEIM METOAOM XOPA H Kacarenwux ¢ TouHOCTBIO Lo 0,001
HaliTH KOPHB ypapHenwii:

a) x0-4-6x—5=0; ©) x3—2x+7=0' B) =20t fx - 1=0;

r) 1,82 —sin 10x=0; gz) Igx— =0; e) 2t.Inx—1=0

+6

)1 lerzwemu: 2) 0,760; 6) — 2,258; B) — 0,465; r) — 0,567; — 0,335; 0,0; 1) 3,473;
©) 1,422,

. oabaysick Metonom [ItypMa, OTIRARTL KOPHH YPaBHeHUH W YTOUHKTH HX 4O
0,001 meTozom repammnu;
A B+ 4x—3=0 6 ¥ —22x—1=0;
B) B—5r4+2=0; ) B+x—3=0.

Omsemu: ? —0,532; 0,653; 2,879; 6) — 0,475; 1,395; ) — 1,582; 0,402;
1,372; 1) — 1,403; 1,164,
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6. Metosom nrepannn walith Xophn ypasuennit ¢ Tounoctsio 20 0,001:
— 1
a) lnx+(x-}-1)2=0; 6) '|/X+1=—x-; B) x—cos x=0;
) Bi—cosx—1=0; 1) x+1gx=0,5.
Omgemet, a) 0,187; 6) 0,755; s) 0,739; 1) 0,607; m) 0,672.
7. Pewnth ¢ nomoumsio MeToaa HploTona CHCTEMB! ABYX YPaBHEHHRA, pesyabTaThl
NOAYYHTH C NATHIO BepHEMH Hndpams. Havadbnoe npubaukerne HaliTH rpaduyecka:

sn(cbg)—=Lls=—02, {sln (x4y)—1,6x=—0,1,

Altyt= 2 yi=1
x>0, y>0 x>0, y>0;

o |tg(xy+0,4)=x*, . r){exy_—_x’—y—-]-!,S,
10,502 4292 = lx+0,52 - 42=1,0,
x>0, y>0

Omeemei: a) 0,99386; g = 0,11065; 6) x = 0,67975; y = 0,73344; 8) x = 1,1077;
g = 0,43962; 1) % = 0,38951; y = 0 45
8 Pewuts cucTeMbi yp Meronom
C HATHIO BEPHBIMH 3HAKAMH:
o {21~'——xy—5x+|=0, o {xﬂy!—3x~'—6yﬂ+s=o,
x+31g x—y?=0; A=y 42=0;
» {sin x~y=1,32,
cos y—x=—0,85.

Pe B NOJYYHTH

Orm;emo: a) & = 1,4580; y; = —1,3968; x, = 3,4874; g, = 2,2616; 6) x,=
= —20000; ¢ = 5,0000; x, = 1,8508 g, = 0,5921 5 x= 1,7913;
y= —0,34422.

9. chonmyn MeTod X HYKOKa 0 Haflta

G ATHIO BEPHBIMH UM(pPAMA KODHH ypaBHeHuft:

a) =32 ~3=0;6 F—x—1

; B) *—6x° 4 11x® + 2x — 28==0.

Omgeme: ) 3,2790; — 0,13951 + 0, 94628 i56) 1,3247; — 0,66236  0,562481;
6 — 1,2361; 3,2361; 2,0000 & 1,7321 i

Fnasa IV
MHTEPMONMPOBAHUE W SKCTPANONIMPOBAHHE

§ 4.1, Cnocobbl 3agaHus PyHKuMH

B npakTHYecKoil AeTeNbHOCTH TMOCTOSHHO MPHXOAHTCS CTANKHBATBCS
c HEOGXOBHMOCTX:IO BBISIBJIEHH 51 q,‘OpM CBA3H B Ipoueccax H SBJEHHAX
H HeOﬁXOﬂHMOCTblO HX MaTe€MaTHYeCKOTO ONHCAHHs.

OcraHoBuMes Ha TakHX opMaX CBAA3H, A/ KOTOPHIX HEKOTOpas Be-
JHYHHa Yy xapakrepusylomaﬂ TpoLece, 3aBHCUT OT COBOKYTIHOCTH HECBf-
BaHHBIX MEXKAY COGOf BEJIMUHH X, Xy, ..., X, TAKUM 06Pa30M, YTO KAKIOMY
HaGOPY (X1; Xg 114y Xn) COOTBETCTBYET €MHCTBEHHOE SHAYEH HE BEIHUHHL .
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Taxoe 01HO3HAUHOE COOTBETCTBHE seﬂuqm{u y CDBDK)HHOCTH HE3aBUCH-

MBIX Xpy Xgy ooy Xn R6HOLL 3ABUCUMOCITBIO,
a cava P y— 7 X,
X3, +e, Xn, UTO POPMAnbHO 3amMHCHIBAETCH B BHze

¥ = flen, %50 voy )

Tak, sbipaxenne y = x{ + 3V x, + x,x3 spasercs GyHxuuei Tpex
NepeMeHHbIX.

Ecam BeqnunHa y ectb (QYHKUHS OJHON HE3aBHCHMOIl MEpeMeHHON x,
TO 3Ty CBfI3b MOYKHO IEACTABHTH COOTHOLIEHHEM CleXyIoulero BHa:

= f(x).

Hanpuwmep, niomaip kpyra S spasercs GpyHKuueii He3aBUCHMOIl nepe-
MeHHOM — paanyca Kpyra R, T. e. S = f(R); KOHKPETHBIit BH] 3TOfi (yHK-
uin § = R OGneM Gurypsl aBAfeTCs yKe GyHKiHed Tpex uaMepeuuii:
V = f(xy, X3, Xg), ¥ B 3aBUCHMOCTH OT BHa QHTYPHI 5Ta PyHKIHOHAIbHAS
CB#3b COOTBETCTBEHHO KOHKPETH3HPYETCs,

M3 kypca mareMmaTHueckoro aHajin3a W3BECTHbl TPH crocoba sananus
(YHKUHOHAMBLHBIX 3aBHCHMOCTE: 1) aBaiuTHueckuil; 2) rpauueckmii
3) TaGnuuHbL.

HanGoxee yro6ubiM crocoGoM sazani (YHKUHONANBLHON 3aBHCIIMOCTH

= f(x) aABAseTcs anaiumudeckud, TaK KaK OH MPSIMO yKa3elBaeT JeiicT-
BHS 1t HX TIOC/E0BATE/bHOCTL BLITIONHENHS! Hall He3aBHCHMOI nepemMeHiof
X JUIAt TOJIyHeHUs! COOTBETCTBYIOIIErO 3HAYCHUA BEUUIIILI Y.

Taxk, HanpuMep, B pesy/ibTaTe MaTeMaTHYeCKoit 06paGoTKi MOYKHO Mo-
JYYHTb CJIEAYIOULYIO aHANHTHYECKYIO 3aBHCHMOCTD JCHEKHBIX KPeIHTOB
B CeJILCKOM XO3AHCTBE NMOJl TOBAPHO-MATePHANbHbBIE LEHHOCTH H Ce30HHbIE
sarpatbl OT 34TpaT Ha KPynHbIi pOraThiii CKOT:

y = 51,0203 + 0,1059 x,

rle y — KPeAWTbl MO TOBAPHO-MATEPHANLNbie UEHHOCTH; X — 3aTpaThl
Ha Kpynublii poraTbiil cKoT.

JIpyrofi mpHMep aHaJIHTHUECKO[ 3aBHCHMOCTH: CBA3b MYTH CO BpeMe-
HEM B PABHOYCKOPEHHOM ABHKCHHU BHIPAXKAETCH Kak

2
S=u «}—i

[TonOMKHTENBHBIM KauCCTBOM aHAJHTHYECKOTO CMoco0a 3ajaHus sis
JIAICTCA BO3MOXKHOCTH M0y UaTh 3HAYCHUSA ¥ Aas JOGOTO (PHKCHPOBAHHOrO
aprymMenta x ¢ Jio6oit TOUHOCTBIO.

K menocratkam 37010 cnocoGa CAAYeT OTHECTH TO, 4TO MPHXOAHTCA
NPOM3BOAHTD BCIO NOC/CAOBATENLHOCTD BBIUNCACHHH; KpoMe TOro, ama-
JIUTHYECKH I MeTO/ He 06/1ajaeT HarsSAHOCTbIO.

VYKasaible HEOCTaTKH aHaAHTHYECKOTO C10coGa YCTPaHSIoTCs B Cly-
uae epagpuueckozo sadanus Gynkunn y = f(x).

Tpachuros nannoii Gyukunn y = f(x) HA3bIBAETCA TEOMETPHUECKOS
MECIO TOUCK N10cKoCTH X0y, KOOPAHHATbI KOIOPbLIX YAOBAETBOPAIOT ypas:
HEHWIO Y = f(x).
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Tabauarol cnocob 3aianust pyHKuuii pacnpocTpaHeH B TeXHHKe, (H-
31Ke, SKOHOMIIKE, €CTECTBO3HAHMH (W yalle BCEro BOSHHKAeT B De3ylib-
TaTe SKCTIEpPHMENTa).

TlycTb, HampHMeDP, B pesyJ/ibTaTe ONMHITA NOJyYeHa 3aBHCHMOCTb OMH-
4eCKOTO COTIPOTHBJIEHHS R MEJHOTO CTepsHsi OT Temmeparypsl {° B BHIE
cenylomieii  TaGanmb:

R 77,80 79,75 80,80 82,35 83,90 85,10

© 25,0 30,1 36,0 10,0 45,1 50,0

B aTom SKCTEepPHMEHTe 3HaYeHHe OMHYECKOTO CONPOTHBJICHHA MEeIHOro
CTEpIKHA MEHAETCHA NpH KOJIeOaHHAX TEMNepaTyphl H ABJIAETCA 3aBHCUMOf
nepeMeHHo.

TpenmymiecTBOM TabINYHOTO criocoba 3afanus (QYHKIHH SBIAETCA TO,
YTO JI/1f KaXKJIOT0 3HAYEHHS HE3aBHCHMOH NMepeMeHHO, NoMellleR ol B Ta6-
JIHILY, MOXHO Cpasy e, Ge3 BCSIKHX M3MEpeHHil H BhlYHCIeHuH, HalTH co-
OTBETCTBYIOIIee 3HAUEHHE (PYHKIIH.

Henocratok Tabauunoro cnocoGa COCTOHT B TOM, YTO Helb3si 3ajaTb
BCIO q}yHK[UHO CTJIOWb, T. €. BCEraa Haﬁny‘rcx TaKHE€ 3HAYEHHS HE3aBHCH-
MOJi MepeMenHoil, KOTOPLIX HeT B Tabauue,

§ 4.2. Maremaruueckue vaénmu.l

Cpennt pyHKUH, NMOCTOAHHO BCTPEUAIOWHXCA B MareMaTHKe, MHOTO
TaKHX, BbIYHCJICHHE KOTOPBHIX, HECMOTPS HAa MX MPOCTOTY, AOBOJLHO Tpo-
MO31KO, B stux Cly4afX BBIYHCAHTEIBHYIO paﬁo‘ry 06J€eryaroT MareMaTH-
gecKHe TaGJIHIEL.

HanGostee pacnpocTpanebl TaGauIBl (QYHKOHA OQHOM NepemeHHOM.
K Hum oTHocsTc TaGHiE! OGPaTHEIX uHCE/l, KBalPaToB H KyGOB unces,
KBa/IPaTHHIX M KyOHYeCKMX KODHefi, TaG/uibl JorapHmoB, Tabauimsr TpH-
TOHOMETpHYeCKHX (DYHKuMH, TabuIbl NOKa3aTe bHOH M APYTHX SJemeH-
TapubiX GynKuuit. CocTaas0T Tabauib GyRKUMI ABYX H Goabilero uncaa
nepeMerHEIX. [IpHMepoM Tabunie: GyRKUNN ABYX NEPeMEHHBIX MOXKeT CJly-
KHTH Ta0/uNa NPOU3BENEHHIT IBYX YHCeN.

Ta6nuua npejcrapaser co6oit Ha6op 3Hauennit PyHKUMN A1 NOCTER0-
BATE/IHOCTH 3HAYCHHUII apPTYMEHTOB Xq, X1, Xg, -.., Xn. OHa JOMKHA coxep-
KaTh TaKOH Ha0Op 3HaueHHH apryMenTa, yroGhl /s JMIOGHIX 3HaYeHHIT ap-
TYMEHTa, OTJHYHBIX OT Xg, X1, X, «.., Xp, MOJKHO OBUIO NOJIYYHTD 3HAUEHHE
(yHRUMH ¢ HEOGXOAUMOIi CTENEHbIO TOUHOCTH.

OCHOBHBIMH XapaKTepHCTIIKamu TaGaun sBasores: 1) naspaune GyHk-
i, 3HaYeHne KOTOPHIX OHH BhIpaXkaioT; 2) oGbem; 3) mar; 4) KOJHYECTBO
sHaKos Taﬁynnpyemoﬁ yHKuHH; 5) onmqecmo BXOJ0B.

KOTOpOii coGpakbl B TaG-
nHue ABIACTCA AHATHTHAECKOE Bblpa)KeHHe 9TOl (yHKWHH, Hanpumep
8in x.lg x,e¥ HT. I
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06%em mabauyb. BHPAKACTCS HAYATLHEIM H KOHEUHBIM 3HAUEHHEM ap-
rymenta. Tax, nanpuvep, o0bes TaGaius y = sin X OXBaTBIBACT 3HAUCHUS
aprymenta ot 0°0" 1o 89°54'.

Tloutn s Beex TaOyaupyemeiX QYHKIHIT 3Hauells apryMenta B TaG-
nuie 06pasyiloT apu@METHUECKYI0 NPOTPeccHio, PasHoCTh KOTOpoil A Ha-
3niBaeTcs waeom madauys.. Takum oGpasoM,

h = x,_; — x; = const (i 1,2, ..,n),
win
' X=X+ R, Xy =X+ 28, ...

B KauecTBe HIIOCTPAUMH PACCMOTPHM (JparMent Talaumbl mepesoia

PajHaHOB B rPajyChl i TPajycoB B pauannl (taba. 4.1).

Ta6auma 4.1

Pagna-| Fpany-| Poana-| Fpagy-| 1pa- | Pagu- | Cpa- | Pagu- | Mu- | Panu- | M- | Pagya-|
W | ow P oo |ayes | ene |ayew | aus [myme| ems |ayme| o omw
) (@ @ @ | ® (6) M ) ©) a0 Jan| az

0,20{11,459} 0,70 |40,107f 20 10,34907| 70 [1,22173| 20 |0,00582] 50 (0,01454]
12,032) 71 140,680) 21 36652| 71 23918 21 00611 51 01484]
22 112,605 2 141,253| 22 38397) 72 25662 22 00640| 52 01513,
23/13,178| 73 |41,826/ 23 | 40143] 73 | 27409 23 | 00669 53 | 01542
24113,751) 74 [42,399| 24 41888) 74 29151 24 00698 54 01571

382

nepBbIX ABYX KOJOHKAaX NpHBEJeHHOii TaGamuubl B KauecTse Hesa-
BHCHMOIi TepeMEHHOM BHICTYIIaeT DajHaiHas Mepa, a CPaychl paccMar-
pHBalOTCA Kak ee Gpynkuus. To ke CnpaBeaHBO W A5t TPeTheil H ueTBep-
Toif KOoNOHOK. B KauecTse mara Tabamubt 3iech BuGupaercs h = 0,01
pajmnaHa.

Hauunas ¢ naroii KosoHKH, paccmaTpuBaercsi QyHKums, obpartuas
JlauHoji, I B KayecTBe He3aBHCHMON NePeMEeHHO BLGHPAIOTCs TPajychl
(MM MUHYTHI), a COOTBETCTBEHHO palualinasi Mepa ABAsieTcs (yHKUHed
rpapycos (uan munyt). Lar 570l wacTi TaGamMuLl paBen ONHOMY rpaaycy
(B naATOf M CeAbMOIl KOMIOHKAX) H OJHOM MuHYTe (B AeBsiroifl # OANHHAALA~
10it KOJIOHKaX).

B cnipaBoyHbIX TaGaHIAX MCNOAL3YETCSs TAKiKe W COKHBIE ABYXYpOB-
neeptii mar. [To BepTHKaNH OTKAAALIBAIOTCA 3HAYCHNS apTyMeHTa, OTaIHYaI0-
ugiecs Ha Tak HasbiBaeMblll «rpyObiiy mar X; = x;_; + h* (i=1, 2,..., n),
M COOTBETCTBYIOIME MM 3HaueHus QyHKuwH y, = f(x;) = f(x;., + 4%),
a N0 rOPH3OHTANBHON JIHHHH PAcNoJaralorcs sHauenus (YHKIHH B TOU-
Kax, OTCTOALLHX APYT OT APYra Ha Wiar, paBiblil B GObIIHHCTBE C/ydaeB
necsitoft jlonu «rpyboro» mara: £ = 0,1 A*. Tak, B 1a61. 4.2 Ha cTp.
165 npusenen (parment TabuHub KyGnuecknx xopueii. Vs npusenern-
HOTO (parmenta TaGaHNL HETPYIHO OUDENCAHTh «rpyGbify war no
geplukany, pasuotit A* = 1, u Gonee TOYHBII war MO TOPH3OHTAJH,
paphpiil A = 0,1,

OGbIYHO 1war Tabuiibl BbipaKaeTcsi OHON enHuLeli KaKoro-11Go pas-
psiaa (pexe ABYMR MaH MATHIO EHHHIAMM ONpee/enHoro paspsaa). Tak,
B Tab/uuax Ksaiparos, kyoB, KBa/paTHBIX, KyOHUECKHX Kophefi, B Tab-
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g91

TaGanua 42

[ 1 2 3 4 5 6 7 8 9
60 8,43433 43901 44369 44836 45303 45769 46235 46700 47165 47629
61 8,48093 48556 49018 49481 49942 50403 50954 51324 51784 52243
62 8,52702 53160 53618 54075 54532 54988 55444 55899 56354 56808
63 8,57262 57715 58168 58620 59072 . 59524 59975 60425 60875 61325
64 8,61774 2222 62671 63118 63566 64012 64459 64904 5350 65795
TaGaana 4.3
0’ 6’ 127 187 247 ) 307 | 36" | 42° l 48’ | 5’ 1 2 3 4’ 5
65° | 0,9063 | 9070 | 9078 | 9085 | 9092 | 9100 | 9107 | 9114 | 9121 | 9128 | 0,9135 | 24° 1 2 4 5 6
66° | 0,9135 | 9143 | 9150 | 9157 | 9164 | 9171 | 9178 | 9184 | 9191 | 9198 | 0,9205 | 23° 1 2 3 5 6
67° 10,9205 | 9212 | 9219 | 9225 | 9232 | 9239 | 9245 | 9252 | 9259 | 9265 | 0,9272 | 22° 1 2 3 4 6
68° | 0,9272 | 9278 | 9285 [ 9291 | 9298 | 9304 | 9311 | 9317 | 9323 0,9336 | 21° 1 2 3 4 5
69° | 0,9336 | 9342 | 9348 | 9354 | 9361 | 9367 | 9373 | 9379 | 9385 | 9391 [ 0,9397 | 20° 1 2 3 4 5




Auuax JorapudMoB «rpyOblity war A* = 1, B TabaHUaX HaTypalbHbIX
aorapudMmoB, Tabauuax OGpaTHEIX uuced «rpyGhii» war A* pasen 0,1
(cM. Taba. 4.2)

Ecan mMbr oBpatumMes K Tabanie cuuycos (cM. Ta6n. 4.3 Ha c1p. 165),
To B Hell B KauecTBe «rpyGoro» iara BhIGHPaeTcsi OMH IPanyc, Gosee
TOYHBIH IIar paBeH [IECTH MHHyTaM.

Crefyiomedi XapakTepucTuKof Tab/IHIl ABJISETCS KOAUYECTMEO SHAKOB
TaGynHpyemoll PyHKIHH, TAK KaK sHAueHHs QyHRumH y = f (x) a1a 1a-
GyJIHPOBAHHBIX 3HAYEHHH AaPryMEHTa B MaTeMATHYECKHX TaGlHLax H pe-
3y/IbTaThi W3MEPEHH B TeXHHUECKHX TaGIHUAX ABJSIOTCS MPUOTHAKEHHDN
MH BETHUHHAMH.

Tlpu pyunoil oTaanke nporpamm Aas IBM pacuetsl BeayT ¢ momolnsio
Tabnui, 0612a0UKX NOBbILIEHHOH TounOCThI0. K num oTHOCsHTCA T abnuns
ceMH3HauHBIX norapu¢mor» Bera, «TaGauusr Bapsioy», conepixalye kpaj-
patsl, Ky6bl, KpaipaTHbie U KyGHUeCKHe KOPHH, a TaKxe ofpaTnble Bean-
YHHBIL.

I ApaRTUYECKHX DYYHLIX DACYeTOB HauGoJee YIOTpeGUTeAbHbIMH
apaswores  «[laTusHaunble Marematuyeckne TaGanupy B. M. Cerana
i K. A. Cemennsena, «Cnpasounuk no maremarnkes M. H. Bpounmwreiina
u K. A. Cemennsiesa it T. 1.

B raGianibl BHOCATCS TOLKO BEpHBIE 3HAKH YHCJIOBOTO 3HaUCHHA PYHK-
IHH; 5TO O3HAYAET, YTO NOPPEIHOCTb He NPEBBILACT MATH SAHHUIL NePBOFO
orGpomenroro paspasa. [Ipu 5TOM 3HaYeHHA QyHKUMH 1A BCEX 3Hauennit
X, DIPUBOIMMEIX B Talnfite, ONPeNeNAIOTCA C OIUHAKOBOH abcomotiofl no-
TPemHeCTbio. TOYHOCTb, ¢ KOTOPOH NpUBEeHb B TaGiHile 3Hauents GyHk-
UMH, HA3BIBAETCA TOUHOCTBIO TaGMnibl. MIHOMIA Ha PasHBIX yyacTkax Tad-
JIHITBL TOYHOCTb OLIBAET PasHOM.

HEKOTOPHIX cyduasX NpH pabote ¢ TaGiuiamu HEOGXOAMMO 3HATH
Da3HOCTH COCEIHHY NPHBEAEHHHIX B Tabauue suaueHudi Qynkuui. StH
gaal-xoc‘m Ha3bIBAIOTCS I mu u 060 A 4epes

y:

Ayo =t — Yoo By = 42— Yo s D1 = Yoy — Ui
Jlns passocteit B Ta/uilax HHOIAA OTBOAAT OTAEJbHBI cTONGEN, 3 Ya-
1€ OHH BHIMCHBAIOTCH B cTOAOUE 3HAUCHUH (YHKIHUI B TPAMEKYTKE Mex-
/1y COOTEETCTBYIOMINMH €€ 3HAYCHHAMH, Pa3HOCTH 3aIHCHIBAIOTCS B e/HHH-
1ax nocseaHero paspsna Ges myJsieii Buepeu sHavawux uudp u Ges sans-
Toit. Hanpumep, B 1a6anue

x sinx
1,000 0,84147

1,001 0,84201

Tabanunas  passocts Ay = 0,84201—0,84147 = 0,00054 nanevarana
MKy COOTBCICTBYIOUIMMH 3HAueHHAM  SinX 3HAYalpIMH WHppami
KakK

Cnenywoumeii BaxHO! XapaKTepHCTHKOH TaGIHL ABAAETCH KOAUYECIEO
oxodos B Hee, OHO PaBHO3HAYHO 4HC/y apryMeHToB (ymKmii, Tak, Tab-
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JMUB AR (Y HKILHOHANBHBIX 3aBIUCHVOCTEH ¢y == f(X) siBJs 10105 Ta6a1 Lamu
¢ omtnv BxoloM. K HHM OTHOCSTCS! npHBeleHHBle BbLi€ 1a6amuiubi 4.1,
4.2 u 4.3.

TaGyanposanue dyIKIAK IBYX TNepeMeHHLIX z = f (X, 4) TPHBORMT
K Taaune ¢ aByms BXoiami. CPeay MopoGHEIX TaBaHLL IKHPOKOE Npak-
THYECKOE TIPHMEHeHHe HAXOAST TaGAHUEl YMHOKEHHS,

Tadauua 4.4

541 1082 1623 2164 2705 3246 3787 4328 4869
542 1084 1626 2168 2710+ 3252 3794 4336 4878
543 1086 1629 2172 2715 3258 3801 4344 4887
544 1088 1632 2176 2720 3260 3808 4352 4896
545 1090 1635 2180 2725 3270 3815 4360 4905 §

B ta6i. 4.4 TpexpaspAaHOoe MHOKHMOE 3aIHChIBACTCA B JeBbLI cToAGel,
OIHOPa3pPANHBIl MHOMKHTE/Nb—B BepXHIOIO cTpoKy Tabmuusl. [llar ofonx
BX0IOB B TaGiuuy paser enuuuue. JIVIf NOJyYeHUs NPOM3BENEHHS TpEX-
3HAYHOTO YHCJIA HA ONHO3HAUHOE 10CTaTOYHO HATH CTPOKY, B IEPBOM CTONIG-
1ie KOTOPOIi 3aM{CaH0 MHOXKHMOE, M BbIGpaTh TOT CTO/IGEN, B KOTOPOM pac-
nosiozeH MHOKHTeNb, Ha mepecewennu HafileHHbIX CTPOKH H CTONIGHA
H HAXOAWTCH HCKOMOE NPOH3BEEHHE.

Mpumep 1. Nycrs TpeSyerca ymuoxuTb 543 wa 8. B 1a6a. 4.4 maxonum cTpoky,

copepkamyio 543, u croaben nog HomepoM 8. Ha uX mepeceueHHH WHTAEM WYHCIO
4334, 970 i HBAALTCA MCKOMBIM NPOH3BEICHHEM.

Ias 5 MHOTO! Hpcest OT Ha ya-
cTH, conepikaiye ne 6ojee Tpex UH(p, 1 K Ka»moﬁ W8 5THX wacTeit npn-
MeHSOT yKasauHslf cnocoS.

Tlpumep 2. [lyers TpeGyerca ymuoxHTh 541 544  ma 37. Paszbupaem uncio
541544 na gse Tpexpaspsinsie uactu 541 n 544. ITocnegoBaTenibHO yMHOKEEM KaX-
AyW ¥acTh Ha 3 JeCHTKa W Ha 7 eJWHHI, NOJYYeHHLIe YAaCTHYHHE NPOH3BENEHHA
CKJAafbiBaeM:

541X 30=16230 544 X 30=16320
541x7 = 3787 544 X7 = 3808

20017 20128

Tepsoe wacruunoe npousselerve CHOCHM Ha TPH PasPfiia BAEBO OTHOCHTENBHO BTO-
POTO W CcRIaLHBAEM:

20017
-+ 2018

20037128
B0 u ectb ueroMbfl pesyabTat.

Tpu pa6ote ¢ TaGMHIAMH ClIefyeT MOMHHTb, YTO B HX PACHONOKEHHH
GuBatorT ocoSennocTH. Tloatomy, oGp K HOBOMY CHp y, He-
OGXORHMO 03HAKOMHTBLCSA C ero ONHCAHHEM.
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§ 4.3. M. 3apaun

B 3KOHOMHKE ¥ TeXHHKE NOCTOSHHO MPHXORHTCA CTANKHBATHCA € He-
OGXOZMMOCTHIO BLIYHC/ICHHA 3HaueHHil QyHKUMH y = f(x) B TouKax x,
OTJIMYHBIX OT SHaueHMil aprymenta, (uxciHpoaHnblX B Tabanume. Kpome
TOro, B HEKOTOPHIX CayyasiX, HECMOTPS Ha TO, 4TO aHATHTHYECKO® BHIpa-
KeHHe PYHKUHMH y = f(X) H3BECTHO, OHO ABJACTCSH CHIIKOM CJIOXKHLIM H
HEYNOOHBIM AN JaibHeAmuX MaTeMaTHyeckuX mpeoGpasoparmfi. [1os06-
Hble 3ajauil MPakTHKH (JOPMAMH3YIOTCA KaK MaTeMaTHueCKHe 3adauu uH-
meproAUposaHUS.

Tlycte Ha otpeske la, b] sanana ¢yukuns y = f(x) ceonmu n -+ 1 3Ha-
UEHHAMU

o = o) th = f(x2), voes 4 = (x2)

B TOUKaX Xg, X1, »-., Xn, KOTOPLIE Ka30BeM y3aamu unmepnosayuu. Tpebyer-
s HaliTH aHaNHTHYeCKOe Bbipaxkenue F(x) TaGy1HPOBaHHON (QyHKIHH

[o]o]
o w [ ] =

coBnajatomieli B yaJqaX MHTEPNIOJNALHH CO 3HaYeHUAMH 3ajaHHON QYHKUIH,
T. e.

Yo = Flxg) = f(xo), yr = Fln1) = f(x), vevey Y = Flon) = flxa),

INpouecc BEYHCICHHA 3HaueHHH (QYHKIHH B TOYKAX X, OTIHYHBIX OT
V3J10B HHTEPMOJIALNY, HA3LBAIOT unmepnosuposanues GyHKIHH f(x).

Ecau apryment x, A4s KOTOPOTO Ompeiessercs MPHOMHKeHHOe 3Ha-
yeHne (YHKIHH, NPHHAMIEKNT 3aaaHHOMY OTpe3ky [Xxo, X,l, To 3anaua
BLIUHC/EHHS TNPUGIHKEHHOTO 3HAYeHHA (YHKIHH HA3LIBACTCA wuMmep-
NOAUPOBAHUEM 8 Y3KOM CMbICAL. Ecan apryMeHT X HaXOAuTCA 3a npejeaamu
CTpe3Ka HHTEpTOoJHPOBaHUs [x.,. X), TO 3aaua onpeneneHus 3HAuCHHA
(5yHKLlHH B TOUKE X

Teomerpuyecku 3a1aua HHTepnO.ﬂMposaHMﬁ st yHKUWHH onHo# me-
pemenxoit y = f(x) o3HayaeT MoCTpOEHKE KPIBO, NPOXOAALLEH Yepes Tou-
Ki TJIOCKOCTH C KOOPAHHATaMU (Xo3 ¥o), (X13 Y1)y <oy (Xn3 yn) (puc. 4.1).
OIIHBKO YK€ H3 PHCYHKa HHTYHTHBHO fICHO, YTO Yepe3 JaHHbIE TOYKH MOX-
HO NPOBECTH GECYHC/EHHOE MHOXKECTBO DA3JHYHBIX KPHBBIX, Takum obpa-
30M, 3aflaua OTHICKaHNA (QyHKIHM f(X) MO KOHEUHOMY YHCIY ee 3HadeHHi
CJHILKOM Heonpejesesia.

Jra 3ajlaua CTaHOBHTCS 011H03H3‘1H0ﬁ, €C/IH B KayeCTBE HHTEPIOJHpY-
iomeit GyukuuH F(x) a0s gyskuun g = f(x), sanansoii n -+ 1 cBoHMH
3HayeHHsIMH, BRIOpaTh MHOrOWIeH F,(X) cTenenn e Bsllue 1, Tako#, 4T0

Falx)) = o, Fn (%) = g1y ees Falin) = ye

Muorousen F, (x), yuom‘le’rsopﬂmmuﬁ STHM  yCJIOBHSM, [a3biBaloT
HOM, @ COOTBETCIBYIOLME GOpPMYab — U~

MePROAAYUCHHbLMLL ()';op/u;/ﬂamu.
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B canyuae, Korna F(x) BHGHpaelcs
B Kiacce cTenenHbiX Qyskuuii, umrep- Y
[ONANLUA HaSbIBACTCS  Napaboaudeckot.
DroT cnoco6 npHONHMKEHHS] OCHOBBI-
BaeTCA  HA TOM, 4TO HA HeGObIIHX
oTpe3kax QYHKUHA f(x) MOmer ObiTh
JOCTATOYHO XOPOWIO ANMPOKCHMHPOBA-
na napaGo/iofi  ONMpeAeNeHHOro  No-
pALKa.

MHOrAa 11e71ec006pasio  HCTOAL30- G T &

BaTh APYTHE BUIH  HHTEPUONALUH.

Eciu uHTepnonupyemas (yHkuus f(x) Puc. 41

— Mep HOZHYECKas, TO B KAYeCTBE KJac-

ca {F(x)} BHOHDAIOT K1acC TPHTCHOMETPHUECKHX (YHKHHME; B HEKOTO-
pHIX caywasx 3a kaace {F(x)} BHOMPAIOT pauKoHanbHble QyHKIHH,

IMpu MHTEpPRONNPOBAHHU BO3HHMKAeT Psiil 3afau: 1) BuiGop HauGomee
yROGHOTO €nocoGa NMOCTPOeHHs HHTEPNOAALHOHHOK PYHKIMH 118 KakKaoro
KOHKPETHOTO cJlyyast; 2) olleHKa MOTPEITHOCTH NPH 3amere f(x) HHTepHoaH-
pyoweiit pynkuneii F(x) na orpeske la, bl, nockoabky dyuxunun F(x)
U f(X) COBNALAIOT TONLKO B Y3/1aX HHTEPHONALHH Xg, X1, oy Xp3 3) ONTH-
MaJIbHBI BLIGOP Y3JI0B MHTEPNOAAUMH AJS IOYSeHHS MHHMMAJbHOM
IOT PEHOCTH.

§ 4.4. Mureprionaumontbl mHorouneH Narpania

HauGonee ofmeii opMy/noii NapaGONHYECKOro HHTEPNONHPOBAHHA
SBNSETCS MHTEpRoAsionHas dopmyia Jlarpamka. 3ajaua napadonute-
CKOTO HHTEPIIOTHPOBAHHS B 5TOM Cilydae (POPMYJTUPYeTCs Cleayiouum oG-
pasoM: Ha otpeske [a, b] B y3nax HHTEPNOARUHH Xo, Xy, 1.y X, 3313CTCH
dynxuust f(x) cBoumu n 4 1 sHaveHHsMU

Yo =[x} yr = f()s woes Y = F0);
TpeGyeTcs NOCTPOUTH MHOTOUeH L(x) TaK, 4T00bl B y3/1aX HHTEpPNOMAILHE
Xg, X1, +eny X €TO SHAYCHHR COBIANANH CO 3HAYCHHAMH 3aJaHHON (yHK-
uuH, T. e
Lxe) = Yor  L{x) = g1y voes Lln) = Y.
Crienyer oTMETHTD, YTO B TaKOH NOCTAHOBKE 3alaud Y3J/bl HHTEPIOMS-
UHH Xg, Xy, +vy X MOTYT MPOUSBOJBHO OTCTOSTH APYr OT APYTa Ha OTPe3-
ke [a, b), WHBIMH C/IOBaMM, Y3Nbi WHTEPTIOJSUNH HEPABHOOMCMOSUIUE,
T.e h = X4, — X F=const (( =0, 1, ..., n — 1); Bennuuna h HasbiBa-
©TCA WacoM UHMEPROASYUL.
3ajaua HMeET pelueHye, ecau CTENeHb MHOTOWIeHa L(x), KOTOPBIM Mbl
3aMeHseM HeM3BECTHYIO PYHKIMIO f(x), He BEIWE 7.
Tpencrasam MHOTOUWIEH L(x) B BHAE

La(%) = ao + ax -+ apx® -+ ...+ apx?,
e a; (i =0, 1, ) — HeH3BECTHLIE TNOCTOSTHHbIE KOI(BMHIHEHTH!, KO-
TOpble HaM Hafo HaiiTH. I3 HauaibHBIX yCJIOBHI H3BECTHO, YTO QyHKUKA
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Lu(x) B y3.v|ax MHTEPNIOASLHN  Xg, X;, ..., X, TPHHHMAET 3HAueHHR
La(xe) = Yo, Lulx)) =ty ooy Lalxn) = y,, Torza B ysie WHTEPMOJS-
IHH Xo ﬂm‘epnonaunouumﬁ Mitorousen Ly(x) uveet pun

La(xg) = ag + ayxy + axt + %6 + o + anil,
B y3Jle HHTEPTIONALNH X; — BHI

La(x) = ag + @y + apxt + agxd + s 4+ a,x]
#u T. A Haxonen, B TOUKE X, HHTePIOJALHOHHBIH MHOTOWIeH L, (x)
€CTh

Lo(xa) = @ + aty + apxd + asxd + .o+ apxi

3anuiem 570 B BHAE CHCTeMB 7 - 1 ypasHenmit ¢ n -+ 1 Heuspecr-
HEIMH G, Qy, Gy, »erey Ol

Ayt ay Xyt Ay X+ Qg k3L b e, X =1,
QgF a3 Xy X ay it g,

ay+ay X, +ay X3+ agx3 4 o+ a, 7 )

Ayt @y Xy 0 X2 ag X3 b 0, X =

rae x; u y; (i =0, 1, .., n)—Talnuunble SHAYEHHS aprymenta H Qymk-
LHH.
HensBectnbie ag, @, ..., a, Haiiiem no gopmyaam Kpamepa:

A Ay An
aa—-T°, G=s e a,=—"

rie A — onpegenurtens cucremn (1), Ecmi A 5% 0, To ciicTeMa niveeT enuH-
cTBeHHOe peluenHe. JIeACTBUTE/IBHO, ONPENeHTeb STOH CHCTEMbl

Tox, ¥ %3 .2
. X

2 i
Tox x2 X3 .. %

Tox, 2 2% x)

OT/MUEH OT HYJA, €T X, Xyp ov., ¥y Pasiuusbl, Haiinsa xosdduumenter
Qg @y, vy Gp, MOKHO NPEICTABHTL HHTEPHIOJALHOHEEA MHOrOWIEH B BHIE

L,,(x)=A—A“+AT‘x+AA‘ ...+—x".

[lepennienm 5ToT MHOTOY/IEH B APYTOfi opme:

() =1y & () + Y1 Q () +1or + Y0 Q0 (2 2
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Qrciona caenyeT, uto  (yHKUMA Q;(x) KoMKHA YIOBJIETBOPATH YCJOBHAM

_ [0 ecnm iz
Q,(x,)—,{ 1, econ i=].

JIerKo MpPOBePHTb, UTO TaKOM MHOrOWIEH HMeET BHA

Q%) = (x—xo) (x—x1) ... (¥—%i_q) (X—Xi11) ... (X—%n)
Fi—2x0) (xi—x1) .0 (Ki—Xi-1) (Ki—Xit1) «o - (Xi—xn)

&

B TOUKAX Xo, X1y e, Xiog,  Xig1s see Xn OyHEuHS Q;(x) oOpamiaercs
e 0, a B Touke x; pasua 1.
OxonyatesibHO Moy unM AJist GopMyaE! (2) BHpaenie

(x—x1) ... (x—2n) (x—2%0) (x—25) ... (x—%Xp)
3
) = ey o) Y s () e )

. %. (x=x) (x—2)

(x~—xn_1) 4
(x0—%0) (tn—r1) . ! “

(¥n—%*n-1)

BDT0T  MHOTOYJER A Jaz
panora, B COKPAIEHHOM BHJE €70 MOKHO 3aMucaTh TaK:

L= 2 gy ) e i) (i) o () ®
i=0

(5= %0) - . (1= 21-1) (1= %242) 20 (K —Xn)

Tlpumep 1. INocTponTs HHTEPUONANHONHBA MHOTOUAeH Jlarpatxa Mis Gy HKIERy
sajlanHoli TabanuHOl

sl 1]2]s | s
v 1 ]s|ula
Peme nue. [MoncTaBnsem HCXONHBlE AanHLE B GopMyay (4); cTemenb m
9eHHOro MHOTrou/seHa Jlarpania He BHIue TpeThell, TaK KaK QYHKIHS 3ajaeTcs
THPLNI SHATEHHAMHS
(x=2) (x—3) (x~—5) | _x=1) (x=3) (x—5)
(1—2) (1=3) (1—-5) @—1@—3 2—5)
(x=1) (x—2) (x—5) 8l (x—1) (x=2) (x—3)
@—1)@3—2)3-5) 6—=1)E—26-3
Npumep 2. @yrxuns f (v) sazana Ta6anunO:
JoJr]2]s

I [—l|—3| 3 | us

Ly()=1-

14

=x3—2x43x— 1.

Tlonbsyseh muTePNIOAALHOBELIM MHOTOUACHOM Jlarpania, HaliTH ¢¢ SHaueHHe B TOT-
ey =4,
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Peume uue. Iloacrasaaa B dopmyay (4) x = 4, umeen
(d—1) (1—2) (4—6) 4(4—2) (4—6)
Lg(4)=—1. —3.
2O==l T Ch = =2 0= T
4(4—1) (4—6) 1(—1) (4—2)
Te—ne—e T Te=n6=2

S =256,

Ecomu B paccMoTpEeHHOM NpuMepe J06aBUT K Tabauie eue OJIHYy TOUKY,
TO BBIYUCJIEHHE SHAUCHHA fpyHKLlHH 0pH X = 4 NpuAeTcA MNPOU3BOAHTH
33HOBO. KPOME TOro, H3 CaMoro rnpuMepa BHIAHO, YTO MPOUECC MOAYYeHUs
HpUGIHIKEHHOTO 3HaueHnsA (YHKIHH N0 HHTEPNOJAUHONHON popmye Jlar-
paHxa cBf3aH ¢ GOJbIIMMH BEIYHCIEHHAMH, DTO NMPUBOAMT K HEOGXONH-
MOCTH YMPOIIEHHA BBIYHCAHTENbHOIT PaGOTbL

ll.z'lﬂ ynuﬁc‘nza BBIYHCJACHHH  COCTAaBUM BCrioMoraresabHyio TBﬁJHI(Iy

x—1xy Xo—1, Xg—x, Xo—Xn &y
0 —xp x—x H—1 Xi—*n &y
p— Xo—xy r—x, a—1, ky
X=Xy Xp — X Xn—Xy X=—Xp ken

T Xgp X3, Xy, «ovy Xp — Y3J1bI HHTEPNOJSINH, @ X — SHAUCHNE aPTyMEHTa,
151 KOTOPOTO ONPeeseTes NPHOIHIKERHOE 3HAYEHNE 10 HHTEP IO HOH-
Hoit  opmyse Jlarpamxka, O603HauumM NPOH3BE/CHHE 3EMEHTOB NEpPBOH
CTPOKH uepes ko
= (X~ xg) (¥g — 1) (Xo = Xa) ov (Xo = Xn). ©)
B oGiiien Bijle IPOH3BENCHHE SIEMEHTOB - CTpOKH €cTh
Ry = (xg— xo) (x;— o
oo (= Xy x) (X==xy) (x—xl«ﬂ) oo (X —xp) (7
Uuena ko, k.. vy k, TOMECTHM B KpaiiHeMm npaboM crosbue TaGmHubl,
JIONONHHTENLHO BBIYHCANM  NPOH3BECHHE S/JEMEHTOB, PACMONIOKEHHBIX
Ha THABHON JnaroHai:
Ty () = (0 = %) (X ==Xy woe (X —Xp). @®

Torna nuTepnoasinonssii MHOrounen Jlarpawia MOXHO nepenucath
B BHAE

Ly () =1l (X) rall ©



TMoabsyscs Gopmyaofl (9), pewnn crosa npuvep 2 (cm. crp. 171). Cocrapmm
Tabauuy

¢ —! -2 —6 —48
1 4—1 1—2 1—6 5
2 -1 4—2 26 TS
6 6—1 6—2 1—6 o0
4 nafizen Iy (4) = — 48, MpuGauxennoe snavenne GyHKUHN B Touke X = 4, T. &,
F) = Ly (&), onpenen 1o Gopuyae
S Yi
L= 3=,
=0 Ri
nan
-t =3 1187
L.‘(4)=—48[ T AT e _25]=255'

Hureprionsiunonsas dopmyaa Jlarpamka 3aMeTHO ynpoliaercs, ecau
y3/1bl HHTEPNOMSUHH pderoomemosuue, T, e. h = Xx;y, — X, = const, rae
h — war wnrepnoasumns. Bpeiem oGosnauenne g = (x — X,)/h. Tlo ¢op-
MyJe (3) umeeM

(x=x0) (x—=X1) oo (X—Xi1) X—%141) ... (X—2Xn)
x) = :
Q) (t—x0) (i=21) «o o (r—=2im1) (e —%01) 2o (i —2n)

TaK Kak
X—xy=qh,
x—xy=gh—h=h(qg—1),"
X —=Xx;=qh—ih=h(q—i),
X—Xp=gh—nh=h(g—n),
T0

_9@=D...[g=C=D1g—(+D]... (9—n)h"
Q= (= 1)k .. h(=h) ... |—(a—D) A1 . (19

3ameTm, YTO 4aCTb NPOH3BENCHHS B 3HaMeHaTede paBha
th(i — 1) h o h = ilK,
a ipyras 4acTb pasHa
(=) el — (=) B} = (= 1=t (nmi) L1 =1,
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YMHOMKUB SHCJANTEJb H 3HAMeHaTelb HpaBoii wacTu pasenctsa (10) ua
(=)= (g — i), moayunm

_alg=n .t q=m (=T G g e
Q@ G—0)d—n1 (=== al ’
(In

rre
t
T (n—n!

HWuteproasunonnsiit miorousien Jlarpania Ans paBiOOTCTOSIMNX Y3~
JIOB HHTEPNOJSIIN TENepb MOXKHO 3aNHCaTh B BHje

—D...3—n) =
Ly ()= Ly (xy gy = L= 120 N

=0

§ 4.5. Ouerkxa P 0 MHOTOuneHa
Narpanxa

Hurtepnonsuionnnii Muorouned Jlarpammxa L,(x) cosnanaer ¢ ¢gymx-
unelt f(x) B yanax unTEpPNONAUHY Xo, Xy, Xy seey Xp-

YroGEr OleruTh CTENeHb NPHOJIHMAKEHHS HHTEPNOARUHOHHOTO MHOTO-
unlena Jlarpaika B TOUKaX, OTAHYHBIX 01- Y3JI0B HHTEPAOAAUNH, HANO Cle-
J1aTh Tenblble (ynxumn f(x), sanan-
noii tabnnuno. Bynem c‘nn aTb, 4TO qyyuxuun J(x) angpepesunpyema
n - 1 pas ua orpeske la, b

Tpencrasim norpemnoc‘rb B BHIe QYHKUHH

Ry %) = f(x) — Ln(x) (4]
W BBEZEM BCHOMOFATENLHYIO (YHKUHIO
9x) = Ry(x) — KL, 4y (), @

rie

T (0 = (X — Xp) (x — %) wos{x — xp)
€CTb MHOTOU/IEH, O6PALAIOLIHIICS B HY/b B TOUKAX Xo, X1, vae X PyHKOHA
@(x) umeer n 1 xopuedt, T. e. Pxg) = @(x;) = weo = Px) = 0, Tax KaK
B yanax uuTepnoasnuun R, (x;) = 0 (i = 0, 1, .., 1) H ONHH H3 COMHONKH-
Teneit pynkunn I1,4, (X) pasen Hymo.

ToxGepem Teneph Kos(duuuent & Takum o6pasoM, a1oGki_(yHKuus
@(x) BMena eme OlME KOpeHb B J1060I (PHKCHPOBAHHON TOYKE X OTpeska
la, b}, Ho oransnofi OT y3noB HHTEPMDASIUN  Xo, X1, sory Ko IIpu sTom
1P (X) % 0, nOCKONBKY TOUKA X OTAMYHA OT y3/I0B WHTepnoAsUHH, Tos
Ka x BLIOpata TakuM 06pasoM, utobn @(x) = 0, T. e.

Ru(%) — kX — xp) (X — Xp) o (& — %,
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TOrAa MOJYUHM

b Bn LG N 16) = Ln ) _ . ®
Lp4a(x) (=) (x—x1) ... (x—xn)

OnpenesuM YuCTEHHO® 3HAaueHHe KoapuiienTa k. LA 5Toro hyHKuMIO
@(x) npoanddpepennnpyem n + 1 pas. Tax xak @(x) obpamaerca B Hyab
nata, bl B n - 2 ToUKax: x, Xo, Xy, ..., X,, TO Ha OCHOBaHUH TEOPeMbI Po-
2 Apc ot ¢(x) o6p csl B HYJDb N0 Kpaiineii mepe n -+ 1 pa3s
na unTepsane (a, b). Ilpumenny cHosa Teopemy Poans K pyHKuuH ¢'(X)s
Bropas npoussoinas ¢’(x) ofpaiiaeTcs B Hy/Ib HE MEHee /1 pa3 Ha HHTep-
sane (a, b). [ponosKas 5TOT mporece, NPUAEM K BHBOLY, YT0 NPOH3BOAHAR
(n 4 1)-ro nopaaka QyHKUHU @(x) MMeeT XOTHA Obl OLHH KOpeHb, T. €
@+ (8) = 0. Kpowe Toro, uz coorxomrennii (1)  (2) Bbirekaer, 4to

@) = [(x) — Ln(x) — AIL,4;(x).

Bolancanm (n -+ 1)-e npousBoanbe A/ KaXKAOTO CJIaraeMoro BCTIOMO-
ratensroit pynxunn @(x); uveem 11SHHY (Y)=(n + 1)!, Tak xkax (1 -+ 1)-1
NpoH3BONHAA OT MHOFOUJIEHa CTeNeHH n = 1, cTapmuii KospHUHEHT Ko-
Toporo pasen 1, ectb (n 4+ 1)} a Lﬁ,""”” {x) =0, nockoasky (n + 1)-1
NpOH3BOAHAS OT MHOTOWNEHa CTeneHu n papita Hymo. Torza (n -+ 110
NPCH3BOANYIO OT BCTOMOraTeabHoil (yHKuHM @(x) B Touke §c yue1oM
CKa3aHHOrO BbIIUE 3aMHILEM CJELYIOMHM O0pasoM:

QU @ =D @ — k(1 1) =0,

OTKy1a
Hs dopmyu (3) 1 (4) noayuum caefyiommee paBencTBo:
(65 1 B LR G
=xg) (x=x1) oon (k= xn)  (nED)!
CrenosarebHo,

&, L@ ;(+n(;)( ) P
(0 =f@— L, (0 ory ¢ D (= X)) e (K= xy)-

Toukn & n x npunaanexar orpessy la, bl, a x BHOpaHO MpoH3BOABHO.
Tax Kak X — [poH3BOJbHAA TOYKA oTpe3ka [Ct, bl TO MOXKHO 3anucarb

(1)
Ry(0)=f (x) =Ly (1) =20 1+‘IE)>' (% —xg) (F—17) o0 (X — ).
Tonaras, 410 M4, = max [f"F1 (x)| noayuaem oyesky noepeus-
*€la, 0]
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Hocmu  0a8 UHMEPROAAYUONHOZO MHo204AeHa Jldepandca:

Ry ()] =110 —L, (x)l M"“ J (2 =) (F—21) vor (¥ —x0) |- (5)

(Dt

Npumep. C Rakcli TOYHOCTLIO MOMKHO BRIUHCARTE |/ 117 ¢ MOMOWbIO HHTEPTOAS-
LHOHHO (OpMYaH J'larpam!(a A ¢>ynxuuu y= V%, oubpap ysan muTEpnOAR-
win Xy = 100; x; = 121; 144

- 1 3
VL. 32 prer 2 =52,
Y 1 x* Y 8

. 1
Pemenune. Hafinem y =

8
Orciona My=maxy’""| B npa 100 <x < 144, Ha ocrosauny epa-
BeHcTBa (5) moJyuHM

Ry] <~ 1072 — | (115 = 100) (15— 121) (15— 140) | = 1,610,
8 31

§ 4.6, KoHeuHble pasHocTi

TaGynupoanue (yHxuuii B GOMBMIMHCTBE CJydaes npousaonwrcu
QIS PaBHOOTCTOSIUMX SHAUEHHA aprymenTta, T, e. X; = X -+ fh, Tae
i=0,1,2 .., n, ah— mar WATEPHONIHH,

Jas Bl:lBOlla HHTEPIOAALHOHHBIX (hopMYy/1 JJIsI PABHOOTCTORMLNX Y3NI0B
WHTEPTIONALUH BBEJEM TIOHATHE KOHEHHOUL pasHocmu.

TlocTasuM caenyioutyio sanauy: ais GyHkunu y = f(x), sanannofi a6~
JHYHO CBOMMH 3HAYEHHSIMH

Yo = f(x0)y 41 = f(01)s sy Y = )
B PAaBHOOTCTOSALINX Yy3JaX WHTEPMOJSiHY, NOCTPOUTH Taﬁmuuy KOHEUHBIX
paaHocTeii.

Hasosen koueunoil paswocmoto nepeoeo nopadka pasHoCTb MexNy sHa-
UeHHAMH ﬁpyHKLlIlH B COCEAHHX y3/aX HHTEPHOJIAUNH, Toraa KoHeyHble
PasHOCTH B TOYKAX Xy, X3, Xgy veey Xpy—y ONPEAIANTCA COOTBETCTBEHHO Kak

Ayy=yr—yo=1(x)—F (¥o) = Af (xo),
Ayy=gp—y=[ (%) —F (x) = A (%),
Ayy=ys—ys=F (%) —F (x) = A [ (),
I PR . . DR
AJH~Jn——yn-1—t(x,.)—f(x,.-‘)—Af(xn-,),

rae h = const.
B ofuiem Brae nepBasi KOHeUHas PasHOCTb SaNHILETCS Tak!

Ay = Yro1 — Ui
Ay = Af(x) = flx 4 A)—{f(x). M

B maremariueckofi JuTepaType HCNOABSYIOTCA HECKOIBKO 0G03HAueHHi
KOHEUHBIX pasHoCTed:

Hin

Ay = o= Yo Wit 12=Yim—~Ys [i+1/2= Y~
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M3 xoneunbix pasHocTell nepBoro MOpsAKa MOXHO 06pasoBaTh KOWEH-
Hole PASHOCMUL 6IMOPO20 NOPAOKa:

Ay =8y —Bys, Eyi="08yig1/0—8yi—12, fi=Firrp—fi=1s2.

Tepsas samuch BTOPOfi KOHEUHO} PasHOCTH YNOGHA JVIS COCTaBJEHH:
20pUSOHMAbHELX TabIMIL KOHEUHBIX pasHocTell (Tabn. 4.5). IMocaenmei
3AIUCBIO TIOJB3YIOTCA M1 COCTABNCHNSA OUAZOMAALHOLX TaBJHL KOHEUHELIX
pasnocTedi (Taba. 4.6). Mu Gygem mosb30BaThCsi MEPBBIM OGO3HAYEHHEM.

B ofuwem Buze n-20 nopadka TaK:
=A (Al y). @
TaGnuuna 4.5
x v Ay Aty Aty Ady Ay
X Yo Ay, Ay, A%y, Aty, Abyy
n=xo+h n Ay Aty A%yy Aty
xo= o2 ye By, A2y, A%y,
Xg=xo+3h s Ayy Atyy
xa=xp4h Ya Ay,
X=Xy +5h ¥s l
Ta6auna 4.6
X ] | Ay Aty | Aty | aty
% w | |
| }
=x+h v | Ay,
| an Ay,
Xo=xy 24 ya | A%y Ay,
‘ Ays Ay
Xy =1, +3k us | Ay,
Ayy
xe=%,4h
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JIAA COCTAB/IGHHSA HEKOTOPHIX HHTEPIIOMALHOHHBIX OPMYJ HCNIOB3YI0T
TaGNHIbl YEHMPAAbHBIX PA3HOCMeL, OTJIHYHE KOTOPBIX OT IHAarOHAIbHBIX
TalJIHI XOPOIIO BUIHO M3 cpaBHeHHs Tabauu 4.6 u 4.7.

B TaGnuue NeHTpaNbHBIX pasHocTedl (cM. Taba. 4.7) Xo M Yo pacnoso-
JKeHbl B CepefiiHe CTosibua,

Tat6anua 4.7

x v Ay Aty Ay Aty Aty A%y
. ]
L] Y-3
Ayoa |
v oo Ay
Ay, Ay
iy Yo Ay, | Ay,
Ay [ &y Ny
X 7 | J Ayoy | Alys Ay
Ay, Ay | Ay,
X 0 Ay l Ay
Ay | Ay
3 Yo Aty | I
Ay,
ta s
i ]

KGHE'-IHHQ PAasHOCTH 06BIYHO TNPHHATO 3aNnuCbiBaTh B €IHHHIAX MO-
CJIEIHETO 3HaKa COOTBEICTBYIOWeH KoHeuHoll pasHocTn Ges HyJel Bnepeau
(ra6a. 4.8).
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Tad6auma 48

x v Ay A%y Ay
1,70 5,4739 551 4 3
1,71 5,5200 555 7 3
1,72 55845 562 4 -
1,73 5,6407 566
174 5,6973

PaccMoTpiM HekoTOphle CBolicTBa KoHeuHHIX pasHocteil, Ilo ompene-

JIEHHIO
Ayy= (x4 80 —f () = Y11 — s
a BTOpas KOHEYHas Pa3HoCTb B TOUKE X; €CTh
A%y =1 (¥ + A —] (5 A = [F () —F (1)) =
=1 (Xi42) = 2f (i) +F (X)) = Ypro— 2141+ ¥4

BhipasuM TPeTbio KOHEUHYIO Pa3HOCTh B TOUKE ¥; Yepes 3HaueHHs PyHK-

uH:
A% gy = A (A y) =1f (X0 + B2) —2f (Xyy + AX) - (1, Bx)]—
=l (%142) =2 (0) +F () = (X340) —3f (X140) +
+3f (i) =1 () = Yirs—BYiwa + a1 —Yir

n?Ka)KeM. yTo obiee BbIpaKE€HHEe Wi KOHEYHOI PasHOCTH 7-TO TO-

PAAKa HMEET BHI
A1 =Yn+1—C Y11+ CiVntima— we +
F (=D CT Yptom e+ (=1 e 3

Opw n =1, 2, 3 gopmyna (3) cnpaseannsa. [lpeanosoxkum, 4to ona
BepHa Aaa n-ii KOHewHoM Pa3sHoOCTH, B NOKaXKeM €€ CNpasBeiIHBOCTb s
(n + 1)-ii KoHeuHOi pasHoCTH:
Aty = A (A y) = A7 Y 40— A" ;= [Un 4101—Ch U, + Ch Ynrma— oo+

(= D" CF Ynipprmm + oo - (=1 Vi) = Y4t —Ch Ynpimr
+Ci Yntimg— vee (= 1" CF Y+ oo+ (— 1D 0)e
Tak xax
Crqgrtl = n nl

ml (n—m)} Py p—rn
n-+1! |
= (m—{-(l)?-(n)—m)[ =Caits
To, e/lefioBaTebHO,
A gy =i —Cht Ynar +Chp 1 Ynggmr + oo+
H(=D"Clt Y rbrmm oo (= 1),
970 H Tpe6OBaNOCh A0Ka3arh,




OTMeTHM CJieyloulHe CBOJCTBA KOHEUHBIX pasHocTedl.
1. Konewnas paswocmb Atw cymmor uau  pasHocmi. yaryutl u =
= @ -+ g ecmb cymma uau

A"“x—A“((Prl'gz)—A"‘Pt“‘A"é'v

2. Ipu ¢ Ha i b
Ha mom e b,
3. Koneunas pasHocms m-eo nopadka om KOHeHHOU pasHocmu 1-20
nopadka pasna (m 4+ n)-e0

Am(Any) = Amtny

4. Koreurote pasrocmu f-e0 NOPSOKa OM MHO204ACHQ CMEREHU 1 no-
CrosKHbL, a KonedHoe paskocmu (n - 1)-e0 nopadka paeuet wyao.

CilellyeT 3aMeTiTh, YTO Ha KOHUHBIX PASHOCTAX GoJlee BHICOKHX MOpsif-
KOB 3aMeTHO CKa3biBaloTes OWHOKH OKpyr/eniist. I1ycTs 04HO H3 sHageHHit
(YHKIIA CONEPHKNT OWNOKY, pasuyio e. M3 tabn. 4.9 suauo, uto Bauskue
OWHOKH Ha KOHEUHble PasiioCTi BO3PACTAeT C YBENHUCHHEM HX NOPAAKa.

TaGauua 4.9

" v Ay Aty Aty
noz Unoy )
Ayn—a
n—i Yn—1 A ypgte
‘ Nt - A% gy p—3e
A [T B gy =2
[ v S
|| A g te
‘ Ayn sy
Xn+y 1 Yn+eo I
-

Efmep 1 (OC‘H!BMTb FOPH3OKTANbHYIO TAGHHILY KOHEUHBIX pasnoc‘reia @ymﬂmn
y= — 1 OT HavanbHOTO SHaueHHs x = 0, NpHHAB War

Pewenn e ncnaru X =0, xy =1, X, = 2, ..., HaXOUM comsenrnylomna
BHAUCBHS Yo, Yy Yoo v 1

A=0, yo=—=1 x=

Yo=17y

xg=3, Ya=107; xp=5, ys=194;
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Halizem KOHeUHEIE PA3HOCTH MEPBOrO MOPAAKA:
Byo=yi—th= 2+ I1=3;
Ay =ys—yi= 17— 2=15
Byy=ys—ya= 50— 17=33;
Bys=ys—ys=107— 50=5T;
Ays=ys—ys = 194—107=87; ... .
HafineM KoueuHbie PasHOCTH BTOPOTO MOpsIAKal
Ay, =By —Ayg= 15— 3=12;
Ay =Dyp— Ay =33—15=18;
Atyy=Ays— Ay =57 —33=24;
Aty = Ayy— Ay =87 —57=30; ..\ o
OupenenneM KoHedHHle Pa3HOCTH TPETHEro MOPSLKAY
ASyy = A2y, — Aty =18—12=6;
Ay, =Dy, — A2y; = 24— 18=6;

Ay = Ay — Ay, =30—24=6; ... .

Mbi BUZHM, 4TO TPeTby Koteunbie pasnoctu Ady,, Aly;, Ay, ... MOCTOARHEL. DTO
obbAcHACTCA TeM, YTo (Qyuxums f (x) ecTb MHOrouJeH TpeTbeil cTeneHu. TpeTbio
KOHEUHYIO Pa3HOCTh MOXKHO BHIYHCAHTb Takxke 10 dopmyne

An Py, (x)=n! a, 1" =const,
T. e AP, (x)=311-1" =6, a KoHeuble pasHOCTH YCTBEPTOrO NOPAAKA PABHLL
Hyao.

