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rNABA NEPBAA
NPHHLMN MATEMATHYECKOH MHAYKUHH

§ 1. NOHATHE O MONHOH W HENONHOH MATEMATHYECKO#H
HHOYKLUH

Wunykuueit HasbiBaeTcsi MeTOR paccyxJeHui, BelywMii OT HacT-
HLIX TPUMEPOB K HEKOTOpOMY OOIlIeMy BHIBOLY. Hanpumep, Oyaem
CKJIAbIBATh MOAP Sl HeYeTHble HATYpabHble YHCIA 1, 3,5, ...,2n — 1,
rae n — Jawoboe HaTypajbHOE YHCJIO:
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B rmcpBofi CTPOKE CTOMT CymMa, COCTOsIas M3 OLHOro CJlaraemoro.
Takoe MOHUMAHHE OTHOCHTEJBHO CIOBA «CyMMa» 4acTo YAOOHO B MaTe-
MaTHUYECKHX pacCcykIAeHHSX.

JIerko 3aMCeTHTb, YTO BO BCeX MPHBEACHHBIX NMpHUMEpax cymma mep-
BBIX HEUETHDLIX UHCes paBHa KBaApaTy UMCIa ciaraeMbix. OTciona MOX-
HO ClleNaTh MPEANONOKeHHe, YTo TaK OYIeT W MpH JoGoM uHcie ca-
raemMbix. 10 NPEANONOKEHHe (THTOTe3Y) MOXKHO chopMynHpoBaTh TakK:

paBeHCTBO
1+3+5+ ..+ @r—1)=n? 1)

cpaBeTMBO AJIs JI0GOro HAaTYpanbHOrO uucaa f.
3jech M3 MATH PACCMOTPEHHBIX NPHUMEPOB cAenaH OOCWMA BBHIBOL,
KOTOPHI, KaK NoKaszaHo OyieT Aajblie, BepeH.
_Pacemotpum eme npumep. Iloxcrasisis B KBaJpaTHBIH TpexuwieH

P(x)=x>+ x4+ 4l
BMeCTO X TepBble naTh nocyieioBaTeNbHbIX HaTypa.anb!x qucena, noJay-
yaem:
p(l)=43, P (2) =47, P (3) = 53, P (4) = 61, P (5) = T1.

2

Bce NoJIyueHHble 3HA4YEHUA JIAHHOTO TpexusJeHa SABJSIOTCA NPOCTHIMHA
upcaamM. [TofcTaBasg BMECTO X YUCJO HYJb K nocjaefgoBaTe/ibHO yMeHb-
maromuecs oTpHlare/bHble 9ucia A0 — 4, nojgy4aem:



’

P(O) =41, P(—1) =41, P(—2) =43, P (— 3)
P (— 4) = 53.

3HaueHUs JAHHOTO Tpexusela CHOBA ABJSIOTCS NPOCTHIMH UHCJIAMH.
[pu kenaHUY 5TH UCIBITAHUA MOMKHO NMPOAONKHTL MHOTO JaJblle C TeM
XKe pesynbratoM. Mo:kHO J0Ka3aTh, uto x2 + x + 41 Gyner npocTeiM
4HCJAOM MPH BCeX wHeaslX x B mpelenax — 40 < x < 39. Bosuukaer
runotesa (mpenmnosioKeHue), 4TO 3HayeHHe TpexuieHa x? -+ x + 41
TnpH 1000M LeNoM 3HauUeHHH X OyeT mpocThiM uncsioMm. OfHAKO 3Ta TH-
noresa omuGouyHa, TaK Kakx, Hampumep,

P (40) = 402 + 40 + 41 = 412,

M3 31X IBYX NpuMepoB BUAHO, YTO OJMH H TOT Ke METOJ paccyxjie-
HHI B MePBOM Cjyuae NPHBET K BEDHOMY oOIieMy BHIBOAY, 4 BO BTO-
poM — K HeBepHOMY oOuieMy BbIBOAY. [losToMy Takofi MeTox pac-
CYXJCHHH He fiBNsieTcd JOKasaTeqbcTBOM. OIHAKO 3TOT MeTOJ Hepeako
103B0J151eT ChOpMyNHPOBaTh THNOTE3y, KOTOPYIO MOTOM YAAeTcsi CTPo-
ro I0Ka3aTb KaKUM-HHUOYAb APYruM crnocoboM. Tak Kak oOUIMH BbIBOJ,
Ienaercst U3 PacCMOTPEHMSs HECKOJNBbKUX MPHMEPOB, HE OXBATHIBAIOLINX
" BCeX BO3MOXKHBIX CJy4yaeB, TO TaKOH MeTOJ, HAa3blBaeTCsd HENOJHOH
HHAYKLHEeH.

B oranuve or HemonHO!N HHAYKUMY aHAJOTHYHOE PacCyXAeHue, B
KOTOPOM DAacCMOTpeHbl BCe BO3MOXKHbBble C/1y4ad, HasblBAeTcsl MOJNHOH
HUHAYKLHeH AJis Jiro60ro HAaTypaNbsHOTO 3HAYeHHS 1.

OueBHHO, NOMHYIO HHAYKIHIO MOXKHO NPUMEHHTDb LISl JOKA3aTelb-
cTBa OOIero BHIBOAA TOJNBLKO B TOM CJIyuae, KOrJia UHCI0 BCEX BO3MOXK-
HBIX YaCTHBIX CJ1y4aeB KOHEYHO. DTOT MeTOJ| Heslb3sl IPUMEHUTH K A0Ka-
3aTeJIbCTBY CHPABEANHBOCTH paBencTa (1) mis obGOro HaTYpaabHOrO
Uucsia 1, TaK Kak 34ecb Mbl HMeeM GeCKOHEYHOe MHOXKECTBO YaCTHBIX
€1ydaeB T2KHX PABEHCTB U MO3TOMY MX BCE NPOBEPUTH HENMb3A.

B kauecTBe NpUMepPOB NPHMEHEHHS NONHOM UHAYKIUH K J0Kasa-
TENbCTBY OOLIMX YTBEPKAEHHH PAcCMOTPUM 3aJauH.

1. JlokasaTp, YTO KaxKHoe HATypaJbHOE YHCIO 7, PaclONOKEHHOe
B Ipefeniax

47,

2<<n <15,

pasnaraercst He Gojiee YeM Ha TPHU NPOCTHIX MHOXKHUTEN .
Hdaa RoxasaTenbCTBa 3TOr0 yTBepKIAECHHS JOCTATOUHO
3aMeTHTb, YTO YHC/a

2,3,5 17,11, 13
NpecThIe; YHCaa
4, 6, 9, 10, 14
pasjaraloTcsl Ha JBa NMPOCTHIX MHOXKHTENS, a YHcaa
8, 12

HUMEIOT MO0 TPU NPOCTHIX MHOXKHUTEJIA.
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2. JloxkasaTb, 4TO PaBEHCTBO
3m? —4n? = 13
He MOXKeT BHIMOMHATLCS HU NPH KaKHX UENbIX 3HAUCHHAX M H A.

NokaszaTenabcTBO. JlocTaTOYHO PaccMOTPeTb TOMBLKO JBa
cayuas ANS m NpH JOOOM LieoM 3HAYCHHH 1.

1) Ecnu m — uyeTHoe 4ucjIO, T. €. M = 2k, T0 nonyuaem: 12k% —
__ 4n? = 13. JleBas uacTh TNOJYYECHHOTO paBEHCTBA [ASIHTCA Ha 4
npH MoGoM LLeIoM 3HAaUEHHH K, a npaBas — He ASTUTCS. [Moatomy npH
m YeTHOM JaHHOE B 3ajaue PaBeHCTBO HEBO3MOXKHO.

2) Ecnu m — HedyeTHOe 4YHCIO, T. €. M = 2k — 1, TO moJjiyyaem
32k — 1)? —4n? = 13, wm 12k® — 12k — 4n? = 10. CHoBa BH-
UM, YTO JIeBas uacTb MOJYUEHHOro PaBeHCTBA AGTUTCS Ha 4, a npasas
e neautcsi. ClieloBaTe/bHO, aHHOE B 33jaye PaBeHCTBO HEBO3MOXKHO
¥ NP HEUETHOM 3HAUeHHH .

Tak Kak Jioboe uucao m au6o yeTHoe, 16O HeueTHoe, TO pac-
CMOTpeHHe ABYX BhIIEyKa3aHHbIX Cy4aeB MOJHOCTBIO peIIaeT 3a-
nauy.

B kauecTBe ynmpaKHeHHs BCNOMHHTE, KaK JOKa3blBaeTcs TeopemMa
M3 reoMeTpuH: BIHCAHHBIH Yrosn H3Mepsercs MOJIOBHHOH JAYrH, Ha
KOTOPYIO OH OTHpaeTcs.

§ 2. NPHHLHN MATEMATHYECKOA HHAYKUHH

BepHemcsi K PaBeHCTBY
143454+ @2n—12=n2 (1
Mul XOTUM NOKa3aTb ofilee yTBepxieHue: pasenctso (1) BepHO Ans
nio6oro HaTypajbHOTO YHCHAA M.
Ilasi ymo6ctBa B paccyxieHusax OCOSHAuHM yTBePKAEHHE (N
uepe3 A (n). Toraa BbpaxeHHA

A(),A2),AQ),A@) AG)

6yayT ofo3Hauarh, YTO paBEHCTBO (1) cnpaBesnuBo mpu n = 1, n = 2,
n=3n=4n=2>5.
3amuueM ytsepxAenne A (5) B pasBepHYTOM BHJE:

14+34+54+7+4 9=252

i MPeINoNOKUM, YTO OHO Y2Ke J0Ka3aHo. YTto6rl JOKa3aTh CNPaBei/Iu-
BocTb yTBepxaeHns A (6), AocTaTouHO NMPOU3BECTH BHIKNIAAKY:

52+(2-6-—1)=52+2‘25+1=(5+ 1?2 =
= 62,
Boo6le, ecnd YCTaHOBJIEHa CIPaBEAIHBOCTb YTBEPKACHUS A (k),

T. €.
14+ 345+ + Qk—1)= k7,
TO NpH MOMOIIY BHIKJAAAKH

B4 2k + ) —1=k+2%+1=(+1°



MBI IPUXOJHUM K BHIBOLY, YTO BEPHO H yTBepKJAeHHE A+ 1), 71 e
14834 4+ @k—1)+ @+ 1) = (k+ D2
Tenepb MBI MOXKEM Yy2Ke Cpasy CesaTh Lelb BbIBOJOB!
ABG =A@06)=A4 (7)==>A 8)

¥ Tak ganee. (Uutaerca: eciu Bepro A (5), 10 Bepo A (6); ecan Bep-
Ho A (6), 10 Bepro A (7) u 7. A.) Ho, nmonb3ysce npaBuiaMH sJieMeH-
TapHOH JIOTHKH, MBI MOXKeM NPoGexaTb TOJNbKO KOHEYHBIH OTpe3oK
5TOH Lenu ¥ A0Ka3aTb, HalpuUMep, mocse GOAbLIMX YCHAHA yTBepiKie-
uue A (1000). ocTaToyHo $ICHO, 4YTO B JEHCTBUTENBHOCTH B HaIIMX
pYKax ye HaXofuTcs NOKa3aTebCTBO yTBepkienus A (n) ans Juo-
Goro HaTypanbHoro n. OfHAKO, KaK Obl 3TOT BHIBOL HH Obl1 OUEBHICH,
coBepuias ero, Mbl mpuGeraeM K CyLIECTBEHHO HOBOMY NpHHUHUMY (OC-
HOBHOMY HCXOJHOMY TIOJIOKEHHIO):

Ecau nexkomopoe ymeepicdernue A (n) OMHOCUMEAbHO HAMYPANLHO-
20 qucaa n 6epHo 04 n = | 1 U3 Moeo, 4mo oHo éepHo 043 n = k, cae-
dyem, umo OHO 6epHO U s credyroujeeo uucaa n = k + 1, mo ymeepoic-
Oerue A (n) 6epHo 042 2106020 HAMYPALLHOZ0 HUCAA M.

10 U ecTb NPUHUMI Mamemamu4eckol uxOyKyuu — OIHa M3 oc-
HOBHBIX AKCHOM apU(METHKH HATyp aJIbHBIX YHCEJT, KMEIoI1ast MHOTO TNpH-
MeHeHHHl Bo Bcell MaTeMartuke. Ha 3ToM npuHuMNe OCHOBaH METOJ, 10-
Ka3aTeJbCTBA, HA3biBaeMbli METOJOM MaTeMaTHUeCKOH MHIYKUHH.

JIloka3aTeabCTBO METOJOM MAaTEMAaTHUeCKOH HHIAYKLUHUH COCTOHMT H3
ABYX dacTeil: B NepBOH YacTH AOKa3blBaioT (MPOBEpPSIOT) CNpaBeisu-
BOCTb HeKoToporo yTepxkaenus A (n) npu n = 1, 7. e. A (1); Bo BTO-
pofi yacTH MpeAnosaraiot, uto A (n) BepHO NpU = k, U IOKA3LIBAIOT
CIIPaBeNMBOCTb 3TOTO YTBEPKACHUS st n =k + 1

(A (k)y=> A (k+1)).

Ecau ofa 3TH A0KA3aTeNbCTBa MPOBENeHbl, TO Ha OCHOBAHHH NMPHHLKMNA
MaTeMaTHYecKoll HHAyKUMHM YyTBepxkienue A (n) Oyler BepHbHIM JJIf
moGoro HaTypanbHoro ukcaa n. Ecn ofna U3 ykasanHbIX yacTeit Jo-
Ka3aTelbCTBA He MpoBeleHa, TO yTBepkaeHHe A (1) Heab3ss CUMTATb
JIOKa3aHHBIM.

Tenepb Mbl MOKeM YTBEpIKIaTb, YTO paBeHcTBO (1) crmpaBeinHBO
VISt oGOro HaTypaJbHOMO f, TaK KaK OHO CIpaBeinuBo Ads n = 1,u
H3 TOro, 4TO OHO BEPHO /IS YUCsa n = K, ClIefyeT, YTo OHO BepHO U AJs
caenywouero yucaa n = k + 1.

PaccMotpuM ele mpuMep. BBIUHCAHTL CyMMY

1 1 1 1
1.2+2.3+3.4+ +

n(n+1)
Ju1s ao6oro HaTypaibHOro 3HAUYCHHA M.