CocTaBum TaGauUy KOUeuHHX pasnoctedl (Tabam. 4.10):

Ta6anua 4.10

T ] e [ o -

0 -1 3 12 6 0
1 2 15 18 6 0
2 17 33 24 6
3 50 57 30
4 107 87
8 194
B zxa i npu Cpasy Ke 3aHOCHTb KOHed-

Hhie PadHOCTH B Talamuy.
Npumep 2. Haiity KoHeunble pPa3HOCTH BTOPOro Nopsika A1s GYHKILHK, 3aAaHHOA
Ta6AHYHO}

x | 2 ' 4 | 6 | 8 I 10

vy | sue | a0 [ oo [ s | 6680



Pemenne. CocraBuM TaGaniy KOHEUHHX PasHoCTell, KaK H B mpuMepe 13

x v Ay Aty
2 3,146 882 1
4 4,028 883 2
6 4,911 885 1
8 5,79 884

10 6,680

-4
L

§ 4.7. Nepsas
ans p y3nos

Buiuncnenue snavenuii QyHKUHH AJisi 3HAUEHH{T apryMenta, Jexauux
B Hauaje TabAuNbl, YAOGHO NPOBOANTE, NOAB3YSICh NEDBON HHTEPHOJs-
uHoHHoO# dopmysoit Heiotoua.

Iycts Gynkuns f(x) sagana sHayeHHsIMH

Yo = fxo), 1 = f(x1), oy yn = [(xn)
B PaBHOOTCTOFUAX y31aX HHTEPNONSAUHH Xo, X3 = Xo My ey Xy =

Xo -+ nh. TpeﬁyeTcﬂ NOCTPOUTH uHTepno.vmunouuHﬁ MHOTOU/IEH
Py(x) cTenenn n rakofi, uto

Pulxo) = gy, Prlx1) = 41y ey Prl¥a) = Yne

B CHJY eAWHCTBEHHOCTH MHOIO4YJ/IeHa CTENeHH n, MOCTPOEHHOrO No n + 1
3nauennaM QyHKusH f(x), mporousen Pn(x) SIBASETCS PasHOBHAHOCTHIO
BaNUCH HHTEPMNOJIANHOKHIOIO MHOTOY/IE€HA H B KOHEYHOM CYeTe COBMajaer
€ MHOFOUJIEHOM, NOJydenHbiM No popmyJe Jlarpanxa.

B)/IlEM HCKaTb MOJIHHOM B Bitle

Pa(¥) = ay + ay(x — x0) + ay(x — xo)(x — %) +
F as(r—xXo)(x—x)(x — X)) + oo A Au(¥—xo) (x— 1) v (¥—2ny). (1)
B stom Ham HB DHUHENTE! Qg, Gy, «aey Q. JAA
7010 wToGH! HajTn g, TIONOMUM X = X,. Toraa npr noAcTaHoBKe X = Xy
B BEIpasxenue (1) Bce caaraemulie, KpOMe NepPBOro, 0GPATATCA B HYJb, T. 6
n(X) = @, a 3uavente PyYHKUHH B TOYKE X, H3BECTHO H3 YC/IOBHSA 3ajia-
un: Pn(xg) = y,. Cheoatenstio, a, = y,.
UroGr! nalith KOS(HIUIEHT @;, COCTABHM NeEPBYIO KOHEUHYIO PasHOCTh
A MHOTOUNEHa Py (x) B 10uKe x, COTVIaCHO ONpeje/IeHHio KOHEYHOH pas-
HOCTH, lIMEeeM

APy (x) = Pulx + h) — Py(0).
TIpou3Bens NOACTAHOBKY, NOJYYHM
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APy (x) = [ay +ay (x — %o +h) ++ ay (x— Xy -+ h) (V= X+ 1)+
F g (6= %o+ ) (6 —xy + B) (£ — %y +B) -k oo @ (65—, 4 B) X
X (=1 R) on (X — Ky FB) ][0 @y (K= Xg) -+ @y (X — %) X
X% = Xy)Fay (X — X)) (¥ — X ) (X —xy) + o @y (F—2p) (K—X%)) o0
w (=)l =a (X —xg 1) — (X —Xg) ]+ @y [(x — %o +h) (x—x, -+ 1) ~
— (r—%o) (¥ — X))+, [(¥— %o +h) (¥ — 2, - h) (x —x, +B) —
— (= Xg) (1= X)) (¥ = X)] -+ or @ [(F— Xy 1) (X—x, + 1) oo
voe (U= Xy ) — (X — Xp) (X — %)) vve (X — X, )] =hay + 2ha, (x—X0) +
+3hay (x—xg) (X — X)) + oo+ 1hG, (X—X5) (X X;) oo (X —Xp_0).
BLIUHC/MM NEpBYIO KOHEUHYIO DA3HOCTb MHOTOY/eHa Pn(X) B TOUKE Yoo
3}JECI> TaKXke BCE YJ/IeHbl, KPOME MepBoro, OﬁpaTﬂTCﬁ B HYJIb, H, cneao-
BaTeNbHO, APy (x,) = a;h, HO
AP (xo) = f[(x) — flxo) = s — yo = Ayo
otkyna Ay, = a1
_ Aw
a4 = o
UroGtl onpeaesnTs KOS(GMUIHEHT @y, COCTABUM KOHEUHYIO DasHOCTb
BTOPOrO NOPsiKa:

AP, (X) = APy(x + h) — APy(x).
[Mocne npeo6GpasoBanuil moAyYHM
AP, (x)=21h*ay+ 2.3 -h*az (x—x;) + ...
et (0= 1) nA? @ (X—Xg) vue (X —Xp ).

Tlonaraem x = x,; TOTla BCE WIEHH, KPOMe MepBOTO, OMATh OGpaTATCs
B HYJIb 0 A*P,(x) = A%y, = 2lh%a,. Otciona

Boiyneass KoHeuHble pasHocti Gosee  BHICOKHX TOpAAKOB H roJaras
X = Xo, IPHAEM K 06Lueil popmyJie A1t NOJTYUeHHs KOIhPHUHEHTOB:

Ay,
e (=012 ),

a;=

rae GyneM cuntars, uto 01 = [ u A%y = y. [lonctasus Hajinenusle 3HaueHHA
KO3(HIHEHTOB g, B BIpakenue (1), NOAydUM nepeyio unmepnorfyUORRY0
Gopmyay Horomona

P =go+ DB (v ) b B () (r— 1) F
Any,
o+ th‘ (X—Xg) v (X —Xpy) 2)

Ha npakTike 4acto HCnomb3yior dopmysy Hetotona B apyrom suie.
Ilns 270TO BBEAEM NEPEMeHHYI0 g = (X — Xg)/h, rae A — war nuTepmoO-
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asi0HH, @ g — "Keo waros. Toraa neppas HHTeprO/AWHOHHas Qopyyna
Helorona npHMeT clenylomuit Bua:

—1 —D...(g—n+!
Py (x)=yo+qAy, + q(qz! ! Ayt t 6= M(a )A"!/n-
3)

Dopmyaty (3) yA00HO HCNOMB30BATH A1 HHTEPNOANPOBAHHS B Hauale
otpeska uuTepnoasuuy la, bl, rie g Mano no a6eomoTHoll BeauuHHe.

Ec/n 3a unc/0 y3710B HHTEPOANHHE NPUHATL 1 = 1, TO mosyunm gop-
MYJy AUHEUHO20 UHMEPROAUPOBAHUS

P(x) = y -+ qBy,.

1 n =2 noayyum Qopmyay ,  WIH
HO20, UHMEPNOAUPOBAHUR

Py (0= gy gy + L= a,

Ha npakTHKe 4acto GbIBaeT HEOGXOANMMO CTYCTHTD IIar HHTEPNIOAALHH
Kakoii-unOy/b TaGauIEl C PABHOOTCTOAIMMH aprymeHnTamMu. B TaGanue
MOXHO CUHTATb, YTO UHCJIO Y3/0B HHTEPNOJSUMM HeorpaHuyexo. Toraa
BLIGHPAIOT 7 TaK, 4TOGLI KOHeUHas pasHOCTh A"y, Gblla NMOCTOSIHHA C 3a-
JlaHHOIf CTENEeHDIO TOUHOCTH. 3a HauasbHOE 3HAUEHHE X, MOXKHO BEIGHPATh
J060e 3HaYEHHE apryMenTa.

Tpumep. B Ta6n. 4.11 jans: suauenns GyHxuui

@)=
Ta6anua 4.1

| x ‘ v 1Y ay Ay

2,0 0,0540 —100 15 -2

2,1 440 —85 12

2,2 355 —72 13 3

2,3 283 —59 10 —10

2,4 224 —49 0

2,5 175 —49

2,6 136

[Mpuuenss nepsylo HATeproOAsUHOARYIO popmyay HbiwoTona, Haita @ (2,22).

Peuenne CTpouM KOHeYHbIE PA3HOCTH (QYHKUHH @ (X); OrPaHHIAMCS TPeTb~
efi Koneunoli_pasuocTbio. 3a x npunnMaeM unciao, wanGonee GAKIKOE K 3aNAHHOMY,
T. . nosaraen ¥ = 2,2, Tak kak war h = 0,1, 10

2,20 0,02



Henoasayn gopwyay (3), Haxoams
0,2(0,2—1)

,,=0,0355+0,2(—0,0072)+'—2'I— 0,0013+
+ LZ*;W’_?—}J_ (—0,0003) =0,0339.
§ 4.8. Bropas p topmyna H

‘ﬂ.}lﬁ HHTEPIONNPOBaHUA B KOHUE Tab/HIB OOBIYHO TIpHMEHSAIOT BTOpYIO
HHTEPIONAUHOHKYIO opmyay HeloTona,

Iycth Ha orpeske [a, b] naust n -+ 1 pasnudHBIX sHaueHuil apryvmeHTa
Xgy X1y +vy Xn, KOTOPBIM COOTBETCTBYIOT 3HAUEHHS QYHKUHH

; Yo = 150 g1 = F(8)s w1 = ),
a mar mnepnomuuu NOCTOAHEH H paseH A, T, e Xy =X +h
(=0, 1, 2 .., n—1). TIlocTponM HHTEPNO/AUHOHHBIN MHOrOYNEH
BHIA

P (%) =y + ay (X —Xg) - 8y (8 —Xp) (X —Xp1) +
(6 —xp) (0= ) (F—pg) e
et Gy (X — X)) (X=X (X—xy). (1)

B 310M MHOTOUJIEHE HEH3BECTHE! KOIPDHUIHEHTH g, @y, Ay, o1+, dn. VX HARO
noAoGparb Tak, 4ToOhl GbLIH BEIMOAHEHH PaBEHCTBA

Pr(xo) = Yo, Pu(t1) = t1y wuver Prltn) = tns
ﬂJISl 3TOTO HEOGXONHMO H J0CTaTO4YHO, 49TO0bI

APy (Kpep) =AYy (=0, 1,0, n). @

Koapuument a, Hailiem, noJiowuB x = x, B paBerctse (1):
Prlkn) = yn = aq,
oTKyaa
= Un-
M3 Bbipaxcenns 2151 nepBoft KOHeuHOH pasHOCTH HailieM a;:
APy (%) =1-hay + 2hay (¥ —Xp) + 3y (4= Xpog) (K —X,-1) + oo
w T nha, (X —=Xp) (X=X, _g)vee (X—15).

Orciona, nonaras x = X,.; H y4HTbIBas COOTHOLIeHHE (2), HMeeM

APy (xy-) = By = aih,
Crenosarensho,
Ayn_g
==,
T

185



Vi3 BrIpaxkeHHsi 1151 BTOPOii KOHEUHOMH PasHOCTH HafiieM a,:
AP, (x) =21 2 @y +2+3h2 g (X — Xp_g) + v
wetn(n =) R a, (x—x)... (X—X_y).
Monaras x = x,_,, NOMyUHM
APr(xyo) = A%y, = 2hlay,
OTKyAa
Ayn_s
Gy=—1",
1T o
Meroziom MaTeMaTHIeCKOl HHAYKIHH MOXKHO 10Ka3aTh, 410
Yy
a=20t 20,1 2,0, ).
irs
TonctaBus Hafifennble sHauenusi Kosbduiuento B ¢opmyay (1), moay-
UM

_ Y Ayny 0 _
Py (%) = g+ — = () =5 (k) (x 'x,._l)+

T ) (P ) (F—Fpg) e

Ay
v = (X —x,) e (X—x)). ®3)
nl hin
310 1 eCTb 6MOPAsL UHMEPROLAGUOHHAS Gopmyaa Heomona.

Ha npaxruke ucnosssyior ¢opmyny Heiotora B Apyrom Buie, oo
KHUM ¢ = (x — x,)/h; Torla

X—Xnoy __x—xnth X—tnoy _
st = A =q+1, — g+2,.

n dopmyaa (3) npumer Bui
Py =y gy +LEED ary, g SOEDOED sy oy
e+ q(q+l)~~nl(v+n Ang,, (4)

Tlepsas wuutepronsuuonHas ¢opmysa Heiorona wucmonbsyercss nas
MHTEPNOAHPOBAHUA B Hayale oTpeska la, bl, T. e. ansa unmepnosuposanus
aneped u Hazad. TTpn unTep OBAHWH TIO MepBOH
Gopmyse Hblotona q = (x — xo)/h > 0. TIpk 3KcTpanoJupoBaHuH Hasay
TaK¥Ke HCNOJb3YIOT NepBYI0 MHTEpToJsuHOHAYIo dopmyay Hbiotona, Ho
B 3TOM cialyuae ¢ = (x — Xo)/h <

[pyu MHTEPTIONMPOBAHHH B KOHIE TaGMHIEL, T. €. UKMEPNOAUPOCAHU
Ha300, KOTAA INar HHTEPTOJANHH NOCTOSHEH, HCIOJB3YIOT BTOPYIO (op-
myay Holotona, tie g = (x — x,)/h << 0. BTopas HHTepNOJAUHOHHA
¢opmyaa Heiotona np: A W npu eneped,
Toraa g = (x — x,)/h > 0,
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Mpusiep. B Ta6a. 4.12 NpH seACHM 3HaUCHAA HATETPAIa BRPOATHOCTEN:

Ta6anua 4.12

x y Av Aty Ay
0,1 0,03983 3043 —78 —36
0.2 0,07926 3865 —114 —33
0,3 0,11791 3751 — 147 —28
014 0, 15542 3604 —175

0,5 0, 19146 3429

0,6 0,22575

Tpebyercs huncants (0,58).
ewe H He. 31ech war untepnoasuun b = 0,1. Orciona

X—Zn 0,58—0,6 0,02 N
e N R
Ilas y (0,58) y BTOpOIl HI dopmy=
nofi Hylotona: :

Py (0,58)=0,22575+(—0.2)0,03429+—(i’2)(27—°"‘)f—”—-(—0.00175)+
+w (—0,00028) =0,21904.
§ 4.9. Ouenku norp [ Hi

B § 4.5 Mbl BhiBeH OIEHKY MOrPEMHOCTH YISl HHTEPNOJALHOHHOA
dopmyarr Jlarpanzka:

M
1R ()|~ (6= ) (£ ) o (6 =)
Ecnu yanbl WHTEPNONALHH PaBHOOTCTOALLME, TO BBeASl war A =
= Xy — X% (i =0, 1, 2, ..., n —1) u nonaras q = (x — x,)/h, nonyuum

OUeHKY noepeuikocmu 02 nepeoldl  unmepnoaAyUuoRHot  gopmyast Heoio-
MOoKa:

Rn(x)=hu+l%"_).fm+l)(§)’ )

rhe TouKa & NPHHALAEKHT OTPE3KY HHTepnoJAAuMH (%, X,]. B cayuae
BKCTPATIOVIAHH TOYKA § HAXOHTCA 3a NPe/eIaMH OTPesKa [x,, X, ).

Ananornynpiv - 06pasom 048 6mopoll  UHMEPROAAYUORKOU  hopiy-
a6l Holomora ¢ paBHOOTCTOAILMMH  y3NaMH HHTEPHONALHH, rojaras
q = (X — X,)/h, NONYUUM OHEHKY NO2pewtHocmu B CRAYIOLEM BHIe:

1)... (g .
R, (x) = hn+1 4’(4+(/)x+”('<7 tn) kD (), @

TAe TOuKA § TaKkKe MpHHAANEKHT OTPe3Ky uuTepnoasunn [xo, x,l.
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B npaKkTHUeCKHX pacyeTax aHaNHTHYECKHH BHL (YHKLHH HE Bceria
H3BeCTeH. TD\‘Aa A OLEHKH TOYHOCTH COCTaBJISIIOT T35J'IHLly KOHEeuHbIX
paaHOCTel:l. H OCTaHaBJ/IMBAIOTCs Ha TeX, KOTOPble MOKHO CYHTaTh MOCTOsAH-
HbIMU B npesesiax SﬂaHHoﬁ TOYHOCTH.

Bocro.

P P

+
foen (o) =1lim 278
oo gt

TIPROAUKEHHO CUHTAIOT

fk 1 () zﬂ.ﬂ .
h e
Torza MOrpeuiHoCTh A MEpBOH HHTEPIOJAHOHHON (opMy s Hbiotona
R, (%)~ =1 ... (g—n) A1y, 1)
(1)
a st BTOpOii HHTeprosaunouHOi Gopmyast Hblotona
9@ED - @ png 97
Ra(0) m = (e Un 29
Mpumep. dynxuns y = In x sanana Ta6audaHO:
I [ 3|
y l 06531 | 1,006 | 0,3863

[locTponTs ne pBBIil 1NTe) nOAsTUHOHHEI MHOrOYIeH Hbi0TORA H OUCHHTH NOTPEIIHOCTD
WHTeDNIOMNPOBANHS B TOWKE A = 2,5.
Peuwe nue Coctanny TaGauuy KOHEUHBIX pasnocTefi:

x v Ay Ay

2 0,6931 0,4055 —0,1178
3 1,0986 0,2877

4 1,3863

Yuntusan ute h = 1, no gopyyae (2) § 4.7 nonyum
0,1178

Py (x)=0,69314-0,4055 (x—2) — (=2 (x—3)=

=—0,0586x+0,7000x—0,4713,
auenne Tpelbell npoussonnoil GpyuKuum y = In X Ha otpeske

Onenun nanGoabiiiee 3
v 2!
My =max |y max =
2<xs4 <ax=al X
Tax kak h = 1, 10 ¢ = (2,5—2)/h = 0,5. Bui4ucauM nponssesenue
19(9—1) (9—2)|=]0,5-0,5-1,5)=0,375.
Mo gopmyae (1) waxommm

10,375
1R @,5)] < o+ 25 < 0,056,
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§ 4.10. Eaumc MHOrouneHa

Mzl pacemoTpenn napaGoJHUECKOe HHTEPNIOTHPOBaHHE, KOTAA B Ka-
4ecTBE HHTEPIOMSMHOHHOK GYHKUHH BHIGHPAETCA MHOTOWIEH CTENCHH He
BHILLE 71, A5 QYHKIMH, 33)aHHOM 1 -~ | 3HAUEHUAMHU B y3JaX HHTEpMOJA-
nun. MHorousen F(x) cTeneHn n eCTh eAMHCTBEHHOE Pa3joXKeHHe B Kiacce
cTeneHHBIX yHKWuH, TaK kak ecau Gl CYUIECTBOBA @llle OAUH WHTEpNO-
JSUHOHHBL MHOrOW/IeH F(x) cTeneHH 7, TNPUHHUMAMOWMIL B ys/laX HHTEp-
TIOALUUK 3a/laHHBE 3HAYEHUA, TO PA3HOCTh ITHX MHOTOYIEHOB 00pailanach
6bl B HYNb B n -+ | y3nax unteprnoasiuun. Ho pasnocts F(x) — F(x) ss-
N15€TCsl MHOTOWIEHOM CTEIeHH He BBIILE 71, C/IEIOBATENBHO, STOT MIOTOU/EH
TOMK/IECTBEHHO PABEH Hy.iO.

Wrak, ecau ynguus f(x) 3anana n -+ | sHaueHuAMu

Yo = {(xo) 1 = f(x2), o0 Yo = f(x)

B HECOBMNAJAIOUIKX y3/JaX HHTEPIOJAUNH, TO 3TO O3HAYaeT, 4TO CyLIECT-
BYeT €IHHCTBEHHBIH MHOrowien F(x) cTemenu n, NpHHUMAIOUHA B ysnax
UHTEPMONAUHN 3alaHHbIe 3HAYCHHA

o= Flxo), th = F(x), oo Y = Flxy).

Buigenenncie gopmyasl Hulotona u ¢opmyna Jlarpamka siBasiorcsa
JHIb  pas/THYHbIMH qJOpM&MH 3anucu OJHOrQO M TOro e MHOrouwieHa
n-il creneHu,

§ a1, B

Mpyu uUTEPNONHPOBAHKK B TAGIHLAX OGBIYHO MOML3YIOTCH JIHHEHHOH
HJH KBaapaTHYHOI HHTEpnossumed.

B cayvae nuueiiHol unTepnonsuuK 3Hayenue (QyHKUHH B TOYKe, OT-
JIMYHOM OT Y3/I0B HHTEPTOJISILHM, ONPELENAETCA NO ABYM H3BECTHBIM 3Ha-
uenuam TaGyaupyemoit GyHKUHH y; = f(X;), Y1y, = f(¥iyy) B y3uax
MHTePIOJALUN X; M Xyyq, MEXKIY KOTOPLIMH PAaCrOOKEHO HHTEpecylomee
Hac 3HaveHHe aprymenta x; << X << Xjqq.

Hurepronaunonsan dopmysa Jlarpamxa as JHHeHHON WHTeprOaf-
UHH IPHMET BHA

X=Xy

L=y ———+h—

X —Xo

4 nepBas MHTEPNOAAIHOHHAR ¢opmyna Helorona
Ay
Py(0) =+ =L (=11,

rne Ay, = Y4y — yi — NEPBasA KOHeunas pasHoCTb B TOUKE X;, a h =
= Xi4q — X; — War HHTEPHOAALMH,

Hrak, ans nonyuenns npuGaHIKEHHOTO 3HaueHUs GYHKUUH y 1o ¢op-
Myne HpioToHa JOCTAaTOYHO K TaGiMyHOMY 3HAUCHMIO y; NpuGaButh Mo-
npasky, pasuyio Ay(x — x,)/h,
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Mpumep 1. BhiuucanTs, CKOMBKO IPajycoB CONEPMHTCA B paiHaHHOR Mepe

,222.

Pemewne Bocnompsyemcs rabmuuefi

Panuans Tpanyes
0,22 12,605
23 13,178
24 13,751

Has AaHHbIe NEPBHIX ABYX CTDOR.
Cocrasum TaGJHIRYIO Pa3HOCTh

Ayi = yi41 — g1 = 13,178—12,605 = 0,573.

Mar ra6amue b = 0,01, x — x, = 0,222 — 0,220 = 0,002. [ToncyutaeM noNpaeky

Ag; 0,573
=L (x—x —— . 0,002==0, 1146
h ( ) 0,01 1

B ee K y
y=12,6054-0,1146=12,7196.

Okpyrass pesyastar, noayaum y = 12,720,

OueHnM NOTPelHoCTh NPH 3aMeHe TOYHOTO SHAUEHHSI PYHKUMH f (¥)
A
ee npUOIUKEHHBIM SHAYCHHEM, T, €, If; —;5 (x — x,). yHKnusa norpei-
CTH HMEeT CIeAYIOWHi BUAL:

rx)y=f (X)—y.—A;% (X—1x;).

Onenmm norpemtocts Ha otpesie [Xq, £, 4,]. TIpeanonoxum, yro Bropas
npoussoanas Gynkuny f (x) na orpeske x;, x; ;1 nenpepwiua u orpanus
vena: | /7 (x) | << My, Juddepenunpys GyHKUMIO r (x), noaydum

=1 @-— (%) =[" ().

Ayt
n
Cuenoparensho, | (x) | < M,. Kpowme Toro, no ycaoBHIo 3ajau B ysaax
Xi W X; 4 HHTEPTIOJIAIHOHHBIf MHOTOUJIEH COBTIAAET CO 3HAYCHHAMH DYHK=

LMK, 3HAYHT, £ (X;) = r giﬂ) = 0.

B nexoropoit Toure & uutepsana (xy, X, 4 QyHKuus OmHOKH r (x)
ZOCTHraeT CBOEro HanGonbluero snauenns. Pasnoxum r (x) B pag Tefimopa
B OKpecTHOCTH 3TOH TOukH. Toraa

(=@ @ e—8 + 8 e,
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Tak Kak B Touke & GyHKUMA r (x) AocTHraeT HanGOJBLIETO 3HAYCHHS, TO
pOH3BOAHAs r’ (§) obpamaerca B HyJb. Cle10BaTe/bHO,

r)=r@+ (x =g
B KadecTBe TOUKH X BbiGepem Gnmxafimmii Kk & y3es unTepnotsui x;
WM X; 4. OG03HAUMM 3Ty TOUKY uepes X. Tax Kak B ys/ie HHTEPNOIAUHH
r (%) obpataercs B HyJib, T¢
= .
(r—t)"

0=r @+ ;E) (F—8)% nam r@=—" 2@)
Tak Kak pasHoCTs x — & He MpeBHIAeT MOOBHHBI OTpe3ka [x;, ¥; 4l
(no yc/ioBHIO BBIGOpa X — GnmKaliwnil K Touke § y3ead HHTEPMOJALHH),
a|r” (§)| << M, (Bropas mpousBojHas 1auHOl (GyHKUWH OrpaHHueHa), Mo-
Jyuaem caefyioutyio GopMysy ONEHKH MOFPEMIHOCTH AN JHHeftHOf HH-
TEpIIOALMU:

|r'<§>| B Mem
re1< R

B cuay Toro, uto |r (0| < r(§) Ha Beem OTpeake [x;, %;4.], okonua-
Te/bHO TOMYYHM OLEHKY TIOTPEUIHOCTH ANA JIMHEIHOM HHTEPIONAUUH:

o< e

B ciyuae KBaipaTHYHOH HHTEPMOAANMK HEOGXONHMO 3HATb TPH 3HAue-
Husl Tabyqupyemoli pyHKUHR Y,y =f(x;-9), yi = (%) ¥ 441 =
= f(%; 4+, B Y3Jax WMHTEPNOARAUHH X; 5, X; H X; 4, Toraa dopmyna
Jlarpamka mpHMET BHA

L, (%) =y, (x—x;) (X —Xi41) (x—%i_1) (=141
)=t (o1 —2X,) (K1 —%i41) +yil (i —%i-1) (Xi—=i+1)
. (x—=xXi1) (x—x3)

(titr—x11) kit —x1)

a4 neppas MHTEpnosAnHOHHasA dopmyaa Hetorona
Ayi- -
Py() = s+ M= () L (v ) (5.

Mpumep 2. [loctponts nuTepnonsukoHHb MHorounen Jlarpanxa nas Qynxunu
= 1n x ¢ ysJaMi HHTepnoAsuHH X = 2, x = 3 4 x = 4, OUEHHTb NOTPELIHOCTD
HHTEpTONUpPOBaHHS NpH X = 2,5,
Pewenue Hueem

= | e | s | s

Yy ‘ 0,6931 I 1,0986 ( 1,3863
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CnenoparennHo,

+

Ly (9)=0,6931 (x—38) (x—4) (xrﬁ() (x—4)

v e =

+1,3863L—%3)— —0,0586x2+0,7000x—0, 4713

Kax u c/iefloBaio OXKHAaTh (B CHAY eANHCTBEHHOCTH HHTEPNOAAUHOHHOTO MHOrO-
wieHa), Mbl OAYUKIH TOT JKe PeayJbTar, 4TO 4 npn HMHTEPNOHPOBAHHH ¢ NONCILBIO
muoroynena Hetorona (cp. ¢ npuvepom B § 4.

Ouenky norpeusocTn HaiizeM 1o q;opuyne

1R (1) | <=5~ I(x—xn (x—x1) (x—12) |.

Hau6onpiice 3nauenne Tpetbeli nponssonuolt f7(x) na orpeske [2, 4] mocrure
B TOUKE 2, T, €,

” 2
- Mz=ma: *ma )
e 24” "1 S el

x<4
Briauenus
| (x—xo) (x—21) (x—x2) | =512,5—2) (2,5—3) (2,5—4) | =0,375.

Toraa

0,375
Ral2,5) < —l . —31 0,0156.

§ 4.12. no

B 71ex cayyasx, KOra Her HeOGXONMMOCTH B OTHICKaHHH MPHO/HIKeH-
HOTO aHaJHTHYECKOTO BHIpAXeHHs (yHKuin y = f (x), 3anannofi raGiud-
110, a TPeGyeTCs Jullib ONpENeInTh SHaueHHe PYHKUHH B TOUKE, OTIHYHOK
OT yaJa HHTePNIOJSINHH, yI0GHO HCNOL30BATh NOCAEA0BATENbHYIO AUNP -
HYI0 URMEPHOATYUI0 N0 JUmKumyY.

Hutepnonsuuonnas cxema JifTkuna ocobenno yaoGna npu pabote
¢ TabanlaMy, KOTAa anpHOPHO (PHKCHPYETCs MOTPEINHOCIL Pe3yJbrard.

Boiuncnenne sauenus GyHKUH# B TOUKe, OTAHYHOIl OT y3710B HHTEP-
TIONSILHH, HAYMHACTCA C BOBJICUEHHS B CYET JIBYX Y3/10B MHTEpPNOJAUNH
€ MOCTIYICUIHM BKAIOYEHUHEM B CXeMYy HOBLIX Y3.10B HHTEPOALUH.

ITponece cyera coctont B caeyiomem. TycTb HeKoTOpsIit HETEPNONA-
UHOHHbBI MHOTOUMeN F () crenens n NpHHAMAET B y3Jax WHTEPNO/ALHY
Koy X1y Xgy wvey Xy SHAUEHNA

o= Fo (), ph = F ), oy g = F ().
Bocronbayemcs (opmysoit Jlarpanika ais cayuas JHHeHHON HHTepROAs
win. Ha orpeske ly,, x,) iuTepnoanuontoe 3nauenne GyHKUHH MOKHO
BBIYHCANTL 110 opMyae

Yo Xo—x |

et P s
Foa(®=1, Lty e . 0

prmr o Y,
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Ha oTpeske [x;, x,) — 1o Gopmyie

Iyr H—x I
x—x x—x; xp—x
Fia(@=u RN vt s @
XXy Xg=—Xy Xg—Xy
W, HaKOHell, Ha oTpe3ke [Xq, X,] — Mo popmyse
Yo Xo—X
x—x x—1x, Xp—x
Fop(n)= by, T LR @
Xog—Xg Xe—xy Xp—Xg

Jlanee, 3aMeHHM Y, U Y, B GopmyJie (3) cOOTBETCTBEHHO Ha Fo, (x) #
F,,; (x) 1 NoayunmM ciienyiouiee BeIpaxeHie:

Fop (9 Xo-xl

. “)

PackpbiBasi B NOCJIEAHEM BbIPAXKEHHH ONpPENENHTEb, HeMOCPeNCTBeHHO
y6exnaemcs, 4o Fy ;o (X) — 9TO MHOTOUJIEH BTOPOi CTENeHH, IPHHHMAIO-
uwi B ya/1ax HHTEPIOJSILHN Xo, Xy, X, COOTBETCTBYIOUHE TaGAHUHbBIE 3Ha-
YeHUs:

(%) = Yo F (x1) =y, F (xd) = pa.

Hiak, upumenss auneiinyio unrepnoasunio k Fo o (x) # Fy, (x),
MBI TIONYHILTH HHTEPTIOAAUHONHEI MHOTOUeH B1OPOfi CTemeti Fyy 5 (xX)s
Tor e cambiii pe3yJbTaT MOKHO LOMYYHIb, BOCTIONL3OBABLINCH ABYM
Apyrumn GopmyJiaMmu:

Fo(x) x—x Fo, 2 (1) xp—x
F — - —
Foa(0)= ————u’::;)_x] i Foa)= x‘.”—:, -0

MeT0Z10M MaTeMaTHUECKO HILLYKIUH MOXKHO 1I0KA3aTh, YTO HHTEPO-
UHOHHBL MHOTOU/ICH CTENEeHH A, TOCTPOEHHBI o n + 1 y3/1aM, nosygaer-
€l [IOCPEACTBOM JINHeHHOH HHTEPNOJIALHH, NPHMEHEHHOH K JBYM pasiny-
HLIM MHTEPNIOIALHOHHEIM NoantoMam (n — 1)-it crenenn, KaxJblit 43 KO-
TOPBIX NOCTPOCH N0 KAKWM-THGO 7 y3/1aM U3 Ykic/ia AAHHBIX.

Mpumep. [oabsyacy cxemoli Diirkuna, BLIYUCAHTL sHavenne sin 0,674 ana pynk-
ik y = sin x:

0 | %, =0,66 ] x=0,67 | 1,=0,68

yy=sinx | Yo=0,61312 | 4y =0,62099 [ y2=0,62879

Peweune, Cornacno gopmynam (1) u (2) umeenm
0,61312 0,66—0,674
l 0,62099 0,67—0,674
0,67—0,066

Fo,1(0,674)= =0,625730;
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0,62099 0,67 —0,674
[ o'ss—o's|

= 0, 3.
Fy, 2 (0,674) T 62564
Torpa no gopmyJe (4) Haxoann
|0,625730 0,66—0,674
0,625643 0,68—0,674
= —————————————=0.625676.
Fo, 1, 2(0,674) 0 6—0.05 676.

Caeponarearyo, sin 0,676 = 0,62568.

§ 4.13. Pa3genenHble Pa3sHOCTH

B npeawaymux naparpagax Gbuii paccmmpeuu dopmyast Helotona
A5 PaBHOOTCTOSUX Y3/I0B HHTEP Tbl MHOTO-
uleHa ay, @y, y, ..., Ay HAHACHBL C HCnOJlb3OBaHHeM KOHEURBIX PasHocTeit,

ITpu npoBenenuu NPUOIHKEHHBIX BHIYUCACHH, KOTa 3HAUCHHST QYHK-
I1MH 32/1210TCS B HEPaBHOOTCTOSUIUX y3/1aX HHTEPNONALHH, BBOAAT NOHs-
THe pagderennoli pasnocmu, 06oGIaloee TIOHSTHE KOHEUHOM PasHOCTH.

Tycrs pynkuns y = f (x) 3aana CBOMMY 3HAYEHHAMH

= yo=1 ) ooy Y =1 (xa)
B HEPaBHOOTCTOAIIHX Y3/1aX HHTEPIIOJIALNH Xo, X1y .oey Xn.o OrHowenns

=y

— . . Yit1—Y
el L S| R PRI L=

% xil=
o T T X—x P

a3oBeM ﬂaBa@ﬂPltﬂblMlt PasHocmamu nepeozo ’llJpﬂaKH
6M0p0c0 nOPAOKG KaK CelyiolHe

OTHOWeHHs:
Xy, Xo]—|[Xp; Xy
i s xg) = sl 5l
Bn—x,
Xo; Xg] —[X15
1 g ) = L2l 6l
Xy—xg
r"l«u Xi4s)

(X5 Xipis Xipol =

Xite—Xi
3uast pasnenennylo pasuoctb (k— l)-ro nopsika [x; x4, .
vt Xy -]y MONKHO ompenenuth pasdesernyo paswocme k-eo nopadka
CJIe/lyIolHM 06pasoM:

(X415 %142, Sitn) =203 Xigrie o5 Xigno1]

X5 Ziggiens Xpqnl =
A=t

HHO!‘A& pPasjeNeHHbe PasHOCTH MepBOro Nopsika 0603Haua0T Tak:
f (s %00 £ (05 X3), wonn £ (53 Xp4),
pasieeHHyl0 pasHOCTb BTOPOTO NOPAAKA COOTBETCTBEHHO
JRCTHE T N
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qoraa AN Pasfe/NeHHol PasHOCTH k-To MopsAaKa B OGieM CJyuae HCIoIb-
syloT BhIpaenHe
f e X pns end Xiaa)
CocTaBHM JIHarOHAbHYIO TaGJHILY PasiesIeHHEIX pasHocTeii (ta6u. 4.13).
Ta6anua 4.13

K v = FEDIx X)) (515 %1q16 X0 b xiﬂ;]ﬁw [”l'i:-l;- 'x:zfﬁ?;
X Yo
(%03 %1}
x Y 103 a3 %]
[0 x3] [xos x1i xa3 x9]
x5 Y2 [xs x5 xg) [x01 X1 x50 x50 x4
, [x23 %] [%13 Xe xs5 %]
X3 Ya . [x0 xg3 xa)
(x5 %)
Xy Ya
Npumep. CocraButh TaGaHLY i s Ry X 3Have-
Hull X B oy:
s o] ]s | w0
Pewe une. [onssyscs HAaXOANM P

Hble Pa3HOCTH NEPBOTO MOPSIKA:

;)= = =10;
[x0i x2) i =0
X1} Xg]= =
b =20
y
[x2; x3] =
X3y

Ananorndno nafllieM pasjelienHbe PasHOCTH BTOPOrO nopsjkal

e il =l x) 2010
Lxoi X2 ko= Py =370
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[xes xs]—[x1; %o}
Xy g3 ) = o LT
e 205 ) P

Paazlenensas pasHocTh TPETLErO NOPsiKa
X135 Xa} X: X} 15 %o 20—
(PRPRPRPRE L L TR e S
Xg—X, 10

PesyabraThl spiunchennit CBeiem B IMAlOHAaAbLHYIO TaGNnUY pasleNeHHHX pas-
nociei

* v U 2] U ppp %ipal | D6 %41 S Fitg)
0 10
10
1 20 2
2 1,8
5 100 20
200
10 1100
§ 4.14. Mepoas opmyna Hi
ANA Hef wmx y3nos £ m

Tlycrb GyHKnMA f(X) 3anana SHaYEHHSMH
Yo =1F s g1 = [ (s vvs 4 = T (%)
B HEPaBHOOTCTOSIIHX y3/1aX HHTEDPNONAUMH Xo, Xy,..., Xn. Tpebyercs mo-

CTpOMTH MHTEPHOMAUHOHHYIO (opMyay HbloToa ans nepaBHOOTCTOSWUX
Y3J0B HHTEPOIANNH, TaK Y4TOGH B Y3/1aX HHTEPNOAALNH

Yo =P ), Y =P (%)), oo, Un = P (%),
TlocTpouM NEPBYIO PasfieNieHnyio PasHoCTh

1 xg) = LD =Plx) |

Toraa
P (x) = P (x) + L5 xo) (x — xo). (1
Bmpaﬂ pasaeaenHasi pasHoCTb
(s %o} —[xo3 11l
X=Xy

¥ X %1l =



oTKYna
[ xo) = [xgs %1 4 [x: xo3 %] (x — x)). 2

TloacraBus Bhipaxenne (2) B (1), noayaum
P ) =P (xg) + lxgi sl (x — x) + [ x5 3] (6 — x0) (¥ — x1). 3)

Hs oy Tpetbedt p il pasHocTH MoAyYnM
X35 Xg; x1]—[xe; x13 X,
s g g ] = L ] =i i )
Xx—xp
T. €
[y 2ot %)) = lxgy xg3 x5) + Ly xg3 235 %) (x — ). [C)]

ToacTaBuM BTOpYIO pasjiefeHHylo pasHOCTb (4) B Bhipasenue (3), Toraa,
HCIONb3YS TPETbIO Pa3/e/eHHYI0 Pa3HOCTb, MOKHO MPEACTABHTH MHOLO-
unen P (x) B caenyiomem Buje:
P(x) = P (xg) + lxg x] (x — xo) + lxg; 25 3] (x — x)) (x —x) +
+ e xor x ) (X — xg) (¥ — x1) (& — xy), )
[ponomxas nanee 10T Mpouece, NOJTYIHM
P )= P (x)) +1x0 2] (x—x0)+ [ %03 X33 Xo] (x—xp) (x— 1) + ...

v X X e R} =) (Y= o (X=X ). )
Ora ¢opMyna HOCHT
Heiomora 0 43208

[MpeumymecTBo 310 (opMy/bl MO CpaBHEHHIO ¢ (opmyJofi Jlarpanika
COCTOHUT B TOM, 4TO noGaByieHue HOBBIX Y3JI0B HHTEPNOASNLHH HE TpHBOANT
K NPOBE/IEHHIO PACUYETOB 3aHOBO,

§ 4.15. UntepnonsunonHele hopmynsl Taycca
BBeneM NOHATHE yermpaibHod pasHocmu, ANs KOTOpOi
Ay =Yipr— Yo A% = Ayyir — Dy,
upu x; = xo + ih (re i =0, & 1, & 2, ...).
TaGnuna LeHTpasbHLIX pasHocTedl npuBeldena Ha cTp. 198 (oM.
1260, 4.14).
Ilpu HATEPTOIUPOBaHHH B CEPeHHe TaG/HILI MOJB3YIOTCA HHTEPTIONS-

uHoHHBIME (popMyaamn Faycca.
[epsas unmepnoaayuornas gopmyaa I'aycca 3anuckiBaeTca CACAyIOMHM

ofpasoM:
P(X)=yo+4Aya+"—("2—,_'lA*y-x+

; (¢+1);m-—l) A%y, + (q+1)47(q4l—l)(a—?) Yyt

.

(q4n—1) o (g=n-t1) 2on_,y @+n—=1 ... @—=n)
+———————(2n_1), A=y on+ e Ay _,
n

rre A2=\y_, _ ) —IeHTpaibHass pasHOCTh (27 — 1)-ro nopsajka B ToukKe
X_py 8= (X — Xo)/h — 4uCJIO WAroB,
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TaGauna 4.14

x v Ay Aty | Aty Aty Aty
X-3 y-3 [
Ay-3
Xog Y2 A%y
Ay, Ady_g
X1 [ Aty_y Ay_s
[ | 2%, Ay
%o Y | Aty | Aly_y
| Ayo Ayoy ASy_y
o A I A%y, Ay _y
Ay Ayy
Ay y2 Azyy
Ay, I
" | |

B nepsoii nuTepnoasuionnoii gopMyae aycca HCNOB3YIOTCH LEHT-
panbHbie PasHOCTH

Ay A%og, A'yoy, Ay, e,
KOTOPLIE PaCroOKenkl B CTPOKE X, U B ClIeyloneli 3a Hefi cTpoxe.

Bo smopoit unmepnoasyuonnotl gopmyse I'aycca paccmatpHBaloTes
LeHTPAabHbIE Pa3HOCTH U3 CTPOKH X, ¥ M3 CTPOKH, PACTIOOKEHIION Ha/l Hell:

Ayoyy Aoy Aoy Aoy
Sra dopmyaa UMeeT BHA .

1
P =ptqay+ T oy 4

Dg(g—1 2 1)g(g—1
9+ );I(q )Axy_z @G+ >(H;l)4(4 'A‘y_,—)—
@+n—=1) ... (g—n—1) ro,_,
o AR MR Ay

@Ematn=h . g=ntn
+ Gyl ATy @
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Oyenku nozpeturocmu axm q)olmyn Taycea Taxosb:
Ron > L@ —1) . (¢ —n?) @

(2 +1)1

Ry G0 P = 1) =2 P — (=D g+ (9

I}pslmep. Ias dyuxumn y = f (x), sanannofi Ta6au4so, HafiTH 3HAYCHHE B Touke

x‘3|4|5|
y]glwlao|7z

Pewenne Tak Kak TpeGyerca ONPeletnTs 3Havenue (YHKIHH B TOUKe,
6aH3KOl K CepelliiHe OTpe3Ka HHTEPMOAUHH, TO AMA BHUHCJIEHHH ClelyeT BOCNOMb
soBaTbcs OfHOM u3 Qopmys [aycca. CocraBum TaGiHuy UEHTPaJbHEIX PasHoCTeR!

x v Ay aty Aty
3 9
7

4 16 7

14 21
5 30 28

42
6 72

Monbaysch neproit mnepnons{uﬂuHHDﬁ gopmynoit Taycca, nalizem npu6uken-
Hoe 3HaveHHe PYHKUHH B Touke x = 4,5:

1 —1
407 )A,y_‘+1a+ );V(q ) as

P (x)=yo+9 Ao+ -1

T. e,
pamio posy BE0D o LEOSZ0D g,
§ 4.16. P c MHorouneHos YeGuiesa

B § 4.5 MUl BbIBEIU OLHKY TOTPELIHOCTH AV1S HHTEPTIONANHOHHOI dop-
Myabt Jlarpamxa

1Ry (< T 1),
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e Besuyuna M, ., = max |f#+D (x)| saBHCHT OT CBOHCTB (yHKLHH
[ (x), a comHoxHTEND

Mgy () = (x— %) (x—x1) ... (x—13)

ONpefeNIAeTCH TOABKO BHIGOPOM Y3JI0B HHTEPHOJSUHE X;.

TToctaBuM caelylollyio 3ajady: Kak CleiyeT pachosOXHTh y3abl HH-
TePNOAALNH, YTOGE aGCOMIOTHAS MOTPEIIHOCTD METONa HHTEPIOJIHPOBAHHS
Ha oTpeske la, b] 6blia Hanmenbiei? Bysem canTarh AN ONpeAeTeHHOCTH,
4TO OTPE3OK HHTEPNIOJHPOBAHHKsS COBMajaet ¢ oTpeskom [ — 1,

TlponssesieM 3aMeHy nepeMentoli x =
=cos 0; QynKuua f (x) cTanoBuTCA Temepb
¢ynkuueii yraa 6, 1. e. f (cos 0) = ¢ (0),
M mpeofpasyercsi B MePHONHYECKYIO
yHKUHIO OT HOBOrO aprymenta. Tak Kak
—1<<x < 1, TO MOXKHO CUHTATD, YTO YTOJ
6 s or 0 1o m. 3amena 0 Ha

X X X5 Xa As —8 ocraasier x Ges usmenenusn. Cregosa-
TenbHo, GyHKUHA ¢ (0) onpenesnena ¥ Ha
Puc. 4.2 orpeske | — =, 0. Kpome Toro, ¢yHKmm

@ (0) wetnasn, 1. e. ¢ (— 0) = @ (0).

Ecnu dynkuus f (x) ﬂuqx‘bepeﬂunpyema 10 X, TO H PYHKUUS tp (0) and-
depenuupyema no 0 B kaxaoi Touke mpomexytka [ — @i, mtl, Bkmouas
TpaHHILL,

Dynxuuio ¢ (0), Tak xe Kak B f (x), MOKIO pasnokiHib B pan Pypbe.
Pasnoxenne ¢ (6) B pan ®ypbe nmeer BHL

| ®
@(0)= ?Vo+ ; 75, €0s k0.

Bepuemcs Teneph K 3anaHHOMY aprymeHty, Ie 3amemm cos kO
Ha X. MBI noJyunm Tak Ty (x). Onn
TIPEACTABJAIOT NOTCPEMEHHO YETHBIE W HeYeTHble q:ynxuuu 0T X H MOTYT
GbiTb TIOJyUeHbl Ha OCHOBAHHH PeKypPEeHTHOH (opMyJbl

Togr () =270 () — Ty =y (0 m

¢ HayaspHpNK yeaosuaMi Ty (x) = 1, Ty (x) = x. Herpyano npoBeputs,
uto

Te() =2 —1, Teg() =4x*—3x, T,(x) =8 — 8+ 1,....

Torja passoxenne f (¥) MOXHO TPEACTABUTb B BHAE

1= 3 aTuw0, ®
-0
e
o !
a= ;— S ¢ (6) cos k0 dO.



Bosspamasch K NepeMeHHoi X, Hveem

®)

B pealebTa're TIoJy4aeM pasfiozeHHue BHAaA
() = 2+ Ty () + o + 0, To () + e 0]

1ot ps cxomures GbicTpee, yem MHOrouden Jlarpanska.

V3Bl HHTEPNIONAUHA BHOHPAIOT CACLYIOUIHM 06pasoM. 3a1aloTcs 3Ha-
ueHHAMH QYHKUHU ¥, B TOUKax 0, = ma/n (m = 0, 1,..., n), 1. e. s
nepeMeHHoll X 5TH TOYKH JOJKHBI DPacmioNarathCi [0 3aKOHY Xp, =
=cos (mni/n). OTCIONa BUAHO, YTO Y3JIbI HHTEPMOJSIHH PacnorarawTes
HepaBHOMePHO, ~crymasch K KoHmam orpeska [ —1, 1J; puc. 4.2.
3uaueHuss QYHKUMH B y3/1aX MHTEDNOSALUAH TAaKOBBL

ym=f(xm)=f(cosm%),

mem=20, 1, .., n

§ 4.17. ObpatHoe MHTEpNONMpOBaHHe
3afava 06pamnO20 UHMeEPNOAUPOSAKUs 3AKMOYAETCA B CACNYIOUEM.

Tlycts na otpeske [a, b] 3anaibl TOUKH X, X3, Xg, --., Xn H SHAUCHHS HEKO-
TOpoil GyHKUMH f (¥) B-3TUX TOuKax:

Yo =1(x0), =" (), Yo = f ().

Tpebyetcs no safanHoMy 3Hadeniio GYHKIHH f (X) HaliT cOOTBeTCTBYIOWEe
SHAueHHe apTyMeHTa X.
Cayuait HEPABHOOTCTOMMUMX Y3JI0B HHTepNoAaUnK. B ciiyyae nepaHo-

OTCTOAAUMX Y3/I0B HHTEPNOANMHH X, X1, ..., Xn 3aJla¥a JETKO pelliaercs
C TNOMOMIBIO HHTEPNOJISIHOHHOrO MHOrouIeHa Jlarpanxa. Jaa storo joc-
TATOYHO MPHHATH Y 3a yio ep yi0, a X CUHTaTh Yy i,
T. e

x=x, W= =0a) o Wmtn) g O=Y) U)o W—yn)
*(90=90) Wo—2) e Wa—n) (1 —10) (Wi—) e (W1 —Yn)
G—=Yo) (y=¥) ... (¥—Yyn-1)
e X, )
i (¥n—Y0) Wn—11) e (Yn—Yn-1)

HIHM COKpaIIeHHO

Y=y (g=01) ... W=b1-1) (¥—Yi+1) ... (Y—Yn)
*= E . 1
i G1—=90) (Wi —y1) o Gi—Yi-1) Gr—Yit1) o Wi—yn) o

OueHKa 0CTATOUHOTO w/leHa B 5TOM CJ1yyae TaKas e, KaK H [IPH MPSMOM
HHTEPIIOUPOBAHKH, TOJILKO NPOH3BOJHBIE OT AAHHOH QYHKUHH 3aMEHSIOT-
Cst np or obpatuoit ¢y .
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Cayuafi paBHOOTCTOAUMX Y3J0B HHTEpnoAsAumd. 31ech OGBIYHO HCs
TIOJAB3YETCs METOA MOC/AeA0BaTeNbHBIX ﬂplrIGJllhKeHMﬁ Ecau 3a/laHa MOHO-
TOHHaﬁ Cb)’HKLlMﬂ C paBHbIM lIarom HHTepnOﬂﬂuHH W JAaHHOE 3HayeHHe
X NeXHT B Hauase TaGMHIBI Ha oTpeske x, < i< Xy, TO MOXKHO BOCMOMb~
30BaThCS MEPBOA MHTeprONsUHOHHOH (opmyaoli Helotona (cm, §4.7),

3anuem sy GOpMyJTy B BHAE

2 n
y=tot 52 g+ T lg— Dt o + LG g—1) o gt 1),

LDopmera (2) cBsi3BiBaeT 3HaueHHEe (YHKHHH § C 9HCJAOM WIAroB ¢,
B cBolo oyepesb, BeHYHHa § €CThb (YHKIUA apryMeHTa x:

X=X
g==". @)

M3 57010 COOTHOWICHUS, MOXHO ONPEAENHTH X, €CH H3BECTHO WHCJO Wa-
roB ¢:
x = Xo + gh. (4)
BeqnunHa ¢ OINpeleNseTcs MEeTOJOM TOC/esC X
Kak Npefie Moc/aefoBaTebHoCTH: ¢ = lim q;, tne ¢; = @ (¢ -y (( =
(o
=1, 2.).
B ypaBHeHuu (2) BLIAEANM ¢ BO BTOPOM Y/IeHe NPaBofi YaCTH PaBeHCTBa
W NOJYUHM
vy A
e g 1)
Ayo  2'Ayo ul Ay

g= v (g—n+1). ()

B kauecTBe HCXOAHONO SHAueHHs g BO3bMeM @ = (y — yo)/Ay,. Torna

Ay, _ A"y _
=0 gy W=D e — G @) s @ D). O
Mo HaiieHHOMY 3HAYEHHIO ¢, BLIMHCAHM BTOpOE MPHOAMKEHHE gy H T, A,
Jlast i-ro npuG/HKeHHs uMeem

q=qi-— QIAJ Qi1 (@rer =1 — s
Ay,
=2 g @i — 1) e (g —n 1) [u}
T aldg

KousiuecTBo wenoB B opmyJie (7) 3aBHCHT OT YHC/IA Y3/I0B HHTEPNOSIHH.

Ha npakTtike npouecc nrepauuii Npojo/KalOT A0 TeX nop, Noka He
YCTaHOBATCA I.Ulq)pbl, COOTBETCTBYIOLHE Tpeﬁyemoﬁ TOYHOCTH, MpHYEM
1101araloT § = (p, TAE §p — TOC/AENHEE H3 HAMICHHBIX NPUGIHKeHHH.
TMosb3ysch Gopmynoit (4), HAXOAAT HCKOMOE SHAUEHHE X, COOTBETCTBYOLILEe
3ajJlaHHOMY SHAYEHHIO Y.

Haxoxnenne kopHeii MeTo0M 06PATHON 0 HHTEPNOAHPOBARNA. MeTosoM
OﬁpaTHDI‘O HHTEPNONHPOBAHHSA MOMKHO BOCHOJIB30BATLCA VIS HAXOXKIAEHH
Kopueit ypasrenns f (x) = 0. MapectHo, uto ¢yukuus f (x) umeer no kpaii-
Heil Mepe OJuH KOpeHb Ha orpeske la, bl, ecin oHa HenpepeiBHa
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£ (@)« f (b) < 0. BocronbsoBapuwinch THM (akTOM, NO SalaHHOA Ta6-
JHIe HAXONHM Takoii oTpesok lx;, X;4 (1, 410 f(x) « [ (% 41) <O, T. e,
¢ ¢ Y1+1<< O.IIpuvenas sarem npueMm 0OpaTHOTO HHTEPTIONHPOBAHHS,
¢ 3aJlaHHON CTeNeHbIO TOUHOCTH HAXOAHM 3HAUEHHE X, COOTBETCTBYIOLIES
y=0.
MNpuwep 1. Oynxuus y = f (x) sajaua ta6auuHOr
x ]lollsjnlzo
y | s | 7 | 1 ] 17
HafiTn sHaueHne aprymenta x, Aas xoroporo gy = 10,
Pewenue Lo dopuyae (1) Haxomum
(10—=7) (10—11)(10—17)

L 10=3)(10—=11) (10—17)

s=9(10)=10- +15

(B—7) B—11)(3—17) (7—8) (1—11) (T—17)
i, 40=9A0=7(10-17) (10—3) (10=7) (10—11)
M=3) (1= (Il=17) " 7=8) 1= (IT—11)
3(=1)(=7 T(=1)(=D 7.3.(—7)
=0 Ty TP e <) ‘Ta(—e T
7.3 (— 15 147 17.49 1 1065

—— = =16,64.

T Tes - kte e T w

Mpumep 2. Pyukuna y = [ (x) sanawa radanuno;
IREIREIRE
'R

Tlpn KakoM SHayeHHH x SHaYeHHe y paBHO 407
eweHue CocTaBuM TaGJHLY KOHEYHBIX padnocTels

x v Ay Ay
10 | 35 | 2 |—12
12 | 85 | 8

14 | 63

3a nauanbuoe sHavenwue y npunnmaem yo = 35. Orciona
y~yo _ 40—35
= = ———=0(,25,
="y, 20

Hanee, noap3ysch METOROM HTEpalluH, Haiiien

_ Ay, _ =12 _ 56 — .
B0 g B G— ) =025 — 3 +0,25 (—~0,75) =0,25—0,056 = 0, 194;
Atyy '
Ga=Go— =gy (g1 — 1) =0,25—0,3.0,194.0,806 = 0,25 —0,047 = 0,203;
218y,



3=0o— 2!Ay —% 4, (gs—1)=0,25—0,3.0,203.0,797 =0,25—0,049 =0,201;

G =qo— Q—IK— 93 (g5 —1)=0,25—0,3-0,201.0,799=0,25—0,049=0,201,
Tenepn no Gopmye (4) nonysaen

= x+gh=10-40201 02=104

Ynpamuenus

1 ®yrguua g = [ (¥) sagasa Tabauyno:

I | 1,523 ‘ 1,524
y | 20,477 | w006 | 21,3
Onpenenntsb ee sauenie B Touke x = 1,5228 ¢ nepsoi HOHHOR
dopuyan Hbiotona
Omsem 20,819

2. Qyunkuua y =, (x) sanasa TabAuIHO

x [ 1,5?9] 1,5 | 1,51

y ] 23,911 , 2,498 | 2,115

Onpeneauts ee sHaseline B Todke x = 1,5303, BTOpO#
dopmynoii Heiotona.
maem

3 noCTpOnTb uHTepnMﬂuuomluﬁ MHuorousien Jlarpamxa aas QYHKUHM, 3ajaH-
HOR rabanuno:

3 241
Omeem Ly (x) = 5% — g0%° + o x—3.9
4. TlocTpouTh HH1EPIOAALHOHHEIR MHOrouaeH Jlarpanmka s cbyﬂkuuu fF)=
= e=%, eClIH ys/lavMH HHTEPNOALHA CAYKAT TOUKH ¥; = 1, X, = 2, x5 = 3. Oue-
HHTL norpeumocn npu x =

45,
Omeem Ly (x) = 0, 0735 — 0,4530x + 0,7474; R, (1,5) = 0,23 - 10-%,
5. Cocrasutb 'mﬁlmuy KOHEYHBIX pasHoctell AaA QyHKUUH, 3a1aHHON TAGAMYHO:

[-2t—1|o[ N

y | 10 | 5 | 1 |_15|—50[—1oo

6. CocraButb Talauuy pasiesemHnX pasuocteli aas Gysxkuum, sapannofi
TabAHUKO.
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7. Ilas Qyuguun g = f (x), sanawsol ta6anuroy
e ] oo | Lo | Lo | 1 | v | ons | 1w

y |2,aom7 |2,944ss [3,13993 |3,42123 [3,52542 l 3,78104 ] 4,01485

BHUHCANTL 3HaueHwe B Touke x = 1,21555 @ Tounocteio 10 10-2, moabsyscs
q;opmynoﬁ Dif1kuHa
gem; 3,37215.
B Buuncmnb sHauenue QyHKUHH B TOuke x = 1,34627, noabsysck gopmyaoi
laycea, ecan ¢pysxuus y = f(x) sazama taGanymo:

1

| nes | s | onas | 3o | e | e
P [4,16206 | 4,25562] 4,35325[ 4,45522] 4,56184] 4,67314
Omsem: 4,379.
9. Ilas dysxuny, sajansofi Tabauumno

2] e | Lo | s

v | o,ssasa7| 0,893698| 0,894700

onpelennTs 3HaUeHHE apTyMeHTa, COOTBeTCTBYlomee SHauenHio dynkuuns 0,892914.
Omeem 1,43612
10. MerozoM 06paTHOro HHTEPNONKPOBAHHS HafiTH 6 TOYHOCTBI0 fo 10-2 Kopenn

ypaswenna Vi 1 —3 =0, aexawnii » uutepsaze 0,7 < x < 0,8,

Omeem:  0,75487.
11. Pacxoan rocynapcreennoro Gioxxera CCCP Ha CouBaNbHO-KY/LTYPHEE Me-
PONpUATHS TPEACTaBAeHb Tabauued:

Foam 1940 1950 1960 1970

Pacxoasl Ha COUHAMBHO-
KYAbTypHble MEpOUPHATHS
(B MAPL. PYG.) . 4 .. . 4,1 11,7 24,9 58

Kakou Gwuam pacxomnt rOCyﬂﬁchBeHHOPO Glomketa CCCP 1a  counambhO-KyasTyp-
Hie MeponpuaTes B 1969

12. Pacxons no rocynapcmeuuovy Groxery CCCP Ha BHIJIaTy nocoGuit MHOrO-
ZeTHHIM ¥ OAMHOKHM MaTepsiM NpPeiciaB/iensl Tabnuued:

Toms 1940 1950 1960
Buinaata nocoGuit (8 Mas. py6.) . . . . . .. 123 366 496
O6pagotats maTemaTHuecKH NaBRYIO y

DYHKUMIO HHTEPNONALHOKEEIM MHOFOUAEHOM HbloToHa,



13. Yiedbubik sec 37eKTP TSITH B TP
Tpancnopta (8 %) npexciasien Tabauueit

o 1940 1965 1970 1971

Va. sec saekTposoauoh TacH . . . .| 2,0 39,5 | 487 | 49,6

[locTpouTh HHTEP NOAALMOHHBIA MHOTOUNen JlarpaHKa.
14. OGopot BHel Heli TOPrOBJIM Pa3BABAIOWKXC CTPaH (N0 rolam) sajas cienyio-
waM 06pasom:

Tom 1965 | 1966 | 1967 | 1968 | i969 | 1970

OGopoT sHeliHeHd TOProBmd . . . . . | 74 80 | 82 90 100 | 107

CoctaBuTh Tab/HLY KOHEYHBIX pasiocied.
15. YuncaeHnocTb paGounX B CNYIKauLWX, SaHATHIX B 5/JeKTPOSHEPreTHKe, Mpel-
craBjeHa TaGaHuedt:

Foms 196¢ 1967 1068 196y

YucaennocTs pacoqnx u cnymamnx
(B ThC. venm) . . 581 602 625 635

MeTofoM SKCTPanOMIAUMR ONpELeHTb (OPHEHTHPOBOYHO) UHCICHHOCTh DAaGOYHX
CAyKAMHX B SJEKTPOIHEPreTHRe Ha 197
16. [IPOUSBOACTBO SJAEKTPOTAPHL B CCCP © 1966—1968 r. TpencTasJeHo B Ta-

auye:

Cozw 1960 1968 1969

[Ipon3BOACTBO SMEKTPOTAPHl (B THC, WIT.) . o . . 17 21 23
OGpaGoraTh MaTeMaTHUECKH IaHHYIO Taby.

8aBHCHMOCTb aHaMHTHICCKOM.
17. 3ajas mo rojaM BHNYCK npo)lyl(um\ JIeTKOll TPOMHILJIEHHOCTH, TOBapOB

KYJAbTYP 0 o6nXoxat
Fons 1971 1972 1973
Buinyck npoaykukm (B MApA. PY6.) . . .. . . 82 89 95
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MeTOROM 3KCTPaNONALKHA ONPele/nTh NPelBAPUTENbHO BHNYCK NPOIYKUHE JerKofl
[pOMbIIIeH HOCTH Ha 1974 r.
18. ITopoGpats ananmu‘xecxyno 33aBUCHMOCTb, OTPAXKAKOIYI0 BHINYCK Cnenua-
JHCTOB BHCHIMX YueOHuix saejeniit 8 CCCP (sa nauano yuweGHoro rona), ecau sta
3aBHCHMOCTD PENCTaBleHa TaCAHIHO:

romu 1966 1967 1968

YneAo CNEuNasucToB (B THC. Yel.) . .+ 4 o 4 o 8 12 13

19. OCHOBHME NOKa3aTeN PaIBATHs CBASH (KOIHUECTBO OTIPABACHHEIX MHCEN)
npejcTaBaeHH TaGanuedi:

Foxst ! 1960

KoJsuyecTso MHCEM (B MAPA) « « v o v u o o

OnpejeauTh OPUEHTHPOBOYHEI PHPOCT KOAHYECTBA OTNPABACHHBX niceM 8 1973 .
o OTHOmeHHIO K 1971 I., KCNOMB3YR METON SKCTPANOMALAA

20 PentabenbnocTs npombmdensnx npeanpustuii CCCP npeacrasaena Tal-
nnueii:

Tonw 1960 1965 1970
Mputas (B MAPA. PYG.) . « o v v v o .. .| 140 | 225 | 56,0
Onpegents Taii 2 1968 T. cxexoli DiiTknHa.

21. IoGrua npupoxu-loro rasa B Mtanuu sa nepnon 1966—1968 . TpejcTaBieHa
Tabauued:

Tomut 1966 1967 1968
lo6wna npuponnoro rasa (s mapa. M%) . . . . 8,8 9,3 10,4
MonoBpate untep MHOroYJied, BOGHYY NpHP! o

ra3a Kak QYHKUHIO BPeMEHH.
22. Jlo6uua npupoxsoro rasa 8 ®PI 3a nepuox 1966—1968 r. npexcraetena
Tabauueii:

Togs 1966 1967 1968

JoGsiua mprpoasoro rasa (s MapA. M) . . . .| 2,8 3,7 5,8

Onpegeants opreRTHPOBOUHO NPHPOCT AOGLUA MPHPOAHOTO Tasa B 1969 r. no oTHome-
B0k ]968 r., mo/b3yaAch METOROM IKCTPANOAALHH.
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fnaea V
ONPEAENEHME COBCTBEHHLIX YMCEN M COBCTBEHHLIX BEKTOPOB MATPMLbI

§ 5.1. XapaKTepucTHUECKWA MHOTOUYNCH WM METOAbl OnpefeneHus
ero Koa(rhuuHeHToB

Iyers A = la;;) — xBanpaTHas MarTpuna n-ro nopsika ¢ AeficTBu-
TeNbHbIMH SJIEMEHTAMH H A — HEKOTOpOe HEH3BECTHOE. Torna MaTpHua
A — MAE, re E — enMHHYHAS MaTpHIla N-FO NOPAAKA, HA3bIBACTCS Xapak-
mepucmuseckoti mampuyeri maTpuubt A. Tak xak B Matpuue AE N0 r1aBHoOl
JIHaroHa/IH CTOAT 7». a BCe OCTaJbHblE 3/1EMEHTEI PABHBI HYJIO, TO XapakTe-
pUCTHUECKAs MaTPHila UMEeT BHI

—h ay P N
A—ME= Ay Ay — ey . )
Any Qyy e Q= A
OnpenenTess 3TOH MaTpHIE! 5 xapax M oon-
pedeaumenes w pasex
ay—h ay, ey,
2 —A ...
det (A—1E)= |1 s an . @
Qny Qny e Gy —h

B passepuyrom Bune det (A — AE) — MHorousen n-if crenenu or A, Tax
Kak MpH BBIYHC/ICHHII 5TOTO OMPE/ieIHTeNs POU3BEJEHHE IeMEHTOR [VIaB-
HOH JIMATOHAAH JlaeT MHOTOU/IEH CO CTapIunM uieHoM ( — 1)"A7, T. e,

H(=Drpal )

Msuorouien (3) HasbiBaeTcs KUM M MaTpu-
1bl A, @ €ro KOPH#t Ay, Ay, ..., Ap, KOTOPBIE MOTYT OBITb KaK A€HCTBHTEbHbI-
MH, TaK H KOMIVIEKCHBIMH,— XQPAKMEPUCMUNCCKUMU HUCAGMU, WIH CO0-
CmeexHoLMU BHaueRuAMU, Matpribl A. Uncaa py, py, ..., p, Ha3HBAOTCS
K03(ppHUUeHTAMH XapaKTEPHCTHYECKOrO MHOTOUJeHa (3).

det (A—AE) = (— 1" (M py h=1 4 py M= —

Henynesoit Bextop X = (X;, Xy, ..., X,) HA3biBaeTcs COOCMEEHAHbIM
6EKMOPOM MaTPHLbL A, ecau 3Ta Ma‘rpuua MepeBojinT BEKTOp XB BEKTOp
AX = \X, )

T, €. POH3BesieRIe MaTpHILbl A Ha BekTop X H MPOH3BeNeHne XapaKTepucTii-
4ecKoro ukcaa A Ha BekTop X €cThb OJMH M TOT e Bekrop. Kaxuomy
co()clueunouy 3HAUCHHIO h, MAaTpUlbl COOTBETCTBYET CBOi COGCTBEHHBIH
Bektop X; (i =

Has onpe,ue.rlennn KOOP}lHHaT COGCTBEHHOTO BEKTOPA COCTABHM ypaB-
HeHlie

(A —AE)X =0, ®)
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KOTOPOE Ha3biBAETCs) s, T €ro B BHAE

Tan—hay @y .. .am ] [n O
Gy Ay —M ayy e Gy, Xy 0
g A3y Qgg—h . . . Gy, | % |=| O (6
G e G oan—h | | x| |0

B BHIOJHHB  YMHOXEHHE, TNOJYYUM CHCTEMY JHHEHHBIX OJHOPOJHEIX
ypaBHEHHH

(an—24) x4+ ¥y + Ayt e A X, =0,
Qg Xy (@ — Mg+ QyaXg+ v A Gy =0,
g %1+ Ayt (@gg—h) Xyt e+ X, =0, (5)
Qpy Xy g%y + Apgly+ oot (@pn— M2, =0.

Onpenenutens chcrembl (5") paBeH HYMO, Tak KaK W3 5TOTO yCJIOBHS
65!.'"4 OnpeaesieHb! COGCTBEHHbIE 3HAYEHUs 'ManMU.M AZ cienoBaresibHo,
cicrema (5”) nmeer GecuHc/IeHHOe MHOKECTBO elieHHi, ee MOXKHO PeluHTh
€ TOYHOCTHIO M0 MOCTOAHHOTO MHOMXHTEs (KaK CHCTEMY OAHOPOAHBLIX
YypaBHenHuii).

Pewns 3Ty CHCTEMY, Mbi llaﬂﬂCM BC€ KOOpAHHAThI COGCTBEHHOTO BEKTO-
pa X. INoxcrapasis B cucremy (5”) noouepeaHo Ay, hg, ..., Ay, nosydaem
N cOBCTBEHHBIX BEKTOPOB.

l'lpu OnpencyIeHnH COGCTBEHHBIX 3HAYEHWH W COBCTBEHHBIX BEKTOPOB
MaTpHIL pelaercst OiHa M3 ABYX sajau: 1) onpedeserue 6cex cOGLMECHHbIX

i U npurao. um 8eKMOPOs  Mampuy, Wi
2) onpedeaerue 00H020 UAU HECKOAbKUX i U npuHao.
HQUUX UM cobemeerHoLx BEKIMOPO8.

nEPBaH 3ajava COCTOHT B paspepThiBaHHH XapaKTEPHUCTHYECKOro onpe-
JIeIHTeNS B MHOTOWIEH n-ii CTeneHy (T‘ €. B OMpefe/IeHHH KDSWHHHGHTOB
P Pay Pn) € NOCAENYIOWHM BbIUMC/CHHEM COGCTBEHHBIX 3HAUEHHIl
Ayy ha, ooy by H, HAKOHELL, B ONPEJENCHHH KOOPAHHAT COGCTBEHHOTO BEKTOPA
X = (x1, Xa ooy K)o

Bropas sanava 3ax. A B onp COGCTBEHHBIX
4 (O/HOTO WM HECKOJIBKHX) HTEPALHOHHBIMH METO/aMH Ge3 MpeiBapHTeb-
Horo pasBepThIBAHNA XapPaKTEPHCTHYECKOTO OMpe/enTeNs.

MeTOIU:[ nepnoﬁ 3a/la4yM ABJMAKTCA T O 4 H bl M U, T. €, €C/IH HX NpUMe-
HHTBL 1151 MarpHui, SJEMEeHTH KOTOPBIX 3aJaHbl TOYHO (Pallm)HﬂJlbllthH
UHC/IaMH), H TOYHO NIPOBOAHTH BBIYHCACHS (110 PaBH/IaM JAeiCTBHIT ¢ OObIK-
HOBEHHBIMI APOGAMH), TO B pe3ysibTare GyJeT NoJyyeHo TOYHOe 3HaveHHe
KOBMIHHHDHTDB XapaKTePUCTHYECKOrO MHOrou/eHa, H KOOPAHHATHI €06~
CTBEHHEIX BEKTOPOB OK@XYTCsH BHPAKEHHLIMU TOUHBIMH (OPMY/IaMi uepes
COGCTBEHHbIE 3HAUYEHHS.

OGLIYHO COGCTBEHHBIC BEKTOPb MATPHILBI YIA€TCS OMPENEMHTD, HCMOMb-
3ysl IPOMEXKYTOUHbBIE Pe3YJbTaThl BHIYHCICHHI, NPOBEACHHDBIX sl Onpeje-
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JeHtst KOAPHIIHENTOB XapaKTePHCTHUECKOro Miorousena. Koweuro, mia
onpefeseHus cOGCTBEHHOFO BEKTOpPa, NPHHAAIEKAUIETO TOMY HJIH }lpyl’OMy
3HAYCHHIO, ITO COGCTBEHHOE 3HAUEHHE JO/KHO GhiTh y2Ke BBIUHC/IEHO.

Meronst petienns BTOpOl‘:{ 3ajaun — HTep aluoOHHEBEE 3lech
cOGCTBEHHLIE 3HAYEHHUSA NOJAy4yaICa Kak 1peaesisl HEKOTOPBIX YHCJIOBBIX
HOCﬂEﬂUBaTE.ﬂbHOCTeﬁ, TaK K€ KaK H KOOpAMHATH MPHHALNEKAHMX MM
COGCTBEHHBIX BEKTOPOB. Tak Kak 3TH METOAbl He TpeOyloT BblUHCIEHHSA
KOSQJQ)HIIHQHTOB xapamepnc’mqecx\'om MHOTO4Y/IEHa, TO OHH MeHee TpyAoeM-
K, FlHxKe paccMaTpHBAlOTCA HEKOTOPHE METOAB Pa3BepThBAHHA XapaK-
TEPUCTHYECKOTO ONpeACJHTENs1 W HTepallHOHHbIE MeTO/bl HaXOXKAeHHA oG-
CTBEHHbLIX 3HaYeHUi MarpHIbl.

3 5.2. Merop

PeA o P! P

PaccMOTpiiM Ha TPHMEpPEe MaTPHIbi TPETHEro Mopsiika, Kak HaXOLaTcs
KOS(UpHLLHEHTH XapaKTEPHCTHUECKOTO MHOTOU/IEHA HENOCPE/ICTBEHHBIM Pas~
BepTHIBAHIEM XapaKTepHCTHYeCKOro ompenenurensd. [lycts

Ay Gy Qyy all-)" ‘712 ala
A=]a, ay ay|, det(A—AE)=|a, L .
[T ‘133 asl aﬂl "aa—}‘

Brlunic/iuM onpesieIuTeNh N0 NPaBH/IY TPeyroJbHUKOB:

ay—h ay ay
det A—AE)=|ay ap—h ay =
g gy Qgy—N

= (=) (@ — 1) (@5 — 1) 21y @y Qg1 + Q1 Ay Oy —

— g gy (Bap— N — 1, 8y (Ags— N — g @y (@ — 1) =

= MM (@ + @gg) — A (@1 3y — Ay, ay) +

-+ (@pz Agg— @y Qag) =+ () Ay — A1y A1) ] - (1) Ao gy -+
Qg yg gy 15 Qg Qo — 013 @y Qyy — Q5 0y 0 5= Uy Qg Oyy) =
ay al?

Oy +

= 0@ @) +

ay Ay (g, Qg

Ay Gig

Ay Gy 4
+ )

%1 G Gy ||,
Qg Qg Gy,

g Qg

det (A —AE) = (—1)* (8 — p? + ph — pg) = 0.

3zech KOS(HUHMERT p; — CyMMa IHATOHAJNBHBIX 3EMENTOB MATpHLE A;
OH HasHIBaeTcs ¢eedox MaTPULBLI W 0Go3Hauaetcs Sp A:

n=SpA = ay + ay + a5
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K09(QHUHEHT Py — CyMMa BCEX AHAaroHa/bHBIX MHHOPOB BTOPOTO MOpAAKA
marpuus A:

Ay g
g1 Ay

Gy Oy Gy g

1 gy

Py=

gy g3

(QuaeoransHbiMy MUHOPANU BTOPOTO, TPETBETO, ..., N-TO NOPSAKA Ha3bl-
BAlOTCsi MHHOPBI, 3/€MEHTbl TJaBHLIX Juarosaneit KOTOPBLIX SIBJISIIOTCA
®JIeMEHTaMH [VIaBHOH AHArOHaIH onp tens det A); puunent

Ay G Uy
py=detA=la, @y ay.
Gy Gy G

Boofe, ecnn TpeSyercs pasBepHyTh onpepeanteas det (A — AE)
B MHOTOU/IEH A-il CTeNenH:

D@ =(—=1y [M—py M= - p k=2 — . (—1)" ]
TO KOS(MHUUHEHTE Py, P, vovy Pn BHIYHCAAIOTCS N0 CAAYIOWMM POpMYTaM:

n
pr= 3 ay=SpA—cymma ecex OuaOHAALHNX  sAeMEMOE
=

mampuypr A,
a
P= E oo Gap —cymma 6cex OUALOHANLHBLX MUHOPOB 8O-
a<pl@pa Gpsl poco nopadka mampuyer A,
Qaa Qep Qay

Gpo g Apy|—CYMNA 60CX DUAZOHAAbHBLY MUHOPOS mpeimb-

e20 nopadka mampuyst A
Qya Qyp Gyy P Pl

pn=det A—onpedeaumers mampuypt A.
Upc10 AMarOHANBHEIX MHHOPOB -I0 MOPSiiKa MaTpHubl A paBHO

Cﬁ:ﬂ":l—m#ﬂ k=1, 2, o ).
Mpumep. Metonom 0 p nHafiTh
9ecKuii MHOFOY/CH MATPHLE
—4 =3 1 1
2 0 4 —1 .
<l e 2|
1 I -1 -1
Peuwenue 1) Haxonum
. p1=Sp A=ay+ay-tag+age=—4+0+2—1=—3.
a4, @
2) Humeem pp= 2 o b . YHCA0 AHATOHAALHWX MHHOPOB BTOPOr O MO-
a<p|%a G
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pAlKa Y MATPHLE UeTBEPTOro MOpsiiKa pasuo Cf = T = 6. Bunucwsaa sog
STH MHHOPH U CK7aibiBas HX, MOAYuaeM
—4 =3 -4 1
pe= | 2 0 12
ul—l; B=3
i+
a=2; B= a=3;
%a  op
3) Uneem py= 2 2, Ay
ospey O OB Oy

€ro MOPALKA Y MaTpuik €TBEPTOro MOpsika pamo Cj=

TeABHO,

4) Haxoaum, Hakoneu,

—4 =3 1 1
2 0 4 —1

p=deta= T |=—1s
| I G G|

5) Takum 06pa3om, OKOHYATEJBHO NOAyYaEM
D (M) =M —py A -f-pg A2 — pg A - py = A* 4-3h8 = TA2 — 24 — 15,
Merox HeNOCpEACTBEHHOTO Pa3BEPTLIBHHA OYHb TPYNOEMOK H NpHMe-

HAETCA NMPH HAXOXKIEHHH XapaKTepPHCTHUECKHX MHOTOWIEHOB A1A MaTpuul
HEBBICOKHX TOP ALKOB.

§ 5.3. Merog Kpbinosa gna pa3seprbiBaus

P P P

Merton KpbloBa ochoBaH Ha cBoficTBe KBaApaTHOIl MaTpHub 06pamath
B HYJ/b CBOW xapaKTepuc’ml{ecxnﬁ MHOrou/ieH.
Cornacio toxnectsy Famuabrona — Keanwu, seskan
K6aOpamHas Mampuya AEARCMCS KOPHEM  C60020  XAPAKMEPUCTMUHECKO20
H, CaejC 0, obpawjaem €20 6 Hyab,
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Iycts
D(%) =det (A—AE) =Mt p, M=1 L p, An=2 L . 4 p. )
-— xapamepucmqeckﬂn MHOTOWIEH MaTpHUbl A. 3amenss B paBeHcTBe
(1) Beamuuny A na A = layl (rne i = 1, 2,..., 53 j = 1, 2, .., 1), nOAYuIM
A py A=t py At P E=0. @

Bo3bMeM MPOH3BOJIbHbIH HeHyJIeBoil BeKTOp

!AU)
yo| % ®)
H YMHOKHM 00e uacTu paBeHCTBa (2) cnpasa Ha Y(9:
AYO® 4 p, Ar—1 YO 4 p, An—2 YO +p, YO =0, [©))
Tonoxum Tenepb
AY¢=b=Y® (k=1 2, ..., n), ©)
T e
Y= Ay®©,
Y =AY = A2V,
Y =AY (=1 = An YO,
PaBeHCTBO (4) NPUHEMaeT TOr/a Cle/yIoUHit BHA:
Y@ 4 p, Yia=D 4 p, Yo=3 4, 4 p, YO =0, ©)
HJIH
pYE=Dgp, Y= 4p YO = Y,
uay

yp=1 Y= y&? y((‘n)

(a=1) (n—2) (0) (1)
S A Rl EOWEN Lo B L

y },"“ b Y= 4O 4o

T e
PLYE= Py YD e P Y = — Y,
)

| P4 Py e P g = — Y,

PrYeD Py At P Y = — Y0,
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WH, HAKOHEW, B MATPHUHOM BHJE

Yo ye=n L0 P il

P ) P yun
Y == .

P e ] Pu y’('m

Bexropnt Y(” Y, e Y§“7 BHIYHC/IAIOTCA 110 GopMyaam
v = 5‘ a, VP =Ay®,

VP = § g, v =aro,

Yo = 2 ayY~V=Ayea=n (=19, .., n), .

©

NPHYEM KOOPAHHATLI HauaJbHOrO BeKTOpa (3) Gepyres nponssosbeo. Ecan
nmnenﬂaﬂ cHctema (7) MMeeT EHHCTBEHHOE DEIEHHE, TO ee KOPHH p,

(l) 310 pelenne Moxer ObiTh HalieHo no metoay laycea,

n ABASIOTCS KO(HILHEHTAMH XaPaKTEPUCTHUECKOrO MHOTOU/ICHA

Npumep 1. Meiogom KpuaoBa pasbepiyTh XapaKTepCTHYeCKHH onpegedn-

Tedb MATPHLUL
—4 =3 1 1
2 0 4 -1

1 I =1 =1

Pewenue, 1) BuGupaem Hauanbuulli Bextop

Y(0)=

o oo -

2) [Moxpsysice ¢opmyaamu (9), onpeleasem Koopamnats sekropoe ¥* =

=AY¢=D (r=1,2,3, 45

—4 =3 1 1 1 —4

2 0 4 —1 0 2
) Ay — N _
YR=ar®= 1 9 0 1

11 =1 -1 0 1
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Ta6auua 5.1

n LA o s ‘CeoGORHBIE e Hb z
—4 1 —120 — 150
2 0 47 61
1 0 23 33
1 0 13 53
4/39 —1/39 10/13 50/13
—2/39 20/39 —189/13 —168/13
—5/39 11/39 —141/13 —121/13
—1/3 —1/3 3 3
1 —2/45 49 —53/5 —56/5
| =115 —1/3 335 31/5
—1/3 1/3 3 3
1 5 —99 —93
—30 —28
1
1
1
1
1
[—4 -3 1 1
2) m 20 4l
Y@=av@=l | 5
\_ [ e .

YO =AYy D= 20
- 1 1 2 =2
1

—4 =3 1 17 -39 120
2 0 4 - 20 — 47

) = Ay (D) = = .
yd=ay | A 11 — 23

—43




3) CocrabisieM MaTpHuHOe YPaBHEHHe

-39 12 —4 1 n 120
0 —5 20 I
nm o—2 10| V] |-
13 —4 10 Pa — 43

Banncubacu cuctemy Buma (7):
—389p1+12p2—4ps+p.

20p1— 5p2-+2p3

1ps— 22+ ps

13p1— 4pa+ ps

Pemaem 9Ty cuctemy no cxeme I'aycca (cm. Ta6a. 5.1 ua crp 215).

Takuy oGpasom,
D (A) = det (A—AE) =k~ py A3~ py A2 pg A} py = A4 -8R —TA2— 241 — 15,
Ecan e nonyuennas auneitnas cucrema (7) He UMEET eJHHCTBEHHOTO
pelienus, TO CJIeAyeT H3MEHHTH HayaNbHBI BEKTOp,
fpumep 2. Metogom Kpmaioba paspepnyTb XapaKTepHCTHUECKRIl Onpejeantens

MaTPHILL

=1 -1 2
2 3 0 —4
il FE R
110 =1
1
0
1) BosbMeM B KauecTse nauanbHOro Bektopa V(0 = o 3 TOrAa MOAyyHM
0
17 0
2 4
YO =AY = \ 3 Y@ =AY D= ) s
1 2
1 —17]
4 6
Y= AY(®) = LYW =AY = .
Ay , [ YW=ar s
2 3
2) Coctaisiem Matpuunoe ypashenie
10 11t P 1
4 420 e | 6
2 =110l p T =]
2 210 P 3
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OTKYAa HOJNydaeM CHCTeMY ypaBHenuil

P1+P3+py
4p1+4p2+2p3=—6,
201 ~p2-+p3=3,

2p; 22t P

PemaeM STY CHCTEMY NIO CXeMe elMHCTBEHHOro edenis (e Taba, 5.2),

Ta6auuab2

I P I3 Pe ”ﬂmﬂ:m b3
0 L 1 1 4
4 4 2 0 —6 4
2 -1 1 0 3 5
2 2 1 0 -3 2
1 0 B 1 1 4

i) —2 —4 —10 —12

1 —1 —2 1 —3

2 -1 —2 -5 —6

1 —0.5 -1 —3 —3,5

| _1,5| -3 -2 —6,5
0 [ 1 1

1 2 1,333 4,333
o |

Tak kak BeiymuR SJEMEHT paBeH HyJO, TO NPOROJKATL BHYMCICHHS NO 5TOR

CXeMe HEBOSMOKHO. B
3) Jan DONyueHHs EAMHCTBEHHOIO pelICHHS MEHAEM HAvabHbl  BEKTOP,

0
[
nonaras Y0 = o |+ maxomm

1

2 6
YW = Ay = —4 ;Y@ =AY W= -4 s

-2 4
—1 —1

a7



4 10
4 8
W) =AY (D = W) =AYV = .
Y ay a1 Y AY 0
3 5 |
Marpununoe ypasHenne
4 6 20 ) 10
4 —4 —2 0 P |_ 8
—4 4 =20 || 10
3 —1 =11 Pa 5
MNPHBOAHT K CHCTeMe
4py+6p2--2p5 2p1+3p2+p3 5,
4p1—4p;—4ps ann Pr— p2—ps 2,
— 4p1-t-4py—2ps —2p1+202~p3 5
3p1— pr— P3tpe=—5, 3p1— Pa—py+pa=—5e
KOTOPYIO pewaeM MO cXeMé eAHHCTBEHHOro Ieenns (cM Taba. 5.3).
Ta6anua 5.3
3 LA Py Pu Cpotoanvie wneHs I
=i 3 | 0 -5 1
1 —1 —1 0 —2 -3
—2 2 —1 0 -5 —6
3 -1 —1 1 -5 -3
| 1,5 [ 0,5 0 —2,5 0,5
—2,5] —~1,5 0 0,5 —3,5
5 0 0 —10 -5
—5,5 —2,5 | 2.5 —4,5
| 0,6 0 —0.2 1,4
| —3] 0 -9 —12
0,8 1 1.4 3,2
1 0 l 3 4
[ - 0
1 po=—1 Pa=0
1 py=4
1 py=—2 pe= -1
1 pi=—1 =0

Cinegosatenbro,
D (M) =M —A— 24343 — 1,
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§ 5.4. B 6 poB no merogy Kpeinosa

Ecan H3BECTHBI KOIGUUHEHTBI Py, Payeeey fin U KOPHH Ay, Roy .o, Ay
XapaKTePHCTHYECKOTO MHOTOUJIEHa, TO MeTosl KphlloBa JlaeT BOSMOMHACTH
HaHTH COOTBETCTBYIOWHME COGCTBEHHEIE BEKTOPHI MO CAeRylowWe (opMmy.te:

XO=YO=Dp gy Y02t gony YO (=12,000). (1)

3pech Y =h, Y2 V() — pekropkl, HCNOB30BAHHHE NpH Ha-
XOMKEHHH Kostpcpnuuemoa P1s P2y -~y Pn MeTOZOM KpbioBa, a Koa(u-
waentsl g (=1, 2, ..., n—1;i = 1,2, ..., n) onpeseasiorcs no cxeue

Toprepa:
=bLqu = Mgy 1+ pie @
Npumep. MerogoM KpuioBa  BHYHCAMTS  COGCTBenHbe  BEKTOPH MATPHiLh
1 —1 -1 —2

2 3 0 —4
ol PRy
1 1 0 —1

Peme nne Xapaktepuetnseckft Muorousesn Matpun A Hasecrei:
det (A —AE) =M — A% — 24% + 34 — |
(eM. npvaep 2§ 5.3), a cofeTpennye 3nauenus TakoBbi: Ay = 13 Ay = 1303 = 0,6
= ,618. Ilna HaxomAen un COGCTBEHHBIX BEKTOPOB BOCTIONBLIYEMCH q.-opmynon (l;

XO =y ® g YO gy v gy v0O),

3yect Go; — 1, xos@cbuuuenw g =1,28i= 1,23, 4) enuncasem no cxes
wme Topuepa (cm Ta6a. 5.4),

Ta6anua 5.4

" o=l =1 =2 =3
=1 go=1 qu=0 gn=—2 n=1
Goe=1 Gu=—2 gae=1
Ay =0,618 Jun=1 3= —0,382 | qua=—43 | qu=0312
A= —1,618 qu=1 Gua=—2,618 | guy=1,236 l 33 =1,09

Bocnosbayemes BUpaxenuanu ana sextopos VO, YO, Y 5 Y9, yaiifen-
HuMi B npumepe 2§5.3, n moayunsm

4 6 2 0 0
4 —4 —4 0 12

) = X = . —2. I = ;
X X —4 +0 4 2 -2 + 0 0
3 —1 -1 1 6
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4 —4 —4
X3 = —0,382. —1,35.
g {TOEER T L |
3 -1 -1
0 —6,99
0 22,93
0,312. = ’ H
+ 0 3,17
1 7,86
4 6 2 0 —9,34
Xaoo| 4 |_ses| —* 036, | —* 1o 14,8 |
4 ,618 4 +1,236 9 -+1,09 o o9
3 —1 -1 1 5,47

Merog flauunesckoro

[1se marpunpt A u B HaspiBaiotcs nodoGHeLmu, €CH OIHA TONyYaeTcs
U3 Apyroft myreM npeoGpasoBaHHA ¢ TOMOMIBIO HEKOTOPOil HeoCOGeHHOH
MaTpUUBL, T, €, BBITOAUSETCS PAaBEHCTBO

B = S§'AS.

Ecau marpuua B nono6Ha marpnie A, To mumyT B o A,

B memode ,IZLU{MEGL‘KDZO TpH MOCTPOCHUH BBIYHCINTENBHON CXeMbl HC-
I'IDJH>3yETC5| OCHOBHOE CBOWCTBO HOAOGHBIX MaTpHi: n0doGHbE Mmampuiot
umerom

Ecau npusectn AaHRy0 Ma'rpuuy

u a\‘a ala wes Qi
Gy Gy Gy oo Uy
Qg Qgp Agy ...ﬂsn

=1 Ay Ang e Qppl

¢ nomowpio npeofpasopaniii NOAOGHS K Tax HaswiBaeMomy eudy Ppo-
Oenuyca:

fll fl! flx"'il,nlfln
100 ..0
F=l01 0 ..0 o @

000 ..1
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3 3aTeM OMNpEeHTeNb
fa=% fe fgee fonet fin
I =2 0..0 0
det (F—AE) =/ I —% .0 o @)
N .0‘ . 0] e
PasIoIHTD TIO SEMEHTaM MepBOfi CTPOKH, TO MOTYUHM
D)= det (F—1E) = (fy— W) (=0~ — fm(—M""—F
Fhs (=AW= (=1 T

anu
D ()= det (F—AE) =

D —p Ar=t—pyhr=2—pyAr=3—..—p).  (4)

3neck py = fu, P2 = fra Ps = Fis s Pn = fin — KOIPPHUHEHTE Xa-

paKTEpHCTH'-]aCKol‘O MHOrOYJIeHa MaTpHLbL F KOTOpLIE B CHJTY nozo6us Mar-
puit F u A aBASOTCA B Ko3(QHIHEHTaMH  XaPaKTEPHCTHUECKOTO MHOTOY-
Jlena AaHHOH MaTpHub A.

Coraiacto Metofty JlaHH/IEBCKOTO, TMepexod 0T MarpHiubl A K NOROGHOH
eit Marpuile PpoGernyca F ocymecTBasercs ¢ noMolibio 7 — 1 npeoGpaso-
BaHHil TOKOGHA, MOC/EN0BATENbHO MPeOGPasyIoUHX CTPOKH MATPHIL A,
HayuHaa ¢ nOCJIeJ.lHel‘:‘I, B COOTBETCTBYIOLLHE CTPOKH MaTPHIBI p.

Cxema npeoGpasoBanus mMatpuibi A B nogoGuyio eii matpuuy P pobe-
nnyca F. 1) TlycTb HaMm HYXKHO CTPOKY @ny@ng ... Qn, n-1 @nn NEPEBECTH
Berpoky 0 0... 10. Ipeanonaras, uto @y, ,—,7=0, pasienn Bee SeMenTH
(n — 1)-ro cToabua MaTpuubl A HA @, 5 — 1. TOT/IA €€ n»a CTPOKA NpHMeT
BHJL

Quy Opgeve =2BB=L 0 WM @y Gpg e ] Gupe
n,n-1

+2) Boiutem (n — 1)-it cronGeu npeo6pasoBanHON MATPHILL, YMHONeH-
Hblil COOTBETCTBEHHO Ha UHCJIA Uy, Apg, --vy ny, H3 BCEX OCTAILHLIX CTOJG-
uoB. st n-i CTPOKH MNOJYYHM

Apy— 0y Qpoa—Qpg oo | Qp—ayy, wm 00...1 0.

3) B kauecrBe HeocOGeHHO! MaTpHubl Gepem matpumy M, _.. noay-
UeHHYIO M3 eJMHHYHOII Moc/e TAKHX e MpeobpasoBaHuii:

M0 .0 0 1
0 1 ) 0
L A
My gy Mp-1, oo Mamgn-1 ’”n -1,n
K 0 ! ‘
Tre
My = — ﬂ:"nt-x, [ —— . ©)
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npOll’%BeZ{eHHHe onepaunuy pPaBHOCHJIbHB yMH(J)KEHHIO CnpaBl Ma’rpnmn
M, -, na marpuny A:

An Gy e Gipey i
L e
B=AMy,=| .. i I
Qp-p3 Gneyyg oo dn-tn-1 Gn-tn
0 0 el _
"1 0 w0 0 7
0 1 w0 0
bl I DRI

+ Mpeg,ne1 Mpet.n
0 0 .0

_bll blﬂ o bl.n—l bl'l
bﬂ b‘ll e bl n=1 blll

bn-l 1 hn—l 2 v bn-! n-1 bn-l n
.1
DnemenTHl MATpuiEl B BHUHC/AIOTCS N0 GopMy/aM
biy= a1+ 8 po1 Mno1g3 Bpine1 =8 pa Mg nepe ©)
Onnako noctpoennas Matpuua B = AM, _, He Gyner moznoGHa MaTpH-
ue A.
4) Uto6bl nonyuuts npeoGpasosanie NOROGHS, HyXHO OOpPaTHYIO
marpuuy Mzl cieBa yMHOXHTB Ha MaTpuiy B:
Mzl AM,_ =M:1, B.
O6pathan MaTphiia M7L, umeeT sua

Mili=| ... ..
Qn1 a‘n!"' an‘n-la»n
| 0 0 .0 1
TMonaraem M;1y AM,,_l = C; cnenoarensho, C = M71; B. YmHoxe-

HHe cliea maTpuilbi M7l Ha MaTpHily B He H3MeHsieT npeoGpasoBanHO
CTPOKH noc/efnedi, H MaTpHua C uMeeT BHA

=1 0 .0 0

01 ..0 0

C=MLiB=| ......... X
Gy ng -+ Oy, n-x'lm.
00 ..0
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-bll b(ﬂ o bl,n-! bln 7
bu by by by

bno1a boeygen bpmiines Oooan

0 0 ol

. G wlipey Cin
Co1 G elon-1 Con
Cn-1,1 Cp=1,3+s* Cne1,n-1 Cn=t,n

w1

JleficTBUTEIBHO, MepeMHOXKAA MaTpHUbl Mily w B, MBI MEHsieM TOIbLKO
(n — 1)-10 CTPOKY MarpHubl B, Tak KaK ¢j; = b;; M1 BEeX OCTa/lbHbIX
CTPOK. DJIEMEHTE! 5TOJi CTPOKH HAXOAATCA IO (POPMY.Ianm

n
vn-z,;=k2[ A by (G=1,2, iy n). )

TMonyuennas marpuna C nojo6Ha Marpuie A i HMCET OIHY MPHBEIEHNYIO
CTPOKY.

5) Jdanee, ecau ¢, g, p ~4 5= 0, TO Hax MaTpuueii C noBTOpsiem ana-
JIOTHYHBIE ONIEPALHY, B3AB 33 OCHOBHYIO (n—2)-10 cTpoKy. Toraa, Henomb-
3y MPOMEKYTOUHYIO MaTpuuy D = CM,, _,, B pesyJibrare 10Jy4HM MaT-
pany E = M;1,D = M7Ly CM, _, ¢ AByMAl IpHBEAEHNBIMH CTPOKAMH.
Han marpuneit E nponenbiBaeM Te 3Ke Onepauni U T, 1. K0 NOJyueHns Mar-
prunl PpoGennyca.

Bce 311 npeoGpasoBaHys OPOPMISIOTCS B BHAE BEIMHCANTETbHOM CXeMbl,
npolece COCTABNeHHs KOTOPOH PacCMOTPHM HAa KOHKPETHOM NpHMepe.

Tpumep 1. Metonon [lanWAEBCKOrO] PasBepHYTH XAPAKTEPHCTHYCCKUH ONpPeAenu-
Tejtb MATpHLBL

—4 =3 1 1
2 0 4 —1I
=7 e L
[ R G

Pemenne [57an Marpuuy A npusopum x Buay ®poGernyca. [as sb-
SnCaennii cocraBaseM tabauuy (cm. raba. 5.5 va crp. 224).
1) B erpokax 1—4 puidHCAHTENbHOA TAGMHILLI nowemaen anevents agy (i, ] = 1,

2,3, 4) nannoil MaTpuUH A W KORTPOABbHHE CYMMB G5 = 2 & i=1,2 3 9

~ ctonGen 2. OtmewaeM 9/7eMeHT Qgq = — |, npuHaiexkamnii TpeTbemy croabuy
(otMenenumii cronGen).

2) B crpoke I sanuckpaeM saemeHTH TpeThell CTPOKH MATPHUB Mp_y = Mg,
BuMuCaAseMble 0 dopmyanam (B)!

1
Mgy =——




Usicao 0 mo/xio coBnajars ¢ CyMMORt seMenToB Crpoky 1 nocae saMens noay-
4eHHOTO 3HAUCHNS SICMEHTA flgg HA — |, HO B Haem NPHMEPE Mgy = — 1 (OBhuio
A yRobersa YRCAO ~—1 3anHCHIBARTCA PALOM C S/IEMEHTOM fMyy H OTAG/SeTCH ot
TocAeAHero uepToit.)

TaGauua 55

Croabust [
Crpokn Mt z =
i 2 s | 4 |
1 —1 —3 1 1 —5
2 2 4 4 —1 5
3 1 1 2 —2 2
4 1 | E —1 0
i i —1 -1 0
5 1 -3 -2 —1 0 —6 -5
6 1 6 4 —1 —5 1 5
7 -1 3 3 —2 —4 0 9
8 -1 0 0 1 0 1 0
7 0 [:_TI —4 -1 —6
11 Moo -1 —4 —1 —6
9 0 -3 2 7 2 E] 6
—1 6 —1 —20 -9 —97 —23
11 ~4 0 1 0 0 1
12 ~1 0 0 1 0 1
107 =5 0 19 9 22
= M - N o - .
e 2t o,1671-1 0 3,067 | 1500 | 3,667
13 —6 0,500 | 2,000 |—2,600 (~2,500 |—2,500 | -3
14 0 1 0 0 0 1 0
15 19 0 1 0 0 ] 0
16 9 0 0 1 0 1 0
18 —3 7 2 15 43

3) B ctpoxax 5—8 B rpade M1 BHNHCLIBAEM TPETBIO CTPOKY MATPHUL! Mty
KOTOPast MOJIKHA COBNAAATD C YETBEPTON CTPOKOI HeXonHOM MaTpuub A.

4) B crpokax 5—8 B COOTBETCTBY IOIMX CTONGUAX BHIIKCHIBAEM SJCMEHTH MATPH
sl B'= AM,, souncasemsie no popmyaas (6) Ans HeoTMeueHHBIX CTOAGLOB,
Uepewii cToaGew:

by1 =yt ga Mgy = — A1 1= —3; by =y sy Mgy =24 4-1=6;
Doy = syt g Moy = 14-2:1=3; bay =gy gy Mgy =14 (= 1) 1=0,



Bropoii cron6eu:
b1y = @13} ay5mse
by2 = azat-ags Mgy =
Yereepraifi cTOAGEL:
hie=0y-a3 myg=1+1-(—=1)=0; bys=as-+}as3ms,
bay= -G gy == 2-+2-(— 1)
==1+(=1(=D

MpeoGpa3oBanuble 37MeMEHTH TpPeThero (OTMEYEHHOro) CTOAGUA MOMYHAlOTCH
leMeHToB ha Mgy = — l.

—2 ba=aptaymp=0+41=4
bap=agy8as Mgz =1+ (—1)-1=0.

—144(=)=—5;
baa= Gyt 0ay Mg =

Tperuii cronbeu:

big=ag mgg=1-(—1)=—1; byg=ay3 mgy=4-(—1)=
byg=agg Mag=2-(—1)=—2; byg=agmy=(—1)-(=D=1.

Mocaennsis cTpoKa MaTpHLE B nosmkua nMers Bug 0 0 1 0.
s kowtpons maTpHuy B TI0 aHAJIOTHUHEIM JBY~
4aeHHBIM QOpMYyJiaM C mgs = 0 COOTBETCTBYIONHMH 3JeMeHTaMH cTos0ua Z':

bie=ags-f-ag Mgy = —5- 1.0= —5; byg=ays-|-aps Mz =5+-4-0=5;
bag=ago+aggmys =2-4-2.0=2; byg=as+ s mzs=0+(—1)-0=0.
B CTo/6LEe ' B COOTBETCTBYIOMEX CTPOKaX.
ﬂpusams X snEMEH‘MM c'ronﬁua 3/ COOTBETCTBYIOMHE S1EMEHTH TPETLEro (OTMeueHs
HOro) cToa6La, MOMYYHM KOHTPOIbHEIE CyMMB Juis CTpok 5—8 (i =1, 2, 3, 4).
CroaGen Z:
b= bigt Grg = — Bl —6; gy by -} g9 =5—4
bys=bas+as=2—2=0; bss=by+a=0+1=
Kpove Toro, s/iemeHTH cTOaA6LA £ 445 KOHTPOJst BLIMHCASIOTCH O GopMyae bjs=n
a
=_2 D =1,2,3 1

I

bxh b1 biatbisFb1a=—3—2—1+0=—6; bos=ba1+bas+bas+ba=
=644—4—5=1;
3+3—2—
=040+140
Marprua B HMeeT CAeAyIOWKH BHL:
-3 =2 —1 [
Be 6 4 —4 —5
3 3 -2 —4
0o 0o 1 0

bos = bar +bay+bsg+bas bes=bar+bartbes+bsa=
1

5) I Haf MaTpRIeR B @ Raiomiee MaTpHILY
G="M7iB, nswenser anmp 1peTb|o CTPOKY MaTPHUH B, T. e. CeluMylo CTPOKY
TaGnusl. neventst 510t eTpokn 7" co6oii cymMa
UAPHHX MpousBefeHuf saeMeNTOB CTOAGLE MJ , HaXONAULHXCA B CTPOKAX 5—8,
Ha COOTBeTCTBYIOMHE 3IeMEHTH KaKLOro H3 C'ronduos marpuuu B [tvl dopmyas (7)]):

l-(-3)+l~6+( 3+( ;
129 41 (=) 3 (= ;
¢aﬂ=‘l‘(—l)+l~(—4+(-l) 14‘(
caa=1.04+1.-(=5+(=1- (—4)
Te e npeoGpasosanus NPOHSEOAM HaX cTOAGLOM 2t
e =1.(=6+ 1.1+ (=D -0+(=1-
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B pesyJbrare nosyuaen Matpuuy C, COCTOAMYIO H3 CTPOK 5, 6, 7', 8 ¢ KOHTpOIb-
HBIMH CyMMamHu B croabue X:

6
0 [=1] —4 —1

0 0 1 0.

Matpuna C nogoGua MaTpuue A H HMEeT OIHY NPHBEACHHYIO cwpoxy DTHM 3aKaHUH-
BaeTCs nocrpoex—me nepBoro. noxoGHoro npecGpasonanus C = Mz 1AMy,
Tau. [puunvan marpuuy C 8a HCXOAHYIO, BEIESEM SJIEMEHT Cgp = — |
(sropoﬁ cToNGen) ¥ NPONOJIKAeM NPoUece aHaJOTHIHEIM 06pasoM.
1) Haxopum asementet MaTpuil Mp_g = My no Gopmyaam (5):

Cap
Mgy = — —2
2

5
Tpocymmupyen: 0—1—4— = 6 (myy = = 1; ecan Obl My # ~ 1, TO Ny*KHO
6110 Gl BANHHTE My Ha
2) B crpokax 9—12B rpa(])e M=1gnnucriBaem BTOPYIo CTPOKY MaTphus M7,
KoTopas CoBnajaeT ¢ TpeTheli CTpokoft matpuum C (cM. taba. 5.5). Haxomum e
MenTu MaTpuun D = CMy.
epoblii cronben:
dy= =84 (=2 0= —3 dy=06-4:0=6 dy=0-+0=
Bropoit croaGen (ot noayyaercsa y COOTBETCTBYIOULHX 58~
MeHIOB MaTpHiibl C Ha Mgy = — 1:
Ly = Camyy = (—2) - (~1)
dyp = Capflizg
Tperuii cronben:
4:» fu'i'ﬂuf'a Lt (=2 (= =7; dyy=
P WL 00t = gy e = — (S ) T = 0.
Uetpepraili cTonGew:
dys = Cugt Cromiaa
=25 (21

=cmp =4 (=)= — &
(=HEL

0 l4(—2) - (=) =2 dyy= +
BV N B S L P

CronGen 2
dyg == cyprt-cramas g + CaalMlgs
I i G g e,
DneMenTH cToAGLa S NONYYAOTCS CAOKEHHEM 5IeMEHTOB CTONGHa S ¢ cooTseR
CTBYIOLULMMH JIEMEHTaMH OTMEUEHHOro CToAGua:

du—du+du—6+ 8 zn—dn—l-dn —N—d= =2
das= dgo + dg = 0+ 1

—6 (=2 (=6 =
P I D e e

Marpuua D uveer Bug
-3 2 7 2
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5L,

M3 Hajl marpuueil D u paioimee MaTpuuy
E= M2 1D, uamenser e BTOPYIO CTPOKY Marpuuu D, 1. e. jlecsiTyio CTPOKY TaG-
JHUEL LT cTpokn 10" cobofi  CyMMBI
napuux DpousBesennil 3/1eMeHTOB CcTONGUA Mg“, HAaXONAMUXCHA B CTPOKax 9—I12:
e =0-(=3)+(=1):6+(—4) -0+ (—1)-0=—6; egy=0-24-(—1)-(— 4) (=) - 1+
F(=1):0=0; ex=0-T+(=1)-(—20)+(—4)-0--(=1)-1= €5 =0-24
F(=D (=9 F(—4)0+(—=1)-0=9  e3=0-84(—1)-(—27)-(—4)- 1

H(=1)-1=22 Seyj=—6-40419+9=22.

Ha 3TOM 3akaHuMBaeTCsl NOCTPOGHME BTOPOro TMOZOGHOTO MpPeoGpasoBaHHs
= My'CM;. Matpuua E oo C CcOllep:KHT [Be NpPHBELEHHHE CTPOKH:
-3 2 72
=6l 0199
E=l70 1 00
0 0 10

11 5 7 an. Mpaunmaem marpuuy E 3a ucXoinyio. Briensem s Helt siement

e;1 = — 6 (mepBuiit cronGew) n npeoSpasyem matpuuy E B nomoGuyo efi MaTpHLy

®poGennyca F. [Iposonkas Mpomece aHaJOrHYHbIM 06pa3oM, 1o hopmynam (5) nafi-
IeM sJeMeHTH MaTpuuel M,_g = Myt
1 1

My =——=——= =0, 167

n=" =% i

9
iy = = 3,167

e
UroBh noayuuaace cywma = = 3,667, samensiem my = — 0,167 na — It
I = — 1+ 0+ 3167+ 1,500 = 3,667,

Martpuuy ®pobennyca F Gynem sanuchiBate B cTpokax 13—16, Cuauana crpoum
Q= EM; usatem F = M7 1 G. B croa6en My ! sunucesaen cTpoky 10 MaTpuus
E (cm. Tabn, 5.5),

Tepsrifi croabeln (OTMEYCHHHI)I

& = eyt =

—3) - (—0,167) = 0,500;
8ot = ewrmy 0

—6):(—0,167) =

Bropoit croaGeu:
819 = erp + enmpy = 2+ (—3) - 0= 2,000;
822 fzz+fzx"X1z—0+(‘5) 0=0.
Tperuii croaGen:
813 = eqg + egmys =7+ (—3) « 3,167 = 2,500;
823 = gyt emmmg = l9+(-—6) 3,167 =
YereepToii croabem:
gis = egs+ ey = 2+ (—3) . 1,500 = — 2,500;
g4 = eas+ exmia =9+ (—6) - 1,500 =0,

Cronben 't
g10= ez + eqmys =8+ (—3) - 3,667 = —3;
Qa5 = €35 + eumyy = 22 + (— 6) + 3,667 = 0.



Cronbeu 2:

=gt en
gn~gn+gn+gu+gn .500 2500—_2500
_f!_ 8ot gn=0+1=
825 = Lot T €ao T+ a5 T Las = 1+0+0+0—1
DaemeRTH crpokn 13" CoBO# CYMMBl fapHEIX

npoussefiennit cronbua My, maxolsmmxcs B CTpokax 13—16:
f11=(—6)-0,500-+0-1-+19.04-9-0= —3; f1,=(—6)-2,000+
4-0-03-19-1-4-9-0=T7; fyg=(—6)-(—2,500)--0.0-419.0+9. 1 =24
Fro=(—6)-(—2,500)+-0-0-+19-0--9-0=15; = (—6)-(—2,600)=-
A0 119 149:1=43; Z= —347-424+15=43.
Takum 06pasoM, HCKOMast MaTpuia dpoGennyca F, nojobuas A, uveeT BuA

—3 7 24 15
| 10 00
F_0100

00 1 o

Haiigem xapakTepncTuueckuii onpefenutesb marpuib Fi
=3k 7 24 1§
1 -\ 0 0
0 1= of
0 0 1 —h
Orciona pasiioxus onpegeanteas D (h) no snementam nepsofl CTPOKH, NOAYYHM
—3—A 7 24 I5

D () =det (A—RE)=det (F—AE)=

1 —A 0 2
b=l 1= ofT
0 0 1 —h
A0 0 1o o 1= 0
=(=3=1)| 1 —A ~7.l0 = o|+2.[0 1 o0|—
0 1 = [ s 0 0 —h
1 -] 0

A
—15. lo 1 —h 3—1) (—A8) —=TA2- 24 (~2) = 16=
0 0 1
=ML 3B —TA2—24A— 15,

Vick/mounTeNbHbie cay4an B MeTofe JaHmJeBCKOro. DTOT METOR Mpu-
MeRuM Ge3 BCAKHX OCTOKHEHHHN, ecin BCe BbileqseMble 87IeMEHTE OTAHYHE
OT Hy/is (KaK B TOMBKO 9TO paccMOTpeHHoM npuMepe). Ecim xe npu npe-
o6pasopanun Matpuusl A = [ayl (=1, 2, w,, 15 = 1, 2, w1y 1) BMaT-
pray Ppobennyca F Ml NPUILIK K MaTPHUE BHIA

dy dig e dy e dyney e dy g di
dy dyy v dy e dy oy o dy ney dpy

dy dp e d/x B d« he1 A a-1 A
D=|....

iy du d dh k=1 dhk ooy ey iy

0 0 .0 .0 1 .0 0
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pHueM OKa3al1och, uTo dy p_y=0, TO MPOAOMKaTh NpeobpasoBatlis 1o
METONY ﬂaHunechoro HeJIb3sl. 3Jlech BO3MOXKHbI 11Ba caydas.

Mepsuit cayuait. Ilyctb kakoil-To szement wmarpuust D,
CTOAILLTH JIeBee HYJeBOTO 3/eMeHTa dy, , _ ;, OT/IHYEH OT HyJs; HapHMeEp,
dy 0, T1e I <<k — 1. Torna sToT 3MEMeHT BbUIBHTaeM Ha MECTO HyJe-
BOTO 3J1eMeHTa dy j _, T. €. nepectabasiem (& — 1)-it u [-i croaGusl Mar-
pulbl D i OIHOBPEMEHHO nepecTaBJseM ee (k— 1)-10 u [-o cTpoku. Hosas
maTprua Gyfer nogoGHa NaHHOH W MOMHO MPOXOJKATH BBIYHCJIEHHS IO
MeTOAY ﬂaﬂnneacxoro.

Mpuvep 2. Metogom [1annneBckoro passepHyTh XapaKTepuCTHYeCKnii onpeje-
JETENb MATP UL

3 —2 1 —I
| 3 =21 1
] 5 =42 of

—1 =11 1

PemeH ®e 3anuceiBaeM BBUNCAeHHS B Ta6Auuy (CM. Taba. 5.6).
TaGauna 5.6

CronGust
Crpoku M-t z
1 2 3 4
1 3 -2 1 -1 1
2 3 -2 1 1 3
3 5 —4 2 0 3
4 —1 —1 Il 1 0
1 1 1 H—=1 | =1 0
5 -1 4 —1 1 -2 2 1
6 -1 4 -1 1 0 4 3
7 1 7 —2 2 -2 5 3
8 1 0 0 1 0 1 0
7 -1 m 1 0

Buigensiempiii sneMent gy = 0; b no cxese

Henbsst. Tak Kak cg # 0, TO NepecTabisieM BTOPOH W mepBbifl cTOAGUL, MepBYIO it

BTOP YiO CTPOKH MaTPHUL C H NPOLOJXKaeM BhiuncaeHus (cM. Ta6a. 5.7 ua c1p. 230).
B pesyaprate nosyuaem marpauy ®poGenuyca

4 —4 2 2
[t 000

Fed=lg | o of
0 010

OTKYZa HAaXOAUM
D (M) = det (A —RE) = det (F —AE) = M — 4A® 4402 — 24 - 2.



Ta6nuna 5.7

CronGus
Crpor -1 ; . " T = =
5 —1 —1 1 1 0 4
6 -1 —1 4 1 —2 2
7 1 0 1 1 0 0
8 1 0 0 1 0 1
I Mo 0 -1 1 0 0
M5!

9 0 —1 —4 5 0 0 4
10 —1 ~1 —a 5 —2 —2 2
11 1 0 1 0 0 1 0
12 0 0 0 1 1 0
10" 5 —5 2 3

m -5 5 —2 —3

13 1 -1 1 0 2 2 3
11 5 1 0 0 0 1 0
15 -5 0 1 0 0 1 0
16 2 0 0 1 0 1 0
13’ 4 —1 2 2 4

Bropoi cayuai Iyerbdy =0(0=1,2, .., k—1), T. e
BBIIEIAEMBII 3JEMEHT, a TaKKE BCe 3JEeMEHThl MaTpHIbl, CTOSAILHE JIEBEe
BHI€1A€MOT0, paBHEl Hyo. Torha Marpuna D umeer Buj

" diy diy A g ey pmy dyy
Ay dy e die | dy e dy e e

L L S P [ NP Y R Y S

0 0 w0 Ay e i py Gan
0 0 w0 1 .0 0
- w0 0 w1
D, D,
oo, |



Pas6uBaeM MaTpuily D Ha ueThlpe KJETKW Tak, 4roGbl O/Ha MaTpuia
Guuia Hysaesoit. Torna xapaktepucrnueckuii onpesenntens det (D —AE)
Ha JBa Omp e
det (D — AE) = det (D; — AE) - det (Dy — AE),

no marpuua Dg yxe nmeer sux ®poGernyca, NOITOMY OCTaeTcs TOAbKO
MpUBECTH K 3TOMY BHIy Matpuiy Di.

Mpumep 3. Metonom Jlanuii pasBepHYTH yecKni

pext
Telb MaTpHIEH

0132
1450
A=
1121
1111
Peweune 3anuwen pesyabraTsl BhYuClendii B Tabauuy (oM. Tabia. 5.8).

Ta6auua 5.8

Croasas .
Crpoxn M=t = =
1 2 3 4
1 0 1 3 2 6
2 1 4 5 [ 10
3 1 1 2 1 5
1 1 1 ] 1 1
1 —1 -1 1 —1 —1 —1
5 1 -3 — 3 —1 -3 | -6
6 1 —1 —1 5 -5 —5 | —10
7 1 —1 —1 2 —1 -1 | =3
8 1 0 0 1 0 1 0
7 —8 [—4] 11 —7 —8
1 —2 |—025—1 2,75 |—1,75 | —2
9 —8 1 0,5 | —25 2,5 1,5 1
10 —4 —2 0,25 2,95 | —3,25 | —2,75 | —3
11 11 -0 1 0 0 1 0
12 -7 0 0 1 0 1 0
10’ [o] 6 4 —7 3

Tak Kax BEe/geMbifi 51eMenT paBeH Hy/i0, TO NPOLOAKATL BLIYHCACHHA NO CXe-
e [laHUICBCKOrO HE/b3dA.
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Matpuna D o C umeeT BHA

1105 —25 25

plole 4 —
of1 0 o
of 0 1 0

Pas6usaey MaTpruy D Ha ueThipe KJeTKH okafimiennem u puncasen D (A)
1-A[05 —2,5 2,5
0 |6 4 =T
D (h)=det (D—MLE)= =
! ( ) 0 1 —h 0
0 0 1 =

6—Mh 4 =7

=(1=n] 1 =k 0|=(—=M)E=M) At ah—Tj=A = TR 2 1IN =T,
01—

§'5.6. B 6 poB no Mmeroay [AaHMneBcKoro

Mycte Y = (Y1, Ya, +es Yn) — COOCTBEHHBIII BEKTOP MATPHUBI G)poﬁe
nuyca F, coomeTc'rBylou.mﬁ nannomy sHawvennio A, Torna FY = A
kyra (F—AE)Y = 0, nan

fu=t fio he e fin 7|

1 =& 0 . 0 z:
0. 1 —h .. 0 [|7]=0 )

Tpouspens ymHOMeHHe, MOJMYYHM CHCTEMY I/ ONpPENENeHHA KOOPIH~
HaT Y1, Y, +-»Yn COGCTBEHHOTO BeKTOpA Y:

l (Fu =M y1+ it +fihs + oo +hnyn=0,

H—hy, 3
a—hys 0, 1)
Yn-1—Hfn=0-
Sra cHcTeMa il SIBJISIETCS C P fi, TaK KaK BCe ee
CBOGOJIHbIE Y/IeHbl PaBHbI HlelO
C TOYHOCTBIO o bulueHTa npe JIbHOCTH €€ p MOXK=~

HO HaiiTH cyienyromum 06pa30m Tonomum Yn = 1, TOrNA noc:le;:.oaa':enb‘
HO noJyuyuM

Ynor =M Ynoy =My =0, 5 =4k"1
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Takum 06pasoM, HCKOMbIH COGCTBEHHBI BEKTOp eCTb
it
M2
v= o | @
1
Tak kak MaTpuua F nonoGua marputie A, To A ABIASETCH TaK#e U coBeTBeH-
HBIM 3HayeHHeM MarpHibl A.
OGosnaunm gepes X = (X3, Xy, .., Xn) COOCTBEHHBIH BEKTOP MAaTPHIEI
A, cooTBeTCTBYIOWKH 3HavenHio L. Toraa nonyduum
X =My M, _ ;s MoM,Y, ®)

e My <y, My~ ..., My — nipeoGpasoBanubie 10 MeToRy JlaHHIEBCKOTO
E}IHHH‘IHHE MaTpHILBL.

pHMep, mpeodp M, np nan Y, naer
My Mgy e My A
MY = 0 1 .0 {h -
0o 0 .1 Yn
- . B s
) Mk Y 3 M Ya
=1 =
=l = a2 8
A . ! R

ChefioBate/bHO, MpeoGpasoBanue M, H3MEHsAeT JIMIIb MepBYIO KOOPAH-
HaTy BeKkTOpa Y. AHaJOrHuHO npeoGpasoBanue M, H3MEHHT JIHIUL BIOPYIO
KoopauHaty Bektopa M;Y u T. 1. ITosropus stor mpouecc zn — 1 pas,
TIONyYHM UCKOMEI coGCTBenHbIf BekTop X Marpuusl A,

Mpumep. B npumepe 1 § 5.5 6biio n0Kasano, yT0 MaTpHUA

—4 =3 1 1

2 0 4 -

4 1 1 2 =2
1 1 =1 -1

meTozom J1 0 np x BHLy @p Y
—3 7 24 15
| 1o 00

=l o1 0 of
00 1 O

Boisncauts cobeTsenHHE BeKTOp X (1) = (xq, Xp, X3, X4), €CHN A =
® 1 ¢ H U e, Bocnoassyemcs hopmydol (3), T, &, X = M,MEM,V rne
A3 -1
i 1
Y= O =
1 1
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a Matpuust Mg, My, My Gepen 13 Taba. 5.5 (em. crp. 224). IocaenoBaTebHO HaXOAUM

—0,167 0 3,167 1,5007 [—17 [—1,500
MY = N 0 . . i 3
[ [ —1 —1
o 0 o0 1 L1 1
1 0 0 o] [—L5] [—1,5
0 —~1 —4 —1 1 2
1gMyY = = X
MaMy 0o 0o 1 o] |= -1 |
0 0 0 1 1 1
10 0 0] [=15] [—1,6
01 0 0 2 2
X = MY = . =
MaMaMY =y = 0,5
00 0 1 1 1

AHAAOTHYHD MOKHO BLIUMCAHTb COGCTBEHHBIE BEKTOPEI H st 3uadchuil Ay, Ag, Ag

§ 5.7. Mevop Neeeppse — Danaeesa

10T Meron npeioken Jlepepphe W 3aTeM ynpouiel COBETCKMM Mare-
va'ukom Paieesbm. Memod Jleceppoe ocroBan Ha ¢opmysax Hbiotona

A1 CyMM it kopueil anre6p Or0 ypaBHeHUsl M 3aKJloyaercs
B caenylomenm. [Tyers
det (A—1E) =M p, A1 4 p, (1

— xapamepuc’mqecknu muorousien Matpuuel A = [a,,| (e i =1, 2,...
n,j=1,2,..,1) 4 A, Ay, )by — NOJHAA COBOKYTHOCT Kopueﬂ MHO-
roueHa (1). Pacemorpum CyMMH

Sp= A Mkl (=1, 2, .., 1),

Sy= i Ay Ay =Sp 4,
SQ=?L2+A7+,..+7\,’=SPAZ,
S, —7\“+7»"+...—l<?\§=5 A"
(kaxan cymma Sy ecthb cen Marpuupt A*). Toraa npu & < n cnpasean-
BBl hopmyave Horomona

St Py Shertovt Proy Sy = —kpy,
OTKyJa noJyuaem
npu k=1 p=-—3S,
k=2 py=— - (Ss+pi S, @

pu k=n Pu——“—‘(s + P Snett Po Samp e Prea So)e
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CneroBaTes1bHO, KOQ@(‘)HUHGHTH XapaKkTepHCTHYECKOr0 MHOrou/eHa
Pty P2y +++s Pn MOYKHO JIETKO ONPEACIHTD, €C/IH H3BECTHEI CyMMbI S, Sa,...,Sp.