Pewenue Chauala NPUMEHEHHEM HEMONHOH HMHIAYKIHH TNO-
nBITaeMcsi OGHApYKHUTb HEKOTOPYIO 3AKOHOMEDHOCTb CTPOEHHSI 3TOH
CYMMbl /15 4acTHBIX CJy4aeB.
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OGo3HAUHM CyMMY 7 CllaraeMblx uepes S,, Toria

11
Si=n=y
1,1 2
Sy ELM 3’
2 1 3
Ss glm 4’
1 4
Si=7 T %

DTH TNpHMepbl MOKA3bIBAIOT, YTO UHCJIHTEND KaXkIo# TaKoH CYMMBbI
paBeH YHMCJTy C/laraemblx, a 3HaMeHaTelb Ha EAUHHLY GoMbLiIe YHCIH-
Tensi. M3 5TOro MOKHO CAeNATh MPEANookKeHHe, 4To s Jio0oro Ha-
TypaiibHOrO 4Hc/a n OyAET BHIIOMHATLCA PaBEHCIBO
n
Sp=— (2)
n+41

B cuny npunI#na MaTeMaTHYecKOd WHAYKUHH DaBCHCTBO (2) Bep-

HO TpPH J0OOM HATYpPaAbHOM 11, €C/H

1)Bepro A (1), & <Si = -;-),

9) npu ao6oM natypaibHoM k u3 A (k) sbirekaeT A (k - D, 1. e

=t V= = kA1
(S" k+l) (S"“ (k+1>+1)'
TpeGoBanue 1) yxe GblJIO MPOBEPEHO. Hokaxem 2). [HomycTHM, 4TO
k
= — T
S, et orja

1 k 1 k2 2k 41
S =S == — =
wht = Skt k+1)(E+2) il T T DETD k) k4D
_ktl
E+2
T. €.
S, — k1
R T4

310 1 TpeboBaNOCh A0KA3aTh.
Ofa yclIOBHS NPUMEHWMOCTH NPHHUMIA MaTeMaTHYeCKOH HHAyK-
IMH BBIMOJIHEHE. 3HAUMT, B CHJIY ITOr0 NMPHHUMIA
n

"on41

pH JIoGOM HaTypasibHOM 1.

YnpaxHeHun

[onb3ysice MeTOAOM MaTeMaTH4eckod HMHAYKIHMH, A0Ka3aTb TOXK-
JlecTBa:

Ll+2+3+n.+n=nm;D.



9. 12422432+ = nin+HEn+1)
6

3. 13—I—23+33+'-'+n3=ﬂ-'%—1£-.

4 1243454 ... @n— Ip =22z DEED
3

5. 1343454 - +(@2n— 1P =n@n*—1).

6. 1'2+2'3+3~4+---+n(n—|—l)="("+13)(n+2),

7.1.442.743-104+---+n@n+ ) =n(n+ D2
8. 1.2.342.3.4+---+n(n+1)(n-+2 =%n(n+l)(n+2) (n-+3).

0. 1222 4 3 41 .o (— Dyt = (— D 2L

1 1 1 1 _n
10. T_+—+_+'”+ @n—1)@n+1) 2n+1
1 1 . n
H3 —+7_16+ S Gn—2@n+1)  Bntl
1 _n
'_+ +§'1_3+ T En  antl
13. Meronom MaTEeMaTHUeCKOH HHAYKIHH JOKa3aTb DPaBEHCTBa
%2a, +(n—1)d
a,,=a,—|—(n——l)dMS,‘=--——————2 ,

rae a, d u S, — COOTBETCTBEHHO OOUIMA UJIeH, PasHOCTb W CyMMa n
e pBBIX uIeHoB apu(METHUECKO! MPOrPeCcHH.
14. MeTonoM MaTeMaTHUeCKOH HWHAYKIHH J0Ka3arb paBeHCTBa

U,=Ugr' u S, =Y9"=Y,
q—1
rae U,, g u S,— COOTBETCTBEHHO OO/ 4JICH, 3HaMeHaTeb H CYMMa
n mepBbiX 4JICHOB TEOMETPHUECKOH NPOrPecCHH.
15. Ilokas3aTh, 4TO n NPSIMBIX, PAaclOJOXKEHHBIX B OAHOH MVIOCKO-
CTH, U3 KOTOpPHIX HHKaKHe JBe He MapasjieibHbl U HHKaKHe TPH He

NPOXONAT uepes OAHY TOUKY, AeNAT IVIOCKOCTb Ha 1 + "('H'”qauen,

16. a) JlokasaTb, 4TO N IJIOCKOCTEH, H3 KOTOPHIX Huxaxue JiBe He
napasi/iebHbl, HHKaKHe TPU HEe MPOXOAST 4Yepe3 ONHY MPAMYIO H HHU-
KakHe ueThipe — uepe3 OAHY TOUKYy, JeNdT TPOCTPAHCTBO Ha
n+41)(n*—n-+6 .
fi)(_e__i_) yacTed.

6) Iloka3aTb, 4YTO n OKPYXKHOCTeH AeJNAT MJIOCKOCTb HE 6osiee ueM
Ha n? — n 4 2 uacreil.
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§ 3. NPHMEHEHHE METOAA MATEMATHYECKOR HHAYKIHH
K NOKASATENbLCTBY HEPABEHCTB

ToT BOMPOC PACCMOTPHM Ha MpHMEPAX.

1. IlokasaTb, 4To AJIsl JIOGOr0 HaTYpalbHOrO HHCIIA n cnpaBeiiBO
HepaBeHCTBO 3" > 1.

NokxasaTenbCTBO. a) Ecimu n =1, 10 umeeM 3 > 1, T. €.
npu n = | yKa3saHHOE HEpaBEHCTBO BEPHO.

6) IlpeanonoxkuM, 4TO 3TO HepaBEHCTBO BEPHO MNpH 71 = k,T. e
3% > k, U JOKaxeM CIpaBelyIHBOCTb nepapenctBa 31 > k + 1.

Us 3t> k crefyeT HepaBeHCTBO 3 - 3¢ > 3k, umu 3T > 3k.
Ho 3k = k4 2k > k + 1, TaK Kak 9k > 1. CnenoBarTesbHO, 3kt >
> 3>k -+ 1, 1. e > k -+ 1. O6a TpeGoBaHHs NPUHLKNA MATE-
MATHUeCKO# HHAYKIUMH BBIIOJHEHBI, MO3TOMY JI0Ka3biBaeMoe YTBEpXK-
JeHHe BEpHO. g

Tpexne uem pasbuparb cenyoui npuMep, cAesaeM OfHO BaXKHOE
sameuanue. MHoraa BbicKasbiBaHHE A (n) o HaTypaJbHOM UYHCJIE TDH
HEKOTOPbIX HAaTYpPaIbHBIX 7 omHGOUHO MM HE HMeeT CMbic/ia, HO yla-
eTCsl OKas3aTh, uto A(n) BepHO AN BCEX HaTypaJbHBIX 71, HauUnHAs C
n = m. C gpyroii CTOpOHBI, HHOTA A (n) ynaertcs I0Ka3ath He TONLKO
1S HATypPaNbHBIX 7, HO M AJI5 USJbIX 72, HanmpUMep, HauHHAasd € 1N = 0.
B nofoGHBIX c/iyuyasX MOMOraer TaKoe BHOH3MeHEHHEe TNPHHIKNA Ma-
TeMaTHUECKOH HHIYKIHH.

Ecau nexomopoe ymeepicdenue A (n) omHOCUMeAbHO YeA020 HUCAa 1
gepno npu n = M 4 U3 Moo, Mo 0HO 6epro Oas uucaa n =k > m,
gbumeKaen, 4mo OHO 8epHO 0 caedyroujezo ucaa n = k + 1, mo ym-
geprcoenue A (n) 6eprO Oan amobo2o yeaozo n > M.

9. JloxkasaTb HepaBeHCTBO Bepuyasu:  ecli h>—1 u

h=+0, 1O
(1+ h)>1+nh (1)

npu Jio6oM HaTypaibHOM 1t > 2.

JlokasaTeabCTBO. [lpu n = | HepaBeHCTBO (1) mpespa-
aercs B OLKOOUHOE HEPaBEHCTBO 1+ h>1+ h. llosToMy # 00~
cTaB/IeHa 3ajaua AoKas3aTb HepaBeHCTBO (1) aist n > 2 mp TNOMOLH
chopMy/THPOBAHHOTO BBILlIE BUJOW3MEHEHH S MPHHIHKTA MaTeMaTH4eCKO#
HHAYKUHH.

Ecmu n = 2, To nonytaem: 1+n=1+ oh + h?2>142h,
e (1+h*>1+ 2K, TaKk Kak h? > 0.

[IpeanooxuM Tenepb, 4ro 310 HepaBeHCTBO BEpHO WIS HEKOTOpO-
o n = k > 2, i AOKAXKEM €r0 CNpaBeJIuBOCTb A1 11 = g+ 1. Ona
STOH LM YMHOXHM o0e uacTd HepaBeHCTBa (1 + h)*>1+ kh Ha
1 4+ A >0 1 nonyuyum:

(1 + mFr>( b kR (I + By =14 kh+ h+ kh*>
>1 4+ (k+ Dh

(I + By > 1+ (k+ 1) he



O6a TpeGoBaHHA NMPHUHUKINA MaTeMaTHYECKON HHAYKLUMH BbIMOJHE-
HbI, CJIEIOBATENBHO, JAHHOE YTBEPXKIEHHE NOKA3aHO.

3. HaifiTu Bce HaTypanbHble 3HaUeHHS N, AN KOTOPHIX BBINO/HSET-
csl HEpPaBeHCTBO 27 > n?,

[Ipu n = 1 3T0 HepaBeHCTBO BHINOJHSIETCA, HO mpU n = 2, 3, 4
moJMyyaeM COOTBETCTBeHHO: 22 = 22, 23 < 32 2¢ = 42, Ecnu BhiGe-
peM Jo00e HaTypajdbHOE YhcIo n, Gonbliee 4, TO faHHOe HepaBeHCTBO
Oyner BhIMoMHATLCA. JloKaxkeM 3To.

Ecnu n = 5, 10 25 > 52,

INpeanonoxuM, uTo NPH n = k > 5 BHINONHSETCS HEPaBEHCTBO
28> k% Torma npu n = k + 1 nmonyuaem: 2¢+1 > 2 k2, Tax Kak
k>4, 10k—1>3,(k—1)2>09,k2—2t+1>9, 2> 2k +
+8>2k+ 1,2k2> k24 2k 4+ 1=+ 1)% 1. e. 211> 282 >
> (B + 1)2

Cnenosarensho, 2¥+! > (k& 4- 1)2. OGa TpeGoBanus NpUHIMIA Ma-
TEMATHYECKOH HHAYKUHU BBIOJHEHH.

Omsem. JlaHHOe HEPaBeHCTBO CHPaBeJMHBO MpU n = | u Bcex
n>4.

CnpaBeaJiMBOCTb HepaBeHCTBA 2">n? mpu n >4 MOXHO JOKa-
3aTb M TakuM criocobom: monoxum n = m + 4. Toraa Hago Gyper
JOKa3aTb, YTO HepaBeHcTBO 2m+% > (m -+ 4)2 BepHO npu J060M
HATypanbHOM 3HAYEHHUH M.

Ecin m = 1, to Hepasenctso 25 > 52 BepHo.

[TycTs nanHOe HEpaBEHCTBO BEPHO NMPU m = k, T. e. 2kH > (kL
+ 4)2. Torna npu m = k + 1 mocnenoBaTeNbHO MOJyYaeM:

2645 > 2 (kB 4 4)% = 2k% 4 16k + 32 > k2 -+ 10k -+ 25,

U
2845 > (k + )2

JlanHoe yTBepKieHHe OKa3aHO, TaK KaK BHINONHEHH 06a TpeGoBaHHs
NPUHLMIIA MAaTeMaTHYeCKOA WHAYKIHH.

YnpaxkHenus

[Tonb3ysice MeToloM MaTeMaTHUeCKOfl HHAYKIHH, N0Ka3aTb Crpa-
BeIJINBOCTb CJENYIOUMINX HEpaBeHCTB:

17.2">nnpu n>0. 18. 2">2n+41 npu n>3. 19. 27> 3

npu n > 10. 20. 1—|—-1—+—1—-+---+—1—>Vﬁ'npn n> 2.

Ve V¥ Vn
21. [lorasaTb TaKoe BHJAOH3MEHEHHe HepaBeHCTBa DBepuymmu:
ecsii b > — 1, To mpu J060M HATYPaJLHOM 1 HMEeM:
(I+hr>1+4h (la)
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§ 4*. NPUMEHEHHE METORA MATEMATHYECKOA WHAYKUHH
K BOMPOCAM AEJTUMOCTH YHCEN

1. IokasaTh, uTo cyMmma KyG6oB /oGbix Tpex noc/IeloBaTe/ bHEIX  HaTYpasbHLIX
ypcea feautcs Ha 9

NokaszartTeabCTBO. OG6o3HauHM 3TY CYMMY uepe3 S, T. €. MOJOXHM
Sp=n+ (n+ 1? 4 (n+2)3, u noxkamxeM, uTO IpH M1060M HaTypajbHOM 3HA-
weHun n cymma S, neaurcs wa 9. Ecaun n = 1, To umeem: S; = 13+ 2% - 33 =
— 36. CaegoBaTteqbHo, Sy AeAHTCA HA 9.

Myers Sp=*k3+ (k 4+ )8+ (k4 2)3 nemutcq Ha 9. Ecau n=k+ 1,
TO

Sp=(k+ D3+ (E+ 23+ (k+ 3= (e + DI+ (k+ D7+ B
4 9k2 4 27k +- 27 = B4 (k4 13+ (R 1+ 2%+ 9(k:+ 3k + 3 =
= S5+ 9 (k2 + 36+ 3),

Spiy = Sp + 9 (k2 + 3k + 3).

B nocaefHem paBeHcTBe 00a ciaraeMbix npasoil 4acTH AenATCd Ha 9 (mepBoe cia-
raemoe JeqHTCs Ha 9 COrJacHo TPeINOJIOKEHHIO), IOITOMY H CyMMa HX Spir He-
autcss Ha 9

O6a tpeGoBaHusi MNPHHIUNA MaTeMaTHueCKoll HMHAYKUHH BBIIOJHEHH,
M0STOMY JaHHOE yTBepXKJAEeHHE JO0Ka3aHo.

9. JlokasaTh, uTo NpH JIOOOM LEJIOM 71 > 0 cymma S, = 1172 -+ 122741 pe-
aurcs Ha 133.

IlokasaTeabcTBso. B sroM npumepe BLITOJIHEHHE TepBoro TpeoBaHus

MaTeMaTHueCKOH HHAYKIHH MpoBepseM Aad n = 0.