Takum 06P630M, CXeMa pacKphITH XapaKTePHCTHYECKOTO ONpeaeJiH-
Test MeTOZoM JleBepphe cocTouT B y :

1) Bormcssior crenend A% = Ak=1+ 4 (k= 1, 2, ..., n);

2) OﬂpeAellﬂlOT Sy — CyMMBI SJEMEHTOB IVIABHHIX AMaroHalefi mar-
pui A%

3) no q:opMynaM (2) Haxomat kosddunuentsl p; (i =1, 2, .., n).
npeanoxennbiit GanieeBrM, sakio-
YaeTcsi B BBHIYHC/ICHHH nOCJIE)lOBaTGJIbHOCTH marpui 4y, 4,, ..., Ay 10 Clle-
Ayloueit cxeme:

Ay=4; Sp A =gy By=A,—qE;
Ay=ABy; M“q- By=Ay—q,E;
Sp Ay, -
Aoy = ABpg 220 mgy Byy= Any—Gans By
. Sp An
Ay =AB,y; =gy By=A,—q, E (B,~—nynepas

MatpHua);
Q= —P1; Qo= "—Ps o} Qu1="Pp=t, Gn="""Vhpr

Mpumep. Metogom Jleseppbe — dajgjeesa pasBepHYTb XapaKTepHCTHUECKHE
OnpeneHTeNs MATPULL

22 —2 1
12 -1 2
1o 3 4f
13 1 0
Pemenae. nou&ﬂoﬂﬂ"'eﬂhﬂo HaXOIHM
22 —2 —1
I IR Y 1
I B S B ek
13 1 0
5 2 —2 -1
I R )
=h—af=t | "o 4 4
13 1 =1
22 -2 —17 [—5 2 —2 —I
I IR IR Y I I R R 1 §
D M=aBi=l_| 5 Ty a0 - 4T
13 1 o0 R
7 9 1 1
0 —2 2 15

6 10 —6 —15
-3 —13 =9 9.
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—4 =9 1 1
0 1 2 —I5].

q = A —qE= g
s Bi=d—nb=| o o 3 i
—3 —13 —9 12
—2 -1 =4 =9 1 1
-1 2y 0o 1 2 —15]_
3 4 6 10 =3 —I5
1ol L3 —13 -9 12
—17 —23 21 —10
=16 —43 —10 —10|,
10 —13 —a6 2|
2 4 4 -5
Spdy  —17—43—46—59
q’=_%.=_..a______55ﬂ
38 —23 2 —I0
e spe|—16 12 =10 10
Bg=A3—qsE 10 —1s o ol
2 4 4 —
2.2 -2 —1 38 —23 2l —10
_ 12 =1 2 =16 12 —10 10f_
D A=AB=l gy 10 -3 9 2|
s 10 2 4 4 —4
2 0 0 0
o2 o of
o o2 of
000 0 2
s 000 0
DAy _ 22422422422 _Joooo
W= = 4 = AmaE=lo 0 o of
00 00
5) Taknm 06pasoM, py= —qy = — 7, py = =@ =3, py = —¢qz=
= 55, pg= —gy= — 22 ¥ OKOHYATeJbHO HAXOLHM

D (h) = det (A — AE) = M — 72 4 3A% 4 56h — 22,
§ 5.8. Merog mHTepnonsumu

HCI‘IOJ‘Hﬂyﬁ HHTEPNOJINpOBaHue, MOXKHO pasBepHYThb XapaKTepHCTH'
YecKHi onpejesanTe b
DA =det (A—AE) =27+ p, M1 4 p, =24 .. 4-p,,
e A=[a,)], i=1, 2, 0y y=1, 2,..., n, N0 CaenyOUE} Cxeme:

1) BeiGepem paBHOOTCTOSIIKE Y3IBL: A = 0, Ay = 1; Ay = 2,,.,h, = 1
# 115 onpenenutens D (A) BBIUNC/IHM COOTBETCTBYMOmHe 3HayeHus D (0),
D (1), D (2)y0s0s D (n);
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2) cocTaBHM FOPHSOHTA/bHYIO Tal/MHIly PasHOCTell /151 OCTe0BaTeNb-
noctd yucen Dy, Dy, ng +»Dn M OOBIYHBIMU TpHEMaMH HAXOLHM PA3HOCTH
AD(O) (=1, 2,

3) mpuMenss ﬂepBle HHTEpPTIONAUUONHYIO dopmyny HeloToHa, mosy-
9UM NONHHOMHAJIBHOE BbiDaXeHWe JUIsi XapaKTePHCTHUECKOTO OMpEnesi-
Tens

D()=D(0)+-22Q AD“” x+i’9ﬂx(x-1)+
A* D (0)
3

1)
4 A"l)(O)

AA—1)(A— 2)+...+ A(h=—1)e (A—i4-1)
i=1,2,.., n).

Hanpuwmep, a5 onpenesuTens uersepToro nopsnka ¢opmyaa (1) npu-
MeT BHI

D(M=D(0)+AD(O)-A+A’D(O)~(—;—- x’-_;- x)+
s (L Lgey L
+AD(0) (G Bl x)+

+A¢D<0>-(Lu—-’-m+.“_»_L W)= @
= D(O)—l—[AD(O)——A’D(O) +4 A’D(O) L A‘D(O)]k-)—
+[—2—A‘D(O) ! A’D(0)+ A‘D(O)]

+[—;-A’D(()) - T A‘D(O)]X’A—WA‘D(O)M

O6o3Hauny B hopmydie (1) KoShPHIHEHTH B y31aX WHTEPION MY wepes
Cmy TAE M =1, 2, sy, 1y i =1, 2, ..., m. Torna noayunm wunmepnosn-
YUOHHYI0 d>opmy/zy Maprcaea LA PasBEPTHIBAHUA XaPaKTEPHCTHYECKOrO
Oonpee/uTeNn:

n n
D(M=D(0)+ 2 A Z Oy AT D (0), a1
mem] =m
a 115 OnpenenuTeNs YeTBepToro mopsnka gopmyna Mapkopa sanumercs
Tak:

D () =D(0) +1ex AD (0)+ ¢y 52D (0) + ¢4 A* D (0) +
014 A D (O)]h+[cs A D (0) 63y AT D (0) 03y A DO M+ (2)
(g AP D (0) - 54 A D(0)) A2+, A* D (0) A2,
Kospuiunentsl ¢,,; TOCTORHHBE ¥ BHUNCARIOTES NO dopmyne

mlxm=Lﬁ’L'L”_ji7:i’*_”. =1, 2 ). @)

m=1
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Tag Kak

LY YU W N SV EY YU W SO I
I 21 2 2 3l 6 2 3
MA=DG=2(—3) _ M ¥ A

4 2% 4 2% 1

TO 13 hopMys (3) HAXOAUM KOSDHHUHEHTH Cppy MIST Mannuu 4eTBePTOro
TopsiAKa:

1 1 l
u=l p=——, C= 5 =T
1 1 11
L=, L= —-—, Og=—o1}
2 2 25 9 ’ t7] 9 ki
1 1 1
Cas=g7r Cu=—""1 Cu=—r.

AHAJIOTHUHEIM OGPA3OM BHIUHCAAIOTCS KOSGQUIHEHTH €4,y W LIS MaT-
put, JOGEIX TOPAIKOB.

Mpumep, MeTooM HHTEPNOAANEK PASBEPHYTL XaPaKTepHCTHUECKHH oOnpene-
JTEJ> MATD ML

2 2 —2 —1I
12 -1 2
i ISR R R
13 1 0
Pemesue 1) [lia ysios uurepnoasnuu A, 0, M = = 2 hg= 3t
A = 4. Buuncasem coorserctserno D (0); D (1); b @, D (3) D o
22 —2 -1 12 =2 —1}
12 -1 2 11—t 2
= =29 = =
PO=l 1o 3 4 SEECAU o IR
13 1 0 13 I -1
02 =2 -~ —1 2 -2 —1
10 —1 2 1 -1 =1 2
P@O=I _y o 4 478 PO P
13 1 =2 1 3 1 =3
-2 2 =2 -1
1 -2 -1 2
4)= =54,
b -1 0 -1 4 s
i 3 1 —4
yio TabauIy p 4 B AD (0)

2 C
(rre 1= 1, 2, 3, 4).
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Ta6aunua 5.9

s oy ADR) A2D(h) A*D(h a*Ddy
0 —22 52 ~22 —6 24

1 30 30 —28 18

2 60 2 —10

3 62 —8

4 64

3) Mo ¢opmyae Mapkosa Haxopum:
D (8) =D (0)+ [e11 AD (0)+ 13 A% D (0) ¢ ATD (0)-Fe1o A4 D (O)) At
Fleas 8% D (0)cag A3 D (0)Ferg A D (0)] A2-+le3s A% D (0) 004 A% D (0)] A==
1 1 1
el DO = —22+[52+ (-— 7)‘ (=)t <—6)+(- T)‘u]k +
1 1 i1
+[7 . (—22)-(-(— T) '("6)"'_27’24] M

+[% (_s)+(_ —;-) .24]x1+ —%.24x'=w—m+w+m—z2.

§ 5.9. Onp uMena

P!
METOAOM HTepaLHM

C nomomwbiO HTePAIHOHHHIX METOAOB MOXHO ONpele/HTh HanGoJbiee
10 MOZYJIO COGCTBEHHOE YHC/IO MaTpHibl A 063 DaCKPLITHA XapaKTepPHCTH~
9ECKOrO Omnpeie IuTes,

Mycrs

det (A —AE) =0 (1
— XapaKTepHCTHYECKOe yDaBHEHHE; A;, Ao, Ap — €ro KOpHH, SBAIO-
uecs co6eTBeHHbBIMU 3HavenusaMH Matpusl A = lagl (taei = 1,2, a, 15
j=1, 2y, n). [pexnonoxum, u10
1M > 10|24 = =101

T € M — HauGonbluee MO MOLYMO COGCTBEHHOE UWCHO,
Torpa Ansi HaxoXIeHUS NPHOIHKEHHOTO SHAYEHHS KOPHS HCIOJb-
8yeTca Crieflylolias cxema:
1) BEIGHpAIOT MPOH3BOJIBHO Hada/lbHEA BekTOp Y3
2) COCTaBASIOT NOC/EJOBATEbHbE HTEPALUA
Y =AY,
Y® =A.4Y =AY,
Y® =A.AY = AY,

Yt = A, AmY = AmH1Y}



3) BLIOHPAIOT W3 MOC/IEOBATEJBHOCTH JBa TNOCAEAHHX  3HayeHus
Y = Ay y Yint) = Am+t)Y; torna

P g+
M=1im — . WM A A . )
mo M e
v Y
(1) o m)

e y; M Y — COOTBETCTBYIOIHE KOOPIHMHATHI BeKTOpoB Y+l y
Ym (i =1, 2, w., n).

Taxum 06pasoM, B3SB JOCTATOUHO GOMBIIOK HOMEP HTEpALHH M, MOKHO
¢ 1060t CTENeHBIO TOYHOCTH BHIMHCIHTS HanGOMBILKIT 10 MOMYJIO KOpehy
A; XapaKTepHCTHUECKOTO ypaBHeHHs MaTpuusl, 18 Haxomaenus
5TOr0 KOPHs MOMKeT GbiTh HCIIOJb30BaHa Jio0as KOODAWHATA BEKTOpa
Y™, B 4aCTHOCTH MOMXHO B3ATb CpeJHee apUPMETHUECKOE COOTBeTCT-
BYIOUHX OT #l 118 pasHbIX KC

Tlpu Heynaunom BhiGope HauambHOTO BekTopa Y dopmyna (2) mowmer
He laTh HYXKHOTO KOPHSI HIIH JaXe BOOOLie He HMETh CMbIC/Ia, T. €, npenes
ornomenns y{"tV/y{™ Mower we cymectsoBath, [locaemsee nerko
3aMETHTb MO «IPHIFAIONIHMY 8HAYEHHSM STOTO OTHOWeEHHS. B TakHX cay-
yasix CiIelyeT UMEHHTh HauaNblblii BekTop, B Xayecrse nepsoro cofersen-
HOTO BEKTOPa MOXKHO B3sTh Y(mth,

TNpnmep. Halith BanGonbiuee no MOAYJIO COGCTREHHOe SHAYEHHE MATPHUL
310
A=| 1 2 2
011

H COOTBETCTBYIOUIUIl @My COGCTBEHHLIA BeKTOp.
1
Peweune. 1) BuGupaem HauadeHulii BeKTOp Y=[ 1 ] .
1

2) Cocrapagem m = 10 wrepauuit
Y\W=AY, YO=AY,..., Y0 =AY,
Buiuncienus nomenaem B Tabauny (em. taba. 5.10).
Ta6auua 5.10

14 ar | ay |4y |aw | ay [ ay | ay [av | av Ay

1 4 17 69 | 274 {1075 |4 189 |16 260 {62 973 [ 243569 | 941 370
1 5 18 67 | 253 | 964 [3693 (2419354650 | 210663 | 812585
1 2 17 25 92 | 345 |1309 | 5002{19195( 73845 | 284 508

3) Baxonuns mrepauny Ha Y10 = AMOY, pmeeM s paSHBIX KOOpAHHAT
yitO 941370 ¥ 812 585

M e 3,865, MY = = ———=3,857;
YT 3569 3,805 A4 ye T 210663 3,87,
gy 284508
M D S g,
Py Tasa ot
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4) Borancasem Ay Kak cpejee apudueruucckoe A{L, Af2 u Af:

M= AN FRAED AL _ _3.865:+3,85743,853 3,858,
3 3
5) B kauecTse nepsoro COGCTBEHHOrO BEKTOpa MATPHUBI A MOKHO B3ATH
941370
sexrop V(10 = A'Y =/ 812585 | Hopmapys ero, T. e. pasleHs BCe €T0 X0Op-
284508

JUHATEL HA HOPMY BEKTOPaE, PaBHYIO
|1V 10> |1y =/ TAT3707 | S12585 - 2846087 — 1,28. 107,

nomyunm nepesiii co6CTBEnNEIH BeKTOp MaTpuus A, NpHHALIeRamuil nepBoMy cob-
CTRCHROMY 3HaTERHO Ay = 3,858
0,74
xw=]o0,64
0,22

§5.10. Onp y uucen
My M €OBi

MNycrs coGerBeHnbie 3sHAUEHHs: MaTpHUbl A TaKOBbI, 4TO
[M> 12> ]2 > . =M o
TUI'AB Ansa Oﬂpe}le.ﬂeHMﬂ 7», MBI MO2KeM BOCMOJIb30BaThCA TaK Ha3biBaeMbIMH
A-pasnocmamu, WCTIONB3YS yike HMEIOWEeCs SHAYeHHe Ay

A, AY = AmHLY — ) AmY, Ay, Am=1Y = AmY — 4, ALY,

HIH
Ay YO = Yimt D ) Yim), A, Yen=1 =Y ), Vim=D,  (2)
OTKy1na, NePeXoAs K KOOPIMHATAM BEKTOPOB, NOJyuHaeM
A, g™ GO g g .
Ay —"”—”= —— (=12 O
W i y™ =My yf

@opmyaa (3) naer rpyOble sHaUEHHS 15 Ay, TAK Kak A, TONE GbINO OMpe-
AeNleHo  mpuGHIKEHHO.

Ecin Moay/sin BeeX COOGCTBEHHBIX SHAUeHHIl PasiHuHBL Mex1y COOOM,
TO TIPH NOMOIH (POPMYJI, aHAJOTHUHBIX dopMyJie (3), MOXKHO BLIYHCIHTH
H OCTa/IbHbIe COGCTBEHHbIE SHAYEHNUS], HO NOC/EYIOHe Pe3yabTarsl OyayT
€lle MeHee TOYHBL

Homep wrepauny m npu BbIYHCTEHHH A, cienyeT Gpath MEHBIINM,
UM NPH BHIUHCJIEHHH Ay, BO H3GekaHne NIOTEPH TOYHOCTH NPH BHIYHTAHHH
Gnuskux umcen,
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Npamep. [lng Matpuus
310
A= 12 2
011
HallTH BTOpOe COGCTBeHHOR SHaYCHHE Ay M NP HHAMEXAMHE emy cOBCTBEHNbIH BeKTop

X', 3a Homep HTEDaUHH NPHHATb m =
e i ue. Bocnombayemes Tabnmich suaucuni AMY ain m=71, 8, 9

ew
(cM. Taba. 5.10 ma crp. 240):

ary ary ary
16 260 62 973 243 569
14193 54 650 210663
5002 19195 73 845

Io dopmne (2) cocrapasen A-pasHocThi
Ay YW=y yim (=1, 2, 3),

Ias kawuol us CTPOK MPHHHMAETEs CBOE 3HaueHHe Aql
MD=3,865 A{»=3,857; A{®=3,853,

Mosyuaem caenyiomyto Tabauuys
Ta6nuua 5.11

Ay A ATY Ay, ATY av MAY 8y, A%
62973 62 845 128 243 569 243 390 179
54650 54 742 —92 210 663 210785 —~122
19195 19272 —77 73 845 73958 -3

3) Ias gamjol crpoku no popmyde (3) BuuuCAsieM Ayt

By v® Ay ys" -_

Ml>=—l—‘,—=—’£~=1,4oo; x;wz—}‘#«’»—nﬂasﬁ.

INWRE 128 8, 0% —92
A, o —113
M = B - e 68,
H U3 -

4) Onpegensien A, kak cpelnee apHpMeTHueaKoe AL, A 1 ALt
P 1,400+-1,326+1, 468
= > =1,398,

= S

5) B xauecrse BTOpOro cOGCTBEHHOrO BEKTOPa NPHRHMAaEM
179
X =y A% =] —122
—113
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Hopmupy# ero, Hueen

0,73
x®=| —0,50
—0,46
Jns HarHofi MaTpPHUB! ‘rperbe COOCTBEHHOE SHAYEHUE Mmmm nafity, sHas cnex uar-
puuh! TaK xaK byt Ag=Sp A=3-+241=6 10 Ay~ 638
398 = 0.744.
Ynpawuenus
1. Metonon Henocp p Ralltn xapaxrey
MHOFOUJIebl A1 CJIEAYIOUIHX MATPHIL:
2 — —
2 5 7 1 3 4
3 =2 4 =3
a) A=|6 3 45 6 A= a
5 9 3 5 —3 —2 1
3 =3 =1 2
1 1 1 1

[ G S
DAL |

-1 -1 1

+ éimﬁ(mm a) A3 — 202w 66A 4 [; 6) A — 4A% — 6h — 41 B) At — 403 4+
1

2. Metogom KpwiioBa paseepuyTb XapaKTepHCTHUECKHE OMpEXeHTENH Cle-
AYIOWRX MaTpHIY

N
a) A=3 ~1 2 6 4= ;
L o 1 12 =5 4
1 -1 2 —4
1 -2 1 =2
2 —1 2 —1
I e
—2 -2 1 1

_ea()maemw 8) A3 = A2 = Bh — 7§ 6) A% - 8A9 4 6A% - 6 — 54 B) M AP —

3 Hvenas cxemy I KOro, passepuyTh XapakTepuc-
TUSECKHE OnpeleANTENH CCYIOULAX NATPHL:
e [
a) A=| 1 0 3 |6 A= d
01 3 3 4 2 5
1 =1 1 -1
-1 1 0 1
3 3 5 —1
DA=l 2 2 4 [
1 1 1 1
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Omaemar: a) A — A2 — A+ 45 6) M A — LA - 140 — 16; B) A4 — A3
—5A% + 5A + 1
4. Ina Ma'rpuuu H3 ynp 3 a{ BBIYHCTHTL COOCTBEHHEE BEKTOPH MeTOZoM Nany-

eackoro, ecan Ay = 4; —L
l -2 —4
Omeem: Xy=| —14|, Xo=|—8 [, Xy=| —4
1 1 1
5. Metonom Jlesepp PpasBepHyTh HYeCKHe  onpege-
NATENH IS CAENYIOWHX MaTpHUY
5 —4 3 0 2 —2 3 -3
2 1 -2 1 1 4 =5 0
= . A= .
DAl e 0 2 3 —1
2 1 -2 0 [ T B
Omeemer; ) M — TA® + 15A2 — 9% — 34; ©6) A% — 2AY — OA? — 25, - 17.
6. Metonom passepRyTb HYECKH
ANA CAeNYIOWHX MAaTPHI
2 —4 3 =2 "3 —4 =2 1
10 =5 =3 11 5 0
- i 6) A=
DA o [T o 3
0 1 =1 —1 1t 1 -1 =1

Omgemsi: a) A == A3 == 7A2 — 20} — 54; 6) A* — 6A% — 9A - 55A - 61.
7. MeTolloM HTEPAUHH BHIYMCJINTE NMEPBOE H BTOPOe COGCTBeHHOE SHAuEHHE MaT-
puisl

410
A= 121
011

Omsem: Iy 7 4,46; Ay = 1,59

fnass VI .
MATEMATMUYECKAS OBPABOTKA JAHHbIX

§ 6.1. MocranoBka 3agaun

AHanu3 SKOHOMHYECKHX H TEXHWYECKHX MPOLeCCOB NMPHBOXHT K Heol-
XOJHMOCTH BbISIBJIEHH CYLIECTBEHHBIX @8KTOPDB, BIHAIOWHX Ha HCCNIEAYe-
Mblii IIpOLLECC, A TAKIKE K BLIOOPY GopMbl CBASH MeXAy dakropamu H K
OlleHKe NapaMeTpoB NOJyueHHbIX ypaBHeHHH CBASH,

Bynewm cyutaTh, 4T0 HEKOTOPOE ABJIEHHE XaPAKTEPHSYETCA ABYMS Bapb-
HDYEMBIMH BEJIHYHHAMH X H Y, H3 KOTOPHIX X BBIGHPAETCA KaK He3aBHCH-

Masi, a y — Kak . Tlp 410
MeK1y nepemeuublmn xuy cyu.xec’raye'r OIlHO3HAUHOE COOTBETCTEHE, T. €
Kamaomy x comneTc’rBy

€ 3a/aHHON CTENEHbIO TOllHOC'lH o}(Ho
244
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PaccMOTPHM B KauecTse IpHMepa HHI P TebHOCTH TPyiz
[POMBbILLIIEHHO-IPOU3BOACTBEHHOrO NIepcoHana B rOCYapcTBeHHOH W Ko-
onepaTHBHOI NPOMBILLIEHHOCTH cTpaH uiexoB CIB (ra6n. 6.1).

Ta6auna 6.1

Capanst ’ 1965 ‘ 1966 1967 1968 ‘ 1969 1970 [ 1971
Boarapns. . 264 274 295 322 343 467 390
BenrpHsaes 187 197 207 210 209 222 234
TOP.ceases 184 19 206 217 229 243 256
[Mobwa,eee 287 298 309 326 343 367 384
PyMbIHES, o o 343 372 407 435 456 486 516
C(X,CP Leenes 256 269 287 302 316 338 360-
Yexocaosa-

KHA. .. 238 263 263 274 286 309 330
B rabn. 6.1 p it aBnsercs BpeMs. B Ha-
wnx 060 X STO X it mep CIYKHT

WHIEKC LeB COOTBETCTBYoulel CTpaHbl,
B KauecTBe Jpyroro nmpHMepa paccMOTPHM H3MEHEHHe NpPOH3BOACTBEH-
HbIX (ouaoB 1Mo ropam (tabm. 6.2).

Ta6anua 6.2

Tons 1965 1966 1967 1968 1969 1970
[ponssoscreen -
Hute oAb
(6 mapa. py6.).| 420 | 454 494 534 571 625

B 1a6i1. 6,2 He3aBHCHMOMH NepeMEHHON Takke SB/ASETCH BpeMs X, a 3a-
BHCHMO# — npoH3BoacTBeHHble (oHAbl y. Takum 00pasomM, MpOH3BOLCT-
BetHble GOH/bI ABAAIOTCA QyHKUHeH Bpemenn: y = f (x). Bun stoii dyuk-
UHH TIOKA ellle HeH3BeCTeH.

B KauyecrBe TpeThero nprMepa pacCMOTPHM UHC/IEHHOCTb yyalluXcs
fpeémué y4eOHLIX saBelenuit B pacuere Ha 10 Thic, yeJjOBeK Hace/eHHs
(Taba, 6,3),

Ta6anua 6.3

Foxm 1961 ’ 1962 1963 1964 1965 1966

Yneao yua-
Mupxes Lo,




B r1abn. 6.3 QyHKuHOHANbLHAS 3aBMCHMOCTL WHCIA YUALMXCH OT H3Me-
HEeHHA BPeMEHH [OYTH OueBHIHA, XOTSl BUA 3ITOH CBA3M y==[(x) Hago
HaiiTu,

Wtak, BO BCeX PACCMOTPEHHBIX MPHMEPaX BO3HHKAET ONHA H Ta Ke 3a-
Jlaya — BhIBAEHHE (POPMBI CBA3H H Onp opmynbHOi -
crH, 3ajaomedi ¥ Kak pyukuuio f (x).

B ofwem Buie 3anauy MOXKHO COpMYTHPOBATH cne}xyloumm o6pasoM.,
TlyeTh B peay/ibTaTe HC
X1» Xayeey %y TIOCTABJEHEL B COOTBETCTBHE SHAYCHHA Yy, Ya, = y,. HeKOTOpOi
BenuuHubl y. Tpebyercs, nono6paTh BHA aHAJHTHUECKOH 3aBHCHMOCTH
Yy = f (), cBfI3BIBaIOmEH NepeMeNHbIE X U Y.

Bynem nasbiBaTh auanumqeckue 8aBHCHNOCTH, nonyqeﬂuue B pesyab-
Tare Hal. unup MU KHX 3aBHCH-
MOLT?H IeNHTCH Ha 1A OCHOBHBIX 5TANa — B H 6 0 P Samn puuec-

GopMyJaH W yTOuHeHHE KOO(PGHUHEHTOB B
paHHoh opmybl.

Jlnst BTOPOTO 3Tana MBI pacCMOTPHM TPH HanGonee pacnpocrpanemmx
MeTona onpenesenins Kospduunenton GOpMyJbHLIX 3aBHCHMOCTe: 1) ae-
mod 66I6paHKbIX MOUeK; 2) Memod cpednux, 3) memod HOUMEHBULLX KD~
pamos,

§ 6.2. Mocrp p 3aBUCUMOCTEE.
Mertogas! y P POB 3THX el

TMocTpoenue saBucumocTH y = @.v. PaccMoTpum ceayloulylo sazauy,
ﬂych Ha HEKOTOPOM MpeANpPHATHH B TeYeHHe LIeCTHYacoBOro paﬁoqero
JAHS TIOCTYNAIOT CBEACHHST O KOJTHUECTBE BhIMTyCKAEMbBIX HS)IEJIHI"{ (Taﬁll. 6‘0.
TpeGyeTcst BLISIBHTL BHA SMIHPHYECKOIl 3aBHCHMOCTH H BHIMHCAMTb Napa-
MeTpbl 9TOH 3aBHCUMOCTH.

Ta6auua 64

Texywwi war 0 1 1,6 | 2,6 3 4.6 5 6

Kosusecteo u3zennit
Ha x,-Howac ... L 0 67 101 168 | 202 | 301 334 | 401

Hanecem Touku u3 Ta6n. 6.4 Ha rpapux (prc. 6.1), Buan maremarnuec-
KO#t 3aBHCHMOCTH KOJIHYECTBa BBITYCKaeMbIX nsnennﬁ OT BpEMEHH HarAsAHO
MJIOCTPHPYeTCs TpaduKoM, D10 NpAMas, NPOXOSMAs YePes HAuano Ko
opaunar, TakuMm 06pasoM, HCKOMAsi SaBHCHMOCTb SIBJSETCA q
ee MaTeMaTHyecKHi BHA

y = ax (1)



Onpene/ius BHI GOPMBI CBA3H MEXKIY TMEPEMEHHBIMH X H Y, BLIUHCJHM
napamerp a. [ yTouHenns napamerpa a BOCIOMb3yeMest NIepedHCTeHHBIMH
pHILE TPEMsi METOZAMH.

I.Meton BuGpanubBX TOYek [lpoBegeM mpsmylo Kak
MOXKHO G/1HKe K HaHECeHHBIM Ha rpadvK Touxam (pHCA 6.1). Ha stoit nps-
Mofi BBIGMpPaeM TPOM3BONbLHYI TOuky M (x*; y*), KOOPAMHATHI KOTOPO#
onpenenum us rpaduxa. ITyers x* =5, 6; orciona y* = 375 u MoxHO Hali-
TH TapaMerp a swumupuueckolt dopmyan (1): a = 3— = 66,96, Torna
ypaBHeHKe npsmofi, mnpoxoxsiei uepes
Hayal0 KOODAHHAT, NPHMET BHL Yy = Y
= 66,96 x. 0

HTaK, utoOBl BLIYHCIHTL MapaMerp @ 4
AN NPAMOH, npoXonsuiefi uepes Hadano 4y
KOOPAHHAT, JOCTATOUHO B3STh NPOH3BO/E-

HYIO TOUKY Ha SMnupHYyecKoli npsMoii u :‘fg
MOAE/NHTL €€ KOOPAHHATHl y H X, T. €, 250
. 2 a0

* 750)

IMpenmymecTBoM MeToza  BHIGPAHHBIX
TOUYEK fABJfAeTca TO, YTO OH 06![3}.18&1‘ X0-
polleil HArJASAHOCTBIO, OAHAKO BHOOP KO-
apUIHEHTa @ CYLIECTBEHHO 3aBHCHT OT
TOYHOCTH NOCTPOEHHA YepTexa.

Jlyumue pesysbTathl 1O CPaBHEHHIO
€ METOAOM BHGPBHHHX TOUYEK 3T METON
CpeaHHX.

2. Meton cpeannx. Kaxiomy TaGiuuHoMy 3HaUeHHIO HE3aBH-
CHMO¥i NIeDEMEHHOI COOTBETCTBYET OIlp e KOl
(dyHKUHY, KOTOPOE YHC/IEHHO MOXHO NOJIYYHTb M3 rpaduka y = ax‘

OG03HauuM 3HAYEHHS 3aBHCHMOI nepeMeHHon, B3ATHIE U3 AMNUpHYEC-
Koro rpauka, uepes y*. B Tex ciyuasx, KOrAa JUIi COOTBETCTBYIOMWHX
X; T Y; He coBmaj ¢ rpaHyeCcKHMH y*, HNMEeT MecTo
OTKIIOHEHHE SKCTIEPHMEHTAIBHLIX AaHHKIX OT BHIOPaHHON (yHKIMOHAIbHON
BMHHP[/I'IECKOﬁ 3aBUCHMOCTH:

1001
=
0

Yi—yl =gy @)

rie y = ax; OnpejeNuM NapaMeTp a W3 YC/IOBHA MUHHMYMa Cpenuei
OLIMOKH:

)

,ﬁl (yy—ox)=0. [¢Y]
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Tepenuiuem BeIpaxenue (4') B Buze

n n
3 yi— 3 axi=0,

OTKyZa

b3

S )

&

4= [Tve

Taxum 06pasoM, AN JHHEHHON GYHKUHH y = ax, TPOXOnsmel yepes
Haua/o KOOPJMHAT, NapaMeTp @ ONPENesseTcs C NOMOILBIO METOAA CPENHNX
no gopmyae (5).

Tlonbaysce atoft Q)opmy.noia HalllleM uWC/eHHOe SHaueHWe rapamerpa
a Aaa paccMar p KOM u (cM. Taba, 6.4):

ae ;, 671011681202 1301 1334 1404 LAY
Tl T 141,54-2,6--344,5+546 8.5

CrenoBaTe/IbHO, HCKOMasi 3aBHCHMOCTb HMeeT BuA y = 67,11 x.

. MeToJl HauMeHbWHX KBaJparto B. OnpeeanM sua-
ueHne napamerpa a THHeHHON 3aBHCHMOCTH § = @X W3 YCJOBHSA MHHHMYyMa
CYMMBI KBAJiPaTOB OTKJIOHEHHH T it y; o1 P KHX Yit

®)

3 (g—y) = min, ®)
=1

BboipasuM i Yepe3 ero shayeHue ax; M NMOACTaBHM B coorHomeHue (6');
TOTZA MOJNYYHM

2[ (y, —ax;)*=min. 6")

VYenosre (6”), cOrnacHO KOTOpOMY MBI ﬁynem BHIYHCTATE apaMerp m
BKJIOuaeT BCE TabNHYHbIE it nep
BEJMUHH X; H Y.

MunnmanbHoe 3HaUeHHe CyMMBI KBaJPAaTOB OTK/IOHEHN ! Ta6AHYHBIX 3Ha-
HEHHH Y} OT SMIMPHYECKHX y; IPH BapHAlHK Kos(pHLHEHTa a HailleM HS
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yC/IOBHS PABEHCTBA HYJIO MPOHSBOAHOW MO TNapaMeTpy @ oT (yHKUHH

F=32 (ys — ax,)*. [ugpdepenunpys, nmeem
1=l

=23 x(p—ax)=0. @

PacKpbiBasi CKOGKH H TIPENCTaBJsis CyMMy PasHocTeli Kak pasHOCTb CyMM,
MOJIY4HM CJIENYIOUIEE BHIPAMKEHHE:

“ n
D Xyi—a 3 x1=0,
= =i

OTKYla TIAPAMETP a BGLIYHCASIETC KaK OTHOLIEHHE CYMMbl NPOH3BeNeHHH
HesaBHCHMOH nep X; Ha COOTBETCTBYIOWHE SHAUCHHS 3a-
BHCHNOI TIepeMeNHOl y, K CyMMe KBaApaTOB SHAYeHHH He3aBHCHMON

nepeMenHo:

U106E1 BOCTIONB3OBATLCSA METOIOM HANMEHDIIHX KBaAPaToB VISt Onpeje-
JIeHHs! YHC/IEHHOTO SHAueHUs NapaMeTpa a PacCMAaTPUBAEMON SMIHpHuec-
KON 3aBHCHMOCTH (cM. TaGn. 6.4), cocTaBHM BCNIOMOTaTeNbHYO TaGauiLy,

7 7

OTKyAa HAXOAMM CyMMy npousBeieHnH Zxyy; W cymmy KsazpatoB Zxi.
t=1 i=1

Ta6nuua 6.5

X u, Xw EH
1 67,0 67 1
1.5 101,0 151,5 2,9
2,5 168,0 420,0 6,25
3 202,0 606,0 9
4,5 301,0 1354,5 20,25
5 334,0 1670,0
6 404,0 2424,0
¥y 41 =6 693,0 £x2=99,75

Teneps, no gopmyae (8) Haxonnm

_6693,0 _
=g =67.09.

249



TMopcrapyB HafilenHoe 3HayeHWe TapaMeTpa B JIHHEHHYIO (YHKUHIO
y = ax, noayunm y = 67,09 x.

Wrak, B pesy/bTare pacyeToB Mbl NOJYYHJTH TPH 3HAUEHHA Napamerpa
a s GYHKIHE y = aX, HanGo.iee TOYHBIM U3 KOTOPHIX ABJAETCA SHAUEHHe
napaMeTpa, NOJYYeHHOE IO METOLY

,3/ HaHMeHbIIHX KBaJPaTOB; OIHAKO Ha-
DISAHO y6exiaeMcs B TOM, WTO 3TOT
200 METOJ{ Tpe6yeT GOMbIer0 06beMa Bbi-
80 YHCJICHH .,
760} MocTpoenne JMHEHHON  3aBHCHMO-
140) ¢t obmero tuna y=ax-+b. Pac-
2 cMOTpuM caefyiomylo  sagauy. [logo-
100 Oparb, SMIHpHYECKYIO (opmyay naa
pocTa UHC/ACHHOCTH HaCeNeHHs B He-
& KOTOPOM ropoie, TNOAb3yAch AaHHEIMM
60] Taba. 6.6.
40| Hanecem TaGauumble SHaueHus Ha

rpaduk (puc. 6.2), W3 KOTOpOro BHA-
HO, UTO WMEET MeCTO JHHefiHas 3aBu-
cumocth ofmero Thna. Ee ananuti-
UecKoe BHIpANEHHe

y=ax+b ©)

Ta6auna 6.6

Fozsl 1946 | 1948 | 1950 | 1952 1954 1956 1958 1960

Uncao 150 000 |68 500 |92 500 (110 000 132500 | 152000 | 175000 | 185000
muTened

Jlns yTouHeHHs MapaMeTpoB a U b BOCNOJB3YeMCsl, KaK W Npexe,
TpeMs pas/JHYHEIMH METOAaMH.

I.Meton BoiGpanusl X T0UeK. YroGsl BRUYHCAUTH Mapamer-
pbl @ W b, HeOﬁXO[lHMO COCTABHTD CHCTEMY NBYX JIHHEHHO HE3aBHCHMBIX
ypaBHenuit. Bui6paB na rpapuke NPOM3BOIbHEIE TOUKH My (£5; y3)
M, (x,; y) ¥ TOACTABHB YHC/IEHHBI® SHAUEHHS KOODAWHAT STHX TOYEK B
ypasuenue (9), noayunm cHcremy

{y?=ax§+b. (10
ys=axi+b.

Peian ee, HaXoAHM HCKOMble apaMeTpHl a  b.
Tak, A1 paccMaTpHBAEMOTO npumepa BbiGepeM Ha raduke (pm:. 6.2)
Toukn M, u M, ¢ koopannaramn Xy = 4,4; y; = 92,5 « 10% x] = 13,6
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y3 =190 - 10°. Tloncrasasas KOOpAMHATH STHX TOueK B ypasHenue (9),
TIOJyYHM  CHCTeMY

92,5-10° =4,4a+0,
190-10° =13,6a+0,

OTKyla HaifzeM a = 10600, =45 000. Torxa HCKOMAs 3aBHCHMOCT TIPH-
mer BHA y = 10600 x 4 45 000.

2. Meton cpennnx. CONaCHO METONY CPEHHX, JYUIIHM MO0~
KEHHEM npﬂMOﬁ fIBJISIETCH Takoe, AJf KOTOPOro ameépanqecxaﬁ CyMMa
BCEX yK«'IO}leHMﬁ BLIYHC/IEHHBIX 3HAUEHMI OT ONBITHBIX paBHa HYJIO.

“Jlast onpenenenns napameTpos @ u b p KOit IpAMONt p
Tal/uuHbie JlaHHble Ha JiBe TPYNNB H IS KaXAOH H3 HHX 3aluiem:

3 o) —laxi )] =0, W

S ok (el )] =0,
k=1

rae L un — ! — uucna TaG/MYHBIX NaHHEIX COOTBETCTBEHHO [t NEPBOM H
BTOPO# rpymmsl.

3aMeHuM CyMMy pasHOCTell PasHOCTBIO CyMM H, CAeaB npeoGpasoBa-
Hus, NOJyuHM

L S

> yi=a ¥ xi+b,

=1 =1 ,

et At ar

Sk =a ¥ x+(m—1hb

k=1 k=1

Pemns 31y crcreMy, Hafitem napamerpet a u b.
OHPEJEJIHM Tenepb napameTpel a H be TIOMOIILBIO METO/Ia CPeJIHUX B pac-

CMaTpHBaeMoM npuMepe. PasofbeM NaHHbe Ha JiBe TaKH€ COBOKYNHOCTH,
ANst KOTOPBIX CyMMBI y; IPHMEPHO OAWHAKOBbI (cM, TaGa, 6,7),

Ta6auua 6.7

* 2x, vi Su

453 500

Y
B
8
g

10 152 000
12 36 175 000 522 000
1 195 000
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Cocrasum cietemy Buxa (11°):

* 453 500—56—20a =0,

| 522 000—3b—36a =0,
oTKyaa mnonygaem a = 11500, b = 40700. CnenoBatenpHO, ypaBHeHxe
npsmofi sanuwercs Tak: y = 11500 x 4+ 40700.

3. MeTox HauMeHbW HX KBajxparto B, Cornacko merony
HaHMEHBIUIMX KBaJpaToB,

n
'El (y; —ax; — b)® = min. 12y

Hcnonbsysi HeoGXONMMOe YC/IOBHE SKCTpeMyMa (YHKIMH HECKOJIBKHX
TnepeMeHHBIX NP BapHalui NapaMeTpoB @ H b, NOJAYuHM
n
N oD —
o 2 —axn—bf =
=1 (13)
E (y, —ax;— b =0,

i=1

HIn
3 2—ar— B (—x) =0,
=1
$ 20, —ax—b)(—1)=0,
=]

oTKyza

" n
Noru=a ) in,

(13)

TAE N — YHCIO HabmotenHii.

Uro6bl BBUHC/IHTH ~lapameTpul JINHEMHON 3aBHCHMOCTH AJ HAIero
npuMepa, COCTaBHM BCTOMOTare]bHylo Tabauuy (cM. Taba. 6.8 Ha cTp.
253).

B pesyabrate nonyuaem cucremy Buia (13):
8553,5+10% = 65a - 56b,
965,5-10%=56a - 85,
pemas Kotopyio, Haxomum a = 11100, b = 43 000, CuaenosaresnbHo,
y = 11100 x+ 43 000.
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Ta6auua 6.8

Toast Xt Yi Xiyi X.z
1946 Q 0 0
1948 2 68500 137,5-108 4
1950 4 92500 370.10% 16
1952 6 000 661,5.10% 36
1954 8 132 500 060-10% 64 :
1956 10 152 000 1522.108 100 §
1958 12 175000 2100- 109 144
i 195 000 2702.10°
x;=56  |Sy;=965,5-10° P Sx} =560
= 8553,5.108 -

§ 6.3. Buil6op amnupmueckmux opmyn
ANR HENMHEHHBIX 3ABHCHMOCTEHN

BuiGop Brpa amnupuueckoit dopmyast. B npensinymenm naparpabe mut
paceMoTpenu P KHe i H, AJA KOTOPHIX MO~
CTpOeHHBI rpaduk ompenensn BhGOP (GYHKUHOHAJbHOM SaBUCHMOCTH.
Jlnsi npsiMoi, MpOXOAALielt depes Hayano KOOPAHHAT, AHANHTHIECKHM BbIpa-
JKEHHEM CNYKHT QYHKUNS ¥ = ax, a Ans NpaMoil OGIIEro MoJoXeHus —
QyHKuHA y = ax -+ b. OnHAaKO rpapuuecKoe MOCTPOEHHE HENHHEHHOR
SaBHCHMOCTH He JlaeT OTBETa Ha BONIPOC O TOM, KAKO¥ aHATHTHYECKHH BHA
uMeeT 51a QYHKUHA, T, €. GyleT JH 5Ta 3aBHCHMOCTb CTENeHHOH, ApoGHO-
PalUHOHANbHOM, JorapudMHYecKoli 1 T. .

Tycts y ects GyHKIMA ONHON MepeMenHol ¢ ABYMA Napamerpami a o
b. B KayecTse HaGopa (hyHKUHII, H3 KOTOPLIX GyleM BLIGHPATh SMIHpHYEC-
Kle 88BHCHMOCTb, PacCMOTPHM:

1) nuneitnyio gyuxunio y = ax -+ b;

2) noxasarenbiyio QyHKuHio y = ab*;

L.

8) 1poGHO-pALHOHANIBHYIO (YHKIHIO y = ]

4) norapudmiyeckyo pyuxumio y = aln x - b;

5) crenennylo ¢pyHKuMIO y = ax’ (oHa onpesenser napaGoTHUECKYO
8aBUCHMOCTD, €caH mapaMerp b >> 0, W TuMepGOJHYeCKyi0 3aBHCHMOCTh,
ecan b << 0; ecan ke mapamerp b = 0, TO 3aBHCUMOCTL BBIPOMKJACTCA
B JIHHEITHY10);

6) runepGosnueckyio GpyHKUHIO B1AA Y = a -+ %:

7) 1poGHO-pauMOHaTBHYI0 (YHKIMIO BHAA Y == aT’fT—-b

Jnsi saunyuwero BeGopa BHAa AaHANHTHYECKOH SaBHCHMOCTH y ==
=f(x, a, b), cooTBercTBYyIOUIEH MOCTPOCHHOMY IPAHKY, BHIMONHUM CEyi0-
luie npoMeXkyTouHEle BEIYHCAeHNSA, Ha 8aaHHOM OTpeske H3MEHEHH S Hesa-
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BHCHMO# TiepeMeHHOH BbiGepeM TOUKH, 10CTATOYHO HANEKHbIE H 10 BO3MOX-

HOCTH Ja/ieKO OTCTOAIHe APYr oT Apyra. Jlas npoctoTel Gylem CYHTaTh,

X1+ xn
T

YTO 3TO TOUKH X; H Xy,. BHIUHCAUM CpelHee apHMETHUECKOR X,,=
cpentee reoMe‘rquecKoe Xeeow = Vi, n cpexHee TrapMOHHYECKOE
x,.apm = . TTo BHIUKCJIEHHBIM 3HAUEHIIAIM HE3ARKHCIHMOH nepEMEHHDﬁ

najinem ns noc’rpoeHHoro rpamKa COOTBETCTBYIOWNE 3HAYEHHSI 3aBHCHMOR
nepeMeHHOH

Xop =13

Xreon > Y3

Xrapy = s
JJISi TIOKA elile HeH3BECTHOM aHa/JuTHYeCKOR 3aBHCHMOCTH y = f (x, a, b).
BHINOAHKHM BCTIOMOTaTeIbHEIE BHISHC/ICHUS 15l 3aBHCHMO NepeMeHHof,
BuigueauM cpefHee apH(MeTHuecKOe KpaHMX SHAueHuil y,, = &Q’M:
HX CpeJlHee TeOMETPHYECKO® Yooy = V YiYn M CPEAHEE TapMOHHUECKOE
Yrapn = ylyTy Cpasuum Hafiiennsle n3 rpabuka y}, 4, ¥ ¢ BbIUHCIRH-
HEIMH SHAUEHHAMH Yy, Yreoms Yrapy 1 ONEHHM CJEMyIOUIHE MOTPEHOCTH
pesysibTata CpaBHeHH
14— Yapl =t1 197~ Yreon |
193 —Yap | =20 03— Yieon] =25 17— Yanl

Hal“mem H3 3THX OLHGOK MHHHMAalbHYIO:

e e
ol US— Y apm =22

e=min {g, &, (A5
1. Ecan nanMeHbledi cpelld Beex aGCOMIOTHBIX OMIHGOK OKAKeTCA &y,
TO B KauecTBe aHaIHTHYIECKOH 3aBHCHMOCTH /U151 IaHHOTO TPauKa XOPOUIHM
TPHGAHIKEHHEM CIYKHT AHHefiHas QyHKuus y = ax + b.
2. Ecau naumeribiueli a6coiioTHON OWNGKON SBASETCS €y, TO B KAUecT-
Be SMIHPHUECKOA 3aBHCUMOCTH CJEAYeT BIGPATh NOKa3aTelblylo dyHk-

uio y = abr.
3. B ToM ciyvae, Korla HaMMeHBINAsi K3 aGCOMIOTHBIX OINHGOK €CTb
€5, UCKOMas p Kas P IpoGHO-paLHo-

. . 1
13 = —
HanbHol dyHKuMeill BHAA ¥ prat
4. Ecan HaumeHbllas M3 aGCOMOTHHIX OUIHOOK €CTh €4, TO XOPOIIHM
NPHOMDKEHHEM CYXKUT — Jorapudmnueckas ¢ynkuua y = alnx + b.

5. Ias cayuas, Koraa a6coMOTHOI SBAsIeTCA
€;, B KayecTse p KOH CTH P crenexHas QyHK-
oua y = axb.

6. Ecau HanMenblueli 3 aGCOMIOTHBIX OIIHGOK OKAMETCS €, TO 33 HC-
b
KOMYIO 3aBHCHMOCTb C/IeyeT BbiOpaTh THNEPGOHUECKYIO § = @ +

7. Hakoren, B ToM cllyuae, KOIla HaWMeHblUask H3 aGCOMIOTHEIX OMIH-
GOK €cTb &,, B KAueCTBE aHAJHTHYECKOI 3aBHCHMOCTH BHIGHpaeTcs APOGHO-

x
HOHA/IbHE =
paunoHanbHas GyHKUHA BHAA Y Freer?
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Mpumep. [ P yio s dynxuuu, sajaHHol
T96AUHO:

x!l|2|3‘4|5|6.|7|8|9
|

y | 521 | a8 [20.5) 204 | 188 | 171 | 150 | 152 | w7

Pemenue. 1) Ilpeanonoxuy, 4To B JaHHOM npumepe Kpafinue Tabauunbie
gnateHns NOCTATOWHO HaJeXHbl. [1poBefleM BCmOMOTaTeNbHEE BHUHC/ICHNSA W HailleM
108 KpaliHHX SHaueHHH He3aBHCHMOR nepementoii ¥ = 1, xo = 9 cpeaee apngme-

2+ x —
THUECKOE Xap = 1 5 £ = 5, Ccpepmee reoMeTpHYESKOE Xpeom = Vighy =3 #
2mn _
fiee TAPMOHHUECKOR Xpapy = = 18,
cpen P rapM = Ty e

2) Wa rpaduka (puc. 6.3) Halimem SHa-
vyenus (yHKUHH, COOTBETCTBYIOUIME BBIYHC:
JIeHHBIM SHAYCHHAM apryMenta: Mis Xap =
=5 nmeen y, =~ 180; A1s Xpeom = 3 HMeeM
43 = 240; 119 Xpapy = 1,8 myeen yi=34l.

3) BuinoaHuM AONIOJHHTE/bHEIE PacueTsl
ans 3aBucHMol nepemenuodi. Hafizlem aisa
KpadnuX SHauenuli cpenmee apHdMeTHUECKOR

vap= LB T,

cpeliiee [EOMETPHYECKOE

Yoeow= V52T AT =274
U cpedsee rapmonHUeCKoe

P— 201 yn 512-147 298,
T by Bl24149
4) CpasHum Hail rpag SHaueHHA C Yapr

Yreon 8 Yrapnt
&1=14;—vap|=| 180—334|=154, ey=|y} —yreon |=1180—274| =106,
&5 =14 = Yrapu | =1 180—228 | = 48,
8=y, =yap| =1 20—334| =04, e5=| y} —yocon | =|240—274 | =34,
e=1y;—yap =131 =334 =7, e7=| 4> —yrapyl=| 341 —228|=113.
nDCKQJley HAHMEHbIAaR W3 a0COMIOTHHX OWHOOK eCTh g, B KauecTBe aHaJATH-

UECKOfl 8ABHCHMOCTH CJIeLYeT BLIGPATh [HIEPOONHUECKYIO SABHCHMOCTb § = @ + x
(cM. pue. 6.8).

Y1ounenue KoathduumenTos. Ins yTounenus KoshQuuNeHTOB BEGpaH-
HOl aHa/HTHUeCKO! 3aBHCHMOCTH § = f (v, a, b) BOCTIONBb3YeMCsl, KaK H
Tpexkie, TPeMs Pa3NMIHLIMH METOJAMH,

eToA BHOpaHHBX Touek, Ha mnocrpoenHoli kpusoi
BosbMem Ape npousBoabHbe TOUKH M (x}; ) u N (x}; y3). CocTabasen

cheremy
{yl=f(x1, a, b),
yi=1(x a, b),
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paspeluaeM ee OTHOCHTENBHO HCKOMBIX NapaMeTpoB @ W b M noicrasiasew
Haiillenble YHCIOBbIe 3HAuelHs HapaMeTpoB B GyHKUMIO ¥ = f (X, a, b).

2. Meroa cpennunx. B sunupnueckyo dopmyny y = f (x, a, )
NI0C/IeNI0BATeNBHO MOACTABAAEM Tabauunbe 3Hadenus x; (( = 1, 2, ..., n).
TMonyuenubie sHaveius Gyukuus y; = f (¥, a, b), Boobuie rosops, Gyayr
OTKJIOHATbCA OT TaGMUuHbIX 3HaveHui: y; — f (X, a1, b) = &;.

Cors1acHO METOy CPeAHX, 3a HauJyullee T0JOKeHHe KPHBOH MPHHH-
MaeTcsl To, A1 KOTOporo anreGpanyeckas CyMMa OTKJOHEHHH paBHa Hy.o,
T. €

- .
Zu= ZBlu—fa ) =0.

Jlas onpeneneliis napameTpos a u b N0 MeTONY CPEIHHX BCA COBOKYII-
Hoctb & (i = 1, 2, ..., n) pasbuBaercs Ha ABe rPynNbl TaK, YT00bI ares-
pamyeckas CyMma YKJIOHenUii Kax10k Tpynmsl pasusinach Hymo. Takum
06pa3soM, IUTA ONpeflesieHHs NapaMeTpoB a W b Mbl TOJyuaeM Clenyio-
Y10 CHCTeMY JBYX ypaBHeHHii:

31yl (<l @, 6] =0,
=1

n—l
X —Hx a b)) =0,
&

rne [ n n — ! — yncaa TaGAHYHBIX 1aHHBIX COOTBETCTBEHHO ANISl EPBOH H
BTOpOHi rpynmbl.

3aMeHHB CyMMy pasHOCTeli DasHOCTBIO CYMM B KaKIOM ypaBHEHHH
CHCTEMBI, TOJYYHM

;
2 yi= 3 lxhab),

"Z’ o 2 f(xlh.a.0).
h=

CoBMmecTHOE pewenne 9TON CHCTEMbI O
ZIBYX NapaMeTpoB a K b, NOICTAaBHB KOTOpble By = f (x, a, b), moyynM e~
KOMOE SMMHPHYECKOe COOTHOLIEeHHe,

3. Meron wnaumenbmux KBaxparo B CorvacHo METOLY
HaMMEHBIIUX KBaapaToBs, Hau/yuYIIHMH NapameTpaMy a u b cuuraiorest T€,
JUIS KOTOPBIX CyMMa KBaAPaTOB YKJOHEHWH MUHHMa/bHa:

Fla,b)= 3 ly;—F(x, a b =min.
i=1

Haiinem yacturie npoussonnsle gpyukunn F (a, b) 1o BapbHpyeMbIM na:
pamerpam a 1 b:

%ﬁv-b)_ =2 3 W1 a, O1fa (0,
LED — —2 5 1= (0 0, Ol 50,0,
le=l
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B cusry HeOGXOAMMOrO yCIOBHA KCTPpeMyMa DYHKUHH MHOTHX TepemMeH-
HBIX, HAUTYSIIHMH 3HAYEHHAMH NMapaMeTpoB a ¥ b CJIy¥Kar Te, MPH KOTOPBIX
yacTHble IPOH3BOAHBIE 3TOi (YHKLUMK MO BapbHPYEMbIM NapaMeTpaM oGpa-
IaTCc B HYJb:

OF (a, b) -0
da :

OF (a, b)
b

T e
[y, =F(x @ D)) fa (¥, @, 0) =

ps
< v
Z 1—f (X, a, 014 (2,0, 6) =

Pemerye 3TOl CHCTEMbl OTHOCHTEIBHO @ H b H AaeT HCKOMbie Hauayyuiue
SHAUEHHS YHC/IOBBIX IapaMerpos,

§ 6.4. NpeobpaszoBaHie KOOpAMHAT

PaccMoTpuM B cucreMe KoopamuaT xOy HEKOTOPYIO HelHHeliHylo 3a-
BUCHMOCTD y = f (¥, 4, D), HEMPEPHIBHYIO ¥ MOHOTOHHYIO Ha 3aMKHyTOM
orpeske lx;, x,). Tlepefinem K HOBBIM MepemeHHEM ¢ = @ (x) H z = (y)
TaK, 4rOObl B HOBOH CHCTeMe KOOpAHHAT 4Oz SMIHDHYECKas 3aBHCHMOCTb
Craja JHHEHHO!:

z2=aq+b. (6]

Touxu N, ¢ xoopaunaramit (g (x;); b (y;)) B nmockocti g0z npakTHuec-
KH JlexKaT Ha HPHMOH JIHHHH. paTHO €CJIH NPH NOCTPOEHHH Ha TVIOCKOCTH
QOZ OKaxeTcs, UTO TOYKH JIeXKaT Ha ﬂpﬁMOl‘/’l JIHHHH, TO MEXAY NepeMeHHbl-
MH @ H 2 HMEET MeCTO 3aBHCHMOCTh

b)) = ap (9 + b 2

MokaxeM, Kak paccMOTpeHHbie B § 6.3 HeHHE/Hbe 3aBHCHMOCTH Mpe-
06pasoBaHHeM KOOPAHHAT MOKHO CBECTH K JIHHEHHOI.

1) Ilns nokasaTeabHOH 3aBHCHMOCTH BHIA y = ab*, NOTapHOMHPYS,
HMeeM lg y = x1g b+ Ig a. TlonaraemIg b=B,1ga=A4,Igy =z,
X=g # B IIOCKOCTH g0z MONyYHM ypaBHEHWe MpsamMoii z = Bg 4+ A.

2) IpoGuo-nuHelHyi0 3aBHCHMOCTE Y = nx:_b TaKke MOMKHO mpeol-
PasoBarb B auHelinyio. [leficTBHTeNbHO, HafileM O6paTHyio 3aBHCHMOCTD

1

= ax -+ b u BBEJeM HOBHIE NEPEMEHHbIE § = X, 2 = 7 TOTAa nomyuhM
3aBHCHMOCTb BHIA Z = ag + b.

3) PaccmotpuM Jorapud y=algx+bn
BBEJleM HOBHIE NepeMeHHble § = !g x, z =y, Toraa CHOBa MOMYUHM JH-
Heillylo 3aBHCHMOCTb 2 = ag + b.
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4) PaccMOTpHM CTENEHHYIO 8aBHCHMOCTL ¥ = bx?, rae a >0, 6> 0,
.ﬂorapmpwpyﬂ, Haxonum Ig y = alg x-+ Ig b, orkyna nonaras z=Igy,
q=1g x, B=1g b, umMeem z=aq - B. [lpsimyio mosiyuesHoro suia yao6uo
CTPOMTB, €CJTH OCH g M 2 B IJIOCKOCTH g0z B3ATb B JOrapu@MUuecKoM
MacuwtaGe. HauanoM koopawear jorapu(MiyecKoii CeTKH CJIYIKHT TOUKa
g=0,2=B8B

b l

5) B hipakenun y = a + — npc 3aMeHy nep - =gq,
y = 2. Tem cambiM 3aj1aHnas runepdonuqecxaﬂ 3aBHCHMOCTh npeuﬁpazye'r-
csl B HHEHYI0 2 = a + bg.

6) PaccmoTpuM IpOGHO-panMOHaNbHYO GYBKIHIO y =

a—x o Dyuk-
1 b
uns, o6paTHas AaHHOMH, HMeEeT BHA 3= -+ - Beexsi nosble KoopanHaThl

1 -
p=g= -’l‘, ONATH TONYYHM AUHEHHYIO 3aBHCHMOCTD 2 = a + bq.
MNpumep. OnmTHHE HaHHble 3aHECeHb B CALAYIOUYl0 Tabanuy:

s )2 s a5 e ] |8 ]o
[0.53 [ 0,49 0,50 | 0,65 | 0,71 J0.755] 0,77 | 0,81 | 0,82

CocraBuTh SMnHpHUECKYI0 dopmylny.
P e nue. [Moctponn rpaduk (puc. 6.4) n onpeiesum THI KPuBO#A TakK, Kak
570 6B/IO YKa3aHo B NpensayuleM naparpade. AHaAuTHYECKas QY HKUNS, OCTATOUHO

|
!
U
I
b
b
b

i
[

il
T w ey

02 0% 06 08

Puc. 6.4 Puc. 65



®OpOIO COOTBETCTBYMOMAA TaGamle, ecTh Apo6HO-palHOHaNbHAA (GYHKUMS BHAA
x
LA
1 b
PaccMoTpM GyHKUHIO 7= -+ ;> 06paTHYI0 KauHOM, N BBeleM HOBHE Nepemen-
1 1
e 2= 7 =7 Torza B n0ckocTH g0z MOMYYHM NUHEHHYIO 3aBHCHMOCTD 2 ==
a+ bg.
as Toro uTO6H HafiTH KOSGOUUUEHTE ¢ H Z, COCTABUM Tabauuy:

P | 1 | 0,5 ]0,333| 0,2 | 0,2 |o.1as|o,143|0.125|0,m

s p s | 2 [nes|uee]nar]na] ne 1]z

TloctpoiM B 0z ToukHm, cOOT
(pua. 6.5). Mbi BUAHM, 9TO STH TOUKH JeKaT Ha ORHOH mpsmoil. CriegosatenbHo, Ha-
Pty Oxaazlmcb npaBuAbH] Ocraercs onpejeauTh napaMerpu

aubia=1;b= , v = 2. Takum 06pasom, sMnupHueCKas (opmy.na HMeeT Bux

x
=xFo
§ 6.5. dmnup b TPM nap P
Ha npakrike yio ABYX TIep X WY, u3
KOTOPBIX OZHY, HANIPHMEp X, CUHTAION HEe3aBHCHMOIi TIEPEMEeHHOI, a ApyTryio
P ylo y —3a YacTO amnmpc yIOT Qynkuueii BHIa

y=ax*+ bx+c, )

rae a, b U ¢ — MapaMeTphl, NOMJEKallHe OnpeieseHHIo.

Ecan KOJMHYECTBO H3MEPEHHit (Xi; y;) PABHO TPeM, TO YHCJICHHLIE 3HaA-
YeHHs MapaMeTPoB HAaXOMATCH MO METONly BHIGPAHHBIX TOUEK. Pe3y.bTarsl
KaXkIoro u3 Tpex uamepenHit (xy; y1), (X2 ¥), (X5 ys) MOACTaBUM B Bbl-
paxenne (1) M MoJyuHM cucTemy TPeX ypaBHeHHit

th=ax}+4bx;+-c,
Yy=axi-+bsy+c, @
Yy=ax3+bxy4-c.

Pemas cuctemy (2) OTHOCHTENBHO @, b W 0, HAXOIMM YHC/IEHHBIE 3HAYCHHS
HCKOMBIX  NTapaMeTpoB.

Onxako BbIuHCJIEHHE NAPaMETPOB @, b H ¢ 1O METONY BHIGPAHHBIX TOYeK
naer rpy6bie pesyabrarhl. TOYHOCTL MOMHO TMOBBICHTD, ECHIH: 4) YBETHYHTD
uHesIo HaGaonennli; 6) BOCTONL30BATBCS AONONHHTENLHO HEKOTOPBIM KPH-
TEPHEM OLEHKH TOUHOCTH.