Sy = 112 + 12t = 133,

T. €.

1. e. Sy Aenutca Ha 133.
[IpeAnO/IOKKM, YTO HAllle yTBepKJAeHHe BEpPHO NpPH 7 =k, T. 6. Sp= 11442 |-
192k+1 peaurca na 133. Torga npu n =k - 1 umee: Spyy = LR34 12213 —
— 11-11F72 - 144- 12241 = 11 11542 11.1224414-133. 1228+ = 118+ 133122k +1,
T. €.

Sk+1 = llsk + 133 . l22k+1.

B nocsiefHeM paBeHCTBE 00a caaraeMblx npasoii yacTH AenArcs Ha 133, a no3TOMY
W cymMMa HX Spyy Aeanutcs Ha 133. VYTBepKIeHue L0Ka3aHo.

3. Ilokasats, uto m? -+ 20m npu 11060M yeTHOM HaTypajbHOM 4HCJe m
nenutcss Ha 48.

JoxKasarteabcTso0. Tak Kak uucio m gerHOe, TO MOJIOXKHM m = 2n.
Torja Hafo Gyxer AoKasatk, uto S,= 818 + 40n npu n1060M HATYPAJNLHOM 3HA-
uenuu n Aeautcs Ha 48.

Ecan n = 1, To S; = 48, 1. e. Sy Aenurcd Ha 48.

[ycte Sy = 8k + 40k feaurcsa Ha 48 1o mpeanonokeHuio, Toria

Spr = §(k—+ 1)3 4+ 40 (k1 1) = 8k + 24k> + 24k + 8 + 40k + 40=
= 8k% - 40k + 24 (R*+ K+ 9) =S8, + 24 [k(k+ N+ 21,

T. €.

k(k 1
Shar = S +48 [—(—;—)+1].

Tak xak npu q1060M HaTypanbHOM 3HAUCHHH & npoussesenne k (k + 1) asnsaer-
Cs1 YyeTHBIM YHCJIOM, TO B Ksanpamux cKoOKax MOC/JeAHEro paBEHCTBa COJepKHT-
¢s1 reoe uncao. ITostoMy ofa craraeMbix npaBoil yacTy 3TOr0 PABEHCTBA neaaTcs
Ha 48, c/1e10BaTeNbHO, H Spyy AC/HTCS HA 48. D10 u TpeGopanoch A0Ka3aTh.
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Ynpaxuenna

Jloka3aTb MeTONOM MAaTeMaTHUeCKON HHAYKUHH C/EAYIOU(He YTBEpPKACHHS:

22,
23.

24,
25.
26.
27.

nd 4 5n geautcs Ha 6 npH a0GOM HAaTYpPaJbLHOM n.
n¥ - 11n nenntcs va 6 npu M060M HaTypaJbHOM n.

62"-14-1 nesutcs Ha 7 nmpu mo6OM HAaTYpPaJbHOM 7.

10" 4 18n — 28 neantca Ha 27 npu mo6oM HarypaabHOM n.)

9"l — 8n — 9 penurtca Ha 16 npu m06oOM HaTYpaJLHOM n.

n* < 6n% + 11n% 4 6n peaurca na 24 npu nw0GoM HaTypanbHOM n.




rNABA BTOPAAR

3NEMEHTb! KOMBUHATOPHKH

UYacTo H3 5/71eMEHTOB HEKOTOPOro KOHEUHOro MHOXKECTBA MPHXOMHT-
CSl COCTaB/sATb pasiMuHble KOMOMHALMM H 3aTeM MpPOH3BOAMTL MOA-
cueT UHCJA BCEX BO3MOMKHBIX KOMOWHAIMi, COCTaBJEHHBIX IO HEKOTO-
pomy npasusy. Takue 3ajaud MONYYWIH HasBaHHE KOMOHHATOPHBIX,
a pasie] MaTeMaTHKH, 3aHUMAIOUMHCA HX DELICHHEM, HAa3bIBaeTCAa
KOMOUHATOPHKOM. KOMOHHAaTOpHKa HMeeT 0oJbiloe 3HAueHHE B Teo-
PHH BePOATHOCTeH, BHIYMCIHTE/IDHOA MaTeMaTHKe, TCOPHH aBTOMAToB,
B 9KOHOMHUYECKHX pacuerax.

B 5Toli rsiaBe Mbl PAacCMOTPHM JIHINb HEKOTODHIE HaualbHble CBE-
JeHHs] U3 KOMOHHATOPHKH.

§ 5. NEPECTAHOBKH

HauHeM ¢ 3a1aud: CKONbKO PasHUHBIX TPEX3HAUHBIX UYHCEN MOXK-
HO 3amMcaTh ¢ MoMompbio Tpex uudp 3, 5, 7, He MOBTOPAS HX. ITocnen-
Hee 03HauyaeT, UYTO B HAMHCAHHOM TPEX3HAYHOM YHCJe OAHA M Ta XKE
uudpa He JOMKHA BCTpeuaThes ABaxAbl. OYeBHAHO, TaKHX UHCE] Oy-
JeT 1ecTh:

357, 375, 537, 573 735, 753.

Ecny K JaHHBIM Tpem uudpam AoGaBuM elle ONHY, Hanpumep 8,
10 3ajaua MPUMET BUJ: CKOJbKO PasfHUHbIX UEThIPEX3HAUHBIX HHCE
MOKHO HAMHCaTh ¢ MoMolbio uudp 3, 5, 7, 8, ne noBTOpAA ux?

Takux uncen yxe Oyzer 24. Bce 3TH ync/Ia MOXKHO NOJYUHTD CIe-
AylompM 06pasoM: BeIGHpaeM JoGoe TpexsHauHoe YHCIO, HaMUCaHHOe
BhILIE, 3aTeM MPHCOSAMHsEM K HeMy uudpy 8, cTaBs ee noc/nelosaTe/b-:
HO Ha MepBoe, BTOPOe, TPeTbe H UeTBEPTOEe MECTO.

TakuM NyTeM M3 K&XKJOTO YHcAa MOAYYHM UETHpE pa3fHuHBIX
yeTLIPEX3HAUHBIX YHMC/IA, KaK 3TO MOKa3aHO HHIKE:

357 375 537 573 735 753

8357 8375 8537 8573 8735 8753
3857 3875 5837 5873 7835 7853
3587 3785 5387 5783 7385 7583
3578 3758 5378 5738 7358 7538
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PaccmoTpuM ellle Takyio 3ajjauy: CKOJbKHMH pas3iMuHBIMH CIOCO-
6aMH MOXXHO MOCAAMTb 3@ CTOJOM HYeTbIpeX UEJOBEK, ecld K 3TOMY
CTOJy INPHCTaBJIEHBl YeThipe CTyna?

[lo cymecTBy 3Ta 3ajaua He OTJIMUaeTcs OT MpenbAywel 3afauu O
yeThipex uMdpax, no3ToMy U OTBeT OYAET TOT Ke: 24.

ilycTp NaHO MPOU3BONIBLHOE MHOMKECTBO H3 N 3JIeMeHTOB. &nopado-
4umb MHOXKECTBO — 3HAUUT TOCTaBUTb KaKOH-HGO 3/1eMEeHT MHOMKe-
cTBa Ha NEPBOE MeCTO, KaKOH-10o Apyrofl — Ha BTOpoe H T. A., NOKa
He OCTaHeTCsl MOCJNENAHHH 3/7eMEHT, KOTOpBIH 3aliMer mocjejHee, fn-€
MecTo.

Beille Mbl yCTaHOBHMIM, YTO MHOMKECTBO H3 Tpex LU(ppP MOKHO YIIO-
PSROYHTL MIECTBIO CIIOCO6aMH, a MHOXKECTBO U3 ueThlpex Ludp — ABaj-
uathbio yeTolpbMs. [loctaBuM Temepb oOMIMH BONPOC: CKOMBKUMH CIO-
co0aMi MOXKHO yMop sIIOYHTh MHOXKECTBO H3 /1 3/IeMEHTOB, [A€ N — JIio-
6oe HATypa/lbHOE YHCIO?

Kaxnplii cnocof ynopsioueHHs MHOMKECTBA KaKHX-JTHGO 3/1eMEHTOB
HasbiBaeTcd N0 TPAAMLUHH nepecmaroskoli 3THX 3jemeHToB. Crpatu-
B4eTCsl: CKOJbKO MEePeCTaHOBOK MOXKHO COCTABHTb H3 N 3JIEMEHTOB?
OtBer naer Takas Teopema:

Teopema. Yucro nepecmanosok uz n 3nemenmos pasHo NpPous-
8e0eHUI0 N Nepebix HAMYPAAbHLIX ducer, m. e.

1-2-3-..-n.

IMpoussefenne n NEepBLIX HATypajdbHBIX uHcead o0o3HayaworT #l
(uuTaercsi: «3H (pakTOpHaN»), HaNpHUMep:

=1, 21 =2, 3 =6, 4 = 24, 5 = 120.

Jlerko BHJETb, UTO HAllla TEOPeMa BepHa MPH N = 1 u n = 2: ogun
SIEMEHT MOXKHO DAacloNOXKHTb TOJNBKO OAHHUM CIIOCOGOM, a JABa —
IBymsi. Bpollle Mbl BHJGTH, UTO U3 TPeX 3JIEMEHTOB MOXKHO 00pa3oBaThb
3! = 6 nepecraHoBOK, a u3 uetnbipex 4! = 24. Ilposenem obuee Joxa-
3aTeIbCTBO TEOPEMbl METOJAOM MAaTeMaTHUeCKOH HMHIYKUHH.

1 Ecnu n =1, To U3 0JHOrO 3jeMeHTa NOJydaeTcs TOJbKO OAHA
nepecraHoBka, T. e. | = 1!

2. TlpepnonoxuM, 4YTO yTBEp:KAEHHE TeOPeMbl CIPaBeJJIHBO JNf
n = k, T. e, U3 k 3nemeHToB nosyuaercs k! nepecranoBok. K stum
k sneMenTtaM noGaBiisieM ellle OAWH 3/€MEHT, OTIHUHBI OT Hux. M3
k + 1 37eMeHTOB Ha IlepBOE MECTO MOXKHO TOCTAaBUTH JIO0OH M3 HHX.
B kaxjaoM u3 3THX k -+ 1 caydaeB ocTawouyecss B 3JIEMEHTOB MOXKHO
pacmnosioxuTh k! cnoco6aMu Mo NPEANoJIOKeHHIO, TO3TOMY IO yUHM
Bcero (k -+ 1) k! = (k& + 1)! nepecranopok us k -+ 1 ajneMeHTOB.

Takum obpasom, npu n = 1 yTBepxkJeHHe TeOpeMbl BEPHO, U eClH
OHO BEpHO NMPH n = R, TO OHO BepHO U Npu n = &k -+ 1, T. e. yTBepx«-
JIeHHe TeOpeMbl BEPHO A/ J1:o00ro HaTypalbHOro YHCaAa n.
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HekoTopbie pHMepbl AeHCTBHH C tdakTopuanamu:

L 10 _ 71.8.9-10 _ 8.9.10=720.
71 7
14!

2. 11.12-13 - 14 = —.
3 (n:—!S)! _ n!(n—l—l)(nn;|-2)(n—|—3) =(n+l)(n—1—2)(n+3).
4. 7’:—' —(n+ 1)m+2) . n(n>m)
5 (n'—m+l)(n—m+2) ot (a=—ml(a—=m+D..n __

m! ' (n—m)! m!
n! n! (n > m).

= (n —m)l m! T om (n —m)!

3anaua CKOILKO Pa3MUHbIX MNATHSHAUHBIX HHCEN MOXHO
samucaTh ¢ nomotbio nudp 0, 2, 4, 5, 7, He MOBTOPAA HX.

Pewenue BceronepecTaHOBOK U3 NATH mudp 6yzer 5! = 120,
HO MepecTaHOBKH, HauHHaIomuecs ¢ uucpst 0, He o0pasyioT NATH3HAY-
HOro uHMcaa. Beex uyuces, HauyMHAIOMMXCA € HYJMd, OyHeT CTOMbKO,
CKOJBKO MOMKHO COCTABHTH TEPECTaHOBOK K3 HETHIPEX OCTa/IbHBIX
wndp, T. e. 41 = 24. Omesem. 51 — 41 = 120 — 24 = 96.

Moxuo Obl10 Obl cuMTaTb U TakK:

5l —4l =41 (5—1)=24-4=9.

YnpaxXHenus
98. Peminth ypaBHEHHE (—'L':Tz)—' = 72.

29, BriunciauTh 5";!'4!.

30. CKOJIbKO HALO B3ATb 3/EMEHTOB, UTOOHI UHC/IO BCEX TEPecTaHo-
BOK, TOJMYYEHHBIX H3 HUX, OBLIO 7207

31. BbIUHCAUTH CYMMY BCEX UETHIDEX3HAUHBIX HHCE, KOTOpLIE Mo-
ryT GbITb 3aMHCaHbl C MOMOMIBIO uucp 1, 3, 5,7 6e3 NOBTOPEHHH.

32. CKOJBKO CpeIH BCeX NepecTaHoBOK M3 f 5/EMEHTOB (n > 5)
TaKUuX, B KOTOPbIX ONpPEJeNeHHbIA SJIEMEHT @ 3aHHMAeT naToe MecTo?

§ 6. NOAMHOXECTBO KOHEYHOr0 MHOXXECTBA.
YACNI0 COYETAHHA CJ
I[TycTb AaHO HEKOTOPOE MHOXKECTBO A, cocrosiiee H3 1 3JM€MEHTOB:
A={ay, @y ., Q).
M~Hoscecmeo B Hasbieaemcs nOOMHONCECMBOM MHOMCECMEA A, ecau xadxc-
douii snemenm us B npunadsexcum A. Ecau B saBnsiercsi NMOJMHOXKECT-

Bom A, T0 3T0 0003Hauaerca 4yepes
Bc A
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(unTaercsa: «B aABJfeTCA NOAMHOXKECTBOM MHOxkecTBa A mnu B cozmep-
KHTCS B Av).
Hanpumep, MHOXKeCTBO

>

A={x1y, 2,

cocrosiliee U3 Tpex OYKB X, y, 2, UMEeT TakHe NMOAMHOMXKecTBa: By =
= {x}, By={y}, B; = {2z} — onHO3/IeMeHTHbIE MOAMHOKECTBA, B,=
= {x, y}, By = {x, 2}, By ={y, 2} — IByX3/ieMeHTHble NMOIMHOKeCT-
Ba, B, = A ={x, y, 2z} — OIHO TPEeX3JEMEHTHOE TNOAMHOXKECTBO.
K aTuM noamHo:kecTBaM MNPUCOENMHSIETCS elle ONHO TNOAMHOMKECTBO,
COBCeM He COJiepzKalliee 3JMeMeHTOB (MyCTOe MOJAMHOXKECTBO), KOTOpoe
0603HauaeTcss yepes (.

Takum ofpa3oMm, ykasanHOoe MHOXKeCTBO A HMeeT BCEro BOCEMb
NIOIMHOKECTB.

B ofuieM cayuae, ecniy MHOXKeCTBO A COAEPIKUT 7 3JIEMEHTOB, a ero
NOAMHOXKECTBO B — m 3neMentoB, 10 0 < m < n.

HacTo OblIBaeT MHTEPECHO MNOJYYHTh OTBETHl HA TAKHE BOMPOCHI:

1. CKoNbKO BCEro MoAMHOMKECTB HMeeTcsl Y AaHHOIrO MHOXKecTBa AP

2. CKOMbKO Cpelin 3THX IOAMHOMKECTB COJCPIKHT 3aJaHHOE YHC/IO
M 3J1eMeHTOB?

Ianee Mbl yBHAMM, YTO OTBETH Ha 5TH BONPOCH 3aBUCAT TOJbKO OT
qucen n U m. .

Yucao nodmroxcecms, cocrmoaujux u3 m 3.eMenmos, codepicauyuxcs
8 MHodxcecmee A U3 N IneMeHmnos, HASLIBALMCA YUCAOM CO4eMAnULl U3 n no

m u obosHawaemcs uepes C,' (15 u3 n 1o m).
Paso6paHHblii Bblllle MPHMEP NOKa3bIBAaeT, UTO
0 1
C,=1,C,=3C=30C =1
OBwyio ¢popMyny ans sbiuncienns C,, Mbl IONYUHM TO3Ke, a cefi-

yac 3aMeTHM JHullb, 4YTO TIPHU Jno6oM 1es1oM HEOTPHUATEJIbHOM 1 UMEIOT
MECTO CJICAYIOIIUE DaBeHCTBa:

0
Cn = 1], TaKk KaK HMeeTc TOMBKO OIHO INYCTOEC IOIMHOXKECTBO,

Cl = N, TaK KaK UYHCJO OJHO3JEMEHTHBLIX TMOJIMHOXKECTB paBHC

n

YHCAY 3JEMEHTOB JaHHOI0 MHOXKEeCTBa A,

n
Cn = ], TaK KaK HMeeTcsl TOJIbKO OJHO IOJAMHOXKECTBO, COJepKa-

lee BCE 3JIEMEHTH JQaHHOTO MHOMXKecTBa A
PaccMoTtpum 3amaun.

1. B waxmatHoM TypHHpe nNpuHaAM yuacTHe 15 MmaxmaThcTOB,
NpHYeM KaxIbld M3 HHUX CHIFPa] TOJAbKO OAHY MapTHIO C KaXKAbIM M3
octanbHbX. CKOMBLKO BCEro CHIrPaHO MapTHHl B 3TOM TypHHpe?

Pewenne Tax Kak B KaXKIO# MapTHH yyacTBOBANH ABA LIAX-
MaTHCTa H OHM MexkAy co0ofl Chirpaji TOJNbKO OAHY MapTHIO, TO YHC/IO
BCeX ChIrPaHHBIX MAPTHH PaBHO UKCAy coueTaHuit u3 15 mo 2, T. e. C.

C npyro#i cTOpOHbI, KaXIBIil YUaCTHUK TYPHHPA CHICPad CO BCEMH
OCTaNbHBIMH YYacTHHKaMH MO OAHOH mapTuu, T. €. 15 — | = 14 nap-
tHit. Ho, mpunuceiBas KaXJAOMy y4acTHHKY 14 mapTui, Mbl TeM CaMbIM
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KaxAylo MapTHIO TOCYMTaeM ABa pasa (Tak Kak B HeHl yuacTBOBalH
o 15-14
JBOE), MO3TOMY BCEX CBHIFPaHHBIX TapTHil GblIO -5 Cnenosaresb-

HO,

CL = l:”-él‘-‘ —105.

Omeem. B typuupe Gbuto cerpano 105 napruii.

2. Ha niocKocTH pPAacmosioxKeHbl n TOUeK, W3 KOTOPHIX HHKaKue
TPH He JIexaT Ha ofHol npamofi. Uepes Kaxjible Be TOUKU MpoBeleHa
npsamasi. CKOJLKO BCEX NPAMBIX NPOBEAEHO HA MJIOCKOCTH?

Pemewnue. [Ilo cymecrBy 3Ta 3ajaua aHajoOrH4Ha npeibiay-
meit. Tak Kak yepes Kaxzble JBe TOUKH NPOBeJeHa TOJNbKO OfHA Mps-
Masi, TO BCeX NpsMBIX OyAeT c.

C Apyrofi CTOPOHBI, TAK KaK uepe3 KaxAyio TOYKY NPOXOAUT 1 — 1
npAMasg U Kaxlas NpaMas NPOXOAMT yepe3 JBe TOUKH, TO BCEX Mps-

n(n—1)
MbIX Oyzer g - Or1ciofa cneayer, 4to

c? =_:n(n—-l)
n 2 .

Tem camblM Mbl TIOTYYHIH YHCJO COUETAHUH H3 7 3JIEMEHTOB MO JBa.
Tenepb AOKaXkeM OCHOBHYIO (GOPMYJY Afs BbIUMCAEHHS YHCIA CO-

yeTaHuil: 048 2106020 HAMYPAALHO20 HUCAQ N U 2100020 YeA020 Hucaa m,

pacnoaoxcerrozo 8 npederax 0 << m << N, uMeern Mecmo pagencmeo

m! (n—m)!*

ODokasaTeaAbCTBO. Mbl yXe 3HaeM, YTO CYIIECTBYeT n!
NepecTaHoBOK U3 n 3nemenToB. Kaxayio Takyio NnepecTaHoBKY MOXKHO
TMOMYYUTh CJAELYIOmHM 0OpasoM:

1) oroGparb m 3J1€MEHTOB,

2) 5TH m 3/1EMEHTOB PACNOJIOXKHUTH B ONPEJACICHHOM MOpAAKe,

3) pacHoJIOXKHTb OCTABIIMECS f — MM 3JEMEHTOB B ONpPENeJEHHOM
nopAiKe W [OCTAaBUTb WX MOC/ie paHee OTOCPAHHBIX 711 SIEMEHTOB.

Ilepsuiit war (BEIGOP 1 3MEMEHTOB U3 f) MOXKHO BBINOJHHTH cr
criocobamu. B Kaxnom us stux C, ciayuaeB OTOGpaHHBIE M 3JIEMEHTOB

MOKHO YNOpsiIOuHTh m! cniocoGamu. Beero umeercs Cr + ml cnocoGos
BLIMOJMIHUTL [BAa LIara MOCTPOeHHS.

Hakonell, OCTaBIIMECH M — M 5JEMEHTOB MOXHO YIOpPSIOUHTb
(n — m)! cnocobamu. llomHoe umMcno CrnocoGOB BEIMOJNHHTE Halle mo-
cTpoenne 6yIeT paBHO: Crv . m!- (n — m)!. B pesynbrate Mbl noay-
YMM TI0 OJIHOMY Pasy Kaxayio H3 fil mepecTaHOBOK n snemeHToB. Ilo-
3TOMY

Ca ml(n —m)! = nl. P)
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U3 paBencTBa (2) y:Xe HEMOCPEACTBEHHO BbITEKAeT:
T oml (n—m) )
Oco6o paccmotpuM ciyyan m = 0 u m = n. Mol yxe 3HaeMm, 4TO
C? = Ci = 1. Uro6ul ¢opmysa (1) Obima BepHa, B 3THX CHydasx

HaJl0 MOJIOKHTD
0= 1.

[py¥ BLIYMCIEHUH 4YHCNA COYETAHHH Cr' ynoGHee mOMb30BATHCH

dopMmyJIoH
m an—1)(n—2)++[n—(m—1)j

Cn = m! y (la)
KoTopas mosnydaercs u3 dopmynsl (1) myTem coxpamienus apoGu Ha
(n — m)!. B uncnuTeNIe NpaBoOH UacTH 3TOH OPMYJBI MPOH3BEJCHHE CO-
JepKHT UMCIO COMHOMKHTEJIEH, paBHOe BepXHEMY HHIEKCY B Cr, Ha-
npuMep:

3 353433 o mo1q
CSS____LQ-S = 35-17-11 = 6545.

U3 dopmyasl (1) HEMOCPEACTBEHHO BHITEKAeT PaBEHCTBO

m__ nl . n! __ pn—m
T h=ml(a—n+m)  (n—m)m "o ©)

B CHUJIY KOTOPOro MHOXKECTBO U3 N 3JIEMEHTOB HMeEET ONNHAKOBOE YHCIIO
MOAMHOKECTB, COAepzKalux # 3JeMEHTOB, W IOJMHOXKECTB, coaepxKa-
MUX N — m 3JIEMEHTOB.

PapeHCTBO (3) MOXKHO J0Ka3aTh H HEMOCPEJCTBEHHO, He ONMHPasch Ha ¢op-
myay (1); OHO CTAHOBHTCS MOYTH OYEBMAHBLIM, €CJIM BOCNOJB3OBATHCA NMOHATHEM
JOMOTHUTELHOTO MHOMKECTBA, HJH, KOpoue, fononnenns. [Jonosnexuen K nod-
mHoocecmay B mroxcecmea A nasvieaemes muooecmeo A— B, cocmoaujee us mex
saemMenmos MHooecmea A, Komopole He 6xo0am ¢ B. OueBHAHO, 4TO NONOJHEHHEM
K A—B asasiercs MHoXecTBO B. Bor jss nmpHMmepa nepeueHb B3aWMHO JoOMoOJ-
HHTeJNbHBIX MHOXeCTB MHoxectBa A = {1, 2, 3} mnepBHX TpexX HATYPa/IbHBIX
qucen:

@ o {1,2 3)
1} o {2,3
2} o {1.3

{3} (1.2}

EciH OCHOBHOE MHOMXeCTBO A COCTOMT M3 7l SJIEMEHTOB, TO NOTOJHEHHE K MHO-
JeCTBY H3 M 3JeMEHTOB COLEPKHT n — m sjeMenToB. [lepexol K AOMOJHEHHIO
YCTaHAB/IMBAET B3AaHMHO OJHO3HAYHOE COOTBETCTBHE MENKIY BCEMH MOXMHOXKeCT-
BaMH, COCTOSIIIMMH W3 #i SMEMEHTOB, H BCEMH MOJMHOMKECTBAMH, COCTOAILHMH H3
n — m sneMeHToB. UHC/0 TeX W APYrHX NOJMKHO ObITb ONMHAKOBO (B HailleM MpH-

mepe Ci= C3=1, Cj= C3=3).
Cymma
ChdCrtCit o+ G
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paBHa OOLIEMY YHC/Y TIOIMHOMKECTB MHOMNECTBA M3 M SJEMEHTOB. Met
yCTAHOBUM ceifuac, 4TO 3Ta CymMa pasHa 27, T. €.

Ch+Crn+Ch+---+Ch=2" (4)

Teopenma. Gucao scex NOOMHONCECE MHONCECMBA U N IAeMer~
mos pasHo 2".

JokasaTeabCTBO NPOBEAEM MO METOAY MaTeMaTHUYECKOf
MHIYKUHH.

1) MHOXeCTBO M3 OJHOrO 3JeMeHTa {a} COJEPXKHT JBa TMOAMHOXKE-
CcTBa: MyCTOe MHOXKECTBO (J M caMo ce0si. 3HauuT, yTBEpKACHHE TeO-
pembl BepHo mpu n = 1.

2) TlycTh yiKe yCTAHOBJIEHO, YTO MHOMXKECTBO U3 Kk 3/1€MEeHTOB COAEp-
XKUT pOBHO 2F moAaMHOXKecTB. PaccMOTpUM MHOKECTBO

A = {ai, ag, esey ah, ak+i}

us k + 1 anementoB. JloGoe ero moAMHOMKeCTBO B mosmyvaercs OAHUM
u3 ABYX citoco6oB: a) 6epercs MOAMHOXKECTBO B mMnoxectsa

A/ = {ab Aoy «ey ah},

6) GepeTcsl MOAMHOMKECTBO B’ MHOMKeCTBa A’, ¥ K HeMy NpHUcoelnHser-
Sl MEMEHT Q. KamIbIM M3 3THX CHOCOGOB TMo/yyaeMm 2% poAMHO-
JecTB, a Bcero 2¢+1 mopmuozxkects Muoxkectsa A. Takum o6pa3soM, 13 Bep-
HOCTH YTBEDIKIEHHS TeOPEMBbl MPHU N = k BhTEKaeT BEPHOCTb 3TOrO
yTBep:KIeHHs NpH n = k + 1.

YKaxeM ellie OfHO BaxkHoe caeacTBue dopmyast (1):

Cm.H - n! — nl(n —m) _ n—m C'm
" mrD(—m—1)  mFhm@—ml  mAl
T. €.
m 41 =n—m Cm
Cn —m—‘-{-l n, (5)
YnpakHeHun

33. COCTaBHTDb BCE COUETAHHS U3 NATH 3JEMEHTOB {ay, 3, O3, Gy, G5}
IO TPH 3JIEeMeHTa.
34. [lpoBeputb BBHIUMCIEHHEM pPaBEHCTBA

Ci+C8=Cl, CiotClo=Ch.
35. HanucaTb GopMyJIbl s
a) Ct3 6) Chlil, B) Crign
36. CKOJIbKO PasJIHUHBIX NPSIMBIX MOHO TpoBecTH Yepes 10 Touek
MJIOCKOCTH, K3 KOTOPHIX HHKaKHe TPU TOUKH He JiexaT Ha OJAHOM mps-

MO#?
37. Cxkonbko AMaroHaneil UMeeT BHMYKJ/bI ABEHALLATHYTOIbHAK?
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38. CKOMbKO OKPYKHOCTeH MOXKHO MpoBecTH 4epe3 10 Touek mJoc-
KOCTH, M3 KOTODLIX HHKAKUE UYeThlpe TOUKH He JieKaT Ha OJHOH OK-
DYJKHOCTH, €CIH KaKAasl OKPYKHOCTb NMPOXOAUT yepe3 TPH TOUKH?