CorziacHo METOLy CPeAHHX, COBOKYIMHOCTb HaGMIOfeHWit (xi; i), TAe
i=1, 2,..., n, pasbuaercsi Ha TPH TPYNNbl, B KaXKAOH U3 KOTOPHIX ajl-
reGpanyeckas cyMMa yKJIOHEHHIT paBHa Hy.Jio:
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¥ &=y —(ax*+ bx,; +¢) =0,
=1
i P
> g=y;—(axj+bx;+0)=0, @
=41
i ep=yy —(axi+bx, +c)=0.
k=q+1

. Pemenne cucremsl (3) 1 faeT Gosiee TOYHbIE, YeM 10 METONY BbIGPaHHHIX

TOYeK, YHCJEeHHBIE SHaueHiis NMapameipos a, b u c.
Jlyuiine pesy/bTathl 1aeT MeTOA HaHMEHbIUMX KBAJADPATOB, COINIACHO
KOTOpOMY NapameTphl @, b, ¢ BbLIUHCASIOTCS H3 KPHTEPUS MHHHMyMa

CyMMBbI KBa2paToB yKJIOHeHHﬁ
F= 3 ei= 3 [yi—(@xi+bx+ P =min.
1

=

B cuay HEOGXONMMOTO YCJOBHA BKCTPeMyMa (YHKUHH HECKONBKHX
TNEPEMEHHBIX NOJYYHM CJeayloUlylo CHCTEMY:
9F <
W =2‘§ilu,-—(axi+bn+0)l(—x7)=0,
OF g 2 [u,«(z;x?+bxl+c)](—x,)=0, [¢)
% =
OF S o
=2 D ln—(ax +bx;+ ) (—1)=0,
i=1
OTKyZa nocJe npeobpasoBaniii NOMyYHM CHCTEMY
n “ " “
a3 xi+b P xite Fai= F iy,
i=1 =1 t=1 I=1
" “ n .
a P xitb xite M= Gy ©®)
=1 =1 =1 i=1
n n :
a N xtt+b Y xiten= ¥y,
1) =1 i=
pelienHe KOTOpO#i MO3BOJAET HalTH NMapaMerpsl a, b, c.
Npumep. Ins  ¢ynkuun, sajauuoli TaGanyHo:
f| 20 | 22 | 24 | 26 | 28 | 30
v| osoro | o3 | ossz | oaiz0 | o4 | oam

nojo6paTh MHOrOUNIeH BTOPOl CTenern § = ax® + bx -~ ¢, Hallia 3HAYCHHA napaneT-
POB METOLOM HaWMEHBIUHX KBAIPaToB,
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Pewenue CocTaBiM BCUOMOraTeNbHYio TabAuiuy:
Ta6nuua 6.9

w | w | o# o o i
2,0 0,3010 4,00 8,000 16,000 0,60200 1,204000
2,2 0,3424 4,84 10,648 23,4256 0,75328 1,657216
2,4 N 5,76 13,824 33,1776 0,91248 2,189952
2,6 0,4150 6,76 17,576 45,6976 1,07900 N
2,8 0,4472 7,84 21,952 61,4656 1,25216 3,506048
3,0 0,4771 9,00 27,000 81,0000 1,43130 4,293500
IE 15,0 2,3629 | 38,20 99,000 260,7664 6,03022 15,656516

Ha cictemn Buna (5)
{ 260,7664 a-1-99,000 b+38,20 ¢=15,656516,

99,000 a-38,20 b+15
38,20 a-+15 b+ 6 c= 2,3629

nafigem napavetpul @ = — 0,035762; b = 0,354481; ¢ = — 0,26470. Toraa ucko-
Ml MHOFOWIEH 8alHIETCs Tak:
g= — 0,035762x - 0,354481x — 0,26470,
Ynpamueuns

1. PocT npoHSEONCTBA XHMHUECKOro BOJOKHa 3a mepuoa 1970—1973 r. npex-
craeaen Tabauueit:

x (rom) | 1970 | 1971 | 1972 ] 1973

y (1. 1) | 623] 676| 746] 829

TonoGpats P yio BOJIOKHA B AaH-
HOM BpeMeHHOM WHTepBaje W HaliTh METOAOM
Omse y = 69x X
b paOuHX LeJL. y 3a mepHox

1955211965 5. Soctasha;
* (roxs) f 1965| 1966| 1967 |1968| 1969

y (rhic. qen.)| 212| zss| 245|252| 255

TonoGpars P pocra paGouux mo rogau.
Omgem: y = a In x+ b.
3. MonoGpats pocT  BReme-
Toprosoro a6opora CCCP co Cipamasn COB & 19501570 I., €CH H3BECTHO, 4TO
TOBapoo6opoT MO FOAaM COCTAaBHI:

x (rons) , 1955] lgsol 1965| 1970

v (uipa. pyo)| 6 | 1.3 ] 22,6 ]
Omgem: y = ab*,
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4. Bgox B nefictue XKuAHX ToMos ¢ 1 4 no VIII naTuneTky coctaBmay

x (naTRAeTER) | 1 | Iii | m |1v ] v | VI | Vi Ivm

Y (Mapa. KB, M.) ] 56,9 [ 67,3 ! 81,6 |2oo,9|24o,5[474,1]490.6]518.5

Tlono6pats SMMHPHYECKYID 3aBHCHMOCTb, OTpaXKalOMyIo BBOX 8 ACHCTBHE XHILIR
JOMOB 10 roRaM.
o x
meem: y=——-o.
Y="ts
5. dynkuns sajaia TaGJAHYHO CBOHMH 3HAYEHHAMHI
c]rfe|af]s
EE |89|191|332I508

Annp P b 9TY GyHKURIO b10 y = ax® - bx - ¢ u HaiiTu Napa.
METPHI METOIOM HaHMEHBIUIUX KBaAPaToB.

Omeem: y = 1,936 x* + 0,394 x - 0,502.

6. Poct napka 9BM (8 mapa. gon.) 8 CIIA npeacTaien Tabauued:

Fogs 1965 1966 1967 1968 1969 1970 1971

Tlapk 9BM 10,1 15,1 19,7 25,3 31,5 37,6 | 42,7

TlocTpoNTh SMNHPHUECKYIO 3aBHCHMOCTL pocTa mapka 9BM mo rogam n nogo6pats
napaMeTphl METOIOM HANMEHBUINX KBaAPATOB.

. Temnpl pocta ofuiero oGhemMa NMPoAYKWHI MHWEBOH NPOMEILIJIEHHOCTH 3a nes
pHox 1965—1970 r. (8 % K 1965 r.) npescTanaeHs B TaGaHLe:

Toxst 1966 1967 1968 1969 1970 1971
OGBem npoayKuiK 104 13 19 122 130 137
Moctponts p noa6upas METOAOM CpeAHHX.

. PocT BasloBoro o6WECTBEHNOTO NPOAYKTa N0 TPAHCIOPTY H CBASK (B ueHaX
COOTBETCTBYIOWHKX JeT B MJPA. py6.) NpeicTaBieH B TalJauue:

Coast 1965 1966 1967 1968 1969 1970

Obulccmeuuuh
NPOAYKT . . . . . 18 19 21 22 23 25

P Y MeToZoM
104K,
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B HapolHoe CCCP (& mapa. py6.) mo

.9, Poct T:
rogaM mpeacTasieH TaGauued:

Foast 1966 1967 1968 1969 1970 1971

Kanutanosioxe-
HHA . . o - . . .1 61,0 66,0 71,2 79,6 82,0 87,7

]'[penc‘mBm'b ary SaBHCHMOCTb MHOTOUJIEHOM BTOPOi CTemeHH H MOo6paTh Kosd-
MeToRy

10. Pocr alloMHHHeBOH npovMuuennocTH 8 HTalun no rojam npencTaBieH

rabnuued:

®

Toms ‘ 1965 1966 1967 1968 1969 1970

Mpou3soACTEO . l 124,1 127,8 127,7 142,3 143,6 146,8

TonoGpaTh ABYXNapaMeTPHYECKYIO SMNHPHUECKYIO 3aBHCHMOCTB.
11. ®onms D pusTH

( 8 MaH, py6.) npencrasiensl TaGanueii:

Toms 1967 1968 1969 1970

DonAE  SKOHOMHYECKOro
etumyauposanms. . . . . . 3388 5965 8801 10313

[onoGpats 1s: yio
2. Pasmepul npamoro HANOTOOGAOKE NS YaCTHEX KOMNaund CLIA npeacrasae-
HE TaGanueit:

Tonw 1960 1962 1964 1966 1968 1970

Pasuepsi nanoro-
oGnoxens . . . 23,0 | 202 | 276 | 30,0 | 287 | 370

l'loc'rpomb p yio b H METOAOM CPefHHX.
11

Ay 0 TP P
rpa»xnaucxoﬁ aBHauni (B MADA. Yes.) npeicTaBieHst TaGanued:

Toxs 1965 1966 1967 1968 1969 1970

lMokasarenn nac-
CaxupooBopora 38,1 45,1 53,5 62,1 71,5 78,2
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14. TlporsxenHocTs nyTedl (B KM) Mocxoacxom METPOTIONKTEHA 33 TOlB BOChe
MOff MATHIETKH COOTBETCTBEHHO COCTaBJA

oz 1966

1967

1968

1969

1970

. 335

TlporskenHoCTh
e ..

350

350

38

400

15.
npuBesied B TG

[MonoGpaTh NBYXNApaMETPHUECKYI0 SMIHPHIECKYIO 3aBnchocn H TOZY4HTH GHG-
JIeHHOE SHAUEHHe NapaMeTPOB METOJOM BHGPaHHHIX TOWe
PoCT 3aHATOCTH MEHIWHN B HapOLHOM xouncne no rogam

(B man. uen.)

roa ’

1940

1960

YHeno KeHmMH . . . . l 13,2

BLIODAHHLIX TOYeK.

TlpencTaBnTh POCT 3aHATOCTH KEHILHH B
HeJuHEeAHON 3aBHCHMOCTBIO ¥ = ax?

- bx -+ ¢ ¥ BHUMCAHTD MapaMeTPLl METONOM

. POCT yucaa crennanucros, npuxonsmuxes na 1000 pa6ounXx B npoMbilaeds
nocty CCCP, mpencrasies TaGamued:

Fou 1950 1960 1965 1970 [

UHCNO cneunanucTos . . . 101 106 126 142 \
1

Tpex 10 10406~

jat Raiyio
PaTh KOS GdHUKEHTHE Memnom BEIGPAHHEIX TOYEK:



Fnasa Vil
MHTET! u Al UMPOBAHUE

§ 7.1 PHp np M KBagparypHble
hopmynbi

Vs Kypca MareMaTHUeCKOTO aHajlH3a H3BECTHO, YTO eCaH (yHKIHs
f(x) venpepriBHa Ha orpeske la, b, TO ompeieeHHbIA HHTErpas OT 3TOH
¢ yHKuuK B MpefeiaX OT a 10 b CymecTBYeT H HMEET BHA
b
(i@ dx=F ©)—F (a),
a

rae F (x) — nepBooGpasnas aas Qynkuun f (x).

Jna GonbluinHCTBA siieMeHTapHHIX (yHKunii nepsoo6pasmyio F (x)
He yJaeTcs BbIPa3uTh vepe3 snemeHTapHhie ¢ynkuuu. Kpome toro, mpu
IpaKTHYECKHX pacyeTax MOABIHTErpabHan GYHKIHA 3aj1aeTCsl B BUE Tab-
JiniL. Bee 510 npuBoamT K TH 3aMEHB HHTErPHJ 4HCTIeH-
HBIMH METOJaMH.

3anaua 4HCIEHHOTO HHTErpHPOBAHHA COCTOMT B CJEAylOmeM: HalTH
onpeneseHnbill uuTerpan Ha orpeske la, bl, ecan nosiHTerpanbHas Gpynk-
uns Ha o1peske la, bl sanasa TaGnuuHo.

DopMyJIbl MPHOJHKEHHOTO HHTErPHPOBAHHS Ha3BIBAIOTCH Keadpamyp-
HoMU popaysamu. PaccMOTPHM DpOCTeille H3 HHX.

Meron npsamoyroasuukos. HanGonee mpocThIM METONOM NpHOIHIKEH-
HOrO BBIYHC/ICHHS MHTErpaa fB/JAseTcsa MeTOML NPAMOYTrobHUKOB, OCHOBaH-
UL Ha HENOCPEACTBEHHOM OMNpe/ieieHHH HHTerpana:

b ne
§fwav=1im "S /(&) Ax,
$ lim 3

a—1
rae I f(&;) Ax; ecTb MHTErpanbHag CyMMa, COOTBETCTBYIONLAR HEKOTOPOMY
i=0

pasGuennto otpeska la, b] u HekoropoMy BHGOPY Touek &, Ejy vusy Epoy HA
OTpeskax pasGHEHHs.

b
Bhiuncienie onpenesennoro unterpaaa / = [ f (x) dx reomerpuuecku
a

CBOJIUTCA K BbI! > KPHBC finoit Tpaneuns, orp

HOM ynKuuedi f (x), ocbio abcuHee U NpAMbIMI X = a U x = b (puc, 7.1).
Bbruncaum npuGankennoe snauenue HHTerpasa cieyiomum o6pasom. 3a-
NEHHM  KpHBOJIHHEHHYIO Tpaneumo DEba npamoyronbhikom ABba,
nposeas AB Tax, 4ro6h purypsl DAC u CEB noy4n/iuch NPHMEPHO pas-

265




nofi nomany, Toraa NJIOMAnH KPHBO off Tpamenuy, orp
rpadukoM QyHKuMH y = f (x), H TOJyuYeHHoro mpsmoyroabunka ABba
GynyT NPHMEPHO PAaBHHL.

Vuutbias, uto BEICOTA NPsAMOYTObHIKA A Bba ecTh sHauenue QyHKUHH
B TOUKe E, ceaylomee p PaBEHCTBO:

P
(fwax~b—af@.
a
11.1[5{ yBeNMHYEHHA TOYHOCTH YHCJAEHHONO HHTErpHPOBAHHS MOXKHO OT.
pesok [a, b) pasGuTh HAa HECKOJILKO HacTelt W AV KaK1OH M3 HHX BEIYHC.

JHTE TIPHOJIHK e JIOWLAH KPHBO. TpaneuuH, oc.
v
=
%%? g
050 5 2 ke by
Puc. 7.1 Puc. 7.2

HOBaHHEM KOTODOH AB/afeTcss OTPesOK Ax; = x4y — %; (i =0, 1, ...
..., 1 — 1), a BICOTOH — uncio f (§;), T. e. sHauenHe QyHKUUH B TOUKe
& € lx;, x:4,], BHOpaHHOR M3 YCNOBHS MHHHMYMA OWIMOKHW HHTETPHPO-
panna. Torna sa npuGimkeHHoe SHaueHHe HHTerpaia Ha orpeske la, b]
NPUHEMAIOT HHTETPATbHYI0 CyMMYy:

b
§F () d a2 £ 80) Mo+ F (&) Aa o+ F (Ba) Ay oo Bnm) Ak

TIpakThyeckH yioGHO NETHTH oTpesok [a, bl Ha paBHble yacTH, a TOuKH
E(=0,1,2 .. n—1) coBmemars ¢ jesbimi [f (£) = f (x,)] wau
npaseivi [f (§;) = f (¥;4,)) KoOHLaMu oTpeskos pasGhenus.

Ecan TOUKy E; COBMECTHTB ¢ JIEBBIM KOHLOM OTpeska Ax;, TO npHGAan-
KEHHO® 3HaUeHHe MHTErpala TeOMETPHYECKH PaBHO IVIOMALH BATPHXO:
BanHOH cTynenuaroit ¢uryps (puc. 7.2), W MOkeT ObITh NpeEJCTaB/CHC
e 206bIX NPAL. 3

H — n—1
I={fmdr~ b—a (y°+yl+"'+y»-l)=h1205’l; It

u
2

rae h = (b — a)/n — war,
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Eg:nu e B KauecTse TOuKH §; BEIGDATh MpaBbifi KOHen oTpeska Ax;,
10 NPHONH)KEHHOE SHAYeHHe WHTerpala rpadHuecKH paBHO IJoWaAH
ery QUTYpHI, Orp O CBEPXY MYHKTHDHOH JIHHHEH, W Bhl-
YHCASCTCA TIO (hopMYyAe NpPasbix NPAMOY20NOHUKOB:
b

b=a
n

’nﬁst(x)dxz

a

Gtstotu=t Su @
=1

MNpumep G nomomsio (GOPMYA AGBHX © MPABHX NPAMOYTONLHHKOB BHUHCAHTH

x
1 mx nonaras o=
PeweHue 3Hag npelesn uHTerpupoBanus a = | u b =9, payomum map

h= (b —a)/n =2 Toria TOuKamn pasGHeHms CAYKaT xo = 1, x3 = 3, x, = 5,
xg = 7, x3 =9, 8 8HaYeHNA NOALHTErpabholl PyHKUHH f (X) = x-l(-2 B 9THX TOYKaX
TaKosk
1 1 1
=it =71 n=lt)="31 p=l=—;

1
va=/(xs)= %x ya=lx) =

Jlanee nafizem uneNeHHOe SHAYeHHe MHTErpaja, NOMb3Ysch GOPMYJON JeBHX Opd~
MOYFOMIbHHKOBI

[ !
In=h(ya+!/l+ya+!/s)=7(T+"5"+—T+T)z1,5024.

Benn xe
BbIX NPAMOYrOJbHHKOB, TO

1 1 1 1
o=+ v veby) =2 (5 o b ) = L,

0 HHTErpana np no ¢opmyae npa-

Merton T ii. [p p 0 HHTerpana
MOKHO BBIYHC/IHTB H HHBIM CTIOcOGOM, 3aveHuM Ha orpeske la, b] nyry AB
rpadHKa MOABIHTErpaibHON (yHKURH y = f (x) cTArHBatouell ee Xopaoit
(puc. 7.8) u BbiuHCIHM Muiowanb Tpanewnn ABba, [Tpuvem snavenne onpe-
ZICJIGHHOTO MHTErpajia YHCJAEHHO PABHBIM MIOMIANH STOH TpaneuuH:

b
(iedrm p—a) LOHEO, )

310 u ecTh gopmyaa mpaneyud AN NPUOUKEHHOTO BEIYHCJEHHS HHTe-
rpana.
[lorpewHocTs BEIYHCAEHHS

b
R={ [0 dr— L (41

a

Ans GopMyJisl Tpaneuuii oueHHBaeTcs Tak:
h
=— d 4)
R=—f v ® (
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rae Touka & € (xo, Xo -+ h). B cayvae, ecan y” (§)> 0, Bbiuncaenne no ¢op-
Myste (3) RaeT sHauemHe WHTerpaia ¢ H3GH T Ko M; ecan y” (§) <0,
TO HHTETPajl BBIYHC/SACTCH C HEJOCTATKOM.

ToyHOCTb BEIYHC/IEHHIT BO3PACTaeT, e/ OTpesoK la, bl paszenuts Ha
HECKO/IbKO 4acTeil W mp b GopMyay TP OTpesKy
Ax; (puc, 7.4), Torza

Fip1

5‘ Foyde ~ l(-\'1)+2l(xe+1) Ax,

B

Puc. 7.3 Puc. 74

J1n18 npOCTOTH! BHUHC/AEHHH yIOGHO AEMHTH OTPesok la, b] Ha pasmbie gac-
’I‘H, B 3TOM CJjyvae JUIMHA KaXKIOTO H3 OTPe3KOB pasbuenus ecth Ax; =
= (b — a)/n. UncnenHoe sHauenie WHTErpaia na orpeske Ax; pasno

JUACOE SJT)
I

—b—a "EI Y1ty
n 2
i=0
Tag KaK II0] 3HAKOM CyMMBI BeJIMYHHBI ¢; BCTPENaloTes ABaxkabt (o1 I =
=1 10 { = n—1), TO nocjennee paBeHCTBO 3aNMHIIETCs CJIEAYHOLIUM
obpasom:

1
(Lt gt )=

a—1
= [2 y(+—y°f;¢]~ ®

=1

Jra dopmyna 5 obwedl gop. paneyuti, O6myo dopmyay
Tpameunii MOXHO NEpEnHcarb B BHAS
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b
§708) dx 2 2 g+ 20+ 20 e 20 s 00 ®
d

plie mar

b—a, (10)

% X X X

0 x5 x Yoz Kt Xog X

Puc, 7.5 Puc. 76

dx
Tpumep 1. [Toawsy e o6mef hopmynoft Tpanenufl, BHIHCAUTS j T2 PR =
3
=4,

1
Pemenme. 3uees f(x) = T¥mt © dopmyne (7) maxommm h = 0,25

Cnegosatensno, X, = 0; x; = 0,25; x, = 0,5; x4 = 0,75; 24 = 1. Toraa no gopuy-
Je (6) monywum

dx 0,25 (‘+ 2 2 2 1

2

[

. LAWY
170,55 Tiqos T g0 T 2)~°'7""f

Meron napaGoa (Mexon Cumncoua). TOUHOCTL NPHOJHKEHHOTO HHTr-
PHPOBAHHs 3aMETHO BO3PACTET, EC/IH NOABIHTErPabHYyI0 GYHKUHIO y = f (x)
Ha otpeske [a, bl samennts KBanpatuynoi GyHkuHedi (pHc. 7.5), npuHH-
Maloleli B y3/aX X, = Q. X;, X, = b sHaueHus y, = f (xo), y, = [ (x)
B oYy =f (%)

B kagectBe HHTEPNONIANHOHHOTO MHOrOuU/NeHa BOCMOABL3YeMCsi MHOro-
unesom HploToHa

Py() =yo+ 4

e (v —xy) (r— )

S (v )+

Toraa
- - Ay, e | Ay, 8
Sf(x)dx—‘fP,(x)dx—thn+ N T

_ A,

o
o h 2 <Dy, + 2B+ A= A0 )
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Coor ) a8 gopmyaod Ci Dopmyna Cumn-
cona 06/1a1aeT MOBBILIEHHOH TOYHOCTBIO H SIBASIETCS] TOYHOH HE TOJBKO Ang-,
MHOTOY/ICHOB BTOPOIfl CTereHH, HO W TpeTbeil.

TorpewHocts ¢opmyasl CHMICOHa

x,42h A
R= [ 10— okt +00

OLEHHBAETCS CMEAYIOWHM O6PasoM:
R=—2yv@, ®

rae Touka E€ [xo, %, -+ 2h)

Jlns yBenuyenus TOUHOCTH BhluncaeHuft oTpesok la, b] pasGusaior Ha
N nap yyacTkoB [Xyn—g, Xyn-1, Xanl (PHC, 7.6) W saMensis MoABIHTErpaib-
Hylo  (QYHKIHIO HHTEPNOJSIHONHbLIM MHOrouseHoM Heiotora BTOpOR
CTeNeHH, MOJYYaloT NPHONMMKEHHOe SHAaueHHe HHTErpaja Ha KakIOM
ydacTke AAMHBI 2A:

f1warx 5 w+n+u),

X

[7eds = @ty 00,

x5

Fon
h
{10980 %5 Ganea 0 ).
*an-2
Torna 0 HHTerpana Ha OTpeske

T
la, bl Gyner pasHO cymme WHTerpajios, T. e,

b
[ 10 - ot o) + 40t Hen) 2 ot )

(10)

Coorrowenne (10) nagbiBaetcss o6uwjed opmyrott Cumncona. Ee moxuo
3anucarh Takxe B BHIE

b
[rode 2o 1+ )+ 4 Gat o+ o) 42Dl
an

rae

h=2t=2 (12
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Mpumep 2. Bruncants no dopmyse Cnuncouaj’ v
o

142

npy h=0,25.

Pemw e s ue, [lodopuyse (10) umeem
1

dx. !
) Tre =5 [0+ 441 -+ 293+ 4y5-+y4l.

1
Mozcrasnss 8 mojsiHTerpanbuyio Gynxuuio f(x) = T8 dnauennn x = 0,
£1= 0,25, x5 = 0,5, xg = 0,75, g4 = 1, noaysnu

1
dx 0,25 4 2 4 1
5 T+& 3 [1 T T Tror T o 1"7]“0'702'

§ 7.2. O6obwennas opmyna
Hi K

]

Tlyers HekoTopas GyHKuus f (x) 3ajlaa B ya/ax HHTEPOASAUHH x; =
=xo+ ih (i=1, 2, v, n) Ha orpeske la, bl Tabnuueil cBonx smauennii:

f=a | X | * | | =

=i | w=i | m=le | o0 | va=ttw

b
TpeGyerca HaliTH sHaueHHe HWHTErpana If (x) dx.
a

[To 3aaHHbIM 3HAUEHHAM NIOJBIHTETPANBHOM GYHKIHH MOCTPOUM HHTEp-
noasiuuonHsii Muorownen Jlarpanxa lem. dopumyay (6) § 4.41

Y. 1)

Q' (=) o (e xig) (P i) . (F—n)
L =
L Al o e TR B e

Il paBHOOTCTOAIIMX Y3JIOB HHTEPNONAUHOHHEI MHOTOWIeH Jlarpamxa
HMEET BHI
n
(==t gg=1 ... (g—n)
L,(x)= —_— e T 2,
(%) - Wl —t Yo 2)

e q = (x — x,)/h — war wurepnonsuuy [(cM. dopmyny (I11) § 4.4).
Jlanee 3aMeHHM NOABHTErpajbHyI0 GYHKUMIO f (Y) HHTEPIONANHOHHBIM
MHoroyseHoM Jlarpaixa, Toraa

b *n n
~ QO (=Dt glg=D ... (g—=n)
yjl(x) dx Ni [2& T ey, ]dx. ®
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TlomensieM MecTam 3HaK CYMMHPOBABWsA ¥ WHTErpajn M BbilleceM sa
SHAK HHTErpaja MOCTOSHHbE KOS(DMHIHEHTHI:

b *n

- U U oot Dl (X ik VYO ) IO

j f dx~ 1? Eryr— 5 q—1 *
dx

Tak kak dg = ., T0 p HHTErpup HMeeM

b n n
j'/(X)dxw > o a{qg@—1..
° =0

wlg—it 1) (g—i—1) .. (g—n)dg. 4

Jlns paBIOOTCTORIHX Y3/10B HETEpNosLHN Ha orpeske [a, b) Beanuuna
mara onpeaensiercs Kak i == (b — a)/n. TloacTaBHB 3T0 BHIpaxeHne 1as
h B Gopmyny (4) ¥ BBIHOCA b — a 3 3HAK CYMMBI, NIOIY4HM

(==t

o n n
jlmdxz(b—a) S v "l—lSq(q—l)...
a t=0 0

M n—i)
e (@—it1)(g—i=1)...(g—n)dg. (5)
Tonoxkum
e I O
=20 qu(q Do @i+ D@—1=Delg—n)do,  ©)

e i =0, 1, 2, ..., n; uHcna H,; naswBaiores Kospuyuenmanu Heromo-
Ha — Komeca. i ko3dpHIHEHTH He 3aBHCAT OT BHAA [ (¥), a sBAsOTCA
(YHKUHelH TOMBKO N (KOJHYecTBa ysJoB HHTepnoasniy). [Josromy kost-
¢Hunem‘u HbiotoHa — KoTeca MONKHO BBIYHCJAHTH 3apanee g pasyiny-
HOTO YHCIA Y3710B HHTEPNIOMSIHM H CBECTH B CMPABOYHYIO Tabamily
(cm. Taba. 7.1).

Ta6anna 7.1

n=1 ]Ilu:H,=1/2

n=2 |Hy=Hy=1/6, H;=2/3

n=3 |Hy=Hy=1/8, Hy=Hy=3/8

n=4 |Hy=Hy=1/90, Hy=Hy=16/45, Hy=2/15

n=5 |Hy=Hy=19/2688, Hy=H,=25/9, Hy=Hy=25/144 i

n=6 |Ho=Ho=41/810, Hy=H,=9/35, Hy=

=9/280, Hy=34/105

How=Hy=T51/17280, Hy=H,=3577/17280,
Hy=H,=1323/17280, Hy=H,=2989/17280 |




Oxonuarenbho Gopmyna (5) npumer BUA
3 n
(fwdem p—a) 3 g Hs )
F4 =0

w2
co:

Mpemep. Boiuncants nogopuyne Huotona—Koreca 5‘ dx, BuiGpas n=4.

0

Pememnne ®opmuyra Heorona — Koteca a1s n = 4 nmeer sui

n/2 N
cosx n
Of T g_,‘ Hiye (=)

Onpeneaum mar h = (b — a)/4 ~ 0,4. Ilanee, Hafiziem SHauenus DOABIHTErpanbHOl

x
QYHKURN § = T B TONKAX X, X1, Xy, L4l

cos 0 cos 22,5°
=0; yp= =1, %=0, = 20,659,
%o Yo 110 L, =04 y 1+0.4 0,659,
c0s 45° cos 67,5°
=08, ya= ——— 0,303, x3=1, =00 0,174,
x2=0,8; ys 110,68 393, x3=1,2) ys [EN) 0,174,
cos 90°
=1,6 yg=-——=0,
BELHRETRS

MNonsayscs Ta6a. 7.1, naxoaum kosdduuuents Hoiorona — Korecar
Hy= Hy=7/90; Hy= Hg= 16/45; Hy= 2/15.
ToacraBus nafilennsie snavenna B Gopmyay, (x ) noayunm

/2
cos x a7 16 2
f s dx=-§- [W(H_OH- F(0'659+0'174)+ 5 -0,393] =0,670,

PacemorpuM wacTHE e cayuan dopmyas Heworona—Koreca,
Ecan B gopmyaie (7) NOAOKHT 1 = 1, TO NOJYYHM

Sf(x) dx % (b—a) (go Ho+ 41 Hy),
rae

1
Hy= — [ g=Ddg= 111=jqd 0=
o

Torna

b
rwdem L5% Gots).
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HO MOCKOMBKY b — a = h (Befb n = 1), OKOHUATENBHO HMeeM
v
h
frwdrm 2 woto. ®

TeM caMBIM B KayecTBe yacTHOro ciyuas ¢opmyast Hetotona — Koreca
MEl TIOJIYdHAn GOpMy Ay TpamenH i
TlonozxuM Teneps B opmye (7) n = 2 u Haiiem Kosdxpuunents Heio-
Tona — Koreca [em, coornowenre (6)):
2

Ho=§'%§(q—l)w—2)dq= 4,

Tak Kak b — a = 2h, TO OTCIOAa CHeyeT, 4To
b
[rwdrm 0ottt . )

TakuM 06pasom, Mbl noyunin dopMyay CuMNCOH a kak yacT-
HHlit cayuail gopmyan Hororona — Koreca.
Ecai ke B Bupakenny (7) MOJIOXKHUTB £ = 3, TO NOJydaeM CJelylmee

PaBeHCTBOl
b
[Feds =5 Got3n+30+v0 (19
3

3ra QopmyNia HasHIBAETCS nPasuAoK mpex gocemsx. Ee morpemnocts
OlIEHHBAETCS COOTHOMICHHEM

3n
R= — % " @®), (1)
rae touka £€la, 6L

§ 7.3. KeappatypHas opmyna Yebelwesa

B § 7.2 6uuta pacemorpena ¢opmyaa Heiorona — Koreca, corsacHo
KOTOpO#i UHCJIEHHOE 3HayeHWe HHTErpana ONpEIeNseTcsi MO 3HaueHHAM

obyukuEd ¥, = f (x,) (i = 1, 2, ..., #) B QUKCHPOBAHHBIX y3J1aX WHTEpIO-
JSIHR X;, Xg, vy Xn. IIpH 3TOM kO3(duuments: Hplorona — Koreca
H; (i =1, 2, ..., n) cocTaBasoTCst TAKHM 06PasoM, 4TO OHH He 3aBHCAT OT

3HaueHHl PYHKUHH B y31aX HHTEPTIOJALNH, a ABAAOTCA QyHKUHeH TONb
KO g H 1,
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I1. JI. Yebkimes npeasioxku Ans BHIYHCACHNS ONpENE/EHHEIX HHTerpa-
7108, BOCTIONB30BaTECs Gopmyoi

{f ax ~0—a) 3 el M

B xoTOpoft KBanparyphbie KosbdunHents ¢; (I = 1, 2, ..., n) purcHposa-
ub, a abenncest x; (0 =1, 2, ..., n) nonnexar onpe}xe}leumo.

Jlns yNpoWeRHs Bbmuc.nennﬁ 1e/1ec006pasHo BLIGPaTh ¢ = €3 = ...
s = Cpy PACCMOTPHM CHayasla YacTHBIi CJIy9ai, KOria Mpelessl HHTerpH-
posarus paBubl — 1 1 1. Toraa dopmyaa (1) npumer Bua

1

§ 6y dx =26, [ (6) +F () + oo+ F (5], @

e KBaAPaTypHbIH KOIPOUIHEHT 0, W aGCHHCCHE X, X, ..., Xn MOMIEXKAT
onpeneenHioy

KOS(PHIHEHT Cn U Y3/Ibl HHTEPNIOAAUHH X3, Xgy +vy X, OMPELETHM

W3 YCJOBHSl, 4TO 9TO PABEHCTBO ABAAETCA TOYHBIM I/si Ciyuasi, KOrZa
() — MHOTOUJIEH BHAA

fW =a,+ax+a,2+a,x°+...+a, x" 3)

MoncTaBuB MHOrOWIeH (3) B JIEBYIO 4acTb paBeHCTBA (2) H MPOHHTErPHPO-
BaB, NOJYYHM

1
S (o + @y X+ @y 2+ 4y £ oo 0, x) dx =2 (a,,+“T’+—"5‘—+.,.) .
-1

B npaByio wacTb paBeHcTBa (2) MOACTABHM 3HaueHue MHOrOUAeHa (3) B ys-
JaX Xy, Xgy ey Xpt

F)=a,+a x+axi+ag 2+ a, 1%,
Fx) = ay+a, X+ ay 3+ ag x3 4+ o+ a, 13,
Fxg) = o+ @y X3+ Gy X3+ ag X3+ 0.+ a, x7,

fxn) = ap+ay X, +a, xa+agxa+. ..+a,,_,x".
Torna paBeHCTBO (2) npumer BHA
2o+t +---)=2cn[nao+u,(x,+xg+...+xn>+
@y (¢ o x  6) o g (0 ) e @

ok @ (R D)L
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TlosyuenHoe PaBEHCTBO LOMKHO BHIMOJHSITBCA NMPH JIOOEIX S3HAYEHHAIX
Qg Gy, «.., Ay, TIOSTOMY H3 CPaBHEHHS KOS(XpHLHEHTOB a; B NPaBOH H JieBo#
4acTAX COOTHOIIEeHHS (4) Haxomum, 4To nc, = l, oTkyaa

|
Ca= ©®)
H, KpoMe TOro,

X+ X+ X+ i+ x,=0,
xi+x%—(—x§+...+xﬂ=% ,
x4+t o+ xi=0,

R el @
" n _nll—=(=D"+"]
R R e b v T

[oacrasss HafileHHOR 445 €, BbIPAXKEHHE B COOTHOLIEHHE (2), NOAYuHM
Gopmyay YeGouuesa:

[Fdrm Tt +F e+t o
-1

2 TOYKH Xy, Xy, ..., X, ONPENENAIOTCA H3 CHCTEMBI YpaBHeHHUil (6).
3HaueHus Xy, Xy, ..., X, AAA PA3AUUHBIX N BHUHCJAIOTCSH Sapanee #
cponATes B Tabnuny (cMm. Tabn. 7.2).

Ta6auna 7.2

oters ’ R

n=2 — Xy = 1, =0,577350
n=3 —x;=2x3=0,707107;
n=A4 —xy=xy=0,794654;
=5 x5 =0,832498;
=6 x,=0,866247;

n= 88386
,323912;

B ToM ciyyae, Koraa npeneabl 3aAaHHOTO HHTErpana OTAHYHL OT — 1 H
1, dopmyna UeGriuesa npurHMaeT cenylomuii B
b

jr(x)dx=

b—
o

S @)+ f @) e +f @) ®
rne

=t L 0 1= 1,2, 0, ©
a X; UMEIOT yKasahHble B TabJ/iHne SHAYEHH,
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:
Npumep. @ nomombo Gopmyas YeShimesa ebuncanTs g sio xdx, nonaran

=5
%= Pewenue. Baeas orpesok muterpuposauns ects [0, w/2. Mo gopuyae (8)
gonysaed

n/2

a1
J slnxdx:T-? (sin 2y -}-sin 2g-sin zg-}-sin z;-f-s1n 24),

1 Ed 1 n B

a=-" (7+0 )+ o (7—0 )xx=7 (I41).
[oapsysics 1361, 7.2, Haxommmi

21 ==45% (1—0,832498) =7° 32,26}

2g=45" (1 —0,374541) =26° 8, 74"}

25=45° (1--0) = 45° 00"}
5° (1--0,374541)=61° 51,26";
2g=45° (14-0,832498) = 829 27,74"y  sin 2,=0,99136.

MouoraBasis sTH 3HauenHs & ¢opmyay YeGHimesa, OKOHYATENBHO MONYIHM
w2
5' sinx dx=%.8, 18311 = 1,000004.
0

Tak Kak TOYHOe 8HadeHne mHTErpaza PaBHO 1, TO MOrpeIHOGTH NPHOAHKEHHOrO
suauenus eocrasaser 0,0004%.

§ 7.4. KsapparypHaa hopmyna laycca

Insi nonyueHust NOBLIMIEHHOH TOUHOCTH MPH YHC/AEHHOM HHTETPHPO-
BaHHH noNIL3YIoOTCA hopayrotl Faycca

1
§ fx)dx ms oy (x) o f () 4+ oo+ Cn f (), U]

B KOTOPO# He GHKCHPYIOTCST HE TONIBKO y3/Ibl HHTEPTIONALHH Xy, Xgy sasy Xny
HO W KBaiparypHble KOs(HUHEHTH €y, Cyy . ., Cp. [lpH 3TOM 2n Hens-
BECTHBIX BE/JHYHH Xy, Xp,ueey Xny C1y Cgo +vey Co ONPEREJSIOTCS M3 YCIOBHS,
;TO dopmysia sBASETCH TOYHOM B CJyuae JIOGOrO MHOTOU/IEHA CTENeHH
n — 1.

Taxum oGpasom, ansi oGoro mMHorounesa (2n — 1)-ii crenenn

F () = G4y £, ¥ oo Gy 527 @
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JDOJKHO BBINOJHATECA TOYHOE PABEHCTBO
|
§ Fe)drmerf o)+ f () + o teaf (o) ®
-
MmuorouJiet f (x), cTeneHb KOTOPOTO paBHa 21 — 1, MOXKHO NPEACTaBHTD
B BHIE

f=F®Q® + R (), 4
rae F (X) — HCKOMbIii MHOTOUJIEH n-ii cTened, a Q (x) H R (x) — coor-
BETCTBEIHO YacThoe OT Aedenns f (x) Ha F (x) H CCTATOK OT STOrO AeNeHHsT;

crenenn muorounenoB Q (x) m R (x) He np n— 1. By
Ansi F (x) MOXKHO 3amucaTh TakHM oGpasoM:

F)=x"4 A x" =1 Ay 202 o s Ay = (0 — X)) (K —Xg) eoe (¥ —X,);
i5)
31€Ch BENHYHHBI X{, Xy, ..., Xp — HCKOMBIe abcuucenl gopmyal aycea,
a Ay, Ag..., A, — TOCTOSIHHBE.
Tak Kak HcKOMasi QyHKUMS F (X) B ys/ax xj, Xg, ., Xn OOpamiaercs
B HyJb, TO
fa) =R ), [ =R, ey [(x) =R (xn)s (6)
Toraa paBenctBo (3) mpHMeT BHA
1 1 1
(fwdar= § F@Qudr+ (R dx= @
-1 i

=0, R (%)) + ¢ R (xy)+ .. 4¢n R(xp).

Ho ans muorounesa R (x) cTenenn He Bbilue n — | Takxe JONKHO HMETh
MECTO TOYHOE pABEHCTBO

|
§ R dr=c,R(x)+ o R () + vt 0 R (%), ®)
-1

Buynras (8) us (7), nonyunm
|
§ F0Q(x)dx=0. ©)

-1
W3 mocsielHero COOTHOLIEHHS MOXKHO ONpeAeSIUTL HCKOMle ¢yHKﬂMm

F (x). Tak Kak paBeHcTBO (9) CIPaBEAIHBO sl MPOH3BOABLHOTO MHOIO-
uiena Q (x) cTenend n — 1, T. e. I MHOTOY/JEHa BHAA

Q) =by 4"+ by x*=24 ..+ by x4 by, (10)
TO OHO BBINOJIKAETCS NPH JMOGLIX KOS(dHUnenTax by, by, ..., b,_y; creao-
Bare/bHO, HMEET MECTO C/eldylolidf CHCTeMd )p‘dBHEHMI‘:lZ
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x=1F(x)dx=0,

x"—=2F (x)dx=0,
BRI SR (11)

e tonn

{

§ xF () dx =0,
—l

S F(x)dx=0.

1

Tloncrapsis ciofia Buipaxenne iist F (x) 3 gopmyast (5) u uuterpupyst,
TOMyuHM AN onpefenenus Kosdpduuuentos A, A .., A, cucremy
n ypaBHeHwii:

%""%"" 2nA—ls Foe=0,

i et )
-zn_—la‘l‘m‘l'm-l-n. 0, (12
e R e R AR

e

Vs stux ypasnenwii Buno, uro A; = Ay = A; = A; = ... = 0 1, cie-
ZOBATeNbHO, HCKOMBIA MHOTOWIEH HMEET BHI

F () = 2 -F Agr=2 4 A=t + A= + .., (19

OrMeTnM, uTO MPH HETHOM n KOPHH ypaBHenns F (x) = 0 nomapHo pasHb
10 aGCOMOTHOM BeTHYHHE, HO NPOTHBOMONOXKHB 1O 3HaKy, a MPH Heyer-
HOM n KOpHeM CJYKHT Takke X = 0.

Onpenenrs 13 cucremsl (12) kospduuuentst Ay (i = 1, 2, ..., 1), co-
crapum ypasHenue F (x) = 0 u HalileM ero KOpHH Xy, Xg, ..., Xp, T. €. HCKO-
Mble aGenmechi opmyainl Taycca, a 3aTeM  BBHIHCIHM  KOS(dMIHEHTH
6t =1, 2 ,., n) no gopmyie

1
[ r=xp) oos (=g (f—Xeg) oo (x—x) dx
Pa—— . (14)

W= x1) o (G =Xamy) (B —%p42) oo (X —Xn)
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Mpumep. [TocTponts xBanpaTypﬂyw dopmyay Taycca nas cnygas n=2 na orpes.
Ke uH'rerpnpoaanun {—

e n e O6wul sm xsznpa'rypnoﬂ opmyas Faycca npu # = 2 4 sajau.
HBIX npenenax HHTer pHPOBaHHA

1
§ b= bix)tont (xo,

TAE MOJNEKAT ONPENe/IeHHIO KRBAXPATYPHbE KOSHHHUNEHTH Cf W Cg, & TAK3KE 26CHMCOR
EAES

Jlns onpegefienns aGcuMce COCTABHM MHorounen F 1x) = x'+ A+ A,
KoappuuuenTnl Ay u Ay KOTOPOrO Hannem u3 cucremu Bupa (11):

S xF (%) dx=0,

1

1

§ Fixyax=0
-1

HemocpeACTBENHON nofcranopkoll Muorousena F (x) B cucremy. Hmeem

1
— A, =0,
3 +4y
T, e, Ay =0, A, = — 1/3, Torna
1
Fx)=x— —
(x)=x 3
oTKYRA
3 -
== 057735, e ﬁ—o 57735.

Koadpunpentsi ¢; u ¢y BuUECTAM 10 Gopmyde (14):

CnegosatenbHo,

1

S £ (x) dy=f (—0,57735)-1 f (0,57735).
-1

O nHako MOXKHO nonoﬁpa'rb Mmuorounes F (x), YAORVIETBOPSIOUHI €O
orHowenusm (11), Ges
1 Agy ooy Ane
SIKOGH TPEIVIONHI B KauecTBe MHOTouwleHa F (x) BOCNO/IBL3OBATHCA
mrozounenom Jlewcandpa

p PHTENILHOrO P T0B

F®) 1 die=nt , (15)
2" dx?
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JZs KOTOPOTO CTpaBeinuBhl paenctsa (1), T, e,

1
" (g2 —1)"
5 xe LT (16)
dx"
-1
J1eficTBATE/NbHO, HHTErpPHPYA MO 9YacTAM, HAXOLHM
1
sy ([ oap L2=DT g
e
n—1 n P n—1
[m oy ] b wo SRSy
dx" n-l
-1
TlepBbifi uien npasoil yacty pasenctBa (17) ofpamaerca B Hyab, Otciona
i
a1 e 1y
PR k=1 —
Sp=—k 5}6 s dx. (18)
1

AHaNOTHYHO TIOJTYYHM

! n—1 ! —2
et L= ey (e LT
R dx ~ d
p iy A D 1y P ! = e 1y
5 x Bl e

Hrak, npu k<< n umeem

! 1=k (2 1)
S=(—1)1-2:3...k S e
»

i

dx=0.

Takum 06pasoM, MHOrOwleH JIeKanipa yJOBJETBOPSIET CHCTEME ‘ypaBHe-
nuit (11).

MoxHO TOKa3aTh, YTO BCAKHIT APYTOfi MHOTOUJIEH, YNOB/GTBOPSIONIH i
STHM YC/IOBHAM, OTVIHYAETCH OT BLIILENPHBEACHHOIO JIHMIb MOCTOSHHBLIM
MHOMKHTENeM.

Jns sbluncaeHus KOSQOHUHERTOB ¢y, HCHOJB3YIOT ynpouleHHylo dyHk-
uuio yactHoro Biia. [TooxHM

f(x) = 2F, (x) Fi (%), (19)
e

Py = 8 e ) () (5 1) () (6= 5,)
(20)
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(snech BeqnunHa k — moctosinnas). Toraa

:
. _ op __IFQE [F(=DP_
_5 2@ P dr = P Ly = E - —

_ 4w __in
=T O] e @1
T2k KaKk [F (— DI = [F ()2 = L. Corsacuo dopmyae (3)
'
§ 2F0 (@) Fi() de =20, F (5a) F* (), @

-1
MOCKOJIBKY BCE OCTaNBHBIE UMleHbl B popMyJe (3) obpalnaiorcst B HyJb,
JlnddepeHunpys paBeHCTBO
x—xp) Fy () = F (%)
IBaXbl TIO X W TIOJIArasi X = Xy, MOJYYHM

Fr(e)=F" (%), 2Fi (x) =F" (x,). (23)
Togcraasa (23) B (22) u cpaBuuBas ¢ (21), Haxoaum
Axh 1 @4

. U= P P

Tak kak F (x) yrosneropsier auddepeHnnanbHoMy ypaBHEHHIO
@ =D F" (x) + 2F (%) —n(n+ DF () =0, (25)

TO Mosarasi B HeM X = X, W samevas, 4To F (xp) = 0, umeem

(W — 1) F" (%) + 2%, F’ (x,) =0,
oTKyna ,
F”\(;m:ﬁ’!'c(_:h) . (26)
. T—x;

TMoncraenss 5T0 BHIP
HareanbHO [OJydaeMm

B COOT nas Cpy OKOH-

e (k=1,2, ..., n). ©@7)

2
(I—xp) (F" (en))*
’ b
15 BHUHCAEHUS HHTErpana oGIero BHaa ff (x) dx cnenyer npounspe-
a
CTH 3aMeHY IepeMeHHOl

7= ”jz"“ +—"—;—“—x, (i=1,2 ., n). @8

Toraa dopmyna Taycca npumer BHA

b
j‘f(x)dx= b—

2

S ler] @) +af @) + ot e f o)) ©9)




3naueHHs KBaaparypHeX kosdxprunuentos Taycca ¢; (0 =1, 2, ...,n)
u abennce x; (0 = 1, 2, ..., n) npuBenens B TabsT. 7.3.
TaGanua 7.3

a=1 =05 =2

n=2 — %y =x, =0,577350 a=cy=1

n=3 — Xy =23 =0,774597 €1=05=0,555555
Xp=0 cp=0,888889

x7=0,861136 1=y =0,347855
cp=c5=0, 652145

n=6 o=cs

= Cy=cy
—x,_x,_o 238620 Com=Cy=

n=1 — 2y =%, =0,949108 ¢y =e,=0,129485
x=0,741531 Ca=cy
— Xy =x5=0,405845 =Cp

X4=0 L‘.-O 417960

n=8 — ty = x5 =0,960290 e1=¢:=0,101228

=¢q
—xg=x3=0,183434 €y==¢5=0,362684

1
TMpumep. Beiuncauts muterpan l=j' /¥ 1 dx, npumenss Kpaipatyp-

HYIO qyopmyzxy Taycca o ‘IETprMﬁ Dp}lnuz'ra
meHne 3nech a=0, b= I, Coraacho dopmyae (29), mmeem

5 VT = =55 oy b @)oo h @)oo 2 +eaf @l
o

Haiinem abcuucchl 2q, 25, 23 H 2g, NOAB3YACH GopMyJofi  saMenst nepemenHoil (28) B
Taba. 7.3

1 1
Z=—-4 -2—x,=0,5—0,430568=0.059432:

2
g,=%+ % x,=0,5—0,169991 =0,330009;
z‘,=%+ %x;=0,5+0.169§9l=0,66‘3991;

3,5% 4 % 4= 0,5-1-0,430568 =0, 930568,



Tak KaK KBalpaTypHHe ROSGQHUHEHTH MONapPHO PaBHEI c, == 0 347855; c,
=c3=0,! 652145 T0 popmysia [aycca nas cay9a;

gvmum? (et lf o) +1 ol el @)+ LG}
Torza OKOH:a‘l‘eanO noaysaem

i'l/)v-}-_ld)(:% {0,347855 [V/T,0604324- /T, 930568 | 4+

’ +4-0,652145 [ /T, 33000941/ T,669991 ]} =1,218951.

§ 7.5. Tpathuueckoe WHTErpMpoBaHMe

Mycrs Gynkuus f (x) 3anana Ta6auuso, TpeGyercs OnpeieNnTs HHTEr-
pasl Kak (yHKUHIO BEPXHEro mpesena:

1= Sf(x) dx.

*

A ﬂ] My X0y X Gz Xy Oy Xy Gy X4 X
Puc. 7.7

Tlo suavenusm f (xo), f (%1), f (xa), vooy [ (xn) mOZBIHTErpANBHOI ByHK-

uuH f (x) B ysnax xo, Xy, Xs,..., Xn NOCTPOHM rpaduk (puc. 7.7). Haiinem u3
h h h
rpaduKa sHauerus f (xo + 3), I(x, + 7), vy i(x,,_, + ?)' Ot Toukn
h
a, = X+ < OTKNa/lbiBaeM B/eBO NPOU3BOJIbHBIA OTPe30K M,a;, KOTOpEIM
BOCTIONIB3yeMCsl B KAauecTBe STajioHa.
h
Coenunnm TCuKy M, ¢ ToyKoil by = f (xu + ,—2) H H3 TOUKH X, [IPOBeIeM

npsmylo, napaaneasHyio M,b,, 10 nepeceyenus ¢ OPAHHATOM, MPOBEASH-
HO¥i H3 TOUKH ¥, (OTpe30K x,/,). OpaunaTa TOYKH [, €CTb BeHYHHA ONpeae-
JIEHHOTO HHTerpaja:

l,=x§f(x)dx.
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[lanee nepenBnHem orpesok M;a; no ocu Ox BNpaBO Tak, YTOGH Mpa-
h
polit KOHEIL €r0 COBINAJ € TOYKOH @p=X; -+ 7 U noqydHm HOBBIIi OTPe3oK

h
Maa,. CoepuruB TouKy M, ¢ TouKof by = f (x,+7), 13 TOYKH /; poBesieM
npsMYI0, TapalnenbHyo Myby, 10 NepeceueHns ¢ OpAHHATOH, IPOBENeHHO
3 TOUKH X,. Toria
x
1, =S f(x)dx.
%o
Jlanee, capnras sTanoHHHI OTPe3oK M,a; Tak, 4ToGbl MpaBbIii KOHel

o h
€ro COBIIaJ C TOUKOH @y=1, + 5, NoMyuny o1pesok M gaq. Coenrnm 104-

h

ki Mg n b,=f(x,+ 7) H TIPOBeJleM U3 TOUKH [, MPAMYIO, NapalIebHyo
Mgby, 10 MepecedeHUsl ¢ OpLMHATON, MPOBeJEHHON H3 TOUKH Xgj; TOTAA

%

l={ f(x)dx

%o
T A
Coenunus TOUKH Xy = o, Iy, Iy, I,... NUIaBHOM JHAHeEH, NOAYUYHM HH-
Terpa/ibHyIO KpHBYIO. TOUHOCTE HHTerpana, HaflEHHOTO rpaguuecKH, on-

penesIsieTcs TOYHOCTbIO GOPMYJIb T il U TOYHOCTBIO p Hs
rpaduka.
§ 76 ppep P ®op p °

Ha
¢opmynax HeloToHa

Tpn pemenHH 3ajay 4acTo NPHXOAMTCA BBHIYHC/IATL TPOH3BOAHYIO,
O/IHAKO BO MHOTHX NpaKTHYeCKHX 3ala4yax quHKl.lHH 3ajal0Tcq TaGIHYHO H
MeTOZIb! IH((epeHIHabHOTO HCUHCCHHA K HCCAENOBAHHIO TAKHX (Y HKIHH
NpHMEHUTH Heab3s. B aToM cayuae mpuberaloT K uncaAeHHOMY Anddepen-
UWHPOBAHHIO.

3ajaua YHC/IEHHOTO NH(QepeHIHpOBaHHs CTaBUTCs caelyiomum obpa-
som. Tlycrs dynkuus_y = f (x) na orpesxe la, bl sandna Ta6nuno cBouMH
n + 1 snavennsmu. TpeGyeTca HaliTH aHAJTMTHYECKOE BEIPAXKEHHE TIPOH3-
BOIHOH.

B kauectse annpokcmMupylomeli QyHKuHH BHOEpEM HHTEPUOIHOH-
HBlil MHOrowsieH. Ecim ysibl HHTEPNONSIIMM B MCXOAHOH 3ajaye PaBHO-
OTCTOSIIKE, T. €. X,y — %; = A (tMe i = 0, 1, ..., n), TO B 3TOM C1yyae
A5 3ameHBl GYHKIHH [ (X) MOXHO BOCMO/IB30BATHCS MHTEPTIOJAIHOHHBIMH
dopmyaamu Hbiotona,

MNycrs

F0 & gt abyy+ 1O Ay L0=D0=D pag 4.

+ q(q—l)(ﬂ;z) =9 Aty,4..., M
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Te NpaBas 9aCTh €CTb neppas HHTEPNOJIAUHOHHAR q;opMyJIa Helorona,
BLPANERHAA HePE3 UHCJIO WATOB; 3iech q = (X—Xo)h it h= Xy —x,
(=0, 1, 2,.,.). ITepenumenm popmyay (1) B crenytomem Brne:

FOO ~tg+ 0B+ 5L a0y LI p g

4 6g5t 1102 —
+J__64;;v“ﬁqmy“+_m 17
3aMeTHM, YTO
df) _ di(x)  dg
dx dg dx

L4
dx

. @

Tponnddepennnposas pasencTso (1°) ¥ BOCNONB3OBABIIHCH 3aBHCH-
MocThio (2), MOMyuHM

i (x)~—[Ayo+— Argot SL=HEL poy

—9g? —
23 +] @
MponudipeperunpoBas Tenepb GyHKUHIO y = f' (x), HMeem
” 2—1
O L e L e e )
TaK Kak
a(/ (x» 40/ (=) dg
1= o
Takum xe 0GpPa’soM MOKHO ONpeNeJHTb H CJelylolHe MPOH3BOAHbIE
dyHKuHU (%),
Qopmynsl  1pHG.

NIPOHIBOIBIX B y31aX mnepno.munu 3HauHTENBHO ynpomamcsl Tlonarast
q =0, nonyuum

i (x)z—l(Ay,,— Aizyn + Ay y., &% A"’yn ) ©

3
"
" 1 11 5
l (x):«'T(A“yo—A’yﬁ?A‘yo— T
TMorpeiutocts B op p it npH(
KaK
sy a e b1 9@=D - @R gy %
Ri(rg) ot e e, @

rae Toyka E€ la, bl, HO oTAHYHA OT y3JIOB HHTEPMONALHH.
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Yr 066l NOTYUHTH it B TOuKe, it B KoHlie
Tabauusbl, cieayer BOCIIOL30BATHCA BTOPO#l HHTEPONSUHOKHOI POpMy.I0ft
Hplorona:

1) & Yo+ 4By + {
g(g+1. q+2 +3)
—l———( D¢ 1 )+ )‘A‘y,‘ gt ®)

I +1 2)
LD gy, 4 2OEDEED oy

rne g = (x — x,)/h. Torna npuGnumennoe shayeHne NI NPOH3BOAHOM
eCThb

,
10 [ L B oy

.
+ TR py, ] @

Mpumep. ®yuruns y = f (x) sanana ra6auuno:
B I
NI
Merozom guCAeHHOTO nnWepeHunpuaanm HafiTH TMepsbie JBe MPOH3BOAHME STOR

QyHRUHR B TOUKe X =
Pewenue. Cocxasuu TabNKLy KOHEYHHBIX pa3HoOCTefi:

x I Ay; Atyy &gy
1 4 5 12 6
2 g 17 18

3 2 35

4 61

Mar stoii Tabanns b = 1, Cornacuo dopuyane (5)

1 1 1
1" 0= (80— -+ 5 A0 )i £ (=1,

B BTOPYIO B ysie % = 1. TTo dopmyre
6) Haxogum

1
()= (Bgo—A%0); [ () =6.

§ 7.7. ®dopmyna np
Ha

Tlyers f (x) — ¢ynkuns, sanannas Ha orpeske la, b] TaGanuHo cBOHMA
SHauenuamn y; = f (x;) (roe i = 0, 1,...,, n) B paBHOOTCTOALIHX y3jax
HHTCDTIOASUMH, T. €, Xjp — h (i=0, 1,., n—1). Tlocrponn
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29 NaHHOH CHCTeMBl Y3/I0B WHTEPIOSUHOHHBI MHOrowlen Jlarpamixa,
IOy 4HM

YN (=D =D 9=n)
[~ ;ﬂ Mol 7— Yo M
e q = (x — xo)/h — war wunteproasuun [cm. dopmyay (I11) § 4.41,

Tak kak ';—”; = h, TO n3 cooTHowwekHs (1) HaxoanM

e LN (=D 4T gg=D)... (3=n)
"0 =~ 2 (=0l 'dq[ —t ] @

TlorpeiHacTs, fOMycKaemas MPU HAXONIEHHH MPOU3BOAHOH, €CTh

YN @) ®)
rae & — Touka orpeska la, bl, OT y3J10B HH

TIponssefeM pacuer aas n = 2 [pyuxuns f (x) 3axana Tpems Ta6amy-
HeMH 3Hauernamul, Mmeem

Ly ()= T.’/n G—D0@—2—y4q9@— 2)+%y,q(4—1).

Ri ()= (= 1=t S

QOrciona, yuuThiBas, 410 Z—; = h, HaXoIuM

¥ (%) ~L5 (%) =% [—;—yo(24-3)—y.(2¢7—2)+% 4 (29— 1)].

B wacThOoCTH, ANt NMPOM3BOAHBIX B Y3/MaX HHTeproasuun y' (x;) =y,
TONYUHM CJICAYIOMHE BHIPAXKEHHS:
Yo=

1 1 oo
i (=800 + 4pr—ya), mpHieMry=—h*y'" (&);

, 1 1 e
yi=gr (=t u), mpieN = —— iy (),
vi= g (0o — 40+ 34,), TpHIEM ry= Rty &)

B cn¥qae n =3 [pynkunus f(x) 3a%aHa weTHIPbLMsS TaGTHUHLIMH 3H3-
HEHHSMH] AHAJOTHUHO MOMyYaemM

=—(—Hyn+ 18y.—9yz+2y,)——y“’ ®):

. l
Yi= 5 (—20— 30,6y, — 1) +7y”’ ®:
: 1
ya=—o= 0s—6y1+30, +2ys)—%y"’ ®
v = (=200 + 90— 189, + 11y + 2y 3.
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b,

CrieyeT OTMETHTb, 4TO (oOpMY 0 nudpep p
ABNAIOTCS MeHee no C MK OJHaKO
OHH YROGHBI 1A MPOBEACHHS NIpAKTHUECKAX PaCUeToB.

§ 7.8. Tpadp peHump
Tyers ¢yskuus f (x) sagaHa Tabrugno:
Yo =1 (50), 1 =1 (sress Yn=f (xa)-

Hanecem 5TH TOURH Ha rpaduk (puc. 7.8) W coenuHHM NnaBHOM AHHHE,
Tlocrpoum Anst QyHKUHH f (x) 3aBHCHMOCTB g (x) = [’ (x),

O1710KHM ﬂpO}’BBO}IbHHM oT-
" pesok MO 1 BOCTIONB3YeMCs HM
B KayecTBe 3TajoHa. M3 Toukn
M nposeiem mpsaMyo, napai- B
JIeIbHYIO KacaTesibHON K KpH-
Bol f (%) B Touke & afcuuccoil
@;9Ta NpAMan mepeceyer och
OpAUHAT B TOUKE a’. VI3 Touku
@ npoBeieM TOPHSOHTATb IO
nepeceyents C MPOJOJKEHHeM [
opauHatel 13 Toukn a. [loay-
M TouKy a” = g (a) =f'(a).

B rauecTse caefyiomeii  xa-
PaKTepHOfi TOUKH BhiGepeM Tou- Puc. 7.8
Ky b. IlpsiMas, nposenenas
u3 ToukM M W mapanneibnas KacatelbHON K f (1) B Touke b, coabercs
¢ oceto Ox. Touka b coBnanaer ¢ TouKoii b”.

Onpenensien HAKJIOH KacaTebHOI! K f (x) B Touke ¢ aGemuccoii ¢ u mpo-
BOAHM ﬂpﬁMyK) napanjenbHo 3’]‘0[/] KacaTeJabHOlt /10 TiepeceyeHHs B
Touke ¢’ ¢ oceio Oy; oy uaen =g =f(©nrn

Coennnns Touku a’, b, ¢, d’,..., nOlelmM npu6muenybiii rpaduk
nponsBoHoit g (x) = [ (x).

Ynpawuenns

5
1. Bugncuth onpefiefienslit HATerpan J Vx4 2 dx, nomssyscs dopuy.oit
nesbxox DPAMOYTOALHUKOB NPH = 6.
: 15,160,

|

dZA Noabaysch Gopmyaof  npashix NPAMOYIOABHAKOB DM # = 8, BEIYHCANTL
x

1x+10
Omsem;: 1,429,
9 dr
3 Toassysncs dopuynol Tpanennfs mpu n = 8, ouunCHTS |

Cmeem: 2,28.

4. o dopmyne rpaneiust su4BCAUTS (‘

Omecm: 2,002,

23)



]. dx
5. Io gopmyse CHMncona BHUREARTH onecl] nonarag 2n = 10,
Omeem: 0,107250.
6. BoiuncanTs :( 5 dx c Gopuyasl 2n=10,"
Omesem: 0,67363.

todx
7. BLUHCANT, HETErpan [l FE5» Tomsyach hopuyaof Taycca npu =

Omscm 0,6931472.
8. BLIUNCANTS TOT e MHTErpaj, noib3ysach Qopmynol UeOwimwesa npu n =
Omeem: 0,6931465.

Q>}|(xunu sajasa TaGAHUHO!

x 0,525 0,526 0,527 0,528

Y 0,50121 0,50208 0,50294 0,50381

Merosom uncnennoro dudpepeHunpoBaHHa HafiTH NEPBYIO NPOHIBOLNYIO B TOuKE
x =0,
Omeem: 0,007,
10. HafiTi npos3BoAHYIO NEPBOro NOPsAKA B Touke ¥ = 50 Ans QyHKuuK, sas
sannol TaGauyno:

x 50 55 60 65

y 1,6990 1,7404 1,7182 1,8129

Omoem: 0,0087,

Tnasavi
PAAL! DYPLE

§ 8.1. Mownarne nocnepoBatenbHOCTH M paAa

Hanomuum HEKOTOpbIe CBé,LlellHﬂ H3 Kypca MaNMaTI‘I’-ICCI\O]‘O ananusa,
AN VB 0 M3, OIyCK. TB&
DNPHUBOJMMBIX B TEKCTe YTBEPKACHHIL.