39. Pewmwthb ypasnenune CJ = %C;‘H_Q.

40. PewnTh ypaBHEHUE cait C'g’,,]‘.l = 3:5.

41. PemuTts HepaBeHCTBO cE <C .

42. Haiitu Cn, ecJ/Iu C11=C17 .

43. CKO/JIbKO YYaCTHUKOB ObLIO B LIaXMAaTHOM TYPHHpE, ecau H3-
BECTHO, YTO Kax<Ablf M3 HUX ChIrpat ¢ KakAbIM H3 OCTalbHBIX M0 OA-
HOH mapTuH, a Bcero Geuto ceirpano 105 mapTui.

44. Ha onno#l u3 nmapausenpdblx NpsAMbIX oTMeueHo 10 Touek, a
Ha Apyro# — 7 touek., Kaxnaas TouKa ofHOH mnpaMoH coefvHEHa
¢ KaxJo#i Touko# Ha apyro# npsmMoii. Hafitu uncno Touek nepeceueHus
MOJMYYEHHBIX OTPE3KOB, €CIM HHKAKHe TPH OTpe3Ka He HMeloT ofuel
ToukH (OOLIME TOUKH HA KOHIIAX OTPE3KOB He CUMTAIOTCH).

45. CkoMbKHUMH criocofaMy MOXKHO rpynny u3 15 yuamuxcs pasje-
JIMTb Ha JBe [PYINbl, U3 KOTOPHIX B OAHOH rpymnmne OyleT ueThHpe deao-
Beka, a B Apyro# 11 uenoBek?

46. Pewnts ypaBHeHue

§ 7. CMOCOBb! BLIYHCIIEHHA YHCIIA COYETAHHA.
TPEYIONbHUK NMACKANA

Jlnst npuG/IHKEHHOrO BLYMCJICHUS YHcaa couetanuit Cn, npH Gosb-
IHMX A U M MOXHO INOJIb30BaThcsi Tabnuuel JorapudmoB dakropHa-
noB. Brrunenum, nampumep!, Ci.

100! 100! 100!
B = = o 10
501 (100 —50)! 500 501 (501)
JIorapanMpreM

g €% = Ig 100! — 2 1g (501) = 157,9700 — 2 - 64,4831 = 29,0038.

[To 3HAuUEHHIO XapaKTEPUCTHKH Mbl BUAUM, UYTO YHC/IO Cioo nmeer
30 JecATHUHBIX 3HAKOB (He 3a0bIBafTe, UTO 1O CaMOMY OTpele/eHHUIo n!
ecTh uenoe uuciao). [To Tabaunam HaXOAUM ero NpHOMHXKEHHOe 3Hadye-
HHUe:

Clo0 =1,009 - 10,

C TeopeTHUecKoil TOUKHM 3peHHs -OONBLINHA HHTEpec MMeEeT BO3MOXK-
HOCTb TIOJIY4HThL NOJHYH0 TaGaumy uucead Cp TPH MOMOWM TPOCTOH
(opMyJibl

1 Jins peuleHus TaKHX 3ajay Halo BOCMOJNb30BaThesA Tabauuedl 7, momemex-
HOofi Ha cTp. 258.
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Cr4-crtt=crt. (6)

Jlns nokasartenbcTBa Gopmyabl (6) Bocnonb3yeMcs paBeHCTBOM (5) us
KOHIA Tpeablaymero naparpada:

m m41_ A ”—mC,T=C;" n—m\= n-+1 m__
RCR=Ci (12 ) =2 G
— (n4+ 1) n! —mil
mrDmn—mi T

PaBencTBo (6) MOXHO A0Ka3aTh M HeNOCDPEACTBEHHO, He OMHMpPafACh HA JOKa-
saHHbe paHee dopmyant (1) — (5). PaccMoTpuM MHOXKECTBO

A= {a, a, ..., 1)
us n -+ 1 snementos. Ero mogMuoxecTsa, copepkauiue m -+ 1 aJeMeHTOB, MOX-
HO MOJYUYHTh ABYMS CHoco6aMH: a) B3ATb MOJMHOXKECTBO MHOMKECTBA

A’ = {ay, ap, ..., @n},

coepIKalllee /M 57eMEHTOB, 1 [IPHCOSTHHHTD K HEMY 3JICMEHT Qpyy; 6) H3 MHOXKECTBA
A eineniTs MIOTMHOKeCTBO, Coepiamee - | snementos. Tlepabi Cnocobo
noyuaem C™ mommHoxects, a sropem Crtl, 1. e. meero € + Cpt! mox-
MHOZKECTB.

Jlns cocTaBieHHs TmosHOi TaGmuusl uncen Cp, Kpome QopMysl
(6), 6yaem monb30BaThCs elle TeM, YTo MpH JoboM 1

ComCr = 1. (7)

Pagenctso (7) 6yneM cuuTaThb BepHBIM H npu n = 0 (mycToe MHOXe-
CTBO CBOMM EIMHCTBEHHLIM TNOJAMHOXKECTBOM HMeeT camo cebs). Ilpu
nomouy paBeHcts (6) u (7) 3anonHsercs Tabnuna

- m
0 1 2 3 4 5 6 T 8......
0 1
A0 U
"o 1 2 1
3 1 3 3 |1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 2 15 6 1
7 1 7 21 3 3 21 7 |1
8 1 8 928 5 70 5 28 8 1
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UYacro 3Toil Tabauie NpHAaloT 6ojiee KpacHBbli CHMMETPUUHBIA BUA

I 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
I 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1

Sra TabaMua HOCUT HasBanhe Tpeyroabuuka Ilackans, 1Mo HMeRH
dpannysckoro yuexoro Ilackana (1623—1662), Kotopril 3aHHMZJ]CA
HCC/IEIOBAHHEM CBOHCTB 3TOH TaGiuibl U TNPHMEHEHHEM 3THX CBOHCTB
K DEIIeHHIo 3ajad.

PaccMOTpPHM HEKOTOpHle CBOiCTBA TpeyroabHHKa [lackansi.

1. MBl yXe 3HaeM, 4To cyMMa BceX UMCeN n-# CTPOKH paBHa L”
(bopmyana (4) us § 6). HMnaue rosops, mpH nepexoie oT CTPOKH K cJe-
Ayiolell CTPOKe CyMMa BCex uucen B cTpoke yisausaercsi. Temepb mbl
MOZKEM C HOBOH TOUKH 3peHHs MOHATL, noueMy 370 TaK. CloxHB TO-
WIEHHO paBEHCTBA

c! =cC), ;
Chp1= ChtCh, :
Cryi= Cot+Ch, 7
mi=Ci e
r':J.—l:Cn——]‘I'CZ»
Crii=Ch,

rIOJ[quMZ
Co+Chy + - Ol =2(CR+Crt -+ - +Ch).

2. Ilpu ueTHOM fn = 2k ueHbl CTPOKH BO3PACTalOT BIJIOTL 1O HaH-
Goapuero wiena ¢ Homepom k -+ 1. Tlpu Heuetom n =2k + 1 B
CTpOKe HMeeTca /Ba HauGonbuux uiena: k-t u k + 1-it. [Ipenwecrsyio-
{e MM WIeHbl MAYT Bo3pacTasi, a nocjienywoumue — yGoBasi.

JT0oKa3aTeIbCTBO HEMOCPEeACTBEHHO cyefyeT u3 dopmyasl (5). I1po-
BeJIUTE €ro CamoCTOSITENbHO.

YnpaxHeHua
47. Joxa3aTb, 4TO
Cat'+CP™" 4 207 =Chi .
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48. VMeercs 9 MOHET pasmMuHOro noCToMHCTBa: | Kom., 2 Kom.,
3 xom., 5 xom., 10 kom., 15 kom., 20 xomn., 50 kon., 1 py6ab. Ckoib-
KHMH CToco6aMH 3TH MOHETBI MOXKHO Pas/iOKHTb B ABYX KapMaHax?
49. Jlano MHOxKecTBO, cocrosiee H3 10 pasAHUYHBIX 3JIE€MEHTOB.
CKOMBKO TOAMHOMKECTB HMEeT 3TO MHOXKeCTBO?
50. Hanucatb necaTyio cTpoky TpeyronbHuka [Tackans.

51. Tposeputs paBenctso: C§ + Cio + Chi + ... + Cy = Cy.
52. Bomucants: a) Cli, 6) C3, B) Cos, 1) Cito, %) Cis.

50
53. BoiuncauTs npub/nKeHHO: a) C;;m, 6) 1 (dgo + CiSo + ... +
21 0

2100
+ Co + Cloo).
54*, Kakas gonst u3 10100 cTO3HAYHBIX UHCEN
a) MMeeT MOPOBHY UETHBIX M HEUeTHHIX JECATHYHBIX 3HAKOB,
6) uMeeT He MeHee 45 1 He Gomee 55 UETHBIX NECATHUHBIX 3HAKOB.
55*, Jloka3aTb, UTO He Gojiee OfHOM THICSUHOH CTO3HAYHBIX YHCE
conepxHuT MeHee 30 uau 6onee 70 4eTHBIX AECATUYHBIX 3HAKOB.

§ 8*. YNOPALOYEHHLIE MHOXECTBA. YHC/IO PASMELLEHHH

Ec/i MHOMECTBO COCTOHT H3 N 3JIEMEHTOB, TO €ro 3JIeMeHTH MOXKHO n! crmo-
co6aMu pacrooXHTb B ONPEJeeHHOM TMOpsiAKe ONMH 3a ApYruM. MuoxecTBO
BMeCTe ¢ YKa3aHHBIM MOPSAKOM PacroJIOXKEHH: ero 3JeMEeHTOB Ha3biBaeTCs Yymo-
pANOYEHHEIM MHOMXECTBOM. YHODSNOYEHHOE KOHEYHOE MHOXKeCTBO Gyiem sanu-
CHIBaTh, TIOMENIasi ero 3/jeMeHTHl B YCTAHOBJEHHOM MOpsAKe, B OGHIKHOBEHHBIX
Kpyraeix ckob6kax. Hanpumep, samucu

{A, B} n {B, A}
0603HaYaIOT OLHO H TO ¥e MHOXKeCTBO (He YyNnopsiIOueHHOe), HO 3alHCH
(A, B) u (B, 4)

0603HaYalOT JBa pPa3HEIX YNOPANOYEHHHIX MHOXKECTBA.

Mu yxKe pelianu 3afiauy: CKOJbKHMH cnoco6aMu B Kjaacce u3 35 yuwammxes
MOXHO BEOpaTh Tpex AejerartoB Ha OOMeEKOAbHYIO KoHpepenuuto. Omeem.
C3s = 6545.

HamensieM ycjioBHe 3TOH 3ajayd CJAeYIOIIHM oOpa3oM: Ha coO6paHHH NpH-
cyTerByeT 35 uenoBeK, H3 KOTODPHIX IJisi BeleHHs cobpanus Hajo usbpaTh npen-
cefareas cobpanusi, ero samectutenss u cekperaps. CKonmbkuMH cnioco6aMu MOX-
HO u30paTb STHX TpeXx yesoBeK?

B nepBoil U3 5THX ABYX 3alau NOPALOK BHOOpa TpexX UeJOBEK HE UTPAeT HUKa-
Koil posiu, BO BTOPOIi Ke 3ajaye NopsNoK BeiGopa ne Gespasnnued. Tak, ecan yxe
BLIGpaHb TpH yenoBeka A, B, C, TO cpean HHX eme Hajgo MPOM3BECTH BHIGOPHI,
a TakuX BblGOpPOB 6YJeT CTO/NBKO, CKOJbKO MEPECTaHOBOK MOXXHO COCTAaBHTb H3
Tpex sneMentoB. [lostoMy oTBETOM Ha mocjenHion 3aaauy Oymer:

31 C3; = 6 - 6545 = 38270.

Mb HamIH YHCJIO COCO60B, KOTOPHIMH H3 MHOXKeCTBa 35 yyaulHxcsi MOXK-
HO BHIGpATh TPH 3J€MEHTa M PACMOJOXKHTH HX B ONpelesieHHOM MOpsiKe (mpend-
cefatesib, 3aMeCTHTeNb, CeKperaph), T. €. UHCJO YNOPANOYEHHBIX MHOKECTB,
cojlepKalluX MO TPH JEMeHTa, KOTOphle MOXHO 00pa3oBaTh M3 3JEMEHTOB MHO-
KecTBa, cojepiKaiuero 35 3J1€MEHTOB.

[MocTaBuM o6uLYIO0 3alayy: CKONbKHMH cnocob6aMH M3 MHOXeCTBa, cojepiKa-
Lero 7 3J€MEHTOB, MOXHO BbIIE/NUTh M 3JIEMEHTOB H PAaCloJIOXKHTb HX B ONpejie/ieH-
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HoM nopsiike? MHaue rosops, CKOJbKHMH crnioco6aMH M3 3JIEMEHTOB MHOXKECTBa,
colepIKalLero N 3JeMEHTOB, MOXHO 06pa3oBaTh YNOpPsAOUEHHOE MHOMKECTBO, CO-
nepixauiee m sjaeMeHToB? KIcKoMOe uMC/IO HA3LIBAETCA YHCJIOM pa3MellleHuit us n

3JIEMEHTOB 10 m K 0603Hayaercs AZ’. Hokaxewm, 9TO
m U
A™ =m\ C}, ®

Bri6op n1 37€MEHTOB M3 7l MOXHO MPOU3BECTH C' cnocobamu. OroGpaHtble m

S/IEMEHTOB MOXHO yrmopajounth m! cnocoGamu. Beero momyuaem m! cy pas-

MelleHHui U3 n H m.
KopoTkasi BhIK/alKa

Al =m! CF=ml n! - n!
m! (n — m)! (n —m)!

npUBOAMT Aajee K GopMmyne

1
A'T=(n_n_m)l=n(n—l)(n-—2)---(n—m—|—l). ©)

dopmyny (9) MOXKHO NOKa3aTb H HENOCPENCTBEHHO. [lycTs AaHO MHOXKeCTBO
A= {a;, a3, .. an}.

Uro6bl M3 €ro 5/JeMEHTOB 00pasoBaTh YNOPAJXOYEHHOE MHONKECTBO
B = (b1, by er )

MOKHO 7 crioco6amH Bb6paTh mepBulil sneMeHT by. M3 ocTaBIIMXCA 3/1€MEHTOB
MHOXecTBa A yXe ToabKo n — 1 cmoco6amu, — 3/1EMeHT by ¥ T. X. BOJIOTH AO
sneMenta b, KOTOPHIH MPUIETCS BhIOMpaTh YXKE TONBKO U3 A — m + 1 ocras-
mUXCs 37eMeHTOB MHOkecTBa A. Bcero mosyunm:

nin—1)(@n—2 .. [n—(m—1)]

ci10co6oB oﬁpasosam{ﬂ ynopsaa0YeHHoro MHOXecTBa B.
EcrecTBEHHO, 4TO B 4aCTHOM cjyuae IpH m=n

Al = nl

pasMellleHHe BCeX 7 3aJaHHEIX 3/1EMEHTOB H eCTb o6pasoBanue H3 HUX ON pefiesieH-
HOM MepecTaHOBKH.

MoxkHO OuO Gbl AaTh ApYrofi BHBOX (opMyJ (1) — (9) us § 6—8, nauam
¢ mokasareqbcTBa dopmya (9) u (8). M3 HHX Cpasy nosydaercs dopmyaa (1):

m AT n!
PEN T mi(n—m)”

YnpaxHeHua

56. Kakaa nonst u3 107 ceMH3HAauHHX TenedOHHHIX HOMEPOB COCTOHT H3
CeMH pa3JHYHBIX HHPP?

57. CKOIbKHMH crmocofaMu MOXKHO BHIOpaTh ueThipex UeoBeK Ha ueThipe
pasauuHble JOJKHOCTH H3 A€BATH KaHJHZATOB HA 3TH HOJIKHOCTH?
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58. M3 CKOJAbKHX MpejMeToB MOXKHO COCTABHTb 210 pasmemeHuii mo 1Ba
3/1eMEHTa B KaXAOM?
4

59. Pewmntnb ypasuenne AS = 1845 o

60. B nessrtoM knacce 35 yuauuxcs. Ouu 0OMeHATHCE APYT C APYroM ¢oTo-
kapToukaMu. CKO/IbKO BCero GblI0 PO3AAHO $OTOKapTOUEK?
61. JokasaTb, 4TO

Aﬁ+2-n!
(n+ 1)

__2=n_

§ 9. BUHOM HbIOTOHA

PaccmoTpuM 06pasoBaHHe PasfokKEHHH pasiTHuHbIX creneHefl GUHO-
Ma (aByuneHa) a - b.

0. @+ b= 1.

l.@a+brt=1-a+1-0

2. @+ b2r=1-a>+2-ab+1- 0%

3. (@+ b)*=1-a®+ 3a?b + 3ab® + 1. b3

Jlas nonyuenus pasnoxenus (@ + b)* yMHOXHM o0e 4yacTu paBeH-
ctBa a 4+ b, Kak 3T0 NOKa3aHO HUKe: ‘

(@a+ bt = 1-a*+ 3a%h + 3a2b%+ 1 ab® +
+ 1.a3%b 4 3a2b? + 3ab® + 1 - b

4. (a + by =1-a* + 4a® + 6a°b? + 4ab® + 1 - bt

EcaH CpaBHUM CTPOKH KO3(QHUHEHTOB BLIMMCAHHBIX DaBEHCTB
C COOTBETCTBEHHBIMH CTPOKaMi TpeyronbHiKa [lackans, To yBULHM, YTO .
OHH COBMajaioT. VI3 3TOro cpaBHeHHS BO3HHKaeT THNOTe3a, UTO TaKOe
coBnajienye GyeT CnpaBefJHBO AJId Ji000ro HaTypasibHOro mokasare-
s n B pasJioxeHuu (a -+ b)", HO 3TO YTBepXKACHHE HANO JIOKA3ATD.

Teopewma. Koappuyuenmo. pasroscenus (@ + b)* cosnadarom
¢ n-ii cmpokoil mpeyeonsruxa Ilackars npu 11060M HamMyparbHOM 3HA-
denuu N, m.e. NPy AO60M HAMYPALLHOM 3HAYEHUU N cnpagedauso pa-
6EHCMB0

(@+ byr = Cha® + Cra™'b + - - - + Cran~mb™ + Ccrtlgn-mtipmt1
4o e o - Crbm 0]
IHokKa3b BaeM MeTOAOM MaTeMaTHYeCKOH MHAYKLHH.

. Ecnunn = 1, To umeeM (@ + b)' = CYa+ Ci b, T. e. B 3TOM
cyuae yTBepIKIEHHE TEOPEMEl BEPHO.
9. TIPeAnoNOXKHM, YTO TPH N = k PaBEHCTBO

(@ + byt = Cla* + Cia*='b + - - - + Cia"=mb™ + Crtign-m+ipm+l
e 4 CRbE
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BepHO. YMHOKaeM o6e 4aCTH Moc/aefHero paseHcTBa Ha (a + b) u mo-
aydaem: .

(a -+ b)k-H — Cga/e-x-l 4 C,leakb e+ CZ’ak—-m—l-]bm__l_ Cltigh—mpm+1_4
+ -« 4+ Ciab® + Cila*b + - - - 4 CP-tat=m+ipm | Cak-mpm+1 |-
4.k CElabt - CROFH = ClakH +(CE + Ch akb + - - - + (CF +-
+CF) ab=m b (CF - CR+1) ab=mbmH .. -(Ch ™" - Cp) ab®+-CrbF 1,
anHI/IMaH BO BHHMAaHWe, YTO BBHINOJHAIOTCA PaBEHCTBA
Ch=Cipy=Ck=Cifi = I; Ci™" ++ CF = C'yy; Cit+ PP = G,
OKOHUAaTeJ bHO nosyqyaeM:

(@ + byttt = Chp a*tt + Chpyatb +- -+ C'y @t=mbm . . 4 CiElbA,

Takum o6pasoM, paBenctso (1) BepHo npu n = 1, U ec1H OHO Bep-
HO IIPH 1 = k, TO OHO BepHO W NpU n = k + 1, caenoBatenvho, yT-
BepaKJCHHE J0Ka3aHO s moboro fiaTypanbHoro uncaa n.

®opmyna (1) HasbiBaercss gopmynoit 6unoma HbiloToHa, 1o MMeHH
BBLIJAIONIErOcs aHIIMACKOro ¢usuka u Matematuka Mcaaxka HeiotoHa.

Kosdunrentsr npasoit yacti 3Tofi GopMyJibl Ha3bBalOTCS GHHO-
MHAJBHEIME KO3 PHIIMEHTAMH .

B wactHoCcTH, ec/ii MOMOKHTb @ = | U b = x, TO MONYYHM MHOrO-
ujleH, PacloOXKeHHBIA 110 BO3PACTAIOLIUM CTENEHSAM X:

(142t =Cp+Cux+ -+ + Chixt 4 - - - 4 Coa",

[Tpumep. Hanmucate pasnoxenne ana (1 + x).

Peuesue. BoOupaem ceapmyio cTpoky Tpeyronbuuka [lackans
1 NHUIIeM OTBET:

(I +x7"=1+4 7x + 21x% 4 35x3 + 35x* 4 21x% + 7x° + x7.

Pasnoxenue n-ii creneHu AByuieHa no ¢opmyne 6unomMa Hetotona
copiepxUT n + 1 unenos. O6o3nauas k-ii unen uyepes T, NMONYYHM U3
dopmyanl (1):

T,=Charb® =an, T, = Clarb! = na"-1b

H BooOIIe
Tyy1 = Cram=b", @
1 2

MNpumeps. 1) Haiith natuit wien pasnoxenus (25 - 2° )2,
[TaTelit unen pasnoxeHust HaxoAuM 1o popmyJe (2):
1 2 20

4 . 2\g 3 3
T,=Cp(z°)P (") =4952°.
2) Haittn HOMep useHa pasnoxenus (z4z2)!2, ne copepxauiero z,
T. €. COJEpZKalllero 2 B HyJeBOH CTENEHH.
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[To ¢opmyse (2) HAXOAMM:

R _19—p(5-2 k 12—
Tk+1=C12212 k(z 2)k=012412 3k

Io ycnosuio 3agaun 12 — 3k = 0, oTKyAd k = 4. CnenoBarefbHO,
HOMEp HCKOMOIO u/eHa paBeH 5.

Y npacnenun

62. Ucnoapsys Tpeyronbhuk [lackansi, HamucaTb pasnOXEHUA
Guaomos: a) (a 4 b)°, 6) (a4 b%P, B) (@ — b, 1) (@ — 2b)",
0 Gb+a, e Vat Ve, x (Va—1b), 3 (V2a—v 3bp.

63. Onpene/uTb Ko3hPHIHUEHTH BTOPOro, MSTOr0 M 1IecToro uJe-
HOB MHOTOUIEHA, TOJIYHalolerocs B pesyJbraTe BO3BLILUEHHA B CEAb-
MYIO CTElleHb JBY4/IeHa 2x — V.

64. HaiiTu nmomep HanGosblliero 4ieHa B Pas/OKeHHH

a) (iJrl)m, 6) (£+L‘)‘°°, 5) (9 _l_iyoo

2 ' 9 3 '3 10 10 ¢

YKaszauue PaccMoTpuTe OTHOIIEHHE ABYX COCENHHX UICHOB.
65. CkoabKo uicHOB B pasioxkennn x=(l + 0,01)% Hano B3ATb,
4TOBbI BLIUMCAUTL X ¢ TouHoCcThio a) o 0,001; 6) no 0,000 001?
66. HaiiTu 1Ba CPeAHMX uleHa pasioxenus (x® — ax) 81,
o o a x \*
67. HaiiTu nsatbii wieH pasioxeHus Gunoma (]—/—:_——l- ﬁ) , ecat
X a
OTHOWIEHHE KO>HIMenTa TPEThero ulena K KO3(ppuIHeHTy BTOpPOro
11
unena paBHO .

68. Haiitn wien, cozepKamuii x*, B pasnoxenun OHHOMA (Vx+
+ 7/ %"
69. Haiitu wureH, coiepxamuii x°, B PasOKeHHH 6uHOMAa

— 1 \16
Vi)
70. B pasnoxenuu GHHOMA <—]71x: —I—]/x)12 HAlTH WIeHbl, KOTOpbIE

He cojepKaT paAHKaJoB.
o -
71. HaiiTi Bce panuoHabHble YIeHbl pasnoxenus GuHOMa 43+
+ 1 2p.
72. CKOMbKO PalHOHANBHBIX YIEGHOB COJEPKHTCA B Pas/IOXKEHHH
1 1

Gunoma ()2 + 1/3)100?

73. B pasnoxenuu OHHOMA (x—2 -+ %x 4)" nepBhie TpH Ko3(pdu-

nuenta oGpasylor apudmernueckyio mporpeccuio. Haiitu Bce pauuo-
HaJbHbIE WIEHbl 3TOTO PasJiokKeHU s
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§ 10. OCHOBHBIE CBOHCTBA EMHOMA HbHOTOHA

1. M3 pasnoxenus
(x + a)n = Cox" + Cpxn—la 4 Cixn=2a2 + - « - + Cp7 xa~1+Crar (1)

CTIEYeT, UTO 4UCAO 6CeX 4AEHO8 PA3A0NCeHUS HA eduruyy Goabuie noka-
samean 6uroma. [loxasatenu mnepsoro cnaraemoro x yObBalOT OT n
10 0, a MoKasaTeJM BTOPOrO cjiaraeMoro a Bospacraior ot 0 o n. Cym-
Ma MoKasaTeseil 060MX CaraeMbiX B KaXXAOM YJ€He Pas3fioKeHHs paB-
Ha TNoKa3sarenio GMHOMA.

+1 n—~k -k

2. ®opmyna it = mc,, NO3BOJISIET  TOCAElOBATEIbHO  BhI-
yuCaA9Th GHHOMHAIbLHBIE KO3DOHIHEHTH! pas3fokeHns OuHoMa (x + a)"
0 NpeAuecTBYoWUM Kosbduuuentam. [ra mozo 4mobei noayuums
Koappuyuenm caedyroujeeo uaena, OGocmamo4Ho KOsGGuyuerm nped-
LIECMBYIOWL20 HACHA YMHONCUMb HA NOKA3AMeAb CMeneHi nepeozo caa-
20eM020 8 IMOM HAeHe U NOAYdeHHoe npoussederue paszdesumo HA 4UCAO
waenos, npeduiecmeytouyux onpedessemomy 4reny. Hamnpumep, B pasio-
JKEeHUH

(x 4+ a)° = «* + 9% a + 36x7a% + ...
Hao TIOJYUMTb ueTBeproe cnaraemoe. [lng storo 7 ymHoxaem Ha 36
W TOJyYeHHOe Mpou3BeleHue AequM Ha 3 (MoxHO 36 pasfenuTh Ha 3
W MOJNYueHHOE YacTHOe YMHOXHTb Ha 7). B pesynbrare monyuum 84.
[lo mepBOMy CBOHACTBY MOXeM HalMCaTbh HCKOMBIH YleH pas/OoXeHHs
84x8 a3.

3. Cymma OUHOMUGNbHOIX KOIPPUYUEHMOE pasroierus Guroma
(@ + b)* pasna 2",

310 CcBOHCTBO OGHHOMHANbHBIX KO3(hdHIHeHTOB OBIIO JOKa3aHo,
OCHOBBIBAsiCb Ha CBOHCTBAX CTpoK TpeyrombHuka Ilackans. Teneps
MBI 5TO CleJaeM APYyruM crocoboM. B toxnectse (1) momaraeM x = 1,
a =1 u mnonyyaem TpeGyemoe yTBEpPKIEHHE:

o= Cy4CrtCA--+C 4 CL

4, Cymma GUHOMUGALHBIX KOIPPUYUEHMOB, CMOAUYUX HA HemHblx
MECMax, PagHA cymme KOIPPUUUEHMOs, CMOAUUX HA He4emHbLx mecmax.
[TonaraeM B Toxnaectse (1) x = 1, a = — 1 4 nonyyaem:

0=Cl—CL+C2—Cht -+ (—1)Ch

OTKYJAA U CJIeAyeT:

0 2 4 1 3 5 -
Cn+Cn+Cn=Cn+ Cn+cn+“ ce=201
5. U3 ceofictBa Cj = Cjp~ ™ coueTaHui ciefyeT, 4to GuHomuais-

Hole Koappuyuenmst pasioxcerus (a + b)", pasHoomcmoAuiue om KOoH-
408 3M020 PA3AONCERUS, PasHbL mexcdy cobol.
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§ 11*, ICTOPUYECKUE 3AMEYAHHA. MPUMEHEHUE
KOMEHHATOPHKH K TEOPHH BEPOATHOCTEH

OTzenbHble KOMOHHATOPHBIE 3a7ayd 3aHUMAaJH ele ApPeBHerpeuec-
KX MaTeMaTHkoB. Ho ocHoBHblE ¢aKTel M3 06sacTH KOMOMHATOPHKH,
KOTOpHIE Ternepb BXOMAT B Kypc o6i1ieo0pa3oBaTe/bHOH MIKOMBI, GbUIH
nonyuensl Matematikamu X VII u XVIII sekos — [lackanem, JleiGuu-
neMm, SIko6om BepHyJssin ¥ APYrHMH — B CBfI3H C Pa3BHUTHEM aare6phl
i TEOPHH BepOsITHOCTEH.