Pacemorpum nexotopyio ¢ynxumio f (x). B kauecrse oGnactn ompese-
JieHus 9Tl q.)yHKllHH BO3bMEM MHOXKECTBO HaTypaJsibHbIX YHCEJ, T. €. apry-
MEHT X TIpHHMMaeT snavenns 1, 2, ..., n, Takaa ¢yHKuns HasbiBaercs
10¢.10006aMeAbHOCIBIO.

Tloc/eioBaTe LHOCTh  3aNKCHIBACTCSH B BHAE

@y, gy iy Gpeys Gny Guopy oo WIH {Qz},

NpHYEM @, Ha3biBalOT uﬁu{tm HAHOM TIOCJIEOBATe/ILHOCTH, @, .y — UJe-
HOM, NIPEAIECTBYIONHM @, A Gy4y — WIEHOM, CACAYIOWHM 33 dy.
TIpuBeaeM mpHMephl NOC/IEAOBATENBHOCTEI,
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1) TocaenoBatenbHocTs 1, 2, 3,.., #,..., OGWHHA WIEH KOTOPOI @p= 1,
Ha3IBACTCS HaMyparbHois pados. ducen.
TIoCNIeOBATENBHOCTD @y, g,y +vey Opegy Gnyeesy mm Korropoﬂ a, —
—a,_y =d,rned
npozpeccuet. Jlns sajanus apu@me‘mqecl(oﬁ nporpeccnu JOCTATOUHO 3HaTh
ee MepBHIil WIeH a; H Pa3HOCTb nporpecchy d. JleficTBuTeNbHO, OGWHIl uNeH
BrIpakaerca QopMyJIoit

=0, +d((n—1).

TaKk KaK 1o NpHBeleHHOH (opMyIe MOKHO HafiT J106o# uleH nocnennpa-
TeJbHOCTH, NOICTaBHB SHaueHHs n =1, 2, 3, ..., TO NMOCJEI0BATEILHOCTD
CUNTAeTCs  3ajlaHHOM.

3) TocnenosatenbhocTs by, bayeory buoty bnyensy A8 KOTOpOIL by
= by—1q, TAE ¢ — NOCTOAHHARA Koil
npozpeccuedl. Jlns sananns reome'rpnqeckoﬁ NPOrpeccHH noc’ra‘roql-lo 3HaTh
e nepBhiil uneH b, # sHameHatesib g, OGunil uJen BhpaXkaeTcs GOpMy.I0ii

by=byq"1.

4) IloCeNnOBATeNBHOCTD Cy, Cgy suuy Cpysesy LTS KOTOPOH Cp == ¢, TIE € —
0c aeTcs mbo.

5) PaccmoTpuM ele OIMH HpHUMep NOCHEIOBATE/BHOCTH, Bynem Bbi-
YHCISATE YHCJIO € OC/IeI0BaTe/IbHO C OAHNM, AByM#, TpeM#A H T. A. 3HAKaMH.
Pesy/bTarel BRIYKCACHHE MOMKHO NPEJCTABHTD B CJENYIOWEM BHIe:

2 27 2,71 2,718 .3
ay @ @) [CI T
BaHymepoBap TIONYUEHHBIE SHAYEHHS UHCJAaMH HaTypalbHOTO psna. Kak

6T0 NOKA3aHO B CKOOKAX, MOJYd4HM MOC/AeNOBATeNBHOCTb.

KpOMe YHCJIOBBIX TOC/IEAOBATEILHOCTEH MBI GyneM paccmarpHBaTh o
AbH!

Tpusenem npryeps! GpyHKUHOHANBHBIX NOCAENOBATEbHOCTE!:
1) an @X  apxiae, Guo, XN

2) sinx, sin2x; sin3x,.., sinnx,...

ﬂamm onpeneneﬂue npeliena HCOBOH nocesioparensioctu, Yncio
{a,}, ecnu ans moGoro
>0 cymec-ruye'r TaKoii Homep N, uTo npu BeeX n >> N BrNoAHsETCS He-
paBeHcTBO |2, — A| < e, B TaxoM ciydae mumyr hm a, = A.

.. Tocnenosaresshocts, HMelomlas npeed, nastipaetes cxodaugecs,
B NPOTHBHOM Caryyae — pacxodauercs.

I'Ipumep 1. onaaz'rb, 4TO reoMeTpHYeCKas nporpeccus b, bg, bg2, ...
It A TR PTG | i caboit Tb,

mpr (gl > 1 — pacxonﬂu(ylo

P ewewnue l)Cuavara paccmrpwvx caysadl |1 < 1, Nokaxen, 410
lim bg=1=0,
awx



T. e no SanﬂHHOMY & > 0 nafizem N Taxoe, uro np® # 2> N BHNONHSAETCR HepaBeHET-
80 | by’ 0f <e. Las storo p n. [epenu-
weM ero B BBIe

&
6l1g 1! <e, mau |q|*=* <|—'7_I'

[IposiorapudMupyem noc/eAnee HepaBeHCTBOL

(=1 1n]g|<In—r |b|

PaspeiuB ofe ero 4acTH Ha OTpHUATENbHOE Yneao In |q |, nonywny

In——
151 Ibl
—1>——, T. e n>l
A=1>0 > + Inlql
Oueennno, B RadecTBe N IOCTATOUHO B3ATH
&
In——
v=el1+—101_})
Inlgl

rae E (x) osnavaeT HauGoMbIee HENOe YHCAO, HE MPEBOCXOAsILee ¥,
Pacemotpum Teneps  cayuyait ¢ > 1, b > 0. Tlokaxem, 410 nocjejoeatens-

HOCTL SIBAAETCA Has storo 1OKasaTh, 4T0 AAA A6oro
KaK yroano Gonbmoro M cymectsyer Takoe N, 9To npu BceX n>N BhnoanseTcs He-
pabetcTBO bgn=1>M. Daapeman HO n, NOMYSHM
\ M
n—
b
> p—
ing
B xayectee N Cepem
/ M
"y
N=E{ 14 —2 |
Ing
aa“enm uto mpn g =1 b ABAfETCS "
llm gt = b.
Mo»mo 10Ka3aTh, YTO BO BeeX cayyanax pace
xonutes.

Tlyctb HMeeTCA MOC/IEN0BATENbHOCT
Qi Qg wesy Qny ses o
Boipamenne suaa

atataita, o= i a,
a=\

Ha3WBaeTCss PAOOM; SNeCh d, €CTb n-ii ueH psiaa.
CyMMa nepBEIX 7 WICHOB Psifia HAa3LIBACTCS €10 M- 4ACMUUHOL cymmoils

S,= i ag.
=



Cymmot pada npexea OCTH €r0 YaCTHYHBIX
cyMM:

lim S, =S.
P

ECA PS5 HMEET CYMMY, TO €0 Ha3HIBAIOT CXOOANUMCS, B TIPOTHBHOM Cay-
wae TOBOPAT, 4TO PSIA pacxodumcs.
TIpuBeXeM TIPHMEPH! CXOASIMKCS W PACKOAAMMXCSH PAIOB.

Mpamep 2. psa, noay H3 ap. '9eCKOfl TIporpeccHis,
o SalHIIEN €ro f-i0 'Aac'm!niym cymmy:
a;-}-a 2ai+d (n—1 d 20y —d
Sp= 1-); LI i+2( ) '"-—Q'"L“' 1 n

OueBniHO, NPH CTPEMJIEHHN 7 K GECKOHEYHOCTH 5TA JaCTHUHAS CYMMA HEOTPAHHYSHHO
BO3paCTaeT no a6CoNOTHOH se/mquﬂe H, GJIELIOEaTeJIbHo, MaHBBI PAA PACXOAHTCS.
Mpumep 3. P. nporpeccrell npu
<ﬂl W Hafilem ero cymmy. Bocnonbayemcn q;opmynuh CYMMBI 1 WICHOB TEOMeTpH-
txecxo nporpeccuns

Se b1 (1=¢") b b .
Y P T T— ¢

Panee 6w10 oKasano (cm. npavep 1), wto lim g7 = 0 (g | < I); enegosatenso,
now
b,
S=lim Sp=—t—,
neroo T—q
Panel, aensl KOTOPHIX ABASIOTCS QYHKIUMSAMH, Ha3HIBAIOTCS QYHKYUO-
qanvhome padant. TakoBbl, HANpuMeD, PALbI
Ay + ox + v + G X 4
by 4 by cos x = by €08 2%+ vy F byog €08 (2 — DX+ 0 s
nepBblﬁ H3 HHX Ha3BIBAIOT CHMIENeHHboIM pﬁllOM, a BTOPOFI — mpueoHoMet=
PUHECKILM.
PaccMoTpiM  (GyHKUHOHATBHEA PAL

g () + uy () F e Uy () F

The ity (x) — byHKUHN, ONpele/ieHHEIE Ha SaMKHYTOM unTepoane la, b
Nycts x0€ la, ), Toraa psia

uy (xg) =+ uy (X)) F o F tn (xg) + s
ABNALTCH GHC/IOBEIM PSIOM H MOXKET OK43a1bCR1 CXONAULMES WIH Pacxo-
AAWHNCA.

CoBOKYNHOCTS BCEX 3HAUCHMI €| la, hl Mﬂ KOTOPHIX ¢ CXOAMTCS COOT-
BETCTBYIOWHE YUCAOBOA pAA, e dyHk-
UHOHATBHOFO  psna,

Ouesnano, ur0

S@Ey=1im S, (x),

n
rre S, (x) = Zu; (x) 3aBHCHT OT BHGOPa NepeMenHoil X, T, €, cymma S (x)
=1
Gy HKUHOHANBIOrO PBAA ABASETCH (ylkilHedl 104KH X,
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Tyers  {Sy {x)} — NOC/IEIOBATENBHOCTL YACTHUHBLIX CYMM (YHKIHO-
HaJIbHOTO p#AAa, ONpeNeNEHHbIX Ha OJHOM H 'I'OM e 3aMKHYTOM HHTepBa.'le
la, b). @ynkuHOHAILHBI pAX
K yHkunn S (x), onpesenenHol ua la, bl, ecam Jméomy &> 0 MOXo
NOCTABHTb B COOTBETCTBHE TaKoi Homep N, He sapucamuil or X€ [a, bl,
410 A1 MO6Or0 n > N BHINOJHSEICH HEPABEHCTBO | S, (¥) — S (%) | < e,

PaccMOTpHM MpHMep, HIUIIOCTPHDYIOWHE pasnune MeXLy MOHATHAMU
CXOAMMOCTH H paBHOMepHDﬁ CXOAMMOCTH psiia,

®
fpumep 4. [an prza ) —x—" , rie 0 < x < 1, wactuunas cynma ects
2= ()
s, (x)—i 2 j——t
n (¥)= —_
= O+ A+40"

TlokaskeM, 9T0 Ha PaccMaTPHBACMOM nmepuane psm cxoauTest.

TleficTentenro, ecau x = 0, T0 S (0) = 8 (0) = 0. Hycrs Teneps x > 0. I
KaseM, 4To B 5ToM cayuae S (x) = 1, T. e. no 3ajanuomy € > 0 naiigem N raxo<
41066 DPH # > N BHIONHAIOCE HEPABEHCTBO

-
()

Pewan 510 HepaBeNCTBO, NOAYNHM

N=E ( -—ne )
1o (1 4x)

M3 nocaegnero pasencTra BHAHO, 910 N BoOGWE rOROPS, 8aPUCHT HE TOJNLKO OT
€, HO ¥ O1 X, NPHYECM ANA OAHOIO B 10TO Xe € Npw X, NPHOAHKAOWEMES K HYAI0 N re-
Orpanpuento  BOIpacTaet. 10 03kAYAET, UTO NO SALAHHOMY € Mbl i€ MOXKEM BLIGpaTh
ogic eawweTeennoe N ann scex x € [0, 1}, apyrumu cnoBavu, psa He 6
AHCMCR PUOHOMEPHO CXODAUAUMES HQ YKQSQHHGH UHMEpEate.

<&,

H[AHMIIEHHHL‘\ NpUMEpP HOKA3LIBAET, YTO NOC/ICN0BATENLHOCT HeNPepbIB-
HBbIX HA 8aMKIYTOM HHTEpBa/ae YaCTHYHBLIX CYMM MOXET CXOLAHTBLCH K pas-
PhiEHON Ha 9TcM uuTeppane ¢yikuun. OfHA U3 NPHUHH, MOTHBHPYIOLHX
BBCAeHHE TIOHATHS paBHOMepliOﬁ CXOAUMOCTH pAla, 3aK/IIOYEETCH B TOM,
4r0 paBHOMEPHO CXOASIMMIACA PN HeNpephiBHBIX (yHKUHE HMeeT cBoeil
CyMMOJi TaKe HelpepbiBHYIO GyHKIHIO,

§ 8.2, PaznoeHnue (pyHkumi 8 pag ®ypue. Teopema Aupuxne

Muorue 3anaun HAyKH H TEXHHKH CBA3aHbl C NMEPHOLHYECKHMH quHK‘
UHAMH, OTparKaloMHMH (HK/IHYECKHe TNpOLeCCH.

Qynkuns f (x) BasbiBaercs nepuoduueckoi ¢ nepuopom T > 0, ecau
OHa yzxomemopne’r paBeHcTBy

f@=7f&+1. (Y]
M3 npakTHuecKHX cooGpaxennii Takne GyHKiHi Y0610 NpeacTaBasTh

B BUJIe 1PHTOHOMETPHYCCKOTO Psifla HJIK €ro 4aci HYHOkH CyMMBI ¢ LOCTATOY"
HOH CTeneHbIO TOYHOCTH,
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QyHKIHOHAIBHE DS BHAA

-4 2 (a, cos nx -+ b, sin nx) )
E

A mp pUdECKUM, TIDHYeM a4, H b, — IeficTBHTenDbHbIC
gica, He 3aBHCALIHE OT X.
lycte 5TOT P#ll CXOMUTCS 1as JioGoro x u3 murepsaiza | — m, aul,
qoria OH OTpENENSieT NepHoAHYecKyio dyukimio f (x) ¢ TIEPHOLOM T = 2n.
Psan Buaa (2) HaswiBaetes pados Pypee ANS UNTErPUPYeMOit Ha HHTED-
pane [ — 7, nil Gynrunu f (x), ecin KO(MUUHEHTE €ro BHUHCASIOTCS N0
IRy OmHM  PopMy Tam:

L
aG=" 5[ (%) dx, (6
L a
= jf(x)cosnxdx (n=1,2,..), (4)
bn=i,, 5f(x)sinnxdx (n=1,2,..). ®)
e

Taxum 06pasom, Ml MOxeM opmaisno pacematpusats pan Qypse
g safiannoit GyHkuny f (x). OAHAKO NPU STOM BO3HHKAIOT CJEAyIOMHE
Bonpockr: 1) cxonutes yin pag Pyphe GpyHKunE f (X) 1 2) ecan psA CXOANTCS,
To GyJeT 1M OH HMeTb CBOel cymMoit f (x)? OTBeTsl Ha OCTaBJIeHHbIE BOM-
pockl zaer Teopema lupuxae. Tlpexne uem nepefitn K dopmyIupopke ca-
MOil Teopembl, HaflOMHUM HEKOTOpHIE MOHSTHS.

Dyukius f (X) HA3LIBACTCA MOKOMOKHOL HA WHTEPBANE, €CAU JIS JIo-
GHX Xy H X, MPHHAAMEKAUHX 5TOMY WHTEPBATY H TaKHX, 9TO X; << Xy,
BBINOJIHAETCA TOJBKO OAHO W3 HepaseHCTB f (x) << f (xy) wam f(x) =
=1 (x).

DOyukuus f(x) S KYCOUHO-. i Ha WHTEpBane, eC/lu
€TO MOXKHO Pa3GHTL Ha KOHEUHOE YHCJIO OTKPHITHIX HHTEPBAJIOB, B KAXKIOM
H3 KOTOPHIX (hyHKUHA MOHOTOHHA.

Qyukuus | (x) B AETCS KYCOUHO-Henpef i Ha WHTepBane, eciu
OHa HMEET Ha HeM KOHEYHOE YHCJIO TOYeK pa3phisa.

O6o3nauny uepes f (a + 0) npenea dyukuun f (x) npH crpemaennn
X K acnpapa (mpaBu il Mpenen), coorsercTBeHno, gepes f (a — 0)
—JAepuH npesen.

Teopema Qupuxae, Ecau ¢yuryunf (x), sadannane unmepea/te[—n al,
KYCOUHO- MOROIMOHHA Ul KYCOUHO-HENPEpsiona, mo pad Dypse smod dwmcuuu
cxodumes 6o ecem utimepeare [ —a, ail u cy»ma eeo pasra:

1) f (%) 60 6cex mouxax (—m n);

2)7; If (x = 0) + f (x + 0) 60 scex. mowxax paspbma, npunadsesra-
wux (— i, @),

3)—‘1 [F (—n+0) + [ (r + 0) va koryax unmepsasa, m, e, 6 MouKax
= —nux=




B pajbHefieM Mbl GyieM MucaTh, 910

fw)= 4'23-+ i (ay, cos nx by, sin nx)
n=1

B CMBIC/I€ TIPHBEJEHHON BhiIue Teopemer [uphxie,

Teopema [lupuxie He yTBEp ¢ W psile
Dypse K dynkuui f (x). Onuako ecan ycmmrb csoiac-ma, KOTOPBIM JO/IXKHg
YIOBAETBOPATH GyHKUHUS, T. €, NOTPeGOBATh OT Hee HenpPEPHBHOCTH Ha Beey
untepsasne | — m, @), KycouHOH MOHOTOHHOCTH Ha HeM H BHINOJIHEHHS pa:
percrsa f (— n) = f(n), 10 pag Pypre ans Takolt GyHKuHA OYACT PaBHO
MepHO CXOINTBCS K (yHKIuH [ (x) Ha Bcem unTepBane [ — m, nl,

MoXKHO noKasaTh, 4To ANs 4 € T H O il (yHKuUHH 6ce Kosgpuyuenms
bn pasHer Hyio, a cooTBeTcTBYlOmMIT pad Dypoe He codepocum CUHYCOS:

— N .
fo)=3-+ glancosnx. ®

rae
an=in§f(x)cosnxdx n=0,1,2,..,). [

AnanoruuHo ans HeueT HO i QYHRKIHH 6ce Kosghpuyuenmot a, pas
Hbl HYAO W COOTBETCTBYIOWHE pad Pypse He codepacum KOCUHYCOS:

fx)= i b, sin nx, @
)
rae
,
=705f (Wsinnrde (n=1,2..) I

Mpumep 1. Pasnoxuts & psa Pypse GyHRuHIO

—Xx npy —n<x<0,

“")={ % mpn 0 <x<a.

Pewenne Onpenenny xosdduunenta dypue dpyukuss f (x), [To dopmynan
(3) ¥ (4) naxonum KOS(POHIHENTE Qg K Gn!
1l 1 ¢ Low 3
@
Gy=-— - — |\ 2%dr=— s —f} —l=—u
Za
1 ¢ 1 ¢
an = j (—x) cos nx dx+—ﬂ-—52x cos nx dx.
== o
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HHTerpHpYs N0 9acTsM, NOAYYHM
o 0
1 2 i
—_— sin nx dx—— x sin nx
n n

+

]

1 1 N
Gy =——| — xsinnx
a\n
- —n

n
—-a

e 0
2
i fe) el (o m | < Eenn]) -
4 n n n

3 v
===l

6
an, =0, a’k"i=_w (k=1,2, 3,.s.)s

Kospprnuentn by, Haxonum no dopuyae (5)

0 a
1
bn=T j (=x)sin nx dx-(-in ij sln nx dy==
=a 0

0 n
1 X 1 2%

= (—- P €os nx I + —"—Jcosnxdx+—;—cosnx

- Y
a
2 1 n o 1)+t
- e = (= —(=1)|=
" \Scosax x) "[ - (=142 " ( l)] "

T e

(k=1,2, 3,...).

ban-1=—37

1
bﬁh=‘_?v
Tagum o6pasom, paa Pypbe LaHHON GYHKIHW MMEET BRA
3 6 N |
——— RS R % —
(@W=—p n—— k; et 1) x4

1
— sin 2kx.
xla”‘ %,

| K]

1 1
—s k1) s —
=1 sin (2 )x 2
i
B wnrepeane (—m, ) pua cXoAMTCH K QyHKUEB [(X), @ B TOUKAX ¥= 7

— & ancay le-ll(—n+0)+f(ﬂ—0)}= %n.

Npumep 2, Pasnomuts 8 pan Pypse pynxunio
—sinx npa —a<x<0,

x)=
1) { sinx opu < x< .

Pewenne JanHas GYHKUHS fBASETCs YeTHOI, CJENOBATE/LHO, BOE KO3(-
Guumentn by = 0, a a, HaxolaTea no popuyae (7)

n
2
ap= T‘Ssmxcw nxdx (n=U, 1, 2, o)
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Orciosa

2 ¢ 4
aa=—;5'slnxdx=-;.

0
JHauee,
2 &
7 5 sin xcos nx dx-—-—- [sln (1) x=sin (n—l) 2] dz=
{ 0 mps n=2-—1,
= 4
_— =2k (k=
T@on npa (k=1, 2, 3,
CrnenosaTento,

24
W=lsinx|=——— cos 2kz.

e S

OtmeTnw, 4T0 noNysennuil sy exonuTes & GYRKUUE |sin x | Ha Beem dHTepBane

[—a, n)
Mpumep 3. Pasnoxuts 8 pay Dypse pynkuuio

-1 mpn —a<2<0,
f(x) 0 nprn x=0,
mpr 0L x <A,
Pewenue, Jdannas GYHKINS ABIseTCA HEYCTHON, eleIOBATENHHO, Be KORD.
¢unpentn ap = 0, a b, naxonsres no gopmyie (9t

P n
2
b"=i§l~sinnxdx=—icosnx =——[1=(=1"
n an an
o

TakuM 06pasom, BCe YeTHLE KoopOHIHEHTE by PaBHEI HYJO, 8 HEYE[Hble HMEIOT BHI
4

ikl = ST 5
bunmr = R Cnenobarenblo,

4 X 1
/(X)=‘—”‘ kgl RrTe sin (2k = 1) £

OueBHAHO, UTO CyMMa Psija BTOUKaX x == 0 # x = - % pasua HyJo,
Mpumep 4. Pasnoxuts B pan Pypve dyHKUHIO

x npp 0<x<1,

“”‘{1 npr 1<x<2
Peme nue, [Tockonbky GyHKLHS 3ajiana B BHTEPBANE, OTAHYHOM or( — ., 50y
sameHy i no dopmyne x = £ r n, iy ¥ =

= u (¥ — ). Toxum oGpasom, noaydaem caeayiouyio GysKuHIO
1 .
- — ' ) npu—n<Lx’ 0,
m,)=( — ) mpr—a <Y <
1 opa 0Ly <,
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Tag Kag eTa QYHKLHA OnpejeieHa Ha HHTEPBAJ® ( — 7, &), TO L1 HEE MOXKHO
ganueats sl Pypbe, BLUBGIAM KOIDPENHEHTR 5TOPO PaZal
1 0
X! 1T
o= 5 IR +-—§'1 Lde =._-
<z

0
.
1 5 x:“ nosnx’d&’+v;l‘-§l-cosn»'dﬁ'.=

=

-2

==}

1 ¢ 1

' dyt 1
-— jslunx dx_-..n'n,
n

n
]
b= j' EE dz'+-l—51 o sin oy’ d¥' =
£ n n

n*

! sin nx' 48’ @ -~
E 4 - Pt

il
3|
e

Glieg0BaTENLHO,
3 2 1
®= n + - g—am,—wmk—l)n(z—m—
Kad -—1)?
L 2 L= =D,
* a=1 "
BEAenay SHANeHHS SyMMA psl2 Ha EOHLAX HHTepBajal
L KERN
T U OFO+H Q=0 =—F— = —-.

BafiTH GyMMY YHGAOBOPO pEla

[oay pesy neer
s =14—
=:§.‘2" = + T+ = + +(2k T
Neficrewtensio, fa 0eHOBANHA Teopens Jupuxae nps x = 0 uaB X = 2 HMeeT MeaTo
Pdoeucivo

1 3 2 i 1
=Y
27T @ @y

OTkyga
B p »

S_1 =
Zip
=@ 8
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§83. PHP U pudpdepenymp papoes ®ypre
Tycrs f (x) — aGCoNIOTHO HHTerpHpyeMas Ha muTepBane | —a, n1)
a

(QYHKUHS: BTO OSHAuaeT, UTO @YUIECTBYET HHTErpan j"] [ (x)|dx. Torza
pan Qypee A5 } (x) umeer BHA -
#‘;— + 2 (@n cos nx + by s nx). [t}
a=]

Pacemorpuym dynxumo
Fii= 5 [feo—2]a. ®

9ra dynkuus Bo BeeM nNpomexytke | — s, sl pasnaraerca B paa Pypoe,
KOTOpbIii CX0OauTes K F (x) paBHOMEpHO!

F(x)= A" Sy 2: (A, cosnx+ B, sin nx). (&)}
OnpenennM Kosduuuents storo paza, Hmeem

P a
A,,—— ‘S'F(x)eosnxdxnﬁll:(x)sinnx l —
A -

— 5} [f(x)——‘;';]sin nxdx] = -—"17 f [ (x)sin nx dx,

oTKyna A, = — by/n, Ananoruuno naxomum B, = ayln.

MogcrasuB x==0 8B passoxenne (3), noayunm 0= _’;?._(. 2 An

A=l

b
K JELTI. . Crenosate/ibho,
oTkynia =5 E i
A==}
x

j[f(&c)—-—]dx 3 [ ':." slnqx+%(l—cosnx)],

jf(x)dx=J‘ dx+ z‘ym ., €05 nx + by, sin nx) dx. “

Taknm o6pasom, HuTerpan or ¢yHkuuu f(x) noiayuaercs nousenwn
el pada Pypoe.

ClieyeT MoRYepKHyT T0 06CTOATENBCTBO, HTO 0T psina Pypbe dyHKuHI
| (x) He TpeGyercs CXONMMOCTH K hYHKILHH f (X); CaMa Ke Dy HKIUHA JOMMKH
ObiTb a0COMOTHO HUTErPHp)Y eMOil,
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Mpumep, Hexols 13 pasnoxenas 8 pan Pypve PyHrUUE

& pyp=t
tw=te ¥ ST

ne=l

» (=, ), y dynrunn O (x) = $%/4 8 psin Gypse
B TOM XK@ HHTepBaJe.

Pemwe s e VHTerpupys DpaBylo i ASBYIO YaTH PasiloxkeHus B pas Pypse
(pysKunE ¥/2, nosyunM

# =D o (=0 =
—4—:."2‘ P \wamc—l)=n§1 o +g = cosax,

A S
Jlna WaX@XneRus BeNHUAHH _0_= BOCN@NE3YEMOS ABeHCTe
2 n? P

n=1

n
2 a s &~ (=1l 2
BoM Ag= ."_\S‘%T dx= —% + Cnenosarensre, 2 %—-—= % f OKOH«
A=t

uaTe/bHO pasnokenne Gynkumm x2/4 B psg Pypbe mmeer up

) o 1 1
—’;—= %——-msx+-27¢os2x - €OS3X-f+uve s

ep Temeps K B panos Pypse,

Tycte Mbl HMeEM HEMpEPHIBHYIO Ha Hm-eTpsane [ — ai, ] dyuxumo f (x),
YAOBJETBOPSAIOULYI0 YCHOBHIO f (= ) = f (7) B HMelomylo aGcoMOTHO
HHTErpHpyeMylo nponspopuylo f' (x), Sanmmmem pax ®ypse ans sToit
PyHKuHHI

fx)= % + i (@ c0s nx + by sin nx), ®)
i=l
Pan dypoe mns ' (x) umeer BuA
-%2- + ’EI(A,, cos nx+B, Slfl nx) ©)
Buiuncaum Kosdduunentsl A, Ay, Byt

Aoni" S f (¥)dx =0,

a w om
A= % ;fnf' (%) cos na dx= :.L [I (%) cos nx.]" + nvsuf(x) sin nx abc,I = nb,,
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Bn--}'- § P (x)sinny de=

« P
=ln{i (x)sin nx ’ —n S Flx) wsnxdx}z—na,,r
—n
Caenosarenbho, pan Pypoe q:yHKuuu '(x) sanuweres TaK

Z (= na, sin nx +- nb, cos nx), [G]

nest
Takum oGpasom, psu @ypve aas f'(x) monyuaeres nourennsin Ougp-
pada Pypoe Oas Qyuxyuu [ (%),
Yenosne f (— q)=f () sBAReTCA snech CYMECTREHHN, TAK KAK B PO~
THBHOM CJlyuae ceoGonubili unen A4/2 psina ®ypse (6) He 06513an GHTH pap-
HHM Hymo W Torna pan Oypee Ans f (x) He MOKET MONYYHTLCS HS psifa
Dypbe ans f (X) nouneHHbiM JH(EPEHIHPOBAKKEM,

OrmeTiiM, 9TO BONPOC O CXOAMMOCTH pARa Dypse (7) K MPOH3BOAHOM
f'(x) ocraeres OIKPHITRIM. DTy CXOLHMOCTB TPEGYeTCs YCTAHABJIHBATH
OTHENEHO, TOJIBE3Y SICh TEMH WIH WHBIMHA JOCTATOUHBIMH TpH3HAKaMH, Ha-
npumep, Teopevoit lupuxae.

§ 8.4 Uucnennuili rapMmouMHecKui aHanu3,
Tpar P F P
Onepanns mpeictasienns yuxunn f (x) pagoM Pypve HaseBaercs

copaLRUeCKUM AHAAu30M. TIPH TIPAKTAHYECKHX e DACUETAX Mbl BHIHYMKIe-
115l Ol PAHUYHTBCS TONBKO HECKOMIbKHMH NEPBbIMA uleHavH psifa Dypoe.
[} pesynbTaTe MEI FOJydaeM JHLL NPHOAHKEHHOE AHANHTHIECKO® BRpakes
Hue 11 QYHKIMM [ (X) B BHAE TPUTOHOMETPHYECKOTO MHOrouiema A-ro
nopaisa

Qn (x)=”7°+ i(a"cosnx—i-b,,sinnx) (—n<LxLn), (1)
A==

Kpome Toro, gopmyast (3) — (5) § 8.2 ana BbruncIeHHS KodpduuHeHTOR
@ypbe NPHTOAHE JHIUbL B CJYYaé 2HANHTHYECKOrO 3allaHHs (yHKLHH
Ha npaktuke, Kaxk npasuio, Qymxuus f(x) sapaercs B BuAe TafiMib
Wik rpaduka, [10s10My BOSHHKAeT 8ajlaua TPHOAHKEHHOTO OTBICKANHS
koa(PuuHeHToB Pypbe TNO KOHEUHOMY UHCAY HMEIOWHXCS SHaueHME
Gy HKIUH,

OGo6inan BhINecKasaHHoe, chopMy THPyeM CAeAYIOWYIO Salaty SHCIeH:
HOTO HJlH, KaK €ro eile 4acto Hasuaam, npa(lgmqecxoro PapMOHHYECKON

aHaJnuza: Kur
aroeouneHom N-20 nopadka ¢ymc14uro y = f{x), 023 xomopoid useectmtb
m ee snauenutl yy = f (x3) npu xp = kTim (=0, 1, 2, ..., m— I}

TpPHIOHOMETPHUECKHE MHOTOWIEH 1A (yHKUKH, onpenenemxoia He
uurepsane (0, T), HMeer BHA

N
N(x)=‘;—“+2(ancosnl;’-x+b,,sinn-21_ix) o<y @
Be=1
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KoshhHUHEHTEL @, U by ONIPEAEIISIOTCS C/ICRYIOUIHMH COOTHOLICHHSAMH:
T
2 2n
a, = ?Si(x) cos = xds, 3)
0
(n=0,1,2,..,N).
20, . o
b,.=—-T—§f(x)smnTxdx “)

Mpumenss B cootnoulenHax (3) u (4) ¢opmysy NPAMOYrOJLHHKOB
A BBIYHCICHHS HHTETPAJIOB [0 SHAUCHHAM MOALIHTETPaibHBIX BhIpake-
Huit BTOUKAX X = kT/m (8 =0, 1, 2, ..., m — 1), umeem

2 "
= /kcosnz—"’—z- i ®)
=]
n=0,1,2 ., N).
2 "o 2k
b,,=72 R sinn —— — )

Takum 06pasoM, TpPHroHOMeTpHYecKHil MHOTOU/eH (2), KOShPHIUEHTE!
@ U b, KOTOPOTO HaxoAsTCsA 1O opmyaam (5) H (6), CAYKNT pelieHien
TIOCTAB/IEHHON 8ajauH,

MokHO nokasarb, yro mpu m > 2N mHoTowren (2) AaeT Hauayyuee
npuGauKenne K GYHKUUH f () B CMBIC/IE METOAA HaMMEHBLHX KBalPaToB,
€cni Ko3(pHUHEHTH ero BEHCasioTest Mo dopmysam (5) u (6). Mubvu
caoBamH, Koapduuuents! (5) n (6) MHHHMHSHPYIOL CyMMy KBaIparos OT-
KAONEHHiT

m=—1
8= 3 [Qn () — tf™ @
. k=0
B vactHoM cayuae npn m = 2N Kosddumientst a, u b, (n =0, 1, 2,
+e.y N—1) onpepensiores coor (5) 1 (6), a KoaHUBENT ay CcTh

m—1
ay = "3 (=1t ®)
m i =o

Cant ke muorounen Qu (X) CTAHOBHTCA WHTEPNIONAUKOKHLIM MHOTOUJIEHOM,
TaK KK B 3TOM CJydae OpH  MOGOM by BHOMHRIOTCS COOTHOLIEHHS
Qn (xp) = yp, nast Beex x, = KT/m (k =0, 1, 2, ..., m — 1).

l'Ipmuap. y LAHAMRKY 182 Caxdpa H3 CaxapHOH CBEKJLL
HOCH #il xapakiep, 06 b P
B”Palﬂnsaﬂﬂﬁ I3 ycnoeumm Xpanenus celpps [losToMy 8 KauecTse @yHKUKH,
a caxapa, MOKHO DPHHSTb TPHIOHOMET-
Pmecxuk Mﬂoroqneﬂ (2) npu m=12. (310 cooTseTCrByeT -muxy MECSIeB B FONOBOM
UHK/e ¥ [O3BONRET BHIABUTE CHELH( y b npo-
H3804cTBa.) CnenoaaTenbno,

Q (x)=%+ 2 (ancosn%x—kbusmn%x) ©O<x<In.
=
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Tagauua 8.1

Mecsus 1 u m w v vi vii vii X X X1 X1 EZ
Y 0 1 2 3 4 5 6 7 8 9 10 11
(O6bem npousson-
CTBa B yca. eA. 95 71 &5 43 36 31 28 26 25 45 9y 102 108
s = 1 |o.866 0,5 0| —05 |—0,866|—1 |—0,886|—05 |0 0.5 0,866
sin %x. 0105 | o866 1 0,866 | 0.5 0| —05 |—0,86|—1 |—0,86]|—0,5
cos %u 105 |—05 |—1 |—05 0.5 1| 05 |—05 |—1 |—05 0,5
sin —73"—1,, o |o.86 o0.806| 0 |—0,866|—0,86| o | os66| o086| 0 |—0,866|—0,866
Ea
cos Vo = 0| 0 —1 ] 0 ) 0= 0
n
sin Zox, o |1 0 —1 | o ] 0 | —1 0 1| o -1
1| —0,80 0.5 1| =05 | =05 1| =05 |05 1| =05 |05
2
sin -y, o0 | o.s66{ —0.806 | o | 0.866 | —o.866| o | 0,86 |—0.66| o | 0,866 |—0,866




S0¢8

Tlponomxensne ta6a. 8.1

Mecsub | | ) w | 1 , w v vi Vi Vi X X X1 X %;2
2, o \ 3 3 4 5 ‘ 7 8 0 10 1

oSl BT T 55 43 36 3 28 26 25 5 o 102 108
g cos Sy, | 95 | 614 205 0 | —18 | —26,85 |—28 | —22,52| —12,5 | o | 455 | 88,33 34,90
o s %'M 0 |355( 4763 | 43 | s1,08| 15,5 | 0 |—13 21,65 | —45 | —78,81 | 51 | —6,11
pooos | % |35 |5 |4 | 18 155 | 98 | 13 | —12,5 | —a5|—4a5,5 | &1 7,73)
gnsio oy |0 |onasl 4768 | 0| 3118|685 | 0 | 22| 20,65| 0 | —78.81 | —88,33 | —11,98
wncos | 96| 0|5 0| 36 0 s 0 2 o | -9 0o | -s
n sin %yn ol 0 |-a3 0 31 0 |- 0 5 0 | —102 | —

on cos 2%% o |-35,5| —27,5 | 43 | —18 | —15,5 | o|—13 | —12,5 | 45| —455 |51 | —1,2
o sin 1;y,, 0 |61a9f —a7,63 | o | 8118 |—26,85 | o] o200 | —21,65| 0| 78,81 |—88,3 1,5&7




B 414 xopomeit 0 nes
PHOAKYECKOTO Psilla OOLUNO BHOGHPAIOT He Gosiee YeThipeX FapMOHHK.
Bupaxenus 141 KoshOHUHEHTOB an B by HMEIOT CNIeYIOW AR B

11 11
1 B 1 N T
=g Jonesnon bn=7k20 sinn s,

Buunenny 5TH KoopRUHEHTE M NEPBEIX YeTHPeX rapMOHHK Muorounena Qu (x).
Heo6xcanmble BhkAagku obopMuM B BHAe TaGAULE! (cM, Taba. 8.1 ma crp, 304, 305).
s npusenentoll TaGanuEl NONyYzeM, 4TO

ag = 108; a; = 34,99; @, = 7,75; a3 = — 3; ay= — 1,25
b= — 6,11 by= — 11,98 b= — 4 by = 1,50.
Takum 06pasoM, MBl HMeeM CIEIYIOmHe GeTEPe MaTeMaTHYeCKHe MOLe/H €8S0H-
HOCTH JUIS DDOKSBOLCTRA Caxapa:

Q (x)=54--34,99 cos %x-—ﬁ,ll sin%x;
Q. (x)=54+34,99cos% x—6,11sin %x+7,75c05—§-x—",985[n% o
Q=51+ 8,9 cos - x—6,11 sin %x+7,75cos "Tx-n,ssm T

k3 L3
—3cos ?x—4 sin 78

Qu (x) =54+ 34,99 cos % x—6,11sin % x-7,75 cos is x—II,98sin%x—

n « 2n 2
— 308 = x—45in — x=1,25 cos —— —x
dcos - v—dsin - 1,25 cos —= 11,89 sin = v

Cpaenenne Q; {Xy) C COOTBETCTRYIOMUMN SHAYCHHAME y; NOKASLIBALT, UTO YK
nepsas rapMOHNKA NaeT B OOMeM NPaBUJbHYI0 MoLedt AWHAMHKH DPOH3BOLCTBA Cde
‘Xapa, orpaxan ee CE30HHOCTh.

Buuwcau CpelNte KBaIpaTASCCKHE OTKAOHEHHS 6,=l/ 310 (m— gaP
k=0

209 Beex Q; (x); maxomnm O = 37,80; B, = 14,40; 85 = 7,59; b4 = 5,75. Kax u
Clleqckalio OXHLaTh, SHaueHns O, MOHOTORHO YOHIBRIOT ¢ pocToM i, npuueM 8, Mano
oTinyaercs of 83, Kpome Toro, camn spavenus g, 1 8, DOCTaTOWHO Mallbi, TaK Y4TO yIKe
muorousien Qg (x) ssisercs xopowei paLa, Xap .Imero
TOJIOBYIO AHHAMHKY HPOB3EOLCTEA Caxapa.

§ 8.5. Mmeroae onp PP ®ypse
it )Hycrb safan pax Pypve, cxoasimmics K NEPHOAHYECKOH ¢y HKLUHH
(x):
j(x}~f2i+ > (@, €0s mx + by, sin max), U]
m=1
rie

f(®)cosmxdy (m=0,1,2,..), @)

f@sinmydy (mw=l,2,3,.0.). @)
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B npensymen naparpade M5l chopMyanp sallagy p
qHu PYHKIHH f (X) TPHFOHOMETPHUECKHM MHOTOUIEHOM Qy (x). Tam xe npu
BEIYHCIEHHH KOSDHHUHEHTOB @ U by, G MOMOULBIO HHTEPPAJIOB MBI HCIIOND-
30Bau OPMyNy MPAMOYTONBHHKOB,

B ofiem ciyyae mp e BhI
b OCHOBAHO Ha 3aMeHe HHTErpasioB B popmyaax (3) u (4) § 8.4 ux xHa-
GEHHAMH, TNOAYYaGMEIME IO OXHOM K3 (OpMYJ DPHONHIKEHHOrO HHTEr-
pHpOBaHHA, B nacrosuem mnaparpage Mpl BoCOABb3yeMcs (OPMyJOi
Tpaneni,

Byzem mpeanonarate, uto Qyukuus f (x) sBAfeTCs NepHONHYECKO!
¢ MePHOZOM 21, 3aMeTHM, 4TO BMECTO OGBIYHBIX NPE/ICVIOB HHTRIPHPOBAHHS
OT — 7 JIO 9 [IPH ONpeJie/ieHHH KO3((HIHEHTOB a,, W b,, MOXKHO paccmar-
PpUBaTH 11060l HHTEPBA/ HHTETPHPOBAHUSA LIHHON 2m, Illm ynoGeTBa Bhl
yHC/eHHi MBI BOSbMEM HETepBas OT 0 10 2, Tak 410

20
a, =—"‘— S f(x)cosmxdx (m=0,1,2,..), )
1 i ;
=T§ f(xysinmxdy (m=1,23,..). (]

Pasnenus uurepean [0, 2n] Ha N PaBHBIX qacre;‘l, B pesyakTate noay-
uuM ToukH Aenenns 0, 1« N , 2- T e N — 1) , 21, CoorBerCTBY!IO-

mue sHayeHHsi QYHKUHH f (X) B TOUKax Jnenenus oﬁosnaqnm uepes Y,
Yuo Yar oo YN—1s Yv = Yoo LIpumenas opmysiy Tpaneunit, noayuaem
caellyiolie NpuGAKentbie GOPMYJb A5 BHIYHCACHHA KOPPUUHEHTOB
@y b

N N=1
Tau—kzoyheya"‘%'l-.--'l-y,\,-,i ©)
N Nl 9mn %
5O = Z yneos KA = gt grc08 T gy ycos (V—1)
k=0
@
N=1
N _ N .22’_71= o 2ma : - _)mn
5 _kg grsin k== =gysin == kg sin(V Db
— @®

yers N = 12, 7, e. nuteppan ot 0 10 2 pasfinT na 12 paBubIx vacren,

1n
TAK 4TO HCTIOMIB3YIOTCS SHAueHHs aprymenta 0, %. Z ""'T“ HM COOTBET-

3
CIBYIOT SHAYCHHA QYHKUHH Yo, Y1) Yavsars Yars @ Bemlqmlbl, Ha Koropwe
YMHOMKAIOTCS 3TH SHAYEHHS, TaKCBBL i 1+ sln = 0,5; 4 sin -

= 4 0,866, Orciona, onyckas rpoMO3AKHe BHK/ra[u(H, noaysnm
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62y == gy + 41+ Yo+ U5+ Vst s+ Yot Vr+ s+ Yo F Yo+ e
62, = (U + 1o — Ys— 49) i+ 1+ Y —Ys—12) Sin 5+ Go—14),

60, = (94 Y o+ 2+ V= U — Ya= Ys— Y10 SiN1 5+ WU+ Yo V=),

6ay= Yo+ ya+ Ys— V2= Ys— ther
61 = (41 Yo Uy — ) S G-+ G2+ o=t = to) 811 Z- ok (0o — 1)

66, = 02+ Ua+ 9+ 05— Yo Yo — o= Y S0 =,

6by =11+ s+ Yo—Ys—Y7—n
WTon
Urofbi CBECTH K MHHHMYMY UYHCJIO HEOGXOIHMEIX apH(MeTHYecKHX
onepawLmil N5 NOJYYeHHs SHAYCHRHA @p H by, HCNONBSYIOT CMENHANBHYIO
BLIYHC/IUTENIbHYIO CXEMY = €xemy Pynae.
1 w a r, BuinuchiBaioT sHaveHns QyHKUMH f (X) B e/eAyoLLeM NIOP AAKE:
YoYr Yz YsYalsYs
Yo Ye Ys s
11w ar, [ToACYNTHRAIOT CYMMBI H Pa3HOCTH KaXaOi Maphl SHavenr i,
CTOSILHX OAHO MOA ApYrum, [TosyueHibie CyMMBl H DasHOCTH BHITHCHIB&IOT
TakIM 00pasoM:
Yo Y1 Y2 YsYalUsYe
YnboYeYsls ©)
eymm Ug Uy Ug Ug Uy Uglly
pasioctd Uy Up UgUy U
I war. Anajorususie I p AT HAJl CYMMaMH H pas-
HOCTHMH (6)1

Uyl Uyly  Uy0, 0y

Uy U Uy Uy 0,
cywmsr Cg 0y 63C3 18285
pasuoctn  dy dydy hy by )

IV w a r, BeuHCAAI0T 8HAYEHHS Ay B by, TIO NPHOAHKEHHBIM GOPMYNaM
6a, =6yt ¢, 05+ 5,
6a, = d, + 0,866d, + 0,5d,,
6a,= (€y=—¢3) + 0,5 (6, — ),
6ay = dy—d,, ®
66, = 0,5¢, 4+ 0,866¢,+ s
6b, = 0,866 (f, + hy),
6b, =g, ~g,

HT .



Lns 0 ¢p y Tio mp dopmy-

naM a, Wby o HX npH-
Mep, B KOTOPOM (yHKUHS SallaHa 8HANHTHUEGKH,
Npumep, P by © 2m
A
o o O<x<m,
V== L nerom,
0 mpn x=2m,
GoerasaM TabAHLY
0&1"2"5",,7."ﬂ_511'i
r 6 |3 |2 |3 |6 3|2 |3 |76
i lalels
o | Ll L L1220 1
o RN ‘ l ‘

Bunawen eoraaeno exeve Pyure snauenuﬁyk ¥ npou3sseseM yKasaRHbie B Hell cio~
WeHHA B BHYHTaHua fou, dopmyas: {(6)

oyums

alo alv|= o=

el ofal= o:]—"
|

o= wofes|m w0

o|= o|z|= o|=

wo]m won|= e oo

pastioeTy =

Teneps npeussefen BHUHTAHAA H QJIOKEHUH NO OTHOMEHHIO R HaANCHHIM CYM-
way # pasaostam [om. dopuyns (Tl

ayrans pasoctn
0 L L2 52 L
6 3 2 s 3 T2
p L5 4L
6 3 [ 3
3 1
opa 13 3 ¢ o= b= 1 =
awnoc . ] — e b pronoon e
v T T3 T 3 B
Banuwey Teneps aupamenna BT Qg W bt
Gao_l+3+3+’—l 66;=0,5(—1)-0, 866(-1)—'—
0,866—0,5 Gy 0,866  ———
e i=Losmnsti  onmomo(—2o L)

3
5aq=(l—’—)+05(3 3 [ _'?)

b= = 1= (=)

(
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Orciona

= 1,417 a= —021 g = —008% a= —0,ill,
e D 08IT b= —04% by = — 0,088,

Haa P TOURLIS
2= 1,500; gy = — 0,203 aq= 0,000 ag= — 0,022
T = = B,318; by §,159; by = - 0,106,

Yro6s nonyaute TOB N0 dop-
MyJiaMm @ GOJblleli TOYHOCTBIO, MOZKHO 06paTHTBGA K CXeMaM @ GOabIuHM
YHCJIOM OPJHHAT,

Cnenyer OTMETHTB, 9TO MPAKTHYECKHA PAPMOHHUECKHA aHa/MS Rae?
BOSMOXKHOCTS [10/lyYaTh aHAJIHTHUEGKHE BEIPAXEHHS, aNIpPOKCHMHPYIO«
uiue sajankble QYHKIHH @ HaHMeHbluel GPeNiHeli KBaNpaTHUeCKON OIHOKOM,

Yopewneuns
1. Pasnoxurs B pan Pypse dyBxuHo f (1) =xc08 X (= <& <)o

=,
1
—— 2 -1
Omeemi xcosx= ) sinx+-2 (=1) =

3]

2. Pasnoxuts B pan Pypre quuxumo' f)=xsins(=~a<Ls <),

1 =
Omeemt xsin x= l—Tcos x-—2"27—

8. Pasnoxuts B paa dypse ne kosunyean ymEumwo f(x) = x (1 =~ 2)
O<x <o),

o cos 2
Omeemt x(n—x)=7—2 e
=]

4, Paanm«un B pan Pypee o enHysan Qyskuu©o [ (¥) =@ —2)
O<<s <L)

o
8 sin (2n—1) »
Omeemy % (n—x)= o 2 @i—1p
6. Pasaoxurp 8 pag Oypbe dynsuno

- Ompa —nt <2 <0,
fw {lnpa O<s<m,

o2 \Neos@=D5 <o
Omeemu [(x)=T—-"—a§ W—'E‘~—.
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6. Ilns Gymxunn g = I(x), onpenenemmﬂ Ha wurepsane (0, &) B sagauuof B Bu-
ae Taéuuuu 3navennll y, =

& 0 1 2 3

no| n
K B el B

Yr 1 2 | 2426

€OATABUTB TPHTOHOMET] qucmm HHTEPTOAAUHOHALA MROTOIMNEH,
Omeem:Q,() 0,7 eos 2¢ — 0,3 sin 2¢ — 0,3 eos 4x + b, sl
HKUHE g = f(x), onpepesennol #a wurepsane (0, 1) u saaaHﬂon

B BHIe TAGMANH SHaveHMit gy = F(x;):

& [ ' i 3 1 5

o JLIR 0 T N R
i 613|235 |®

1 0 -2 | =3 0 2

Ir

€OGTABUTH 1purououe'rpuqesxuﬂ MHOrou/ieH He HWXe BTOPOF® NOp TIKA,

Omsemi  Qa (x)= = l+ —COs 2nx— 'l/_ SIn2ax — cos 47X,

Fnasa IX
o NbHBIX
YPABHEHMA

§9.4. o AupPep

VpaBHieHue, B KOTOPOM HEH3BECTHAS QYHKILHS BXOHT MO 3HAKOM MpO-
MSBOLUOR WM dpepenunana ¢
ypasreruem.

Hanpumep,

W —9@p—3y LL=y
B3y Lh=ttl 422
Y =x% xdy=y'dx.

Ecan Hast QYHKOUA, B Auddep ALHOE ypaBie-
HHe, SaBHCHT TOJBKO OT ORHOM i 1iep i, To AHddep
uHajibHoe yp b

Taxosul, Hanpuuep, Anpgpep yp

2 &y

=L =92 2 dr=1 ds.
axt



Eciu e nenspectnas Qynxuis, Bxoasumasn B andibepennnanstoe ypas-
HeHHe, ﬂa}me'rCﬂ tpyHKuneu JABYX HJu GOJIBIIETO 9HCJIAa HESABHCHMBIX
JpHOE

J¥ v
6 mcmnmx npouzea@mx.
P P (ppep Hal wne
_.__ s 22 _o
o

©CTb ypPaBHEHHE B YacTHBIX MPOW3BOAHBIX.
[Topsdkom nucm)epeﬂuuanbnoro yPaBHEHHS! HASHIBAETCH HAWBBICIIHA
NOPSANOK TP i (W p BY
Tak, Hanpumep, ypdnneunﬂ
&5
\de2

SBIAOTCA yP BTOPOTO Nop a yp
-Z—; scost+sint=1j_(¥*—yYds+ @ 4y dy=0
— TIepBOTO NOPSIIKa.

B macrosuwefi raape paccMarp TONIBKO ud-
depennnanbHble  ypaBHeHHs.
O6bIk T

n-ro MopsAKa B CaMOM

bep yP
ofiuem caydae CONepIKHT yio Tiep yio, HYIO QyHK-
Wil i ee ie uan Audxpepennnansl 1o n-ro nop BRJIOUHTE b
HO H HMeeT BHA

F@t, 41" e g) =0, )]
B STOM y x— Y — HeuspecTHas GpyHK-

uns, ¢, g/',., » Y™ — NPOH3BOAHBIE s100 DyHKIHR,

Ecan JeBasi yacTh AM(PEpentinanbioro ypasnesns (1) ssasercs muo-
TOUJICHOM [0 OTHOLIEHHIO K NPOHSBOAHON MAKCHMa/JbHOTO MOPSAIKa OT He-
H3BECTHOH YHKILH, TO CTENeHb 5TOTO MHOTOUIEHA HA3IBACTCH CImeNenbio

NBHOO

Hanpmep, ypaBHenue

@Y+ =y 2=

SIBSICTCS ypaBHEHHEM BTOPOTO MOPFJKA UETBEPTOH CTEMeHH, 8 ypaBHeHHe
WY+ — P+ A0 =0

- ypasHeHneM TIepBOro MOpsIKa BTOPOH CTereHH,

n-ro oTHOCH-

TeNbHO CTapluei npousaozuwﬁ MOXET GHITh SANHGAHO B Bie
Y=Y Y Y e o) @
P [GE] ) @ BCsIKas Ard-

dzepeﬂuupyemaﬂ by =9 (x), YIOBNET oTOMY Y
7. €. TaKas. N0C/e NOACTAHOBKH KOTOPOH B ypabHenue (2) oHo oﬁpamerc»
B TOMNECTEO,
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Tpaduk pemerns 06EKHOBEHHOTO AHbPEPEHIHANBHOIO yPaBHEHHA Ka-
SHIBACTCS. UHMESPAALHOL KDUBDU STOTO YDABHEHHS.

Peenne Py NBHOTO yp CTOJIBKO He3sa-

BHCHMBIX npone.BoJJbHux TIOCTOSIHHbIX (napaMe'rpOB)‘ KaKOB €ro NMopsIoK,
obuum p (unu 06qu ) 3TOTO yp

¥ P KH oilee p IBHOTO Y npel-

crapasier coboii cemeficrso uHTerpaJleux KPHBBIX aroro ypasuex—um
Yacmuowm pewerues TudpepernnabHOro ypaBHeHns HaskBaeTcs BCs-
Koe pememle KOTOPOE MOZKeT GITh NOJIY4eHO U3 OGLLEro NPH OTpPeNeTeHHEIX

YHCTIOBBIX X 1po; B obuwee
pemeimeA
TIpousBoJIbHEIE IOCTOSIHAEE, B obiee p p -

€5l H3 TaK HA3bBAGMBIX HAYaJbHBIX YCJIOBHI.

3a1.'l&qa C HavaJbHbIMH YCJOBHSIMH CTaBHTCH TakK: HahTH peluenne
Y = @ (x) ypaBuenus ¥ = [ (x, 4, §', §", +v, g*=V), ynOBAETBOpsIOLIEE
i B TOM, 970 P =g (1
JOMKHO anHnMaTb BMECTE €O CBOHMH NPOH3BORHBIMA 1O (1 — 1)-ro mo-
PAUIKA 3a]laHHEIE YHC/IOBBIE 3HAYEHHA Yo, Yo, Y5 yurry Y5~V NIPH 3aJaHHOM

YHCJI0BOM X=X p X
Y=Y ¥ =Yb Y =Yo, 0, ¥*"V=y¢=D mpu x=%. ()
VYenosus (3) HaseiBaloTCst HAUQAHBMUL YCAOGUSAU; SHCTA X, Yoy Yoo
| o Yo U5
Yay voer Y5~V — Hauanoromu a 3ajaga OT!
pewenus y = @ (x) Jmcl)d)epeﬂuuanbﬁoro ypaBHenus (2), y1OBJIeTBOPSIO-

Lero Haqanbﬂmm yenosuaM (3), — sadaued ¢ HOUAAbHOIMU YCAOBUAML,
nid sadaqed Kowu.

B cnyuae ypapuenus TepBOro MopsiKa, T. €. npH n = 1, momyuaenm
sanaqy Kowm 1as ypaBhenus §' = f (¥, y) C Haua/bHBIM yCJOBHEM X = Xq,

l"eomerpuqecxu sanava Koww (ans ypasmenus mepsoro nopsiaka)
COCTOHT B TOM, YTO W3 BCEro MHOXKECTBA HHTErpasibHbIX KPHUBLIX, NMPeACTas-
JISIOWAX COGOit Obllee pellieHHe, HYKHO HailTH Ty HHTErpaibHyIO KPHBYIO,
KOTOpas NPOXONWT 4Yepes TO4Ky M, C KOOpAMHATAMH X = X, § = Yo

di
Mpumep. [Las anddepeniinalsnoro ypasheunns ﬁ = 2x C HAa9a/bHLIM YCIO BHEM

= 2 npn xy = | oGuiee pewenae uyeer Bui y = x2 + €. Ouo npeacTasaset coboil
ceweﬁc'mo napmon Ech xenzgt. B Obllee PeWeKHe NOACTABHTL HauallLhble NaRHKe,

T0 noydnM 2 = = 1. CrefloBaTe/IbHO, YaCTHOE pelieHke, YAOBAETHO-
paiowee yxasauﬂovy uauanbnowy YeI0BHO, ectb y = x* 4 1. [ eome1pnyecky 510
03HauaeT, YTO H3 BCErO napaGoa, ofmee peuienne and-

NLHOTO Y oany, yepes 104Ky M, (1,
(puc. 9.1).

3anaua Kolw nveeT elMHCTBEHNUE peluenHe, yAOBAETBODSOlILe yC-
JIOBHIO Y (Xg) = Yo, €CAH d)yHKle‘l f (x, y) nenpepwiBua B Hekoropoit 06-
aacth Rya, o = {|x — xo| < a, [y — yy| < b} u ynrosaersopser s 5108
o6nacth yeaosuo Jlunwuya

1@ —i 0 )1 <N[G—ol
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rae N — nocrosnHas Jumunna, sapucsmas or
anb(anb— rpaHunsl 06nacTH).

MeTOfBI TOWHOTO ~WHTETPHPOBAHHA MW~
2 epeHIHANbHBIX ypAaBHEHHH MPHTOHB JIHILG
§=X**1 a5t CPABHHTENBHO HEGOMBIION HaCTH ypaBHe-
Hii, BCTPEUAIOMHKXCA Ha MPaKTHKE.

Tlostomy Goubioe suaqeﬂne npHoGperaior

MeTONB  TpH(

IHANBREX  ypABHERHI, mmpue B '3aBHCHMO-
CTH OT (JOPMEI NIPENICTABJIEHHS DELIEHHS MOXK-

HO pasfie/IuTh Ha ABe CPYNTBL
) ananurnuyeckue MeTOaH,
Puc 9.1 natouie npuGMDKenHoe pemenue  Auddepen-
LHaJbHOTO ypaBHEHHA B BHIE AHAJTUTHYECKO-

TO BbIpaMeHus;

2)uMCJaeHHBE MeTONH, JalomHe NpHOIHKEHHOE pelleHHe
B BHJe Tabamubl.

B naunoit raase AJis NepBOH IPYNNbl METOAOB GYXyT PaccMOTPEHH Me-
TOJ NIOC/IeI0BATeNLHBIX NpHOANKeHUiT (MeTon [TiKapa) 1 METO HHTerpHpo-
BaHuA ﬂmpq:epeuunanwux ypﬂEHéHMﬁ C NOMOLIBIO CTENEHHLIX PAAOB;
115 BTOPOIt rpynnbl — MeToA Diliepa U ero MOAHpHKaIHH, MeToabl Pyl-
re — Kyrra u Anamca,

"h(12)

§ 9.2. Merop (meron pa)

Sror METOZl BOSHHK B CBA3H C JlOKaCia‘l‘e.ﬂbCTBDM TeopeMbl cyulecnaos&
HHA H eAUHCTBEHHOCTH P ddepenunanbrex yp On Ho-
CHT HasBaHHe memoda ﬂunapa.

Ilycrs nano ypasmenne

y=10 U]
npaBasi 4acTb KOTOPOTo B NPAMOYrosbHuKe | X—xy| < a, ¢ — o <b}
HerpepbiBHA H  MMEET HEeNpepHBHYIO YacTHYI0 NPOHSBOAHYIO 1O Y.
TpeGyercs Haiitu pewenne ypasuenns (1), yIoBaeTBopsiollee HayalbHOMY
YCNOBHIO

X = Xo Y (X0) = Yo @
Hnterpupys ofe uacti ypasHenua OT x, 10 X, NOAYuHM

y ¢

S dy = S %, y) dx,

o %
nam

yiX) =y, + Sf(x, ) dx. ®

VYpasnenwe (I) samensiercs wHTerpaibHbM ypaBHeHHeM (3), B KOTOpOM
HeH3BeCTHAA PYHKUUA ¥ HAXOAWTCS NOJA SHAKOM HHTerpana, HTerpanphoe
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ypasnenne (3) yroszersopser Rndpd oMy yp M u
Haua/JbHOMY YC/OBHIO (2), [Lenc‘rsme.'lhuo,

YD =4+ S [ (6, 9) dv=go
%
3amenss B paBeHCTBe (3) (YHKIHIO y SHaueHHEM Yo, TOJYYHM mepsoe
NpPUG/HIKEHHE

x
s @ =gy + § 15, 5) dr.
%
3ateM B yp 3) y 4, ¥ TIONyuaem
BTOPOE NpHONMKEHHE

£
B@ =gy § F(x, p2) dr.
%
Hpcuon»(aa npoilecc janee, NoC/ENOBaTe/IbHO HaXOAHM

Y =yo + § 5 40) s

Un @ =p+ § 1 (5 yn) dre

Taknm 06pasoM, COCTaB/sieM NOCAENOBATebHOCTb QYHRIAN

1 X) Yo W g5 (Dsees Yo ().
CnpaBeanBa C/EAYIOULAS TeOPeMa, KOTOPYIO MpHBEleM Ge3 NOKasa-
TENbLCTBA.
Teopema. [Tycmo 6 oxpecmuocmu mouxu (Xo; Yo) tﬁ_/fmuua 1 (% y) He
(x

u umeem o2p " , Y). Toeda

e mouw X ROCACO0BAMEALHOUMY

(y, (x)} cxodumen K yx),
Hoeo ypastenus y = f (x, y) u yoocremeopsioweti ycao6uio y (x,) = Yo
Oyenka nocpewrroumu memoda [lukapa onpenensieres no gopmyie

b

h“+|
—_ Nt M ——- 4
W= yn | SNM e (4)
rne M = max |f(x, )| npu (x, y)ERL,, ), @ N — mocrosinnas Jiun-
WHWa Aas 06aacTv Rya, 5}, paBuas N = max |f, (x, y)|. Beanauna h aun
onpefeaeHA OKPecTHOCTH Xy — h << ¥ < X -+ 4] BEIUKCAsieTCA 1O op-
MyJe

=mi AN o
h_mm(a m). ©)

an b— rpannun oGaacti R,



Mpumep. PemnTb metofom Inkapa n@q:epeuunmbuoe ypasuenue y’ = &* +
© HAaUANLHHIM YCHOBHEM Xo = 0, v (x,,)
Pewenue, Iep

y
x
y=uo+{ (2447 dx,
*
BJE C YIeTOM Hada/bHbIX YCAOBHI,
x
y=[ @ +y) ax
o
TMoayuaes HoC/e0BATENbHER NPBOABKERERL

R p -
= 2 = ——
yx—§(x1+yn)dx_§(x‘+0)dx— =

. oo ,
=S<x'+yf)dx= §(x=+ ”;) R

x 5 9q10 gl
Sw+y)dx—§(x’+ 355

189 3969
P x| am
=% e T TEmse

OueHHM NOTPEIHOCTs TPeThero npuGaAnzkeuns 0o dopmyae (4)1

\
ly—val < A2

CENT

Tax rax dysruns § = 22 4 4* T0
B KaueCTBe @ R b MOXHO B3ATH moﬁue 'muna [lnn onpejeAentocTs BubepeM mpa-
MOYTOBHAK
R{lx—x1<0,5, ly—ue| <1},
T e
R{—0,5<x<05, —I<y<I}
Toraa

M=max |/ (x, y)| =max (*--y%)=1,25;
N=max |f, (x, y) |=max| 2y | =2.
Mockomry @=0,5, 8/M=0,8, no gopuyse (5) meen

b
h= ,— ) =0,5.
mm(a M) 5.