HecoMmuenHo, 4TO KaXXAOMY U3 Bac cJyyaloChb PaccyxaaTh O «Be-
POSITHOCTH» HACTYIUIEHHS TOTO HWJH HMHOro CcoGbiTHS, FOBOPHTBb, YTO
Kakoe-nuG0 cobbiTHE <«OYeHb BEPOSTHO», «Majo BEPOATHO», «CTOMb
’Ke BepOsITHO, KaK HEKOTOpoe Jpyroe cobuiTHe», u T. n. Teopus BeposT-
HOCTell UMeeT NeJI0 C TAKUMH CHTYalHSMH, KOTAA BePOATHOCTb HACTYI-
JIeHHsl COObITHA JONMYCKaeT TOUHYIO KOJHYeCTBEHHYIO oueHKy. [Ipome
BCero cuTyauuu, obmajamouiye H3BecTHOH cummerpueli. Hanpumep,
npH GpOCaHHH NPaBUJALHOH KyOHUYECKOH KOCTH €CTECTBEHHO CUUTATh
BbIaficHHe OJHOrO, ABYX, TPeX, YeThpex, NMATH WK IIECTH OYKOB OJH-
HAKOBO BEPOSITHBIMU COOLITHSIMH M NPHUNMCHIBATL KaxKAOMY H3 HHUX Be-

1
POATHOCTDb E Tak kak B TpeX U3 3THX IIECTH CjayuaeB YHCJIO OYKOB

6yI[eT YeTHbIM, TO €CTEeCTBEHHO CUHMTaTb, UYTO BEPOATHOCTb BhbllIa€HUS
YETHOI'O 4HcCJia OYKOB paBHA

3_1
6 2

Boo61we sepoamHoctislo cobeimus HA3bI8aI0M OMHOUeHUe Hucia 6.aa20-
NPUAMCMBYIOU4UX eMYy CAY4ae8 K 0DUjemy HUCAY UCKAoHaouwjux 0pye
Opyea PABHOBOZMONCHLLX CAYHAE. ’

He Baasasich B Teopuio, No3HakoMuMcs O/1HKe C IIOHSATHEM BepoAT-
HOCTH Ha JABYX TNpHMepax.

[Tpumepn. 1) CrpacTHblit urpok B KocTH Kapanep e Mepe
o6HapyxKuj, uto Gojsiee YeM B NOJNOBHHE CJydyaeB IIPH ueThipex Gpoca-
HHSIX KOCTH XOT4 Obl pa3 nofBjsiercs mecrepka. Pacuer no npasuiam
TeOPHUH BEPOATHOCTEH NOATBepkAaer ero nabmionenue. Ilpu nepsom
GpOCaHMH KOCTH HUMEeTCsl IIECTb Pa3JHYHBbIX BO3MOXKHOCTEH (BbiMaje-
uue 1, 2, 3, 4, 5 u 6 oukoB). Kaxknas u3 Hux pasbuBaercs Ha MIECTDb
B 33aBHCHMOCTH OT pe3yJbrata BToporo 6pocaHus, uto Aaet 62 = 36
Bo3MoxkHOCTeH. [Ipu Tpex GpocaHHAX YHCJIO Pa3IMYHBIX HCXOAOB Oy-
net 63 = 216, a npu yerbipex 6* = 1296. Ho cpeau atnx 1296 cnyua-
B, KOTOpble eCTeCTBEHHO CUHMTATh PaBHOBO3MOXKHBIMH, OyneT 5! = 625
TaKHX, TJe luecTepka He MOsBHUJIACh HH pa3y, a B 1296—625 = 671
clyuae XoTsl Obl OZMH pa3 M3 ueThlpeX BbIMAJaeT lIecTepKa. SHAUUT
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BepOATHOCTb BbIMAJEHHsT XOTs OBl OJIHON IUECTEPKH NpH ueTbipex Gpo-
CaHHMsX KOCTH paBHa:

5 ~ose>1
1296 2°

Korna naptaepsl Jle Mepe pasrananu ero cekpeT, OH peuIHJa NpH-
JyMaTb HOBbIi BapuHaHT urpel. Tak xak BenaneHxe npu OpocaHuu
IBYX KOCTeli ABYX LIECTEPOK Ka3ajoCh eMy cOOLITHEM B IleCTb pas Me-
Hee BepOATHBIM, YeM BbiNajieHHe MIeCTeDKH NpH OXHOM GpocaHun (B
3TOM OH ObLT MpaB), OH CAeNal BbIBOA, 4TO Npu 4 X 6 = 24 6pocanuax
napbl KocTeit 6o/ee yeM B MOJIOBHHE CJly4aeB XOTb OAuH pa3 OyayT mo-
ABJATbCS JBe wiecTepkH. Ho skcrmepuMeHTajbHasi IpOBepKa 3TOro
BBIBOJlA MPHHEC/NA €My pa3ouapoBaHHe: JBe IecTepKH Npu 24 Gpoca-
HUSAX Tapbl KOCTEH MOSIBASIHNCL MeHee 4eM B MOoJIoBHHe ciyuaeB. Toraa
urpok obpatuica K Ilackamo 3a pasbacHenuamu. [lackanb Jerko
o6bsicHMN Kaxywuics nmapafokc. [Ipu oanoM GpocaHuu ABYX KocTeH
uMeercss 36 BO3MOXKHOCTEH, H3 KOTOPBIX TOJNBKO OfHO COOTBETCTBYET
BLIMQJEHHIO ABYX wiecTepok. [Ipn 24 GpocaHuax Bcero nosyuaercs
362¢ BO3MOXKHBIX C/1yuaeB, H3 KOTOPBIX B 35%! clyuassx HH NPH ONHOM
Gpocanuy He BHIMAJET cpa3y ABYX IIeCTepok, a B 36* — 35% cayuasx
X0Ts1 6Bl pas JBe LiecTepKu MOSIBATCS BMecTe B ofiHOM Opocke. Beposr-
HOCTb BbIaJieHusl XOTs Obl pa3 ABYX LIECTEPOK paBHal:

3624 — 3524 35\ 21 1
20— (2 =048 < —
3624 (36) AB< 9°

Kak BHAMM, BEPOSITHOCTb HECKOJbKO MEHbINe, UeM IMOJIOBHHA.

2) Ilpu mpuemke MaccoBOH NPOAYKUHH NPOH3BOAUTCA BHIOOPOYHbIA
KOHTPOJIb: U3 napTuu B 100 usgenuit Buibupatorcs 20 u npu obHap yxe-
HHH B 3TOH BHIGOPKe XOTs Obl ONHOrO AeHeKTHOro H3JeNHs BCA MapTHS
6pakyercsi (WaM TepefaeTcss Ha CIVIOWHYIO NPoBepKy). B maprtuu
umeercss 10 mederTHbix u3genuii. KakoBa BepoATHOCTb, YTO XOTH Obl
onHO NeheKTHOe H3JeNHe MomnafaeT B BHIGOPKY?

Pemenue Uucio pasanunsix cnoco6oB BeGpath 20 usjenuii
H3 CcTa paBHO uHcay pasMeltenuit u3 100 mo 20:

100!
100 01 *
Cpeny 3TuX CHocoBOB HMeeTCs:
20 _ 90!
= 200

TakKHX, UTO HH OfAHO JedeKTHOe H3AeNHEe He Tonalo B BHIGOPKY.
B ocTtanbHbIX

20 20
Aloo— Aso
1 [IposepuTe pacuer C MOMOLLLIO Jorapudmos.
p
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e

cayuasix xoTs Gbl 0gHO nedekTHOe usfenue Oyner obuapyxxeno. Coort-
BETCTBYIOIIASl BEPOATHOCTb PaBHA:
20 20
Ao — Ao . 90! 80!

=1———"" =0 .
Ao 100! - 701 /9049

[Tepsulii npuMep THNHYEH AJS HAYAJAbHOIO Nepuoja Pas3BUTHS Te-
OpHH BeposATHOCTeH. 3HauyHTeNbHAas 4acTb pa3bupaBLIMXCHA MaTeMaTH-
KaMH 3afad Ha MoJcyeT BeposiTHOcTeH Opanach M3 o61acTH a3apTHBIX
Urp, BLIMIPLILIHEIX JOoTepel U T. M. IT0 06bsACHSETCS TeM, UTO 1pH ca-
MOM H3rOTOBJIEHHH KOCTell W KapT W OpraHusauuu Jjortepell 3aborarcs
0 COOJIIOEHHH «PAaBHOBO3MOMKHOCTH» Pas/IMYHbIX HCXOAOB HCMBITAHHA,
TaK 4TO NMPHUMEHEHHe OIpejieJieHH s BEPOITHOCTH KaK OTHOLIEHHS uHc/ia
6MaronpUsATCTBYIOIUX CJydyaeB K OOIMEMY YHCAY DPaBHOBO3MOXKHBIX
ocoBeHHO mpocTo. B HacTosiee Bpemst 0 ToM ke 3a60TATCSA U NPH Op-
raHu3auud BbIGOPOYHOTO KOHTPOJAS U BBIOOPOUHBIX CTaTHCTHUECKHX
ucenefopanuii. Ho obnacTb npuMeHeHu#l TeopuH BepoOATHOCTEH HE HC-
yepBIBAETCS TAaKOro pofa cUTyauusiMu, rie JIETrKO Bce BO3MOXKHEIE HC-
XOZbl MCNIBITAHUS Pa30HTb Ha «PaABHOBO3MOXHBIE» CJydau. 31ech Mbl
JIMUIEHb! BO3MOXKHOCTH pacckasaTb O TOM, KaK onpele/lsieTcs BeposT-
HOCTb B Oojiee oOuieli oGcTaHOBKE.

K nauany XX Beka KOMOMHATOpHKAa CUMTaJach B CYLICCTBEHHOM
3aKOHYCHHOH 4acTbi0 MaTeMaTHKH. [laBHO c/joxku/jack H TPHHSATAs
3fech crnenudHuecKass TePMHHOJIOIUA (NepecTaHOBKH, COUETaHMd, pas-
memienuss 0 T. I.). B XX Beke KoMOMHATOPHKY CTaly BOCHPHHHMATL
KaK MepByl0 IJaBy TEOPHH MHOXKECTB, 3aHHMAIOULYIOCH KOHEUHLIMH
MHO2KeCTBAMH (MX TOAMHOXKECTBAMH, OTOOpaKeHWSIMH APYr Ha Apyra
U T. I.), 4TO COAeHCTBOBajO GoJiee MocaefOBaTeIbHOH KJaaccuduka-
UMM KOMOMHATOPHBIX 3afay. B HoBefiuree BpeMs posb KOMOHHATOPHKH
3HAUUTENIbHO BO3POCAA B CBA3H C pa3spaboTKOH CJOXKHBIX YTPasJsio-
IMX M CUETHO-PELIAIOMIUX YCTPOHCTB U pasBUTHEM «TeOPHH HH(pOpMa-
unk». B KoMOHHATOpPHKe MOSIBUJIOCH MHOIO HOBHIX 3afiay, KOTOpLIe
BHOBb [MPHBJIEKAIOT BHHMaHHe MAaTeMaTHKOB.

Ynpawuenus

74. Cuntan 36 BO3MOXKHBIX MCXONOB GPOCAaHHS ABYX KOCTell PaBHO-
BepPOSATHBIMH, HAHTH BePOATHOCTb BHIMAAEHUs CyMMHl B 2, 3, 4, 5, 6, 7,
8,9, 10, 11 u 12 oukos.

75. Ha#iTH BeposITHOCTb TOro, YTO TpH k GpocaHUsAX KOCTH BCe
BhINaBIIME YHCTIa OYKOB OYyAyT pasauunn (k = 2, 3, 4, 5, 6).

76*. Ilatepo roctedl NpWILIO B UMISANAX, KAaKoBa BEPOSITHOCTD,
uTo, HajeBaf INPH paccTaBallMd LLIANMBI HAayAauy, KaxKIAbIH H3 HHX
Hajesnl 4yXylo Uisiny?

77*. Tor Xe BOMPOC A/Isi CEMH TOCTeil.

78. TIpu n BHICTpesax BO3MOKHO 2" pasjHuUHLIX pacrpenesneHui
nonajanuil u Henonafauuii B ueab. Cuntas X BCe PaBHOBEPOATHBIMH,

31




HafiTH HAaMMEHbIUEe YHCIO BHICTPEJIOB, TIPH KOTOPOM BEPOSITHOCTE XOTA
6Ll ONHOCO TOTAajaHus He MeHble 0,9.

79. B Tex e NpPEANONOKEHUAX HAHTH BEPOSATHOCTb TOrO, HTO IIPH
100 BbICTpeJax MOJYYHTCS a) POBHO 50 nomanaxuii, 6) He MeHee 45 U
ie Gonee 55 momananuil, B) He Gosee 10 monaxanuil (CM. ynp. 546).

80. JlokasaTh, uTo B pasioxennd (a + b + ¢)" KO3pPUUHEHT
b -1+ m =n) npu a*b'c™ pasen:

Chkim __ nl
" kU ml*
81. Iloka3aTb, YTO MHOXKECTBO M3 7 3/I€MEHTOB MOXKHO pasbuthb
n!

myl mgl + - - my!

pasnuuHbIMH crocoGamu Ha k TONapHO He NepeceKaioUlMXCs MOJAMHO-
JKECTB, COJEpPIKALUX COOTBETCTBEHHO MO My, Mz, ... My 571eMEeHTOB
(my + mg 4 ... +m, = n).

82*. Jloka3aTb, uTo OOllee UYHCIO PAasOKEHHH MHOKECTBA M3 7
5MeMeHTOB Ha k MOTMAapHO He MepeceKaioluXcs NOAMHOKECTB PaBHO k.

3ameuanue B ynpaxuenusx (81) (82) nBa pasyoKeHHs:
M= M, oM. vwMen M= Mo My v ... v M)
CUHTAIOTCS COBMALAIOUIMMHU TOMBKO B cayuae My = M} M, = M;, veey Mp— M,‘?.