Pewenne y Gynet 3anano mia —0,5 < x < 0,5. Tpr =3 ameer:
1,25-23.0,5¢ 5
4 T

Monydennast OUeHRa NOTPEWHOCTA OYeHb rPyGas, Ha CaMOM JeNie NOrPelHOCTb 3Ha
YNTEABHO MeHbLue,
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§93.

€ NOMOLLBIO CTeNeHHbIX psjos

Tlyets nano auddep n-TO 1Oop
yt"’=f(x,%y s o y*0) m
C HaYa/JbHEIMH YCJIOBHAMH
X= X0, Y (¥0) = Yo» §' (¥0) = You eery Y1~ 1 (i5) = yfn =D, )

Hpaaaﬁ 4acTbh STOTO ypaBHeHHﬂ €CThb aHaJHTHYECKas (pyHKuHﬂ B Haya.b-
HO# TOUKe My (¥oi Yoi Yar +ons Y. Tlpencrapum pemeHue y = y (x)
ypaHenHs (1) B OKPECTHOCTH TOUKH X, B BHIE pﬂﬂa Teitnopa:

y !/o+!/0(x"xa)+ - r—x)® + Fow  (3)

3(

e | x — %o| < i, a h — pocrarodHo Manaw aenuquﬂa Jnsi HaxoXAeHHUst
ToB pafa (3) yp (1) AuddepennupyioT no x HyxHoe
aHCI0 pas, ucnone3ys ycaosus (2),
Ha npakTuke BeqHuHHY |X — X,| GepyT HacTObKO MaJofi, 4TO npH
TpeGyemoli CTement TOYHOCTH OCTATKOM Psila MOAHO mpeHeGpeds.
(pumep 1. Hafitn pemense audepenunansuoro ypasnchus y' = y — 4x 4 3
© HauaJLHLIM ychoBreM X = 0, yo = 3,
emeHue Hueem

=y —4=g—dx—1, 4 =y V="
Henoabsys Baua/jbioe yCNOBHE, HaXOLHM
Yo—4x0+3
Yo=yo—dxo—I=
’ Weg, o,y = y=D g,
Moncrasass y4, g4, ys'’ B psm Tefinopa, noayyny
y=u o u—xnl+_(x—vu)‘+ = rp*+ y" B mrt e =

X
=3+Sx+t"-rT+'17+....

TouHoe pemerHe 3aJaHHOTO YPaBHERRA €CTb GYyHKURA
y=2" + dx+ L

Ecais nonoxuts £ = 0,1, To MOKHO COCTaBHIb Tabauuy 3uavenuii pemenns 3a
Rannoro AndepesusanbHOro ypaBuenns.

Ta6auna 91

x v N v 0,3

3nagennd,  OAYYEHHBIE
H3 aHANHTHYECKOrO pewr
s ... 3 3,6021 4,2428 4,899
ﬂpucnmxenuoe pemenue
C NOMOULbI0 CTENEHHOI O
papa . . . 3 13,6103 4,2427 1 8G9)




Mpumep 2. Hah'm pewenne ypasrerus g = £° -t 4%, yaoBJeTBOpSIOMeE e
NOBHIO Xg =
Pemenn e Haxomm
e T
=2+2[(¢'P+w'ls

g D=2y g Ly g
1
20D ) e gy ® gy,

¥ (%)
¥ (%) .
‘]'\’,(xo) y'“—z y“(x)=y

L
CaeoBaTe/IbHO, MOMHO 3amncaTh

20 8047

=N

y=

nay
LAl .-
T e

Patlee 9T0T e MPHMED MEI Demals METOLOM ﬂm(apa H YGTAHOBHJH, 4TO MOTPEUIHOCTE
mpn — 0,5.< ¥ < 0,56 e mpesocxonut 2 + 10~

[IpencTaniente UCKOMOTO pellesins B Buie psaa Teillopa OCOGEHHO
y106HO J/151 HeGO/IBILOrO NPOMEKYTKA HHTETPHPOBARHS BOMH3H HaUaNbHBIX
snavenuit, Hamle Bcero takoe p SABSAETCS BCTIOMOT HEIM TIDH
NPHMEHeHHH IPYTHX METO/IOB NpHC 0 HHTe! ep
UliaNbHEIX ypaBHEeHHl (MerozoB Anamca, Munna, H.ITepMepa).

§ 9.4, pHp @ep
ypasHeHuH. Metop diinepa

Pewnts Anddepenunanstoe =flxy MeTo-
JOM — 310 SHAUHT A1A 3aiaHHOM nocnenosa'renbuocm apTYMEHTOB Xo,
Xqy sy Xp W UHCIIA Yo, He ONPENeNas GyHKOMIO y = F (x), HaliTH TakHe 3Ha-
YCHHS Yuy Yayeoos Yoy UTO Gg = F (1)) (i = 1, 2, o, n) 0 F (xg) = yo.

Takum 0GpasoM, YHCIEHHBIE METONBI MO3BOJISIOT BMECTO HAaXOMIEHHS
dynxnun y = F (x) nonyunts Tabnuiy sHaueHuit sToil QyHKUNH A5 32-
NanHhofi NOC/IelOBATeLHOCTH apryMeHToB, Benuuina h = x, — x,., Ha-
3bIBAETCA wiaeoMm uHﬂIEZPuﬂOGﬂNUE.

Pachcn‘pnM HEKOTOpBIE M3 YHCJAEHHBIX METOJ0B.

Merton iinepa. 10T METON ABAAETCA CPABHHTEIBHO TPYOLIM H IpiMe:
HACTCA B OCHOBHOM [UTR OpHENTHPOBOYHEIX pacyeroB, OfHaKO HAeH, NOJ0-
KEHHDIE B OCHOBY MeTOA@ itiepa, ABNAIOTCH HCXOAHBIMU AN PAAA APYTHX
MeTOA0B,
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Ilycts Aano AutpepeHIHaNbHOE YpaBHEHHE NEPBOTO NOPSAARA

=1y [0
¢ HayalbHEIM YCIOBHEM
=X § (%) = yo. @
TpeGyercsi HaliTi peienne ypasienns (1) na orpeske la, bl
PasobbeM otpesok la, bl Ha n pasBHbIX uacTedf H moayuny mociesopa-
TeJIBHOCTD Xg, Xy, Xgyeaey Xny THE X3 = X + iR (i =0, 1,2, ..., 1), ah =
= (b — a)/n — war HHTErpHpOBaHHS,
BuiGepem k- yuactok lxy, X44,] H npounterpupyem ypasuenue (1):
gt Fhtt *ht1
(lomgde= § yde=y@ | =¢ @ —y®) =n—bu
*h n i

TriL
=yt | 19 dr. @
*n
EcAd B MOCJE/HEM HHTErpaje NMOXBHTErpanbHylo GYHKUHMIO Ha yuacike
[xy, Xi4] IPHHATD TNOCTOSHHON ¥ PaBHOH HaYalbHOMY SHAYEHIIO B TOYKE
X = X, TO NONYYHM

Fh1 Trt1
§ flonmde=Fo o x| =100 o) (ua—r)=yi b
*n *h
Torna Qopmyaa (3) mpumer Biui
Yor = Yn F yi. @)
OG603HAYHB Y4y — Yr = AYp, To € Yk b = Ayy, noamyunm
Y1 = Yn + Dyn. )

TIpooiKas STOT NPOIECC W Kam/blil pa3 NPHHHUMAS NOALIHTErPaIbHYI0
(YHKUHIO HA COOTBETCTBYIOUEM yyacTKe MOCTOAHHON H pdBHO ee sHaue-
HHIO B Haua/le yyacTka, noJyunm TaGauuy pemiennil Audxpepentianbioro
ypaBHeHus Ha sajiannom orpeske [a, bl. Papenctso (4) osuauaer, uto na
oTpeske |x, 4] HHTErpanbHam KpuBas y = y (x) NpuGAHKEHHO 3a-

TpsIMO ii OTPE3KOM, BB 13 ToukH My (xi3 ¥1)
¢ yraoseiM KospHUHEHTOM f (X, Yu). B KauecTBe mpHOIMKEnHs HCKOMOI
HllTel‘PaJlbﬂOﬁ KPHBOH TNoydaeM JIOManyio JIHHHIO ¢ BepIUMHAMU B TOYKAX
Mg (Xo; Yo)s My (35 1)), «ory My (Xn3 gn). IlepBoe 3Be1O Kacaercs HCTHHHOI
HHTErpasIbHOil KpHBOH B Touke Mg (Xo; 4,) (puc. 9.2).

Ecan dyukuus f (x, y) B HEKOTOPOM MPAMOYrO/bHHKE

R{lx— x| < a ly—y,l<0)
YIAOBJETBOPSET YCJAOBHIO
11w g0 =1 (¥ 2) | S Vg1 =y | (N == const) )
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H, KpOMe TOro,

LA -

[L|=|5+i 5| <M @1=comsh, ®
TO HMEET MECTO CJIEAYHLas OUeHKa MOTPelHOCTH:
hM

ly(xn)—ynlé—ﬁ((l+hl‘/)"—-ll. U]
y Tae y (x,) — sHauenHe TOYHOTO pe-
weHHs ypasHenus (1) IpH x = x,, a
) Yn — TPHOINKEHHOE SHAYCHHE, MOy~

YEHHOE Ha A-M luare.
@opuyna (7) uMeeT B OCHOBHOM Teo-
peruueckoe mnpumenenne. Ha mpakrtu-
Ke, Kak TpaBHJO, TNPHMEHSIOT «JBOM-
A HoOli mpocyer», CHavana pacuer Beler-
0 % % X% X cdl ¢ waroM A, saTeM wWar APOGAT H
Puc. 9.2 TIOBTOPHEI PACUeT BEAETCS € Warom
e h/2. TlorpemHocts Gonee TOYHOTO 3Ha-

yeHus y, ouenusBaercs ¢opmyoi

[a—y (x) | =l ya—yal- ®)

Npumep 1. [lpouuterpuposars MeTonoM Diiiepa Anpdepeninaibroe ypaHeHue
§ =y — x C HAYANLEM YCAOBHEM xp = O, yo = 1,5 Ha orpeske [G; 1,5], npuuss
h = 0,25. BruHcneRus BECTH G YeTHPbMs SHAKaMH NOCKE 3ansiTOM.

Pemenne. Jlnig yLoGCTBA BHUHCAEHHH COCTABHM CAeYIOUYW Tabanuy
(cv. 1262, 9.2).

T'w ar. ITo navanbebiM JaRHEEM SaNoAUsEM IEPBYIO CTPOKY B cTONGUaX (2) H (3).

1 war. Ms ypasuenns y; = y, — x, swancasen g (i = 0,1, w.., 5) 8 c1016+

ue (4?4
Nwar. C crontua (4) y ua h( Ay; = hyfs

i=0, 1, ..., b) u sanncsiBaem B cToa6eu (5) 5TOM He CTPOKH.
w croabua (3) c10a6ua (5)

STOR e CTPOKH (BBIYHCASEM Yi4q = y;j-+ Ays; (=0, 1, ..., B) # pesyabTar sann-
coipaem 8 crondelt (3) caesyiomed cTpoxn. Onpenensed Xj41 = x; ~+ h b satem ward
11, 111, 1V nostopsiem 20 Tex nop, noka He 6yieT npoiiien Bech otpesok [0 1,5

Ta6auua 9.2

! i Y vi=y—x; Ay;=rny,
a 2 @) @) (51
0 0 1, ,5000 0,3750
1 0,25 1,8750 1,6250 0,406
2 0,50 2,2812 1,7812 0,4453
3 0,75 2,7265 1,9765 0,4941
4 1,00 2, 8

5 1,25 3,7758 2,5258 0,6314
6 1,50 4,4072
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Meron Ditnepa Mo)Ke‘r GBITh NP K p cucreM auddep
LHaTBHBIX YD NBHBIX , fi BRICIUNX nopﬁA-
koB. Onnaxo B nOCJIE}lHEM cnysae nuddepentanbiie YPaBHEHHUS JOMKHE!
6bTh TPHBEAGHE K cHCTeMe AW(PEpeHUMaNbHBIX YPABHEHHI MEpBOro -

nopsijika.
nyc'\"b 3ajana cucremMa aByX ypaBHEHMﬁ HepBOl’O nopajka
{ Y =h*.y 2 ©
2= (%12

C HAYANBHBIMH yCJOBHAMU

§ ) = Yo 2 (%) =20 (10)

TIpHG/IHKeHHEIE SHAYEHUA ¥ (X;) A y; U 2 (x;) & 2; HAXOAATCH MO FOPMY-
nam

Y=Y+ Ay
2 =214z,

(1

rae
Ay =hf, (%3, 4, .),

=0.1,2, ). (12)

Az;

i

iy (%1 Y, 21)

Mpamep 2. [Mpumenss meron Diinepa, pewnth YHCJeHHO chctemy nuddepen-
UAATbHBIX ypaBHeHRd
{ ¥ ==y %,
2'=@+y=x
¢ nauanbHLME yeroeuama g (0) =1,0000, z (0) =1,0000 na otpeske 10; 0,b); war
= 0,l. Boryncaesns BeCTH G OJHHM 3aNACHHM 3HAKOM.
Pemeunmne [as pacueToB y Taba. 9.3. [ocaezo-
BATENILHOCTL AefiCTBHHA ACHa M8 TabAHUbL.

TaGauua 9.3

IS vi= Ay, =] b 2 Azy=
‘ ‘ “ ‘ “ | ==y, = R I =Gt x| —2ln

0 0 1,0000 0 0 1,0000 .
1 0,1 1,0000 0 0 i 0,2000 0,0200
2 0,2 1,0000 0,0040 0,0004 1,0200 0,4040 0,0404
50 03 | 10004 | 0018 | 0.0018| 1 0.6182 | 00618
4 0,4 1,0022 0,0480 0,0048 1,1222 0,8498 0,0850
5 0,5 1,0070 0,100 0,0100 1,2072 1,1071 0,1107
6 0,6 1,0170 1,3179

fipumep 3. llpumenss merton Sitnepa, cocraButs Ha oTpeske [1; 1,5] Tabauny
pewenns °

v +tty=0
© navanewnme yerosaama g (1) = 0,77; y' (1) = — 0,44 a marom & = 0,1,
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Pemwenne Crnomombio NOACTaHOBKE y = z, §* = 2’ 3ameHuM IakNOe Ypap.
HeRHe CHCTeMOl ypaswennd

2
-y

o

avaabnenn yeaoenamn g (1) = 0,77, z (1) = — 0,44, Berncaenns mpobesey
3; 0B

c oxHEM nakom. Jas pacuer
Ta6anua 9.4
, 2= Azy=
i x vy o=z | dy=ivi K} __’_1__”. =i
0| 1,0 0,77 | —0,44 | —0,044 | 0, —0,33 —0,033
! 1,1 0,726 —0,473| —0,047 ~—0,473 —0,2% —0,030
2 1,2 0,679 —0,503| —0,050 ~0,503 —0,260 —0,026
3 L3 0,62 —0,526 —0,053 ~0,529 —0,222 -0,022
4 1,4 0,576 —0,551| ~0,055 —0,551 —0,183 —0,018
5 1,5 0,521 —0,569

§ 9.5. Mogutbukaumuu meroga dknepa

Ycosepurenc TBoBaHHbll MeToR diinepa. Paccmorpuy auddepentnas-
HO€ ypaBHEeHHE

y=1f0 g U}

y (%) = Yo @
Tpefyetcs HaliTh pewenne ypasrenns (1) na otpeske la, 6],

PasoGbem oTpesok fa, 6] Ha n paBuBIX uwacTeli TouKaMu x; = Xo + ik
(i =0, 1, 2us, 1), 12€ h = (b— a)/n—1war uuTerpupoBaHus, CymHOCTH
YCOBEPUIEHCTBOBAHHOIO MeTola Diiiepa COCTOMT B CJEAyIOLeM: CHauala
BLIYHCASIOT BCIOMOTATe/bHbIE SHAUEHHS HCKOMOH QYRKUHH Yiyi/> B TOY-

h
Kax Xepip =% + ?' © noMouLbio GopMyBl

€ HavyaJbHbIM yCJIOBHEM

h
Y12 =yt vi, &)
3aTeM HaXOlST SHaueHWe npasoil gacTH ypasHenus (1) B cpexmed Touke
Yir12 = (Kir1/20 Yi+1/2) W onpenensior
Yem=Ysi+hyi £1/2 @

3ameuanue, Oueska NOrPELIHOCTH B TOYKE X; MOXET GbiTb NOJY-
YeHa C NOMOIMIBIO ¢ABOHHOIO NPOCUeTa»: pacyeT MOBTOPSIOT ¢ marom #/2 #
norpemHocTh GoJlee TOYHOrO 3HaYeHHs ¢ (mpu ware 4/2) oueHWBaloT
NPHO/IHKEHHO C/IEAYICIHM 06pasoM:

i —y 0l ~ -1 =5, ®
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rae y (x) — TouHoe pemenne An(QEPEHLHATLHOTO ypaBHEHHsS. YcoBep-
HJeHCTBOEaHHMﬁ MEeTOoA Qfmepa ABJsercs 6oJee TOYHbIM MO CpaBHEHHIO
¢ METOZOM, PaccMOTpeHHBIM B § 9.4.

Mpumep 1. IIpounTerpRpoBaTh yCOBEPWIEHCTBOBAHHEM MeTotom Diizepa And-
(epenuMalIbHOE YDABHENHE y' = y — X C HaualbHBIM YCAOBHEM X, = 0, yp = 1,5
Ha orpeﬂake [0, 1], npunsis A = 0,25. Buiunciehns BeCTH G YeTHPbMA SHAKAaMH TIOCTe
sanaTol,

Pemeu ne PeaynpTaTel BbiuCACHN# NpueefeHsl B Taba. 9,5, Oua 3anoanset-
cs1 clieflylomuym o6pasom.

TaGauuna 95

o fEee=] s | gpye= ,
il e AN e N LN S Mg vy2
=iy, | 2 A =y (’”:;/17/7?
T £ o ) © 0 B ©
ofo 1,5000} 1,5000 [0,1875( 0,125 1,6875 1,5625 139
110,25 |1,8906) 1,6406 |0,2051] 0,3750 2,0957 1,7207 0,4302
20,50 |2,3208| 1,8208 [0,2276| 0,6750 2,5484 1,8734 0,4684
310,75 [2,7302| 2.0392 [0,2549| 08750 | 3.0441 21691 | 0,5423
4| 100 |3:3315| 2,3315 |0,2914| 1,1250 | 13,6229 2.4974 | 0.6243
15| 1,25 |3,9558| 2,7058 [0,3382] 1,3750 | 4.2340 2,019 | 07298
6] 1,50 [4,6856

I war. o Hada/ALNIM JaHHEIM 3200/HSEN NEPBYO CTPOKY B CToAGUAX (2)
8 (3).

1l w ar. Ws ypassesns y; = f (x;, y;) = y; — ¥; BHUMCAAEM y[ A1a cTon6ua
@ (=0, 1, .., 5.

111 w a r. Conepaxumoe cronGua (4) ymuomaem Ha h/2 B TeM cambiM oupeledsen

"3+ Yi; peayabTar samucubaey B croaten (5).

IVwmar, C croabua (6) y nyTem TeKyiero sHa-
aenus x; u h/2.
mwapr. K comepxurmonmy croabua (3) npubasaseMm coiepxumoe croabua (5)
H pesyJbTaT samHckIBaeM B cToaGel (7).
wmar, Halzenuue suavenus LY yHL[c'mJIGIIH (6) u (7)] cootsetcTBeH-
3
HO MOACTaB/ZEM B NPaBYIO YacTh MLHOT onpe-
ReasieM yl’+ 1 U sanucmiBaeM 8 croaben (8).

3
Vil mar, Couef)mm!oe c’rondua (8) ymHOXaeM Ha War MHTerpHpOBanus A n
onpeneasnenm hyj 5 [cTonGen (

VIII w ar. Comepxumoe c'lonlSua (3) mpmbaeasieM K cofepxumoMy cToabua
(9) ¥ noaydenuwii pecyapTar V= yi+ hy,v 1 (=0, 1, u,, 5) sanucusaem
B cronben (3) chepywomei crpo u

Tanee Ber npouece BhiuHCIeRR# MoBTopseM, Haunuas co 11 wara.

YcosepuiencTeoBanHblil MeTon Jitaepa — Kowm. Cymmocts Metona
finepa — Kown coctont B caenytowem, Cragaia onpeieasior BCnomora-
TEbHYIO BEJIHYHHY

Ve=y:+hyl, ©
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3aTeN BHUHCARIOT Jiq1 = f (X,41, Juga) ¥ MO OpMYTE
Y=y e ——“'“H‘ )

HaXOAAT COOTBETCTBYIOLULEE PeLIeHHE.
OueHKa nOrpewiHoCTd MOXeT OHTb OCyllecTBJeHa no ¢opmyae (5)
nocJe NpoBeleHHs NOBTOPHOTO Npocyera ¢ warom /2.

fipumep 2. Tloabsysick  ycopepuwencTBOBaHHEIM MeTonom O#aepa — Komn,
npoml'lerpprBaTb nud)@»epeuuuanbﬂoe ypapHenne npunepa .
n e Peay & 186. 9.6. 3
raGawme npousaonm‘cﬁ cneammuu o6pasoM.

Tabauua 96

~ ~ oy, =
b= | U= !

oo Y, u= |4 x =Ty, — (BT g+,

i i vy v i+t ity i':‘ viga| rpd gl
+1 2
ol @ 3 ) ® | ©® [ 3 © 0
0j0 1,5000] 1,5000 |0,3750| 1,625 [0,4062f  0,3906
10,25 |1,8006] 1,6406 10,4102 1,8008 0,4502]  0,4302
20,50 12,32 1,8208 10,4552 2,02 ,5065(  0,4808
30,75 |2,8016) 2,0516 |0,5]120 2,3145 [0,5786( 0,5458
411,00 |3,3474] 2,3474 10,5869 2,6842 10,6710 0,6289
511,25 18,9763) 2,7263 [0,6816) 3,1579 |0,7835( 0,7355
611,50 (4,7118]

1w ar. Mo HavaibneM fannuy sanoasen cToabus (2) u (3) nepeoi CTPOKA.
1l w ar. Onpegeasem shavenwe g/ =/ (xp, y) =y, — x; (1 =0, 1, wuy §)
Ans cToabna (4).
111 war. Hafizeutoe suauesue yi 43 cToaGlta (4) yMHOMAEM HA WAT WHTErPHPO-
BaHHs h 1 Pesy/IbTaT sanuceiBaem B croadeu (5).
1V m ar. Onperenses xipg = %3 + h (t = 0, I, ..., 5) 1as cToa6ua \6).
Vwar K croatia (3) npu: CoaepRunoe crostuz (5) u
peaymﬂar sanocuM B croaden (7), 7. e. onpejedsen y,“ =y, + hyl.
war Hafmeaﬂue 3Hayenus x,+, H Y1 noncraa:mev B NpaByio 9acTb
AaHHOTO i+ 2as croadua (8).
Vilwa r Pesy.'lb'ral‘ CTDJlﬁuﬂ @®) yMHo»(aeM Ha war HHTerpHPOBakus h n on-
pedensien ki1 [cTonen (9)
11 war. Haxoams Ay‘ [cTonen (10)], 2aa vero onpefensen moaycymMy e-
MHYEH, 3aNHCAHHEIX B cTOnbUax (5) u (9).
war. K y croatua (3) croabua (10)
" peaynmAaT 33HOCHM B cToAGel (3) Clelylowel CTPOKH, T. €. ONpPefelneM §41 =
=yt

Yi
3aleM Bech Npolece BHUHCICHHH NOBTOPscM, Baunkas co 11 mara.

YcoBepuiencreoannbiil Meto Jiiaepa — Kown ¢ nocaeaywoumeit nre-
paunonHoii o6pabotkoit. Meroa Jiinepa — Kowu ¢ nrepaunonHoii o6pa-
GoTko#t ABNgercs GoJee TOUHBIM, YeM paHee PAaccMOTpEHHEIf Meron Diise-
pa — Ko, CyulHOCTb €10 3aKTI0Ya€TCs B TOM, 4TO IPOH3BOAHTCS HTCpa-
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pHoHHas 06paboTKa KaxIoro Hal ;. BHauane P
ca rpy6oe npHONHKeHHe
YO =yiHhf (x4, ®)
saTeM CTPOHTCA HTEPAUHOHHBI mpouecc:
y®, =yi+—(f(xu Y+ F G SN (9)

Hrepauii NPOROKAIOTCA O TEX MOP, MOKA BA MOCAEIOBATENBHEX NPHOG-
puwerns yf u yfiED me coBmanyT B uHTEpeCylOULUX BBUHCANTENA SHa-
kax., Tlocne sTOro mpummMaeTcs gy, ~ piii . Ecnm nocre Tpex-
ueTblpex MTepaumii npH BLHOpaHHOM SHaYeHHH /I COBMAfEHHH HYyXHBIX
8HAKOB He NPOHCXOLNT, TO CJGAYET YMEHDIIHTD War pacyeta A,

Tpumep 3. [Ipnvenss meTon mTepaunonnofi o6paGotky, HaiTH & 'mquocnm 110
UeTHIPEX COBNANAIOMUX AECATHYHLIX SHAKOB DelleHne ypabHEeHHs §' =
uaamaugy% yenosred y (0) = L. Pemenne noayunts Ha orpeske [0; 1,5], subpas
b= .
Pemenu e, Tlo popmyae (8) naxogam
930 = gy - h (g — x0) = 1,5000 + 0,375 = 1,8750,
Tlanee, npouece (9),

h
W =0+ 5 o= r0)+ () —x)l =
= 1,5000+0, 125 (1,50001,876—0,25)= I,89062;
i”—y°+—((yu—x.>+(y"’~x.)1=
=1,50004-0, 125 (1,50001,89062—0,25) =1,89258,
F’=w+—l(yn—x.,)+w’—-m1=
=1,5000-0,125 (1,50001-1,89258 —0,25) =1,89282;
h
A=t (=) + 0 2 x1 =
=1,5000--0, 125 (1,5000 -+ 1,89282—0,25) = 1,89285.
B neyx geTnipe sHaka. [lostomy nocae okpyr-

MeHHS MOXHO MpuHsATH y; =~ 1,8929.
Crosa noabsysck Gopmyaoci (8), npn { = 1 uaxonam

980 = g; + b (x, gg) = 1,8929 + 0,25 (1,8929—0,25) = 2,3036.
To ¢opmyne (9)

Ui = 18929 0,125 11,6420 + (2,305 —0.50)) = 2,237,
{9 = 1,8929 -+ 0,125 (1,6420 - (2,3237 —0,50)] = 2,32622;

§$D = 1,8920 - 0,125 [1,6429 -+ (2,32622—0,50)] = 2,32654;

i = 1,8920 - 0,125 [1,6429 + (2,32654 —0,50)] = 2,32638.

HTepauui MOXHO NDPEKPATHTL M MDPHHATL g, =~ 2,3266, l’lpnuel-mz nazee dopMyas
®n (9), NOAYAHM PEMEHHE UdHHOIO ¥ Pesyabiatet
8 ra6a. 9,7 ma crp. 326,
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Ta6anua 9.7

oA u P “4 43 N o, Uit
0 | 0 |1.5000 | 1,675 |1,89062 | 1,89958 | 1,80282 | 1,89285 | 1,8999
1 10,25 1,8929 |2,3036 | 2,3237 | 2,32622 | 2,32654 | 2,32658 | 2.326
2 | 0,50 | 2,3966 | 2,78325 | 2,80908 | 2,81251 | 2,81271 | 2,81276 | 2,8128
3 | 0,75 | 2,8128 | 13,3285 |3,36171 | 3,36586 | 3,3664 | 3,36645 | 3,366

4 | 1,00 | 33664 |3,9560 | 4,0007 | 4,00603 | 4,0067 | 4.00679 | 4,0068
5 | 1,25 4.0068 | 4,6960 | 4,7500 | 4,75776 | 4,75870 | 475672 | 4,7587
6 | 1,50 | 4,7587

§ 9.6. Merop Pysre — Kyrra

Meron Pynre — KyTTa siB/sieTcsi ONHHM H3 METONOB NOBEINIEHHOM
TogHocTH. OH MMeeT MHOro ofiero ¢ mMetofoM Jiisepa,
Tycts Ha otpeske [a, bl TpeGyetcs HafiTn uHC/eRHOE pelleHHe ypaBHe-

HUA
Y =i v (1)
C HayalBHBIM YCOBHEM
y (%) = yor @
PasoGbem o1pesok la, b Ha n pasHbIX gacTell TOuKamu x; = Xo -+ th
(i=0,1,..., n), rne h = (b — a)/n — mar uuTerpupoeasns, B meroze
Pynre — KyTTa, TaK xe H B MeTofie Diisiepa, MOCJEN0BATe/IbHbIE SHAYSHHSI
¢, MCKOMO# (QYHKUHH y ONPEASTRIOTCA TO Jopmye
Yitr = i + By 3)
Ecan pasnoxkuthb GyrKnnio y 8 pan Teiiopa B OrpaiHyYnTLCA ieHamy
70 h' BKTIOUHTEILHO, TO NMpupauleHue QYHKUHH Ay MOMNHO MpPEACTaBHTH
B BHIE
, n B [t
By=yFth—y@)=hy' O+ 4" )+ =" 0+ G-yt @)
4

Tioc.

rae nponssonssie §” (x), ¥ (x), ¥’V (x) omp
depenunp 13 yp 1).
Bwmecto menocpencTBeHHbIX BUHCJeHHH no ¢dopmyne (4) B meroge
Pynre — KyrTa onpezensiorcs deThipe uncia:

b=hf (3, ),
h 12

ko =Hf{(x4 y+ ),

bo=hi( 4 g+ ), ®

ky=hf (x+h, y+ ky).
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Mo:KHO NOKa3aTh, 9TO €C/IH YueAam &y, ky, kg, k, IPULATD COOTBETCTBEH-
Ho Bec 1/6; 1/3; 1/3; 1/6, To cpenHeB3BeleHHOe 5TUX UHCEd, T. €,

1 1 1 1
s_k‘+Tkz+Tk3+?k‘ ©)
€ TOYHOCTBIO JIO YETBEPTHIX CTelleHell PaBHO 3HAUCHUIO Ay, BLHIUHCICHHOMY
no dopmyne (4):
By= - (bt 2+ 2y k). Y
@]
Takuum o6paso™, 119 Kawx-
Joit napel  TekyumHX 3HaveHHi
X; B y; no dopmysiam (5) ompe-
JIeNAIOTCA SHAYEHU S
RO =hf (x,, y,)

K= 5yt g+ 20,

® .
o A
K —Iz/(v,-}-—,y, R rerl Kt ¥
R = i (x +h, gy +’?‘a”)~ Puc. 9.3

no dopmyse (7) Haxoautes
1

By = (6 200 1200 1)

H 3areM

Y1 = 1 + Ay

Yucna ky, kg, kg k, ¥veloT npoctofi reomerputueckuii cupiea. [yers
kpuBas MCM, (puc. 9.3) npencrapaser coGoii pewenne qidpepeniuain.
Horo ypasHenus (1) ¢ Hauanbibiv ycaosueM (2). Touka C 37Ol KpuBof
JIEXHT Ha IPsMOi, mapa/iiensroii oo Oy B Jensmeli oTpesok Lxj, Xl
nononam, B u G — TOUKY NepeceueHus KacaTeJbHOMN, NPOBeNeHHOM K KpH-
Boii B TOuKe M, ¢ opaunatamu AC u Ny M,. Torza uucao &, ¢ TOUHOCTBIO
10 MHOMMHIEA b (T1e h = xiyy — X)) ecTh yraioBoil KoSdguLIenT Kaca-
TenbHOH B Touke M, K uuterpansuoii kpusoft AlCMy, T. e k= hy =
= hf (v yi). A .

Touka B mweeT Koopimnathl ¥ = x; + 3, y = y; + . Crenosarens-
HO, 9HCJIO Ry C TOYHOCTBIO N0 MHOMHTENS A €CTb yIVIOBOH KO(MpHILHEHT
KacaTe/ibHO#, NIPOBeNeHNON K uHTerpajsLhofi Kpusoéi B Touke B (BF —
OTPE3oK STOM KacaTesbHol),

Uepes TOUKY M, NpoBeieM NpAMylo,. Hapaiensyio oTpesky BF.

by
Torna Touka D HMEET KOOPRHHATH X = X; + 5, y = 4 + 7 H ky c TOU-

HOCTBIO 0 MHOXHTeNst i — YrJIoBOH Koadipriient KacalenbHOM, nmpose-
JenHofl K HHTerpanbHoil KpuBoH B Touke D (DK, — 0Tpe3ok 3T0# Kacae

327



Tat6anua 9.8

: ‘ x ' v } V=1 k=hi (5, B Ay
) @) @) | ) ®) | (61
% Y% 1(x0, g0) L A
n O oy
fokgm | vt | "0+T»!/n+%) L 240
0 h /1(20» h O .
rot | et | bk ve+ - £ 240
nth | gk 1 Gahy yo£(0) o £
1
- E=bu
a n=yekdy, 16, ) K LS
h (0 h BD
o g |wrE| ("1 t5m +-—;_) b 20
h B h KD
aty | nt——| ("\ gt > D 2
x4h GiRY | F ek by RD) kD A
1
- =0y,
2 X #r=y1+8y; ]

Teqbnoil). Hakouen, uepes Touky M, nposerem npamyio, napannensiyio
DR, koTOpas nepeceuet npoponxeine MN, B1ouke Ry (x; 4 h; y; + k).
Toraa k, C TOYHOCTBIO 10 MHOXKHTENA A eCTh YIVIOBOH KOS(HIHENT Kaca-
TeJbHON, NPOBELCHHON K UNTerpaabHOH KPHBOH B TOUKe

Boiuncaennsn no merony Pynre — KyTTa yio6Ho pacnosarats no cxe-
Me, yKasaunoii B TaGa. 9.8. Ira Tabnula sanoHAeTCs ClIeYIOUHM 06pasom:

Twar. B croabubt (2) u (3) Tekyuweit CTPOKH 3aNHCHIBAIOT 1y KHblE
snavenns X 1 y. (Ecau cTpoka nepsas, TO 3aNHCLIBAIOT HauasbHLIe Nafible
Xo M Yo.)

100 ar. Suauenus x o y Tekylleil CTPOKH NOACTABASIOT B MPaBylo
yacTh Audipepenianbhoro ypasnenns (1), onpexeasior f (x, y) w sanncwl-
BailoT B cTOAOEL (4) 370l KE CTPOKH.

11T w a r. Tosyuennoe suavenue f (x, y) croa6ua (4) yMHOKAIOT Ha War
WHTErpHpoBaHis A, BBUHCASIOT k = hf (¥, y) u sanuceiBaior B cToaletl
(5) 37Ol We CTPOKH.

IV w ar. Halizennbe 3navenns k yMHOMNAIOT HAa COOTBETCTBYIOMMI
xoapuument (Ha 1, ecin 310 Ay HaW £y, AN HA 2, eClM 310 Ry WM kg),
pesyJIbTaT 3anuchiBalor B cronben (6) Tekyuied cTpoKu.

Miarn 1, 11, TI1, IV nosropsiorT aas HAXOMAEHHA KaXAOro k B (M
peteniH,
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Pea)lfnwam IECTOf CTPOKM CYMMHDYIOT, NedsiT Ha 6, onpenensior
Ap =5 2 8 Y =y + Dy .

3aTeM BCe BHUHC/IEHHA MOBTOPSIOT, HaumHas ¢ | wara, 10 Tex nop,
noka e Oyner mpoiiaéH sech orpesok la, bl.

Meron Pynre — KyTra umeer nopsnok TouHOCTH A' Ha BCeM OTpeske
[a, b}, OuetKa TOYHOCTH METONA STOTO OYeHb 3aTpymiHTEdsHa. [pySyio
OIEHKY NOTPELHOCTH MOXHO TOJYUHTb C NOMOWBIO ¢IBOHHOIO NpocyeTar
no opmyse .

lyi— g x| = L )

rae y (X;) — sHayeHne TOYHOTO pemleHusi ypaBHeHns (1) B TOuKe x;, a 4 1
y;— NpHOAMKEHHbIE SHAYCHHSA, NOJTyueHHbIe ¢ waroM 4/2 u h.

Ecan & — 3ajanHas TOUHOCTb PELIEHHs, TO UHCIO A (WHCJO AeNeHni)
ANA ONDE/JIEHHs IIara WHTErpupoBaHus i = (b — a)/n BhiGHpaeTcs Ta-
KHM 00pa3oM, 4TOGH!

W <e. (10

Onnako war pacueTa MOYKHO MEHATb NPU Tiepexone OT OAHOI TOUKH K 1py-
rofl.

Jlns OoueHKH MpaBMJBHOCTH BHIOOpA Liara A HCOOAL3YIT PaBEHCTHO
B —

9= B — b

s (an

re g NOMKHO ObITh PaBHO HECKONBKMM COTEIM, B NPOTHBHOM Caydae
wWar A yMeHbWaloT,

TMpumep 1 Jlano nudiepenunadbroe ypasHemue § = y — X 0 HAYATLHBIM
yeaosuem y (0) = 1,5, Buuncants ¢ TounoCTbio fo & = 0,01 peiveiue sToro ypaste-
Hug opu x = 1,5. Bugncaenns nposects no metony Pywre — Kyrra ¢ AByms sanac-
HLIMH SHAKawH.

Pewe u e Bubupaem navaibHuii war sxapciennil b ns yeaosus b < 0,01,
Torna h < 0,3. las yaoficTsa BeuucIeHni npumen h = 0,25, Bech otpesok mater-
puposannsa [0; 1,5) pasoGbercs Ha DleCTb paBHLIX dacTeli Toskamn xy = 0; 5, = 0,25;
X = 0,50, x5 = 0,75; x, = 1,00; x5 = 1,25, x, = 1,50. H3 uauansubix ycaosui
uneenm x, = 0, yo = 1,5. Halinem nepoe mpuGauxente yy = yy + Ay, rie

1 —
By =5~ (6 4 20+ 2 4 #).

Hcnoassya dopuyds (8), noaydmnm:
B = (go — x0) b = 1,5000 - 0,25 = 0,3750;

(0) h

o [(yo-i— ’%)_ <xﬂ+ —2-)] h=1(1,5000-+0, 1875) 0, 125] -0, 25 = 0, 3906;
£ h

= [(ya-{» %) — (x‘,+ —{)] h=[(1,5000 +0,1953)—0, 125].0,25=0,3926;

B0 = [(go+£5”) — (xo +m)] K= 1(1,5000--0,3026) —0, 125]-0,25 == 0, 4106,
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Ta6anua 9.9

i x v =i k=hf @, 9 Ay
a @) @) @ 5) ©)
0 0 1,5000 1,5000 0,3750 0,3750
0,125 1,6875 1,5625 0,3906 0,7812
0,125 1,6953 1,5703 0,3926 0,7852
0,25 1,8926 1,6426 0,4106 0,4106
0,3020
1 0,25 1,8920 1,6420 0,4105 0,4105
0,375 2,0973 1,7223 0,4306 0,8612
0,375 2,1073 1,7323 0,4331 0,8662
0,50 2,3251 1,8251 0,4562 0,4562
0,4323
2 0,50 2,3243 1,8243 0,4561 0,4561
0,625 2,5523 1,9273 0,4818 , 963
0,625 2,5652 1,9402 0,4850 0,9700
0,75 2,8093 2,0593 0,5148 0,5148
0,4841
3 0,75 2,8084 2,05%4 0,5146 0,5146
0,875 3,0657 2,1907 0,5477 1,0954
0,875 3,0823 2,2073 0,5518 1,1036
1,00 ,3602 2,3602 ,5900 0,5%00
0,5506
4 1,00 3,359 2,3590 0,5508 0,5898
1,125 3 6539 2,5289 0,6322 1,2641
1,125 3,6751 2,5501 0,6375 1,2750
1,25 3,9965 2,7465 0,6866 0,6866
0,6360
5 L2 3,9950 2,7450 0,6862 0,6862
1,375 4,3381 2,9631 0,7408 1,4816
1,375 4,365¢ ,9 0,7476 1,4952
1,50 4,7426 3,242 0,8106 0,8106
0,7456
6 1,50 4,7406




Cnegopatennyo,
Ay, - (0,375C 4 2 0,3906 -2 0,3926 4 0,4106) =0, 3920
u
g, = 1,5000 - 0,3920 = 1,8920.
a peuenne B Tabn 99,
Takuy 06pasom, okonyaTensho mween y (1,5)=4,74
Meron Pyure — KyTra moser OWTh NDHMEHEH H K pEUIEHHIO CHCTEM
anddepentuanbHLIX ypaBHeHHI,
Tlycts sanana cuctema AuQepeHinnanbHLX ypaBHEHUH NMepBOro mo-

prAKa:

{ y=i 0,9, a2
F=gx 4.2

€ HaYa/IBHBIMA YCJIOBH MU

x = Xo 4 (Xo) = Yo, 2 (%)) = 2 (13)
B 5T0M cllydae NapajfenbHo onpefesiores ancaa Ay, u Az:
A= - (40 -+ 29+ 209+ K), )
(14)
A2, = (04 20 4209 4 19,
rue
B =hf (x4, y;. 2,),
p=hg(x, v 2.5
y h k(lﬂ Ifll)
Ko =4t (x,+7. PR S T);
h P I
=g (rt g v+ A o )
! @ o 1s)
=t (ot o+ e o A
[ Ys PORLAPL. (. (A}
e = N T St A o

EQ=hf (x5, +h g+ RO, 2,4 19);
P=hg(ei+h y+hY 2+ 1),
Torga TOAYYHM pelieHHe CHCTEM:!
Yn=h+8y, za=2z-+Az

Mpamep 2. Banana cucreMa fudidepeHuHaNbuEIX ypaBHeHHH

y—x
g ==t

.
7]

z2+x

¢ navaNBHEIMH YCAOBHAME %, = 0,5; g, = 1; 25 = 1. Hafitn pewenue CHOTEMB npa
x = 0,6. Buuuc/eHRA BECTH G IATLIO SHAKAMH 110CIS 8aNsTOM,
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Pemenue. Bubepenm mar h=0,1 B nafizem uncia ky, Iy, ka, lg, ks, I, ke, It

—_ —0,5
pmh =X o 2705 4 heaon,
. 1
24y 2 -
L=k - —0,1. % =013
it 2 0.1 s

I3
rQ(y")'T‘)_( 2.1,075—0,55
ky=h = o
s i e = 014100
{2 Pl
L o E
2+ )
o or T op, 2rom 0, 13259)
= —o, 3 =0,
[ [ T,06667 + 0,55
(!n+71)+(n+—;) 06667 +
£y A\
2(”"*"_;)_ '“+‘—’) 2.1,07050—0,55
hy=th — | =0,1. == 2 =0, 14918;
* Iy ! 1,00650 o '
Ky
. E
?(””J'Tz) 2 1,07050
ly=h = . - =0,
g A W 1 T aem04 0,55 — 0189
(o 5)* (o T)
/i.=/'[ k= ot | 2L OMB—00
2t h 11325
1;~h[ 2 (ot ka) }= P 1L
ot f) + (ot 1) 1132854 0,6

CuenoratennHo,
i
Ay, =-6— (0,15--2.0, 14100 + 2-0, 14918 40, 14998) = 0, 14672;
gy =— (0,13333+ 2.0,13299-2.0, 13245 + 0, 13266) = 0, 13281

H OKOHYaTe/bHO NoNyYacM 3HaYeHHe WCKOMEIX BYHKURNA B Touke x = 0,61
yy= 1+ 0,14672 = 1,14672; 2z, = 1 -+ 0,13281 = 1,13281,

§ 9.7. DKCTPANONAUMOHHLIN MeToa Apamca

Tpu  pewennu i NBHOTO  yp merofoM Pynre —
Ky'rra HEOGXOJIUMO ﬂpOHSEO}lHTb MHOTO BBIYHC/IEHUH V1A HAXOMACHH A Kax-
2010 y;. B TOM cnywae, Koraa mpapasi 4acThb ypaBHeHHsi HMEET CVIOKHOE
AHAHTHYECKOE BEIDAXEHHE, PeIleHHE TaKOro ypaBHeHHs MeTOfoM PyH-
re — Kyrra BbisbiBaer GoJbliue TPYAHOCTH. TlostoMy Ha mpakTHKe TMpH-
Menserca aemod Adamca, KOTOpLIil He TPEGYET MHOTOKPATHOIO TnioAcueTa
NpaBo#l yaclu ypapHenus,
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[ycrs namo nudxepennnalibHOe ypaBHEHHe
y=Ff 9 (1
¢ HAYANBHBIM YCIOBHEM
X=X §X) = Yo 4]
TpeGyercs HaliTH pelleHHe 9TOrO ypaBHeHus Ha orpeske [a, bl
Pasobrem orpe3ok la, b Ha n paBHbix yacTeil TouKamu ¥, = x, - il
(t=0,1,2,..., n). BuGepem yuactox lx;, x;4,] u nponnterpupyem ang-
(pepennuansHOe ypasHenye (1); Toraa nosyuum
Fit1
V=gt § v s
i
Xi1
Ay; = S Y dx. (3)
i
Ilna naxoxIeHHs MPOH3BOLHON BOCHO/B3yeMCs BTOPOH HHTEPIONS-

unoHHOH Qopmynoli HeioTona (orpammuuBasich NpH 5TOM DPasHOCTSIMH
TPETHETO TMOPALKA):

=y idgi+ LD ary o

2 ,
m+1;l(:+ ) Nyl )
e ¢ = (x — x;)/h, wm

Y =yi +tdyi+

Toncrapasis BHpaxkenue Ans y' u3 ¢opmyser (4') B cooTHoweHHe (3) u
yunTHBas, 4T0 dx = A df, umeem

°

.
BL gt gpy + EEILED poy @)

! 2
By (o1 + a8yl EEL Ay PETER vyt =
0

=hyl b Ao+ A i)+ S M. 6

O6o3naurim B AanbHeAeM
=y h=10y) h (=012 ..,n).
Toraa Ans Jo6oit pasnocTh umeem A"q, = A™ (y/h) u

1 5 3
By =gt 5 Mgy + 5 At = A0, ©

Mo gopmyne y,4q = yi -+ Ay; nonydaem pewense ypasnenns. dopmyna
(B) HOCHT Ha3BaHMe SKCMPANOAAYUOHHOE hopmyas Adamca.

Jlas Havana NpoUECCa HYMHBI YETHIpe HAualbHLIX 3HAUEHUS Yo, Yy
Yay Y5 — TaK Ha3bIBACMEI HOUQAbHbUL OMpPesoK, KOTOPIH MOXKET BT Hali-
LeH, HCXOAA M3 HAyaJlbHOTO yc/MOBHA (2) ¢ HCMOJB30BAHHEM OJHOTO i3
nsecTHbIx MeT0f10B, OBHIMHO HaYa/ibHENI OTPESOK peleHUs HaXOAHTCS
meroom Pynre — Kytra.
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3Han Yo, Y1y Ya» Y3, MOKHO ONPELETHTE
Go=hy,=hf (40 Qr=hy;=H (xy, 4 o
Go=hy,=hf (% Ga)i G5 =hy,=hf (x5, Y-

Jlanee cocTamnsiercs Tabinua pashocredi Beauumubl g (Taba. 9.10).
Ta6amna 9.10

[ A B B S N O D R i h l g | a%; 2%
oo | e | 5 ® | o ® ©
0 X0 | Lxo, o) (3 | Age | &%q | A%q
1 x 9 [xn, w1) a Agy Agp R
2 x| 1 (%2, y2) 23 Ag
3 X3 vy | Bua | E(xe w9) 9
4 u | on
5 x }

I

Meron Anamca sakmouaercsi B NPONO/IKEHHH JHAroHanbHOH TabauIb!
pasHocTeii ¢ nomoutbio gopmyasl (6). Mcnosbsys unciaa qa, Agg, A%gy,
A%y, KoTOpBIE pacnoiaralores B Ta/iHile N0 AHAroHamH, no dopmyde (6),
nonaras B Hel 1 = 3 (nocJielHee H3BECTHOE SHAYEHHE Y €CTb Y ), N0y YaloT:

1 5 3
Bys= 05+ 8go + = A’q,-]-?A" Qo-

TNonyuentoe sHaenne Ay, BHOCST B TaOAuIly W HAXONAT ¥, = g3 + Ay,
3arem, HCTNOAL3YA X, W HalileHHOE SHaueHWe y,, HaXONAT f (X, Y,), 4y
Aqy, A%q,, APgy, 7. €. moayuaeTcs HOBasi Anaronanb. [lo 5THM HauHbiM
HaXOAAT

1 5 3
By =94t 5 805+ 7 %, + 5 A"95 ps=vi+Agse

Taxum 06pa3oM, NPOAOKAIOT TalaKiy DEIeHNHs, BLIUHCIAA NPaByo
gacTh Auddepentnansioro ypasuenus (1) Ha KaxaoM 9Tane TOJbKO OuH
pas. .

Ins rpyGoit oueHKH NOTPeHOCTH TNpHMeHAeTcs npunyun Pyuee,
KOTOPEIil COCTOHT B C/IEAyIOMIeM:
1) nmaxozautes peiene Au(pdepesnHanbHoro ypapHenns npn ware i
2) suauenue wara i yJBaHBAaeTCA M HAXOAWICA pelueHHe NpH ware
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3) BLIWHC/IAETCA MOTPEIIHOCTE METOAA TIO QOpMyJie

= Lon=Funl,
om—1 @®)
e fn — TIpHG. 0 BBl npH  NBOHHOM ware

H =2k, a Yy, — SHAYeHHE NPUOHKEHHOTO BHIHCIEHHA NpH ware A.

3ameuanHe [Ipn BLYHC/IEHHN C WArOM £ Mpennofaraercsi, 4ro
fa KaX[IOM (iare AOMyINEHa MOTPEILHOCTb, MNPOMOpPHHCHANbHasn A™F1,
a ¢ waroM 2h — mporopuHoHanbHas (2)"+!, eciH TOPSAOK TOYHOCTH
METONa ONpeJie/ien H paBer A™,

OTMeTHM, 9TO B 9KCTpanoasuHoHHOk ¢opmyne Azamca (6) Tpetbn Ko-
HEUHBIE PAaSHOCTH A®q CYHTAIOTCH MOCTOSHHBIMH, TTosToMy BeanunHy h Ha-
qaNBHOIO Iara BHIYHC/AEHHI MOXKHO OMpENeNuTh M3 HepaBencTpa At < e,
A€ & — SajlaHHas TOYHOCTb PeIeHUs.

Ha npakTuKke C/IensT 3a XOLOM TPETHHX KOHEUHBIX pasHocTel, BuGHpas
h TakeM, 4106l cocenune pasHoctn A'g; uw A’gy; OTAWMUANHCH MERIY
coboii He Gosiee 9eM Ha OAHY-J\B€ €NHHHLE! 33/1aHHOT0 pas3psla (He cuHTas
SanacHbBIX SHaKOB),

Mpumep 1. Buupcants mpa x = 1,5 6 Tounoetsio 10 0,01 no metony Axavca sia-
weHEe pewenns QupHEPEHILHATBHOrO YPABHERAS ' = § — % C HaYaNbHEIM YCIOBHEM
% =0, yo= 1,5. Bce Be€TH C ABYMs i BHaKAMil.

Pemenne Kak u panee, BuGupaem A u3 coornowenns h' < 0,01, r, e.

= 0,25. HavanbHbll OTPE3OK Fo, g1, Y2, Y3 BOSBMEM W3 pemeHus npumepa 1 §
Jlnn pelienns STOFO ypasHeBHs €OCTABJSEM NBe TabJHIbI: OCHOBHYIO (Taba. 9.1|)
B Benomoratenuayio (Taba. 9.12). HasuaucHue X ACHO ¥3 CaMHX TaGauiL

TaGanna 911

[T Y Ay, Y= gmny | ag g, ag,
1 G I i f t
wl @ @ 0 ® © o 3 o
0o 1,5000 1,5000 | 0,3750 | 0,0855 | 0,0101 | 0,0028
110,25 | 1,8920 1,6420 | 0,4105 | 0,0456 | 0,0129 | 0,0037
210,50 2,3243 1,823 | 0,4561 | 0,0585 | 0,0166 | 0,0047
30,75 | 28081 | 0,5504 | 2,084 | 0,5146 | 0,0751 | 0,0213
4| 1,00 | 33588 | 0,6356 | 23588 | 0,5%97 | 0,0964
5[ 1,25 | 89944 | 0,7450 | 2,7444 | 0,6861
o | 150 | 4,73%
Tabawna 9.12
! 5 3
. o el TR 5 Y-s sy
0,5146 0,0293 0,0054 0,0011 0,5504
4 ¥ 0,0376 0,0069 00014 0,6356
5 0.6861 0,0482 00089 0,0018 0,7450

Oxonyatensno umeem y(1,5)=4,74, -
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Meron Anavca npumennercx TaKke ¥ IS PeleHns cnc’reM nuddepen-

LHAIBHBIX Y TBHBIX Y P
Iycts sajana ch‘reMa IBYX ypaBHeHmit
: { y=hxy 2 ©
7 =f(x, 4, 2).

Torna skcTpanonaunounsie GopMyasl Anamca Julsi STOH CHCTEMbI HMEIOT
BUI
Ayy= Pl+ = Am-x+— A? Pl—a+ 2 a8 Pi-g
(10)
Az =g+ T Agiy +E Ngp,+ ? Agig
TIe
pi=hyi =iy (1, 03, 2),  G=hzi =hfy (x50 05 20

Yo = 41+ By 2y =2+ Dz
Tpuwmep 2, ﬂpn\\elmﬂ meTod Anamca, pemHTb UHC/AeHHO CHCTeMy Auddepenun-
anbubIX ypasHeuud
{y =@E=yx,
2=(z+yx
; Hﬂ(’-ljﬂinhHHMH yeaosnamn g (0) = 1,000; z (0) = 1,000 na orpeske [0; 0,6]; mar
Pewe nue. Havalenuil 0Tpe3ok peweHns BosbMem H3 TaGa. 9.3 (pamee Mbi
pemann sry _eucreny wetoon Jiinepa). 3uavenns Qyukund y (x) nz (x) npn
Xy = 0 4; x5 = 0,5 n x« = 0 6 Gynem HCRaTh ¢ nOMOmle dopmya (10), o6osnauus
hixy,2=y¢ = ufy (%, 4,2) = 2 = (2 y) x. Bouueaeuns pacnono-
HeHbl B Tabn. 9. 13 9 H n 9 15 (raba. 14 u 9.15 ABAKIOTCH BCIOMOraTeJbHEMH).

Tagauna 9.13

0 X u Ay o4 Bp; atpy a'py
0 0 | 1,0000 0,0000 | 0,0000 | 0,0004 | 0,008
1 0,1 | 1,0000 0,0000 | 0,0004 | 0,0010
20 0,2 | 1,000 0,0004 | 0,0014 | 0,0020 | O, 0004
3 | 0,8 | 1,0000 | 0,003 | 0,0018 | 0,0034 | 0,0024
4| 04 | 1,006 | 0,008 | 0,0052 | 0,0038
5 | 055 | Loll7 | 0,015 | 0,0110
6 | 0,6 | 1,027
1 % 2y Az o agy atgy a'g
0 0 | 1,0000 0,000 | 0,0200 | 0,0004 | 0,0006
1 0,1 | 1,0000 0,0200 | 0,0204 | 0,0010 | 0,0013
2 0,2 | 1,0200 0,0404 | 0,0214 | 0,0023 | 0.0007
30 03 |1 0,0732 | 0,0618 | 0,0237 | 0,0030
4 | 0,4 | 1,13% | 0,097 | 0,0855 | 0,0267
5 | 0,5 | 1,223 | 0,1271 | 0,122
6 | 0.6 | 1,359
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Ta6n. 9.14 npeanaswavena AAA ONpejieNieNHs NPaBHX YacTel TaHHON CHCTEMB! M Ha-
XOKIEHHS p; U gj, a Taba. 9.15— 1ns onpelesiesns Ay; u Az; 0 Pa3HOCTAM BeANYHH
p # g TOAYSeHHHN B TaGx. 9.13.

TaGauna 9.14

1 x ¥ 2 P o 25 2
0 0,0 | 1,000 | 1,0000 | 0,0000 | 0,0000 | 0,0000 0,0000
1 0,1 1,0000 | 1,0000 | 0,0000 | 0,0000 0,2000 0,0200
2 0,2 1,0000 | 1,0200 | 0,0040 | 0,0004 0,4040 0,0404
3 0.3 | 10004 | 1,0804 | 0,0180 | 0,0018 | 0,6182 0,0618
4 0,4 1,0036 | 1,1336 | 0,0520 | 0,0052 0,8549 0,0855
5 0,5 | 1,0117 | 12323 | 0,1103 | 0.0110 | 1,1220 01122
Ta6anna 9.15
! 5 3
i ny 2 8P | Ty APy o A% ay,
0,0018 0,0007 0,000425 0,000225 0,0032
4 0,0052 0,0017 0,000850 0, 75 0,0081
0,0110 0,0029 0,0010 0,00015 0,0150
1 5 3
i o T8 | Yy M8ee | A% az
3 0,0618 0,0107 0,000425 0,000225 0,0732
4 0,0855 0,018 0,000958 0,000488 0.0987
0,1122 0,0134 0,00125 0,00026 1,1271

Ynpamuenus

1. Hcnoabsys meton [Nukapa, HaliTh TPh DOC/EJ0BAaTeNbHEY NPHOMHNKEHHS De-
wenus AuddepeHUHaNbHOrO YpaBHeHN !

a) ¥’ = 4y (1 -+ x); vavanbHoe ycaosme y (0) = 1j
6) ¥ = x — y; HauaAbHoe ycaoBke y (0) = 1,
56 4

Omaemut ) yy= 148x° & 5 X3+ 188 48224 — 2%

Eal
2"

2. HafiTi nepshie CeMb 4.1eHOB gasno)kenun B cTenenHofi pax pemenns y = g (x)
)’PaBue;n(g Id -;5 0,1 (¢ + (1+ 0,1 x) y = 0 @ navanvusmu yenosnamn y (0) =
=1,y (0)=2

Omaem: y(x) =14 2x—0,75% — 0,25675° + 0,051x" + 0,0014742—0,0010125,
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8. Haijitn pemenne nuddepenunanbaoro ypaBHeHl—m y = dxPy | 2= ,ynos.
JeTBopsiouiee HadadbHbM ycaoBHaM y (0) = 0, ¢' (0) = Orpammurbcn YleHaMR
pasnoxeHus B CTeneHHofi Psl, COlepKallHME x“

Omaem: y(x):x—xz-l—i xﬁ—%x".

4. Nonaras h = 0,1, meTozom diinepa pewnts AuddeperuHaNbHEe YPABHEHHS
NPH 3ajaHNBIX HAYAJbHbIX YCIOBHAX HA YKa3aHHBIX HHTepBadaX:

Ay =y+3xy0)= —1x¢[0;05];
6) ¢ =x— 24y (0) = 0;x¢[0, 1].
Omeenmer: a)[/,—~—ll = — L8 ——123

g = — 1,2

8; 1,2718;
) Y ,01; L's=0027 00524 y5= 008192
Yo = 0,115536; g, =0, 102423 ye = 0,191943; yo = % ,233554; 444 = 0,976844.
5. "pﬂMeHﬁﬁ ytosepmeum‘aosaunuﬁ meTox Dliaepa, HaiiTu ma orpeske [0, 1]
Tabauny pemenus Au(QPepesUHaIbHOrO ypaBHenus y' = y -7 TpH HaYyaldbHOM
yenoenn y (0) = 1, npmma h=0,2
Omeem: Yo = 18 =1, 1836 ya = 1,3426; y, = 1,4850; g, = 1,6152,
Lys= 1,7362.
6. [Mpumenss yconepmeﬂcmoaauauﬁ meton Ditnepa — Kowws, pemuts Lud-
depenunasbHOe ypaBHERHE H3 YUP.

meem: yo = 1; y, = 1,1867; y, = 1,3488; yy = 1,4938; y, = 1,627 y, =
= 1,7542.

7. Metonom Pynre — KyTTa, npuuss i = 0,1, naiTu pemenns anddepesnnans-
HBIX ypaBHeHWii NPH 3aMaHHBIX HAYANbHEIX YCJAOBHSX HAa YKa3aHHBIX HHTEpBaAax:
8y Ty ) =0 x ¢[1, 2
Oy =x—yy0=2x [0 1.

Omseme: a) =0 g = 00538, 4 = 0.223135 4o = 0, 35660 yi=
= 0,510424; g, = 0,691497; y, = 910454 yr= 1,184648; g = 1,544491;
yo = 2,048731; 5y = 2,827617; 6 F 1,815 gy = 164 ys = 1,49

2,00; y;
ys= 136, g5 = 1,25; ys = 1,16; 1,09;4/!-]045/—-
8. DKCTPANOAAUHOHHBIM Meronou Anauca PEIRTL nns};@epeuuuansnoe ypasne-
Bue §' = 2x — y NpH HauanbKOM ycaoBAH y (0) = | Ha otpeske 0, 1]. Havanbumit
;llrrpes(;ml pemenus safau: yo = 1, y; = 0,9145; y, = 0,8562, y5 = 0,8225 (npunsaTL
omiem: ya = 0,8110; y5 = 0,8196; ys = 0,8464; y, = 0,8898; ys = 0,9480;
yo = 1,0197; yyo = 1,1037.

rn

aX

ABHBIX HEHI

B YACTHLIX NPOM3BOAHBIX

§ 10.1. K thepep
B YACTHLIX NPOM3BOAHBIX
Tp MeTOIBl P HauGonee paspabotanbl mjst nud-
JbHBIX yp # B YacTHBIX p X BTOPOro mnopapkd
¢ mayr.m Has MHOTHX TpaKT

YSCKHX 337124 HEOGXOAHMO pachanuBa‘rb Tak HasmaeMHe Aunedinoe W
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6nOAHE 1 Audpcer AbHOIE Y] 8 HACMHBLX NPOU3BOOHBIX,
7. . nuddepennnanbible ypaBHeHus NepBOH CTENCHH OTHOCHTEBHO HC-
KOMOH yHKUMH U BCEX ee NPOM3BOJHBIX M HE COZep:Kallie UX MPOH3Bese-
uull. Takue ypaBHEeHHS MOXHO MPEJCTABHTb B CAENYIONIEM BHE:

Alx y) +B(X w3 -+

ay?
+a(xy ; +b(x.p) Fy +c(.v. yz=F(x, y).

M

B ypasuenuy (1) nckomoit sipnsercs QyHKIMA 2, a ¥ U § — HE3ABUCH-
muie nepemennsie. Oyuxunn A (x, 4), B (%, y), C (x, v), a(x, v), b (x, y),
¢ (%, y) — HenpepbiBHbie GYHKIHH OT X H ¥, HMEIONIHE HempephIBHEIE HaCT-
Hble MPOU3BOMHbIE.

Tlposenem Kaacchdikauuio AudhepeHtunaIbybX ypaBHeHUH B 4aCTHBIX
NPOH3BOAHLIX, OCHOBaHHYIO Ha pacCMOTpeHHH ypasuenusi (1). Bpemem
oGosHayenns

a2z *z 0%z 0z

= =2z 2, = —,

2=2 =22
T W T, WM T W

(ans ynoGeTBA 3amiCH YACTHBIX NPOM3BONHBIX GIITPHXH»  ONYyCKAIOTCH)
H PACCMOTPHM Yyrpomieniyio gopMy ypaprenus (1)

A, y) 2ext B (%, 9) 20y + C (1, 4) 24y =0, @

coorsererytontyio (1) nppa=b=c=F=0.

Ypaguenue (2) Bceraa MokeT 6biTh NPHUBECHO K ONHOM U3 Tpex CTaH-
JRapTHBIX KaHOHHYECKHX (OPM. ITHMH POPMaMH SIBJARIOTCA HITHNTHIECKHE,
napaonuueckHe W rumepGoaudgeckue AH(PepeHnHaNbHbIE yp
B 9aCTHLIX TPOH3BOAHLIX, THI yp onpezensercs K03~
(HUHENTOB B BHPaeHHH (2) H CBA3AH CO 3HAKOM OuCKpuUMUHGHMA A =
= B%x, y) — 44 (x, 1) C (x, y) B BEIpaxenun (2).

B 3aBHCHMOCTH OT 3HaKa JIHCKDHMHHAHTA HMeeM:

A < 0 — spaunmuveckuid mun B touKe (X, ¥);

A = 0 — napaboauueckuti mun B Touke (x, y);

A > 0 — eunepbosudeckutl mun B Touke (¥, y).
Ecan kosdduuuentsl A, B u C nocrosHubie, He 3aBHCSIHE OT X U Y, TO
KAHOHWYECKHE yPaBHEHUS SIB/SIOTCA TOJNHOCTBIO SJIIHNTHUECKHMH, Napa-
GOHYECKHMH HJIH THIePOOTHIeCKHMU.

Urofbl 1OKa3aTh, KaK CTPOATCA KaHOHHWuecKHe nuddepernnalbHLe
ypaBHeHHS B YaCTHBHIX NMPOW3BOIHEIX, PACCMOTPHM BRIpaxenue (2) ¢ mo-
crosinusiMi A, B n C. Bpejem ABe HOBbIE epeMEHHbIE

E=y+tay n=y+ay (&)
roe
—B+ YV B—3AC _ —B—VBi—#AC
a = , Q= .
24 24
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TlockonbKy ypaBHerHe (2) MHHEAHO® OTHOCHTEBHO MPOH3BONHBIX HCKOMO
ynKuEd z (X, y), TO pEIIeHHE Z (X, §) TOro YPaBHEHHS MOKET GHITh Npel-
cTaB/leHo B Qopme

z(x, o) =fy+ ax). @

PaccmoTpuM QyHKIHIO 2 (X, §) KaK ¢yHKnmo z (§, 1) AByX HOBBIX Tle-
peMennex § un. Torna, yuuTeiBas sameHy repeMEeHHEX (3) H BHI HCKOMO#
¢ynKuuu (4), moMyunM A48 UACTHHIX NPOHMSBOAHBIX CJEAYIOUIME Bbpa-
KEHHAL

L=z F o 2y =02+ (0 a) 2+ @ 2ug
2 =a] 2+ 20 @y Zn + Q3 2y Zyy =252 + 2230 + 2

Hcnoanays
Hue (2) B BHAE

(AQ3 + Bay +C) 2 + (240,05 + Ba, + Bay +2C) 7y +

p , TPENCTaBHM ypaBHe-

+(Aa2+ Bay+C) 2y =0. (5)

Paccmotpum ypasnenue
Aa +Boy +C=0 (i=1, 2); (6)
OHO HMEeT JBa KOPHfA @y H aj, KOTOphle MoryT 9353 AeHCTEHTeJlBHI:IMH H
pas , JMefcTBH HIR CH-

b, Tun KOpHE#l 3aBUCHT ryr - AMCKPHMHHAHTA B’ — 4AC.

B cayuae B* — 44C > 0 xopun @, ¥ a, ypapHenus (6) AefcTBuTeln-
HBI ¥ PasJHUHBbl, NpHYeM KOS(PPHIHEHTH NEPBOTO H TPETHErO UJICHOB Bbl-
paxenns (5) paBHEL HyJIO. l'Ipn STOM DABEHCTBO (5) mmeer Bux KanoHu-

“eckoil Gop Mol 4 A6HOZ0 YF 8 4ACMHbIX
NpOU3BOOHbIX
2z =0, ]
IR
Zm=f, (& M 2 2, 2), )

cooTBeTCTRYIOmeH BHpaxenuio (1).

TlepefiieM K NOCTPOGHUIO KAHOHHUECKOH (OPMBI AHWDEHL{H&JH:HOFO
ypaBHeHHs 3MauNTHUecKoro THna, Ecan B2 — 44C =0, 1o 06a kopus
W @ ypapHenus (6) — neficTBUTENIbHbIE YHCIA U lepeMeHHbie £ H 1) fB-
JIOTCA 3aBUCHMBIMH, [TONIOXKHM OIHE H3 KOpHelt paBHbIM a; = — B/(24);
TOTAA @y MOXET GbiTh MPOH3BOMBHBIM, MPHYEM @ = a,. IloxcraBnsa a; u
a, B COOTHOLUEHHE (5), NOJYYHM

g = 0. @®

Buipaxenne (8) sapnserca gopuoi ugp-
(hepeHUaNbHO20 YPABHEHNA 6 HACMHbLX nPOussodHbix. B obiueM ciyuae ero
MOXHO 3anucaTtb B BHJE

Zm=/pE M 2, 20 @)
240



Ecnn B — 4AC < 0, 10 @, # @, SBASIOTCA KOMILIEKCHO COMPSIKEH-
HEIMU: @3 = by + iby, @y = by — ib,. Torna pasencrso (5) mpuHHMaer
BHI,

2+ 2y =0. )

Buipakenne (9) nsasercs Kol opsoit
Ypasrerus sraunmuueckozo muna. B oblieM ciyuae ypasHerne (9) MOXKHO
3anHcarh Tak:

Ze -t =[. (€ M. 2 2 20). 99

KyaccHueckuMu  npumep ddepennnaibEbx yp it B yact-
HBIX MPOU3BOJHEIX AABJSIOTCA ypasHenue Jlanaaca

2+ 2y, =0 (10)

(MMelollee  KaHOHHYECKYIO /JIHNTHYECKYIO QOPMY), ypasHerue meno-
nposodHaCILL

Zyx =2y (11)
(WMelolee KaHOHHYECKYIO NapaboHuecKyo (GopMy) H 602H0602 ypasHenue
Zxx = 2yy (12)

(1Melolee KaHOHHYECKYIO runepGosiuueckyio dopmy).

§ 10.2. P ie p

KoHeyHo-pasnocTHbIE aNTPOKCHMALHH N7 9aCTHBIX NPOU3BOAHBIX AB-
Js10TcA HauboJiee pacnpoOCTPaHEHHbIM MOAXONOM K WHCJIEHHOMY HHTerpH-

p (pepeHiHanbHbIX Y B YacTHBIX NPC Yacr-
HLle NPOU3BOAHBIE 3aMettsiores co- T

OTBETCTBYIOUIMMH Pa3HOCTHBIMH COOT- N
HOLIGHHAMH O  COOTBETCTBYIOUIHM \|—(‘
HE3ABHCHMBIM NIepeMenHbM. B obitem |

cayyae pasMepHOCTb 06acty, B KO- | k] \
TOpOil HeoGXOIMMO HaliTH pemenHe I WG Tonts '/;;
AHpohep HaJbHOTO )p B \ PR /
4aCTHBIX ~IPOH3BOAHBIX, pPaBHA YyH- i [ 1617

C/ly HE3ABUCHMBIX TIep x. B X ¥
cyuae AByX MBIX TI€epeN N s r
HBIX X i y 06JacTb fABASCTCA JBY- = h&
MepHoit. ‘MeToj, HCnosb3yeMbli st —~ 3 0
KOHEYHO-DasHOCTHOH  amMpOKCHMa-

WHH, OCHOBBIBAETCH Ha NOKPBITHH Puc. 10.1

obnacti CeThIO NPAMOYTOJIBHBIX

KAeTOK wmpunoil h (B wanmpasienun ocu Ox) u  BhicoToli & (B
nanpapiennd ocu Opy). Beanuuna 3apucumoil nepemenHoil z=z (x, y)
ycTaHaB/uBaeTca B /0G0l TOUKe B Mpeneiax o6aacTi. B wactroctd, Kora
3alaHa OJHA TOYKa l'lpﬂl‘-‘lDyl‘OJleOl:'{ CeTH C KOOPIHHATaMH X, Y, OKpYy-
JKaloulie ee YeTBIPE TOUKH HMEIOT KOODAMHATEL Xrip, Ys Xrepr Y
Xpy Ysins %, Ys—n- [€OMETPHYCCKHI CHIOCOG NOKPHITHS 06NACTH CETKOf NoKa-
3an Ha puc. 10.1.
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Baenem cilenylolle oneparopht: E — onepamop npupawjenus; 8 —
A— p onepes

awerust; D — dudﬁdwpeﬂuumbﬂuu onepamop.
DTH ONeparophl OTIPeNIeAIOTCS CIENYIOWMMH COOTHOIICHH AMH:

Ef (x) =f(x+h), M
Af()=f ‘(;; +h)—f(x), @
_ i
Df(x)= = 3
8= (v + 5 )= {(x= ) ®
Tlpencrasum f (x + k) B Buze pasnoxenus B pan Tefinopa:
Pl B =W+ )45 (@4 )
Hcnonbsysn oneparop D, npeicrasum onepatop E B Buie
Ef @)= (14 2+ 57+ ) F o, ®

HJIH, TOJBb3YSCh PasJOKeHHeM 3KCTIOHEHUHANbHOH QyHKUHH €2 B psjy
Teiinopa, npeo6pasyeM BelpaxeHue (6) Tak:

Ef (x)=¢*®f (x). 6"
Tora 3aBUCHMOCTb onepatopa E ot D Moxer GuiTh npencTasiera B dopme
E = ¢, M

uan
D = InE. ®)

U3 Bripamennit (l) H (2) nosyyaeMm ceLyloliee COOTHOMIEHHE MLy
onepatopami E u

Af (9 = Ef (x) — f (x), )
Han
E=A+1 (10)
Toncrasass supaxenne (10) B popmyay (8), nomyunm
. =In(l + 4). n
Hcnoaib3ys pasfioeHue Jorapu@Muueckoil GyHKIHH B Pa:
1n(1+A)—A__+_’__A‘_+__ a2
JTIOTy4HM CJIefylomee BEIpaXKeHHe 1A oneparopa D:
PR iy~
- (A 24 ) 13)

Pacnpocl‘p alss H3/0KEHHBIH MeTON Ha PasHOCTH BTOPOro mnopsika,
HMEEM

(hDy=1In(1 +A)F, (14)

@
b



win

1 11 5 137 -
D= LA ps g s S Ay BTps - ), 15
h2 + 12 6 +180 ) 5
B dopmynax (13) u (15) MOKHO OrpAaHHYHTBCA MOAXOASLHM UHCIOM
4JI€HOB, 4TOGbI MOJIYUNTh KOHEYHO-PA3HOCTHO NPE/CTABIIEHHE JIs POH3-
BOHOM C JKeaeMoil TOUHOCTHI0. OrpaHHYNBasCh B KaXKJIOM BBIPAXKEHHH
NIepBOii M BTOPOfi PABHOCTBIO M1 NPOHBBOAHEIX:

(16)
a7
HMEEM COOTBETCTBEHHO
b _tuzn o, (18)
%: 24— 2hzr+ ol 0 (). (19)

Jlnst HarASAHOTO MpeCTaBJeHus ypaBHexmn puga (18) u (19) ucnoin-
3YIOT 1aGMOKL!, HMEIOLHE CIIEAYIOUUH BHL:

=+ -0

d’z;
dxz

B anBeneHHMX mabioHax B UEHTPE KPYroB YKasblBaloTcsi Koadu-
[HEHTD! aJIbHOTO Y[ Kpyr uentpanabHoi yacTu mad-
JoHa COOTBQTCTByET 2,. Tlonoxw 1o ro-
PH3OHTAJIHBIM JIMHHAM (PHC. 10. 1) coorsercrByeT eBblil KoHe, OTpHlta-
TeJbHbIM — NPaBHfi Konel 1wabnona.

Ananornuibie 1a6JoHbl MOKHO TIONYYHTE U B CJy4ae HCIOJb30BaHUS
oneparopa & UEHTPANBHBIX pasHOCTed. Ioataras B cootHomenuk (6) sHave-
1S NepeMEeHHON PaBHBIMI X -+ h/2 1 X — h/2, umeem

o (e

fx)y=erPl? f(x), (20)

1 2
h h\2
—2\p (=% ;e
“*lf)—'*(—%)— oo |Fo=eserz . o)
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TTosToMy, mo/b3ysiCh COOTHOIIEHHEM (4), MOJayyaeM

O (6) = (€P/2 —e=hD12) } () @n
HWJH B ONEpaTOpHOM BHIE
6= ehD/2—g—hD/2 = 9sh (hD/2), 22)
T. €.
D = 2 arcsh (5/9). 23

Pasnaras runepGosnyeckyo ¢yHxumio arcsh (8/2) B psm, umeem
8 1 8 \5
oo b=t ()t (1

2 2 3 2 2 4 5 2
g, 8
=[P ) @1)
(25)
R YO SR Y . -
D=5 (6‘ st ) @

CooTHOILeHHsT 1At TNPOH3BOJHBIX, BbIPAXKEHHBIX Yepe3 NEeHTpPaJbHble
PAa3HOCTH, MOXKHO 3anuCaTh TaK:

dor g Lgeg 3 g
h(6 246+6406 "‘)Z"

1 & &
- (52“E+_90 -—...)z,, (26)
P
_#(6‘ 6 +2L4068_ e

OrpanuyuBasich B BHIPAKEHHAX /A5 NPOH3BOAHHX NEPBHIMH H BTOPLIMH
LEHTPA/IbHEIMKH PasHOCTAMH, HaXOAUM

1= 21
R o,
dor _ —2zr4p+ 82— 8oyt "
¥ Satn 4o,

dx

A2z, 24—tz
e o), e
A2z, _ —zrp9+4 162,41 —302; + 16201 —2,5 "

dx2 12n? +ow,

a2z 2rpp—42rp14+62,—42 1420 2
TR eI L O ().

PaccMOTPHM NPHMEHEHHe WSJIOXKEHHOTO Bbillle MOAXONA JMS KOHEeHO-
P P HH YacTHHIX IIp X, daa  Qynxuus
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2 = z (x, y) HCTIOAb3YeM cienylomee of03HAUCHHE 11 3HAUCHHI B y3nax
CeTKH X, Yo'

2y =2(Xr Yy (28)
TlockoabKy goaﬂaqaer TIPOHSBOAHYIO OT Z M0 X NPH NIOCTOSAHHOM ¢, NOAY-
waem

Oz g

1
o h (it s— 2r.) 29

NpH 3TOM BHIYHCAHTE/IBHEL MaGJ0H HMEST BHI

 IOaOsOk
ox  h ki

BrlunenutenbHb# ma6/10H COAEPIKHT TOJNBLKO l‘OpHaOHTaJIBHHe SJ/IEMEHTHI,
TIOCKOJIBKY § (WIH Y) IBASIETCA INOCTOAHHOI. AHaJIOrHUHO M0JYYaeM

+1
0% _ 1
ok s

A5 TIPOH3BOAHOH B HANpaB/IeHNH .
CwmeniatHas NPOUSBOJHAS NONyYaeTCs aHAJIOTHYHO:

- -0 O=
0X0y 4hk

YMHOXEHHEM OTAENBHBIX 5/1EMEHTOB CTPOKM Ha Kam/Iblii /1eMeHT CTou0-
ua noay4uM
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\ © S,
LIRS OO
oxoy  4hk e @

3necs Bee HYJIeBbIE Y/eHBl, 32 HCK/IIOYEHHEM UEHTPa/IbHOro, OmyIL1eHbl,
Pacemotpim HanGosiee 4acTo HCIONb3yeMble BLIYHCIHTENbHBE aG-

Joubt (B = k):
075 1 2
5 = OO~ o
Z 1
2 - L@@ o

azr.s=L @ e o zr,s+0(hz)
23 2h
2 - i - @-O-Q-@ o0
ox * 12h

2
Ot _ 1 @ 9 z,_s+ oy O
hZ

ox?
dzzr,s = 1 e @ @ 0 Z,ys+0(h2)
12K

ox?
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§ 10.3. Annp dep
i B L
B kauectse HJTIOCTPAlHH 9HCJAEHHBIX METOJ0B peIleHHs yPaBHeHHf]
SJIIHITHYECKOrQ THIIA PacCMOTpHUM ABYMEDHOE ypaBHEHHE Jlanaaca

0%z | @2z o

D10 ypapiienHe MPEACTABAAET YCTAHOBHBIIKFACH PEKHUA TelTOMPOBOAHO-
cTH uepe3 ABYMepHOe Teqo. [lpearnonaraetcs, uto ypasuenie (1) Bhinoa-
HAeTCsl BHYTPH obnacti R, OKpyseHHol rpaHuiueii B. 3anaua cocTouT
B ONIPefie/IeHHH 2 (X, ), IPHYeM FpaHHYHBIE YCAOBHSA Ha rpanuile B 3afakbl.
Jins ynpouwerus cHayaia paccMOTpHM rpammuy B B BHie Kpajapata co
CTOPOHOH, paBHOii L. VIMeIoTCs TPH BO3MOKHbIC CTI0COGA 3aaHkf BeIUYH-
Hbl 2 Ha rpauxue B.
MNepswit cunocoG:

z=fW, x=02=f0) x=L;
=@, y=02=g0), y=1L
rae fi, far @1 g2 — NPOH3BOABHBIE DYHKIIHH.
3azaua HAXOXKIEHHA PelleHHs ypaBHeRHA (1) C rpaHHUYHEIMH YCJIOBHAMI

(2) nasmBaercs sadauelt Jupuxie.
Bropoi cnoco6:

@)

0z 0
S=h), x=0 Z=f0), ¥=L;
y @

a =& (), y=0 %z—=gz (), y=L.

y
3azaua HAXOKJICHHA pELIeHUs ypaBHEeHHA (1) ¢ rPaHHYHBIMI YCAOBHSMI
(3) HasuBaerca sadaueti Hedmana,

Tperuit cnoco®:

aEiai=a, b Eine=0, )
x ay

Aromy cnocoly COOTBEICTBYET CMellaHHblil THN rPaHUYHBIX ycaoBHi (4),
KOTOpble NpH CrelHaibioM BHGOpe 3HaueHui KOSGMHIHENTOB a;, @y, az 1
by, by, by coopatest k yenosuam (2) u (3).

JIast noGoro rpaHnyloro yCJOBHS, YKa3anHOTo BhilUe, HCKOMas (hyHK-
IMA OnpeaeeHa Ha rpanuue Bu vnoanersopne’r \'pazneﬂmo Jlannaca
B mpeseaax 0GNaCTH, OTPaHUuEHHOM rp B. Pewenue yp
Jlanaaca moxer ObiTh [OYYeHO aHAJNTHUECKH, ONHAKO 3ech OyRyT He-
110/1b30BaHbl TOJIbKO HYHC/IEHHbIE METOABI. ﬂanee paccMaTpuBaiorcest 0606~
LLEHI A ypamleunﬁ ANJIMTITHYECKOrO THIIA, KOTOPLIE He MOr'yT OBITH peuenn
avaJIHTHYeCKH, HO MOryT ObITh PeLIEHBI YHCAEHHO € HCMOJIb30BAHHEM H3-
JlaraemblX METOIOB PELIeHHS.

[ocsie TOro Kak nocrap/ieHa HeKoTopast Kpaepas 3ajiaya tuna (1) ¢ rpa-
HHYHBIMH YCJIOBMAIMM OAHOTO H3 TpeX THMOB, HQOGXOILHMO, BO-NEPBLIX,
YCTaHOBHTL CHCTEMY yPp pylowylo Aupdepentnanbice
ypaBl]EHKe SMIHNTUYECKOrO THNa H l"paHH'H]OC ycioBHe, BO-BTOpbIX,
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g9 10 )

e 25 oz |

Sl lw e |

ONPENe/IHTL METOJ PElIeHHs STl CHCTe-
MBl M, HAKOHEN, OTNPEENHTb OLIHGK Yy
MMy pelleHueM arNpoKCHMHPYHomiei
CHCTeMbl ypaBHEHHiT H TOYHBIM ~pellie-
HieM nocTaBieHHol 3ajaud. Pacemor-
PHM CrOCOCE! PemIeHHsl [OCTaBIEHHbIX

s V8 iz V5 s

Ha puc. 10.2 nokasana cetb (A =
=k), nokpmiBaiomas o61actb R &
BKJIodaiomas rpaunny B. Hmxusas

5 VR NpaBas TOYKa HMeeT KOOPAHHATH Xo, Yo
M BEJINYHHA Z PaBHA 2 (X5, Yo), HIH Zg.

Puc 10.2 BequunHbl 2z B TPAHHYHBIX  Y3JOBBIX

TO4KaX W BO BHYTPEHHHX Y3JIOBBIX

TOYKAX OGO3HAYCHBI UEPE3 2y, Zg, ..., Zog, Zpy. JLIS1 3a7iaun [lupHXJIe Besn-
GHHBL 2, 21, .oy Z1g, Zy5 COOTBETCTBYIOUIHE 3HAueHUAM (YHKIHH Ha Ipa-
HHIE, H3BECTHB U HEOOXOMHMO BBINHCIHTD Zig, Zyp, +.., Zg, Zg4 TAK, YTOOBI

GBIIO YIOB/IETBOPEHO ypaBHenne Jlanaaca.

Vimeercst  3nauntenbioe

UHCJIO  BO3MOXKHBIX  KOHEUHO-Pa3HOCTHHIX

npeicTaBnenui Aas ypasnenusa Jlannaca. HauGonee yacTo HCnoas3yores

waGonel

2 2
S 5 DD @ Q e

oz 'z 1 . 2
S = (D)) mro=0

B Buze yf TIoC/Ie/iHee COOT MOKHO 3aMHucaTh CIeAYIOLHM
06pasoM;

1

stz et Tt 21— 420, +0 (1) =0. ©®
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§ 10.4, biX Aans

Tlocne TOro Kak KOHeUHO-Da3HOCTHAf AMMPOKCHMALHS [UISl 3VIHITH:
YeCKOro In(pepeHnHaIbHOro ypaBHeHus HaBeCTHa [T. e. nis ypaBuenus
Jlannaca nonyuero cootrowmenne (5) § 10.3), caenyiowmei sanayeit spasercs
o(peKTHBHOE pereHue anmpOKCHMHPYIOMHX anreGpauyeckux ypaBHeHHH.
B stom cayuae ansa 3anaun [IupuX/e HMEEM TaKylo CHCTeMy:

1,5t 21, .t 20, sp 1 F 27, s—1 — 42, s =0 BHYTPH R,
2, s=10;, s na rpanjue B.
311€Cb b,-,‘ FIBNAIOTCH H3BECTHBIMH FPAHHYHBIMH YCAOBHAMH.

Mycte N — umc/io BHYTPEHHHX Y3MOBHIX ToYek B cTpoke n N + 1
— 4HC/I0 HHTEpBaMoB B cTpoke. Kak u npesxie, unrepecyiowed 06aactbio
fIBJIFIETCA KBaapar. npoCTQmHHM HTePalHOHHBIM METONOM pelleHHs CHC-
TeMbl ypaBHEHHil ABASETCS Memod Puwapdcowa, B KOTOPOM BBIMHC/IEHHS
TIPOBOAATCSH  COTIacHO (opMynam

f (
T G B s a8 80 1), 7 €R,

by,s ) 2, €B.

U]

1)
=

@

Otosnauenus 2% u 23" cootseretBytor n-#t u (n -+ 1)-# annpokci-
MauusM B MTEDALUMOHHOM mpouecce. Hawnwas ¢ JOMyCTHMBIX BeAMUMH
2% BO BHYTPEHHHX Y3/IOBBIX TOUKAX M H3BECTHBIX Be/HYMH B IPAHHUHbIX
TOUKAX, BblpameHHe (2) HCTIONb3yeTCs ANA Cr/IaKUBAHUA BIHAHUA nepeo-
HauabHO BHIGPAHHBIX TOYEK 21 M ANS BLIYHC/ICHHS HOBOTO HabOpa ToueK
2. Tlpouecc BHISHCIEHHI ABAAETCA HTEPALHOHHBIM.

ﬂ-ﬂﬁ OKOHYaHHA npouecca BBIYUCAEHH Tpeﬁye’rcﬂ BBIMOJIHEHHE YCJI0-
Bus |45 — 4% <e ata Bcex £ W s, rAe & — 3ajasas 3apance
norpewnocTb phiuMcaennii. Korla 910 yciOBMe BHINOAHSETCH, HTepa-
LHONHBI{i IPOLECE CXORNTCH K PEIUEHHIO KOHeUHO-PAa3HOCTHOI aNMPOKCHMa-
uun ypasuenus Jlanaaca ¢ p y . 310 BEp-
HO AIA BHIGPAHHON BeAHYHHbI £, WCMIONB3OBAHHOMN AMA MOCTPORHHS CeTlf.

fipumep 1. Haiitu pemenne ypaBhenun Jlanuaca nas KBajpata npu CPaniiubix
YCNOBHAX, YKAIAHHEIX HA PHC.

Pemwe nue CocTaBuM CHCTEMY KOHGYHO-DASHOCTHMIX YpaBHEMufl, MCnoAbdys
BHYRCAHTENbHBI WAGA0K (*)i M crp, 346. [To hopmynam (2) nmeem

1 1
= 7 (29,3042, +12,38),  Zo= (200 426,140,042,

1 1
= 7(38v53+zu+2n+30,10% = (16,184-2,5+-0,00+-2).

{lonyuennas cucrema deThipeX YpaBHEHHH C YCTLIPbMS HEHIBECTHLIMI 21, 2y,
29y, 2,2 MOKET OITb 3alHCaHa B BHAE

213 —0,2521,—0,25291 = 8,43,
—0,252y 2 —~0,262,= 6,748,
—0,262; 2410, 25259 =17, 168,

~—0,262y3 -0, 2529, F2g9= 4,045,
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00 00 00
"16,18 38,53 e o e
0,00 ® e o ® 50,00

000e O, O, 3010
200 [oJNe) o, 00

000 o o 1238

Z; Zy,
e 0y, 0z, %, 00
0,00e o e o 431
26,15 29,34 e o o
40 20 1
Puc. 103 Puc. 104

Peuwlene yKasaRHOH CHCTEMB MeTONOM TOC/ENOBATENbHBLIX HCKNIOUeHufl Naen
ClleAylomue SHAUERHs HeH3BECTHHX:
= 20,53; 21, = 15,20; 297 = 29,00; 293 = 14,12,

Mpu anMeHelIHH BEIYHCJRTENbHOrO Wwabnona (*) OGTalHCh HEHCNOJNB30BAHHBIMK
NaHHblE B YTOBHX TOYKAX rpsﬂnuu KBajpaTa, OAHAKO 9TH SHaUEHHS HEOGXONHME NPH
Bb IpyruX 'nmos

HEIX ycnonnux, ykaaammx Ha pro. 10.4.
Pe

0 nyTeM

T Ha BHyTpeHnue ysau. [Ipn unTepnosmuposa
HHH npennonarae'rcn, 4TO 3HaueHHs ucxomon GyHKUHE AuHelHO yGLIBAIOT KM BOS|

PACTaloT OT OAHON TpanKubl R0 apyrofi. K P ¢op;
Myabi:

0z
Mpumep 2. Hailta pemenye ypaprenus .Ilanna:aa? + Er 0 npu rpaﬂn:l

(I —1n)

iy =2y
2=z, + —,—

ix—

(ans CTPOK) B

iui Zig )
—iy

2 =2y, j+ (7 —ig)

HavanbnoMy sHauenuio coomerc'rsye'r npaBufi HHAKHKI yroa Tabauuel. [las pacema
preaemoro npumepa jp = 0, jx = 4. BHUHCJERHA HAYRHAeM C NePBOil CTPOKH CBepX:
Byzem cuntath, uTO GYHKUHA JNHHEHHO BOSPACTAET OT 2ij, = 230 = 0 A0 2ip,
= 234 = 12, Hmeen

(ans cTonGuOB). HUHACKCH iy, ju B Ins fu Hayanbble H j

12 12
=04 =5 (1=0)=12% =0+ ;=5 3=0)=Y;

12
=0+ ; 0(?—0) =6 m=04 ;5 1-0=3.



Tlepexonum K mpapomy cTonéuy: anech 2y j=2qp = 2, =201 =12; nanee

=34 s B=Y)=8  m =34 s 2—=6;

2y =3+ mu—m:s;

Bartem paccmzrpusaem BTOPYIO CTPOKY, CYHTasl, 4TO QYHKUKS Nukel HO BO3pacTaeT o
Bijy = 23 = 6 10 2 ] = 29, = 20. Toraa

14
‘“=G+E“_l)=w‘ zia=6—}-4—l(3—|)=15.33;

14 14
=6 4 —— (2= 1)=10,66; =64 —— (1—1)=6.
=64 (2=D 10,665  zo1 +4....1 ( )
Mepexoany ko BTOPOMY CTOAGLY, TNpHHHMAZR Zj ; = Zpy = 10,66 a 2 = 200 =
= 20. Uwmeen

215= 10,66+ (3—2)=15,33.

HaxoHen, BaXoluM zjs, CUBTan 2ij, = 213 = 15,33 u 25 = 2= 40:

40—15 33
215=15,33 -1 ——— 2" (3—2) =27,67.

Mocae y cnocoGom BCex BO BHYTPEHHHX y3/Jax
npouece .

Ha sTane B npouecce -
HBIX npuénux«:uun HCHO/AbSYIOTCH PacyeTHEle GopMys

1 1
z(‘r:l1-11__T ()2 4204 2m); iD= 5 () 2 2 +-2);

! !
A0 - el D= G e 2 )

z“‘*”——‘—(z"” P R TP M g T(z(n) 24240 2

1

oD = T(an‘) 20 L2 2);
1

A = T( (200 4200 20 +2§9);
1

At = T( 248 -2 20 -20).

Pemexne npuMepa TPOBeACHO ABYMA CIOCOGAMH: METOZOM MPOCTOR HTepaunH
metonom 3eitzens. Ilociejobate/ibhbie NPUOAMKEHNS NO METOLY IPOCTOR Wiepauni
nprpefers B Taba. 10.1, a no meroay 3efizens — B TaGn. 10.2 (om. crp 352).
Pacuer no MeToay 3efiziesis TpeGyeT WecTH HTepaunil, UTO Ha ABe HTEPALHH MCHBILE,
yeM B MeTOe NPOCTOl HTepalun, BHYAC/ICHES 3aKaRIHBAIOTCS, xor:m 3HAUEHHS B [0~

MTepaUHAX ¢ 3a/1aHHOH TOYHOCTHIO (8 =

AnaJmB TONY4eHHWX Pe3y/bTaTOB MOKa3bIBAET, YTO TabanuUb 10 2R 10.2 cun

AnaroHa/cii H3-32 CHEUHANLHOTO CHMMET-

puhoro Blma TPanuYHEX yeaoBAil,
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Ta6anua 10.1 TaGauna 10.2

0,0] 0,0/ 0,0 00| 00[ 0,0
12 | 8,74| 5,79]2,88] 0,0 12 | 8,72 5,76 2,88 | 0,0
20 |[17,22|11,46 5,79 | 0,0 2 |17,19]11,47| 5,7 | 0,0
10 |28,50]17,22] 8,74 0,0 10 |28,58]17,19/ 8,72 | 0,0
- a0 [ 2 | 12 0 [ 2 |2
§ 10.5. p y

B Gonee obuiem cayuae rpaniila B aBJisieTcs KpUBOJHHENRHO!, a He KBall-
partoM HaH MpAMoOyroibHHKoM. Ha puc. 10.5 u3o6pakeHa Tumuynas kpu-
BOJTHHEfHAS rpapuua ¢ KBa}lpaTHOﬁ CerThblo, HaNOXeHHOH Ha 3Ty rpanmny.
Beanannst Pih, Psh, Psh u Pgh pelicTaBAfloT paccTosiHus oT y3aa 0 o
TpaHuLBl WM npuexameii Touku. Kak ykasano nma puc. 10.5, BeanunHbl
Py u Py venibine 1, a Py n Pgpasnsl 1. B nocaenyiouem H3NOXKEHHH BeJH-
uiiHbl Py 0 Pg TaKxe MOTYT IDHHEMATh 3HAUeHHs, MeHbllHe yeM 1.

Paccmorpum crasana puc. 10.5 ¢ Touky 3perus pemenus safaun Ju-
puxJe. 3Lech 25 M z; 3ajiaHbl, 2, U 2, — 3HAYeHHs QYHKIHH B PUKTHBHBIX
(TaK Ha3bBaeMBIX Hepery/IApHLIX) y3/1aX 3a NpejieiaMu IPaHuIL.

Pasnoxenue pynkunit z (X, + o, yo) 1 2 (xo, Yo + B) B psin Tetinopa
B OKDECTHOCTH X,, Yo HaeT:

2 (%o &, 1o) =2 (Xyy Yo) + 24 (%00 o)+ ;_: 2 (X0 Yo)
o 2 (o ) o
2 (o, o+ B) =2 (%o Yo) +B2y (%00 o)+ —Zw (%o o)+
A8 e o o
Ecot nosoxkum @ = Pgh v 3ateM @ = — Pyh B epBoM ypaBHeHHH,
p = Peh u 3atem fi = — Pgih BO BTOPOM ypaBHEHWH, TO OTpPaHHYHBAACH

B 3THX yPaBHEHHUAX UJeHaMH, COJEPIKAllUMH BTOPhe POH3BONHbIE, C MO~
rpewHoctbio O (h%) HveeM:

20+ Psh, yo) =2 (%o Yo) + Pyhz, (%o, ynH—(P‘ 2z (%00 o)
2(Xo—Psh, yo) =2 (Xo, Yo)— Py bz, (Xo o) + —L (P‘h) Zex (%00 Yo), o
2 (50, Yy Py Ry =2 40)+ Pz, (5 yo)+“°" 2y (Fo. 00),
2(xg, Yo— Pyh) =2 (xy, Yo) — Py h2, (%o, Yg) +( 2 zw(xo, Yo)
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13 nepBeix AByX ypasHennil (1) Bennuina 2z, (¥, yo) MOKeT GHTDH HC-

KJIIOYeHa, NpH 3TOM
1 Ps\ , Ps
2us s 1) = PI+P. Py lz‘ z"(‘+P:)+P Z']

Aganorunyno, chonbsyﬁ niocsennue 1Ba ypasrenus (1), momyunm

P,
Zyy (Yo Yo) = 5 W m[%—%(l‘FP:)'F— Za]

2
0 ) [
/ H*ﬁ P \5 4 \" -
b 0 \_-—15
< f===iPsh /17 5\ 7 Y g
v 3 "1 \
Puc. 105 Puc. 106

CransiBas ToJTy4eHHbIe BHIpAXKeHHs, HMeeM

22y x..yn=%{m[z"zﬂfl+&)+% zl]+
i [ e (R HR ] =0 @

B cayuae P, = P, = | Boipaenue (2) NpHBOANTCS K BHAY
2 1
== _ 2z,

o v A2 [F +1 '+P+1 Py 2T
o 1 __PutPs 02y = 3
R e e B Ot =0, ®

Hna Py = Py =1 B cayuae KBaﬂpa‘moﬁ TPAHHILI 3TO BHIPANKEHHE
NpUBOAHTCA K BHAY

T T2y

3

Zux 2y

=% (z| + 2,2z, —4z).
%04 Ve

AsreGpanueckne IpeoGpasOBaHHS ypaBHeHHA (3) AalOT caenylouee
ypaBHeH#e:
Py Py (Py+ 112+ Py Py (Py+- 1) 23+ Py (Py 4 1) 2,4
+ Ps(Py+ 1) 24— (Ps+1) (Po+ 1) (Py+ Pg) 2,=0. 4
O1MeTHM, YTO ypaBHeHHe (2) SB/IAETCA ypaBHeHHeM Gonee OOIHM, yeM
(4), TaK Kak B HEro BK/IOYeHbl 3HaYEHHA QYHKIUH HA rpaHuLE H KO-
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¢nunents Py, Py, Psu Py, Tenepb npouecc peienis ypaskenns Jlanaaca
COCTOMT B 1aHHOM CJIyYae B HCTIO/Ib30BaHUH ypaBHeHus (4) 415 BCEX TOUEK,
He NpHJeKAUMX K TPaBiille, H ypaBHEeHHS (2) ¢ COOTBETCTBYIOWHM BbIGOpOM
BesHunH Py, Py, Py it Py L5t TOYEK, MPHAEXKAIIMX K Tpanuue, B ocranb-
HOM pelletHe POBOIHTCS aHAJOTHYHO PEIICHHIO 3aAayH AA CTydast KBal-
paTHoil rpaHHubl.

Jlast sapaun HeiiMana ncnoabsyercsi nofoGHas, OAHAKO Gosiee yc/loXK=

HEHHasl [OC/Ie0BaTE/IbHOCT JefCTBHiA, B KauecTBe H/IOCTpalHH MOXKET
0z

6biTh Henosb3oBak puc. 10.6; 3nech Ha rpaHHue 337aeTcsl SHaueHHE e
a2

= f(x, y). Beauunna g ABAACTCA TPALMEHTOM N0 HOPMAIH OT QyHKUHA

2 Ha rpaHuue H HMeeT HakJOH O; K ropusonTanu, B Touke 5 nmeem

2 %) s+ 2 sin, ©)
9 s

an

& "
Npamep. HafiTn npubanxenHoe pelwlenne ypaBHEeHHs H,z_, + a—;! = 0, ynosner-
BOpsIOWee HA OKPYXKHOCTH

Y 2= 16 (puc. 10.7)
4 B 4o B‘ s yeaosuo z (x, y) = x*yh
o
£33 E
o o
40 §oad o4
8 é” oﬂ 3 8
7 R R a
7 x
5 8wl 8
Ao é é
5 4p 6
4 5 W0 B
Puc. 107 Puc. 108

Peme tne [loab3yscs cyumerpuelt 3ajasnbX TPAHWUHBIX yCAOBHil, pac-
cMoTpum verBepTh kpyra (puc. 10.8). lnsa upuMeHenns KOHEYHO-Pa3HOCTHEIX METOACH
HeOGXOAHMO HMETh HaualbHoe ot 0
OpoBOAKM Caeaylouum o6pasom.

TlonaraeM 3HaueHHs HCKOMOH QYHKUHA B ysjaX ceTH, GJHSKHX K Trpanmie,
paBHBIMH 3HaYeHHsIM STOll GYHKUWH Ha rpamuue. PaccMOTPHM CHavama Kpymayio
ceth ¢ maroM A = 2 Jlas yana A npu x = 2 #3 ypaBHEHHA OKPYKHOCTH HMeeM y =
= V16— = VI6—4 = /12 bauxailmen k ysay A T09Kofi TpaRulLE ABASETCH
toska M (% VI2). Ms rpanusnoro yeaomua  Haxommu zg = zp =

— 2 = 48.
B iz, y=vTE 4@
Ananoriino Az y3na A’ wyeen Gaukafimyio Touxy M’ (V/12;2) co snanennen
v =

HeROMOI! QYHKUNH Ha TPAHHUE 24 = 2y, = &7 l _ =48, MNpux=0
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#a¥ y = O sHauedWe (GYHKUHH HA rPAHMLE OOPAMIAeTCs B HYJb, NO3TOMY B y3dax
0" (4; 0) u O (0, 4) nonyuaem 2z, = z,, = 0.

Das onpejefienns 3navennii GYHKIHH BO BRYTPeHHHX yaaaX (em. puc. 10.7)
HMEEN CHCTeMY KOHEeYHO-Pa3HOCTHBIX ypassenuﬂ

1
5= T (qgt2gtte),  2=7 T Cotesterten),

1
=" (tatighegtia),
otkyna zg=24) 25=24 2zp=36.

TOYHOCTH war go h = 1 u cuoBa pac-
CMaTpHBAeM YeTBePTh KPYra, yuuThIBas cnmmerpum pemernii. Havaabnsle 3HaYCHRA
HCKOMOH (YHKuHY ONpeAesneM, SHas 3HaYeHHs, NOJAyYeHHbE B y3AaX KPYNHOH CeTH,
TOAbL3YACh CHMMETp el PelUeHKE U NPHHUMAsA IHAUEHHA B y3AaX, GAHSKHX K IPanHUe,
PABHEIMH SHaYeHHAM (GYHKUHH HA rpanuue. Haxomum

2pmzg =48  zy=mzg =15 zp=2c. =63,

Lns onpeneNenus SHAUEHH{ 2p, 2, Zp) 2g HCHONBIYEM YpPaBHEHHS
{ 1
2p = atertaeti), 2= ettt

1 1
zp= T (ot2gt2ete),  2r= 7 (otastautan).

Ilns onpenencuus suauennii nekomoll YHKUHH Z,y # Zp HCHOMB3YEM KOHEYHO-PasHO-
GTHME ypaBHCHHS B BHIE

1 1 -
2y =7 (oF2ot2rtas), 2= (2rtrotzateg).
MoxcraBnss yHC/IOBBIE 3HAYEHHSA, HMCEM CHCTEMY YypaBHeHHH
1 . 1
o= (8 b 0L 8, 2y = (A2t +y),

2 = —:-(z,,_-—p-z,,+24+36), 2 = — (24-F24--24+36),

L
4
1 1
zp = (2ptept0+20), g = (0+36-484-24).
Pewerie CHCTeME JaeT CACAYIOUHE SHAYEHHH:
26=285; 2p=43,5; 2;=02T; 2zy=2T; 2,=195 2;=255.

Y TouHHM SRAUEHHS HCKOMOH QYHKIMK B rpaununbix yanax B, 4 u C, Orpauuyn-
Basi-b B pasnoxennys Telinopa nepsoll npousBonKol, HMeen

2 (xo, 4o -+ Bh) =z (xo, yo) + Bhzy (x0, 50)-

BavenseM 3HAYCHBS Zy (Xo, Ho) BTOUKax L, M 0 N rPanuiu X SHa9eHHAMH B y3Jax
b AwuCt

2E—2 2p—2m
2p=2,+ Sp—h 8p  zg=zyt+ Sa—h 8,
ip—
=c=2~+'6LT5c;
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anect 8, 8,4, 8o — paccrosnua of Touex rpanuus L, M, N go Gnmxafimex ysnos
B, A, C. [loaysuM cieiyiomue YHCHOBbIE SHAYCHHS:

8y=|BLI=4—UTE= 0,13 z5=14— 0—87 0,133

Sy=[ AM|=4—VT2 20,6, zA=48+0—'4 . 0,6 =55
8c=|CN|=3—1/7=0,35 zc=63+;~g£.0.35:74

CocTaBlineM TaGJIAIY HAYalbHEIX 3HAUCHHH W METOLOM NMPOCTON WTepanmm HAXO-
[uM SHAYEHHR HCKOMOH QYHKMM JO TeX HOP, NOKa 3HAYEHHS, MONYUYEHHEE B [OCAEs
noBaTeAbHLIX HTepalusax (cu. Ta6a. 10.3), me GYAYT OTHUATLCS HA BENHYHHY NO-
caenHero paspsna, B 1aGi. 10.4 npuBOLATCA INs CPABHEHHS 3HAUCHHS TOUHOTO pe-
weins safayy

1
2 () =y g 1286 — (4]

Ta6auua 10.3 Ta6anua 10.4

! o | oov | 4 o] 2] 4

[ 27 [ a0 |38 | @ o [as [ | ]

|2 | =]} 2 30 | 33|40 | 47 4

‘ 2% [ 98| 2| & 32 | a2 | s3] 28}
32 a2 |3 |2io0

§ 10.6. A 6. W runep6

p P

TaK Kak OCHOBHBi€ OCOGEHHOCTH HHCJEHHONO HHTETPUPOBAHHS IH(-
epeHIHANBHEX yPaBHeRK# NapaCo/iuuecKoro W runepGoNHYecKOro THna
SIBJIAOTCA CXOAHBIMH, TO B HAaCTOAUIEM pasfieie 5TH H(pgepeHnnanbubie
ypastieHHs Gyny't paceMoTpensl BMecte, KilaccuecKHM NapaGo/imyeckum

HEIM yP B YACTHBIX NP0 ABASETCS 01
Homepuoe ypaBHeHHe TerIONPOBOAHOCTH
&z gz
2 =— 1
EZaT “

e 2 = z (x, {); & — NOJOIKHTeNbHAs NOCTORHHAS, ¢ — BPeMsl; X — pac-
CTOsIHME, NPUYEM HHTEPBAJ HIMEHEHHS X ABNAETCA OrpaHHueHHbM, Or-
paHuyeHHe H3MeHeHHs X uiteppajiom (0, 1) SIBISETCA YCIOBHEIM H MOKET
GBITh JIerko 06o6meno Ha LuTepsan (a, b). [lockoabky ypasuenue (1) sis-
JI5ieTcs ypaBHEHHEeM BTOPOrO NOPSAKA B 06acTH NPOCTPAHCTBEHHON Nepe-
MeHHOH U NepBOro NOPAIKA B 0ONZCTH BPEMEHHOH NepeMeHHOM, HeoGXoAH-
MO YCTaHOBMTH JBa yCJIOBHA AJ1fAZ B HeKU‘I‘OpHﬂ MOMEHT X H OAHO yCJIOBHE

356



AIA 2 B HEKOTOPBIf MOMEHT £, ITO MOXeT GhiTh 3aNHCaHO CIeyIomHuM o6-
pasom:

20, h=fo (), x=0,1>0,
(L, =FH x=1 120
2(6, ) =g, (0, t=0,0<x<<1. @)

DOyukunn fo (), fy (f) u g, (x) ABASIOTCH OGLIKHOBEHHBIMH aHANHTHYECKH-
MH QYHKUUAMU.

@

Kaacenyeckum runepGonuyeckun yp B 4aCTHBIX 0P -
HBIX SIBJISITCS BOJHOBO@ ypaBHEHHE
9z &z
— = 0<x<l, >0 t
ox® o =*< R
“) 1= !

TIPU TOM e OGO3HAYEHWH TepeMeH-
HBIX, yTO W B ypaBHenun (1). Ilo-
ckonbky (I) sBisiercs ypaBHeHHen 8 2o B
BTOPOrO MOPA/IKA Mo 06eHM He3aBH- ? >

'k

CHMbIM TIEpeMeHHbIM, TPeGyeTcsi ABa

TPaHHUHBIX H IBA HAYAJIBHBIX YCJO0-

Bus. MIx MOXHO 3a1aTh caeryiomun BN

ofpasom: e

20, ) =fo (), x=10, {=0; Puc. 10.9

2L =H@ x=11=>0 (6

z(x, 0)=go(x), t=0, 0<x<I; % (x,0)=g (%), t=0, 0<x<I.
©

Veaosus (5) # (6) MOXHO 3aMeHHTSs Gosiee OGIM rPaiHeHTHLIM YCIOBHEM,

KOTOpOe HMeeT Gopmy

a,—g—;—-l—azz:as, x=0 mm x=1, t>0 7

H [IPH COOTBETCTBYIOLIEM BEIGOPE @y, Ay, A3 NPHBOANTCS K OXHOMY H3 BHIOD
(5) nan (6).
B ofoux paccmalp kaaccax aupdep NBHBIX Y

rpaHnua onpejeaeHa ¢ TpeX CTOPOH OG/MacTH (¥, f) W HeOrpaHHYEHA C YeT-
BepToil cTopoHbl. JI17 NOCTOAHHBIX 3HauenHil fo (§) u f; () # noctosnHOM
go(x), cKaieM, paBHOM HYJiI0, OG/aCTb H TpaHHla yKasaHs! Ha puc. 10.9.
3azaua coCTOMT B OnpeNleIeHnH 2 (X, f) B 061acTH R npu ycJOBHAX Ha Ipa-
ruue B. s NpuMeHeHHs KOHEUHO-Pa3HOCTHOTO MeTofa 06.1acTh MOKpbI-
BaeTCA TIPAMOYTOJIBHON CETHIO C [AroM A MO HANPaB/EHHIO X W MAroM
k 1o HampaBleHuio £. Y3/I0BOil TOYKE X,, {; COOTBETCTBYeT 3HaueHHe QyHK-
LHH

z(xp, t)=2(rh,sk) =2, .
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Hauéonee NIPOCTOE KOHEYHO-pasHOCTHOE TIPeJICTaBleHlie napabonnue-
CKOro JH{d IBHOTO yP B YaCTHLIX NP x (1) nenoss-

3yer (bopMley LEHTPaNbHBIX paaHocTeﬂ 7Sl Z,,,, ¥ ONIEPEIKAIONIYIO PA3HOCTh
aas z,. Tlodsayscs cootHomeHueM (+) (cM. crp. 346), mmeem

o 2s= st | FehizIng ()

02y —2y=
a4 e "

uan
Zr ot —2u+ (Zr+1‘ —22,,)+0(#)+0 (k).
OGosuaunB P = ak/h?, nonyunm

2z o1 =Pz, s+ (1 —2B) 2+ Bz @®
rie 1 < r << N us> 1, Ypasnenue (8) uMeeT BuUHCAHTENbHBI 1AGHOH

B uactHoM ciyuae, korna f = 1/2, ypauenne (8) npHHHMAeT BHL
1 P
=g (241, 6 271, o) ©

Coornowenne (9) HasbiBaercs gopmyroi L mudma.
Ipannusble W HayanbHBle ycNOBHA (2) M (3) MpHHAMAIOT CaeNylOmHil
BHJL
2y, s=fy(sk), $>0,
z fi(sk), s=>0, (10)
2, ,=gy(rh), 0<<r<M.

Croco6 pewenns ypapheruit (8) u (10) ciienyer H3 BHIEHSIOKEHHOrO
ans ypaaﬂenm"i SJJIHNTHYECKOro THNa. Hauanbhuie 1 TPaHHYHble ycaoBHA
(10) onpenensiioT BeaMunHbl AN BCeX TPAHHUHBIX y37i0B. Ypasuenue (8)
MOKeT ObiTb HCTIO/Ib30BAHO /1A BHIYHCJIGHHSA BCeX 2, . B NEPBOi CTPOKe Mo
3HAYCHUAM BEJIMUHHDI 2, o, DTO MOXKHO JIErKO BHJETh H3 BHIYHCIHTENBHOIO
wabnona, B Ko'rolgom BEJHUHHA 2, 441 CIEAYET H3 BEHUHH PyHKIUHH TOML-
Ko na ypoHe s, Kak To/IbKO H3BECTHA NOJHasA CTPOKa 2,,, BEJNYHHA Z,,
MOZKeT GbITh BbIYHC/IEHA C IOMOWBIO YpaBHeHHs (8) MO H3BECTHEIM rPanHy-
HLIM YCJIOBHAM H 3HAUCHHSIM BEHYHH 2, ;. JTOT NPOLECC MOKET GBITh 11PO-
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JIOMKEH B O0MACTH BPEMEHH HacTOJIbKO, HACKOJIBKO 3TO HEOGXOAHMO O
ycnosmo sazauu. 3amernu, 4to mpouecc BN'-JHCJ'IEHHH COCTOHT B NPOCTOM
ypoBeHb 3a ypOBHeM, HOll z Ha (s + 1)-M
yposHe, BEIYHC/ISIEMOli 1O TIOJTy4EHHOMY 3Ha‘IEHHlO z Ha mpelbilylleM
s-M ypoBHe, [Tporpamma BeiuHC/IeH T 3TOFO MPOLECCa OTHOCHTEMbHO NPOCTa
1 TpeGOBaHUs K TIAMATH Orpainyensl. YpapHene (8) HaspiBaeTCst ABHBIM.
CrlezlyeT OTMETHTb, YTO OCHOBHAfl 3a/1a4a COCTOMT B BLIWHCJEHIH 3Ha-
ueHuit QyHKIHH 2, ; B TIepBOii cTpoke. PaspbiB CyECTBYeT B YCJOBHBIX
TOYKAX Z, M ZM,0, OCKOJIBKY TIPHOMIDKEHHE K STUM TOUKaM B HampasJe-
HHH X ¥ B HANIPaB/JICHHH { BefeT K PAsHUHbIM BeJHUNHAM. DTO OGLIYHO KOM-
NEHCHPYETCs HCIO/Ib30BAHNEM CPEHHX apH(METHYeCKHX 3HauenHil GyHK-
LHH B YCJIOBHAIX TOYKAX, COOTBETCTBYlOWHX x — 0 # £— 0. B geiicTsu-
TEJIBHOCTH 3HaueHHe GyHKIKH B yIJiaX He HCTIO/B3YeTCs B NOCASAYIOMHX
BBIYHC/IEHHSAX H [05TOMY He SIBJSeTCs OCOOEHHO BaXKHBIM.

oz

Tpumep. Hafitu pemerne ypaprenns go= 5, 0<x<1, 0 <<001,

YAOBAETBOPAIOMCE YCAOBHAM
L )=(15x-4-2,2)e=% [ (N=2% [ ()=3Te"
¢ 3alanHoOfl TOuROCTHIO & = 104,

Pewe nne. Bocnonssyemcs saeuok cxemoft (8) npn § = 1/6. BuGepen war no
ocH x pasibiM A = 0,1. Tak kKak & = 1, = 1/6, To no popmyae p = ak/h? naxonum
war 1o ocu £ k= f&h’/a— 001/5..,000 7.

Sunncusaem B TaGAnuy Hada/bHEE W TpaHuuKbe swasenus. Hynewoit crpoxe
COOTBETCTBYIOT TpaNMdKbie 3HAUCRHs, JeBOMY CTOAGLY — HauaAbHble YCAOBHA.
®opmyaa (8) npu B = 1/6 npunuvaer By

2, gh1= ? (zr+1, sH42r, gF2ro1, 6)0
Has nepsoit cTpoku HMeeM
1
1= ?(11-1-1. o4z, o t2r-1,0)
[MofcTaBAss YHCAOBBIE SHAYCHHS, HAXOAHM

1
= (1,850 42,00 - 2,2) =2,001;

|
5 (1,780-4:1,850--2,004) =1,856;
(1,636--4 1,730-1,850) =1,734;
(1,562 -4 -1,6361,730) =1,639;

(1,504-4.1,562-F1,636) =1,564;

z =g (1459441, 504--1,562) =1,506;
1
o= (1,420 +4:1,458 - 1,504) = 1,459;
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2ot = - (1,388-4-4.1,420 - 1,458) = 1,420;

6

z,,,:% (3,7e=14-4.1,38841,375) =1,368.

Jlan nocaenylouux crpok npu £ = 0,0033; 0,0050; 0,0067 BEYHCACHNS NPOBO-

AaTCA anajoruuHo (oM. ta6a. 10.5).

Ta6anua 10.5
t 21 295 255 2 %55 o) 2 255 2o
,0067 | 2,025 | 1,872 | 1,748 | 1,649 | 1,572 | 1,512 [ 1,463 | 1,424 | 1,391
0,0050| 2,021 | 1,867 | 1,743 | 1,646 | 1,570 | 1,510 | 1,462 | 1,423 | 1,390
0,0033| 2,017 | 1,861 | 1,739 | 1,642 | 1,567 | 1,508 | 1,460 | 1,422 | 1,390
,0017( 2,011 | 1,856 | 1,734 | 1,639 | 1,564 | 1,506 | 1,459 [ 1,421 | 1,389
0,0000| 2,004 | 1,850 | 1,730 | 1,636 | 1,562 | 1,504 | 1,457 | 1,420 | 1,388

1. Hafitn

YnpamHenus

Pz 0%
npuGawkKentoe peuente ypasnenns Jlanaaca F + = 0 nas

KBaLpaTa NPH yKasaHHGIX TPAHUYHBIX YCJOBHAX:

a) 6)
16,18 38,63 17,98 39,02
0006 e o 5000 000 e e ©50,00
000e o o 3010 0008 O o 3010
000e o O eI1238 000 O O 1238
0000 e o 5 0e o o e 431
26,15 29,34 29,05 29,63
Omaema:
a) 6)
0,00 |16,18]38,63| 50,00 0,00 [ 17,98]39,02] 50,00
0,00 | 14,12|26,09] 30,10 0,00 |15,18]36,39| 80,10
0,00 [15,20|20,53| 12,38 0,00 | 16,37 21,26 12,38
0,00 |26,15|29,34| 4,31 0,00 (29,05]29,63| 4,31
0%z 9%z
2. Hailtn npuGanxkennoe pewenne ypashenus Jlanaaca ——— - —— =0
o T gy

© waroM A=1/6 Jas KBajpPaTa NpH YKAIAHHBIX TPAHHUHBIX YCHOBHAX:
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9,81 19,78 29,12 40,16 42,31

000 X X X X X X X500
000X © O O O O Xdole
00X © O O O O X331
000X © O O O O XWHBu
000X © O O O O X130
00X O O O O O X 6%
000X X X X X X X 43

17,28 31,96 40,00 30,50 17,28

Omsem:

9,81 19,78 | 29,12 40,16 | 42,31

0,00 8,97 17,58 25,36 32,18 | 36,11 40,16

0,00 8,68 16,00 22,29 26,86 29,69 33,11

0,00 8,36 15,59 20,71 23,05 22,62 19,14

0,00 9,43 17,22 21,71 21,8 18,55 13,00

0,00 12,20 22,09 26,96 24,01 16,70 6,98

17,28 31,96 40,00 30,50 17,28

&’z | P2
8. HaliTh npubamkenHoe peulenne ypashenns Jlanaaca m—i- il 0 ¢ warom

h = 0,28 06macrn {C}1x* -+ (¥ +3)* < 1,6, y > 0 npu rpannunux ycnosnsx cae-
Lylowero BHia:

2ly=g=0, 2z]o=2y(2x*+3y).

361



Omeem:
Lojsogsimpen | | | | | | ||

0,8 '5 ,033[5, 184!5 ,472[5, 952|6 ,624'7.488!8 ,544‘ l l | '

0,6 I3.984 4,056|4,272|4,632|5, 136(5,784(6,576/7,512|8, 592|

0,4 |2,736|2, 7842, 800[3, 168[3,504]3,936|4, 464]5, 083|5, 808[6 , 624|7, 536|

0,2 |1,392(1,416(1,488|1,608|1,776|1,992(2,076/2,568/2, 928| ‘,3363,792|1.3]64,848

0,0 [0,0 ]0,0 fo,0 [o,0 Jo,0 0,0 [o,0 fo,0 |0,0 |o,0 |o,o 0,0 |o,0

2,0 [2,2

Yo Io,2 0,4 )o,e 0,8 1,0 [1,2 [1,4 |1.e Ix,s

4. Haitrn peweine 'y azz _z

7
yenosran 2 (xr, 0) =g, (1), 2(0, § = fo (), ( s ) h(1) nin gnancun
0 < ¢ < T, B3aB no aprymenty x mar A = 0,1. Hcnonbsosarp ypasnenue (8) § 10.

8) g M=(,1+1,Dsinnx, fo()=h (=0, T=0,02, B=1/2

6) g ()=(112+2,3)e=% [, ()=2,3; fi(1)=3,4¢"1; T=0,01; B=1/6.

Omeem:

) 10,020 {0,311 {0,602 | 0,855 | 1,045 | 1,15 | 1,145 | 1,018 | 0,764 | 0,412

0,000 [0,343 10,672 | 0,970 | 1,213 | 1,375 | 1,423 | 1,327 | 1,062 | 0,618

o |y | .| fw ) %o) 1 o) o7

0)

0,0067| 2,110| 1,939 1,794| 1,673 | 1,572 | 1,488 | 1,416 | 1,355 | 1,301
0,0050 | 2,106{ 1,934 1,789| 1,670 | 1,570 | 1,486 | 1,415 | 1,354 | 1,300
0,0033| 2,102| 1,929| 1,785 1,666 | 1,567 | 1,484 | 1,413 | 1,352 | 1,299
0,0017{ 2,097 | 1,924| 1,781 1,663 | 1,564 | 1,482 | 1,411 | 1,351 | 1,798
0,0000) 2,091 1,919 1,777| 1,660 | 1,562 | 1,480 | 1,410 | 1,350 | 1,297
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