Ho B caenymouedi 3ajiaue pasjioxKeHus, OTJIHYAIONHECST TOJILKO MOPALKOM HyMe-
palyy TOAMHOXKeCTB, H e HTHPHUUPYIOTC al. B aToM cayuae TOBOPSAT O
«CYIlECTBEHHO DA3NHUHBLIX» Pa3foKeHuAX. HanpuMep, MHOKECTBO H3 yeThIpex
snementoB {A, B, C, D} pasnaraercs Ha JBa MHOXeCTBa MO 184 3JIEMEHTA TOJIb-
KO TpeMsl CYHECTBEHHO DPas/IH4HBIMH cnocobaMu:

{A, B} w {C, D}, {4, C} v {B, D}, {A, D} v {B, C}.
83. CKOMbKMMH CYIIECTBEHHO Pas/HUHBIMH COCOGAMH MOXKHO pas-
JIOYKUTh MHOKECTBO H3 AECHATH 3/MEMEHTOB Ha JBAa MHOMKECTBA M3 TpeX

S7eMEHTOB M JBA MHOMKECTBA U3 UEThIPEX 3JEMEHTOB?
84*, Haiitu Kosduuuent npu x° B pasioKeHHH (x®+ x4+ 1)

1 MgeHTHQHUHPYIOTCA — He pasnuyaioTcss MEXKAY co60ii, TOXKIAECTBEHHH
ApYr ApYrY.




FNABA TPETHA

BECKOHEYHbIE MOCNEROBATENIbHOCTH
W NPELEND!

§ 12. ONPERENEHUE BECKOHEYHOH MOC/ENOBATENLHOCTH.
Cr0CObbl EE 3ALAHKA

C mnoc/1e0BaTebHOCTSIMH, KOHEUHBIMH ¥ OCCKOHEUHBIMH, MBI YiKe
[I03HAKOMUJIUCh B BOCbMOM KJjacce. Tam ke Mbl MOAPOOHO H3Y4HIIH
Ba)KHblE B MaTeMaTHKe W ee NMPUMEHEHHSIX NpHMepbl OeCKOHEUHBIX MO-
cJleioBaTeNIbHOCTEH: apH(MeTHYecKHe W reoMeTPHUECKHe MPOrpeccHH.
Hanpumep, reomeTpHueckasi MPOrpeccHs ¢ MEPBEIM WIEHOM @y = 1 u
3HaMeHaTesleM ¢ = 2 HauMHaeTCd TaK:

a,=1,a,=2;a;=4; q=38; a; =16, ...
BLIMHCHIBAHME UIECHOB 9TOH NPOTpeccHH MOXKIIO B NPHHIMIE NMPOLOJ-
KaTb HEOrpaHHUeHHO: '

I, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, ...
[pakTHuecKu Takoe BBIMUCHIBAHHE UICHOB 3TOH NMPOrpeccHH Aenaercs
JOBOMBLHO 3aTPYAHHTENbHBIM, TaK KaK uleHbl ee ObICTPO PacTyT: ee
ThICSYA TIepBLIA WIeH 3amuchbiBaeTcst ducjoM, umeiomum 302 aecsaThd-
HBIX 3Hakal. Ho ¢ TOYKH 3peHMs YMCTOH MaTeMaTHKH 3TO He Mellaer
HaM 3aHMMAaThCsl H3YYeHHeM BCeH Moc/elloBaTeIbHOCTH, CUMTAst ee KaK
6Ll BLIMMCAHHOA «10 OGECKOHEUHOCTHY.

TeoMeTpuueckas NporpeccHs C MepBbIM WieHOM @&y = 1 ¥ 3HaMe-
HateneM g = — 1

1, —1, 1, —1, 1, —1, ...
Tak:e sBASeTcd OECKOHEUHOH I0C/Ie0BaTelbHOCTbIO, XOTS KaXKIblid
M3 ee WICHOB fABJSETCS OQHUM W3 ABYX uucenx: 1 wan (— I).

3agath GeCKOHEUHYIO UYHCJIOBYIO MNOCJENOBaTe/]bHOCTb —3TO 3Ha-
YMT yKas3aTb NPABHJO, COIVIACHO KOTOPOMY KaxAOMY HaTypajbHOMY
yuesy n (HOMepy) CTaBUTCS B COOTBETCTBHE UMC/IO @, (WIEH NOC/]eNoBa-
TeJILHOCTH C HOMEPOM n):

l a4 205 3—a; ...in—>a,; ..
Crpenika yKasblBaeT, UTO YHC/IY 7 CTABHTCS B COOTBETCTBHE UHCIO Q.

Bbl yKe 3HaeTe, 4TO MPaBUJIO, COrIACHO KOTOPOMY KaxJIOMy HHCIY
M3 HEKOTOPOrO MHOMKECTBA CTABHTCH B COOTBETCTBHE HEKOTOPOE YHCIIO,
HasbBaeTcs (yHKuue.

Hrak, sanoMHUM cjiefyiomee onpeieneHHe.

1 D10 caellyeT W3 TOrO, UTO AECATHUHLA JorapHbM uHCAA @pgq = 21000 mMeeT
xapaktepuctuky 301.

2 3axas 385 33



HedHoU wucaosoll nocaedosamens-
HOCMbIO  HA3bi6AeMcss  4HUCA08QA
pyHkyua f, onpedeseHHas Ha MHO-
JHeecmee 6cex HamypasvbHulx Hucen

|
]
i ' (11,1) N={1,23, ..}
|

* Onpenenenue. becko-

Ecnu BMecTO

FA), F©, @), ...f@®, ..
/U I R L’ nucaTh
/ X1y Xzo X3p vevs Xpy oon (1)

mex, =f@n;n=12323, ..
TO Mbl NoOJyyuM  oOulenpUHSTOE
Puc. 1 unOexcHoe 0603Hauerue TIOCIe0Ba-
TenbHOCTH. [Ipy TakoM o6o3Haue-
HUM Xx; HA3LIBAeTCi TeEPBBIM WIGHOM IOC/IEJOBATENBHOCTH, X2 —
BTOPHIM WIEHOM, X3 — TPeTbUM H T. H.
3aMeTHM, 4TO TOYHOE OIMpeje/ieHHe MOHATHS KOHEUHOH NocyeoBa-
TeJILHOCTH BIOJHE AaHAJOTHYHO IIPUBEICHHOMY BhILE ONpELeJeHHIO
GECKOHEUHOf MOCJAeN0BaTeIbLHOCTH: KOHEYHOH UHCJIOBOH TOCTENoBa-
TeNbHOCTBIO HA3BIBAETCS UhCaoBas QYHKUUS f, omnpenesieHHasi Ha MHO-
JKecTBe BCeX HATYPalbHBIX Uucesi, He mpeBocxoasmux n. Hanpuwmep,
T0C/IEA0BATENbHOCTD
4, 1,1, 1,0
5T0 ecTb GYHKUUS f, onpeienennas Ha MHoxkectse (1, 2, 3, 4, 5} co
3HaYeHU IMH
F)=4f@=[@=F@=176=0
KoHeuHYIO NMOC/TeN0BaTeNIbHOCTD (Xy, X3, ..., X,) AIHHBL N KPaTKO

0603HauaioT (X,)i.

BeckoHeunass mocsefoBatelbHocTh (1) KpaTko o0o3HauyaeTcst 3Ha-
KoM (x,)._,. VHoraa, BmpoueM, NUUIYT NPOCTO (x,). B nocmexnem
0603HaUEeHHH TOfpa3yMeBaeTcsd, UTO TNepeMeHHas n npoberaeT Bce
MHOKecTBO N HaTypaJbHBIX YHCE].

[Moc/ienoBaTeNbHOCTH NJAHHEL JBA HA3HIBAIOTCH «YNOPSAOUCHHLHIMH MapaMu».
TakoBH, HanpHMep, NapH KOOPAMHAT ToueK Ha mjockocTH. IlocsefoBaTebHOCTH
LJIHHB TPH HASHIBAIOTCH «yNOPANOUYEHHHIMH TpOWKaMmH». TaKOBH TPOHKH KOOp-
IHHAT TOuYeK B MPOCTPAaHCTBE. Bbl Xopomo 3HaeTe, 4TO TOYKA MJOCKOCTH C KOOP-
nunatamu (0,1) oranuHa oT Touku ¢ koopauuaramu (1,0). EcrectsenHo, uro pas-
JHYHB TAKIKE H COOTBETCTBYomHe ynopanouennse napet (0,1) u (1,0).

Ha pucynke | BepmuHel Ky6a MMEOT KOOPJAHHATHI

(0,0, 0); (1,0, 0,); (0, 1, 0); (0, 0, 1);
1, 1,0); (1,0, 1); 0,1, ; (1, 1, D).
To cyTh BOCEMb PA3AHUHEIX YNOPAAOUEHHLIX TPOEK UYHCE.

Hanuwure na pucynke | 0koao Kaxpofl BepuruHbl Ky6a TPOAKY ee KOODAH-
HaT.
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He caefyer nyTaTh MOHSITHE MOC/AEAOBATeIbHOCTH HH C TOHS-
THEM MHOXXECTBa, HU C TMOHSITHEM YTOPSAAOUEHHOro MHOxecTBa. UTtoGbl
136exaTh NMEePBOrO CMEIICHHS NPH 33alaHHH KOHEYHOTO MHOXKECTBa, Mbl
Tepeunc/ieHHbIe ero 3JEMEeHTH 3aKiouaeM B ¢HrypHble ckoOkd. Ha-
npumep, {1, 2, 3} u {3, 2, 1} — 0603HAUAIOT OXHO U TO KE& MHOMKECTBO,
Ho nocaenosarenbrocty (1, 2, 3) u (3, 2, 1) — pasnuunbrl.

JIlanee Mpl GyleM, MO IPEHMYLIECTBY, 3aHHUMAaThcA OECKOHEUHLIMHU
MOC/eJIOBATEILHOCTAMH U JUIS KPaTKOCTH IpHJIaratesbHoe «GecKoHeu-
Has» OyIeM ONyCKaTb.

[MocsienoBaTeNIbHOCTb MOXKeT ObITh 3aJlaHa aHAJUTHUYECKH MPH TI0-
MOIIM fBHOH (GOPMYJIbl, YKasblBalolleH, KaK 1O HOMEPY f BHIUHCIUTDH
4JIeH TOCJIENOBaTeNbHOCTH X, C 3THM HOMEPOM.

Mpumepsn. I)x,= . C nomompio s1oi ¢$opMyJIBE MOXK-

2n — 1
HO BBLIUMCIHTL JIOOOH YJNeH TIOCTeN0BaTeNbHOCTH: Xy = é—TLl =1
1
Xy = 2——1%)——1— =i I Hanuasi nocneloBaTeJbHOCTb HauHMHaeTCH
ujeHamu | L
9 3 ’ 5’ 7 ’ 9 y o
2) x,= " ’; i [epBble 4IeHB! 9TOH NOCAE0BATENIbHOCTH:
n
1 1 3 2
0, =) —» =y — s «n
3" 2’5" 3’

— 1)
3) x, = [MocsieoBaTeIbHOCTL HAUUHAETCS C UJICHOB:
n

1
""l) ry ‘_Es

1
2’ 4

4) x, = 5. Y sTolt mocneN0BaTeNLHOCTH BCe WIEHbl COBMAAAIOT:
55,5, ...

Hocaedosamensrocme, y KOMOPOLL 6ce 4aeHol COBNAOAIOM, HA3bIBACMCA
NOCMOAHHOL NOCAeA06AMEALHOCTIBIO UAL NPOCMO NOCMOAHHOL.

Jlozudeckoe onpedenenue nocie008amesbHOCMU MOXcem U He Obimb
soipaxceno gopmyroii. UToGb MocsienoBaTeIbHOCTb Oblla onpefelieHa,
BaXKHO TOJNIBKO, 4TOOHI /ISl KaXKAOrO HATYPaJbHOIO n ObUIO yKasaHo
XapaKTePUCTHUECKOE CBOHCTBO UHC/IA X, [03BOJfIOUIee OTJIHYUTD
ero ot Jitoboro Apyroro.

1 Jlas 0603HaueHUs] KOHEUHOTO YNOPSIAOYEHHOTO MHOXKeCcTBa B § 8 ME mosb-
30Ba/iHCh TAKHMH Xe KPYIJbIMH CKOOKaMH, KaK M LA 0003HaueHHs KOHEUHBIX
nocjenoBatesibHOCTe. Pasinuue 3ak/ioouaercs JHIIb B TOM, YTO B YMOPSIIOUEH-
HOM MHOXECTBE BCE 3/IEMEHTBI Pa3JUUHbI, @ UJEHbI MOC/ENOBATENLHOCTH C PA3HBIMH
HOMEpaMH MOTYT M coBmagaTb. MOXHO CKa3aTb, YTO KOHEUHOE YMOpAAOUEHHOE
MHOMKECTBO — 3TO HE YTO HHOE, KaK KOHeuHas MOc/eloBaTeJbHOCTb, B KOTOPOd
BCE u/IeHbl Pa3JIHYHbL.
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5 P, ;-eCTb n-e No BeJHYHHE NPOCTOe YUCIHO.
P,=2 P,=3 P,=5 P, =17, Py=11; ...

Haifitn Pjgg WU Pygyge00 HENETKO, HO TEOPETHUYECKH BO3MOIKHO. 3o
pUMep JIOTHYECKOro ONpejeNeHns TNOCHel0BaTe/IbHOCTH, —KOTOpoe
oueHb TPYAHO 3aMEHUTb SBHOH (QOPMYJIOH.

6) x, ABIAETCA NeCATHUHBIM NPUOIHIKEHHEM K KBAJpaTHOMY KOPHIO
U3 IBYX C HEJOCTAaTKOM C TOUHOCTbIO 0 107"

x; = L,4; x, = 1,41; x3 = 1,414, ...

TeopeTHyecKH BO3MOJKHO OJHHM M3 CTOCOOOB, ¢ KOTOPLIMH BBl MO3HA-
KOMHJIMCH B BOCHMOM KJjacce, HalTH JIo0Oi ujleH 9TOH Moc/eloBaTeNlb-
HOCTH.

UacTo ynoTpebssiercst unoyxmusHoul cnocob OmpeieneHus mnocie-
JOBATENLHOCTH, Ha3blBaeMblil HHaue pexyppenmubim. Haudem ¢ npu-
MepOoB.

. 7) Ecan ussectHo, 4to Xy = | ¥ mpu JoGom n>1 (a)
. Xy = N Xp_ps (6
TO JIErKO HaiAeM:

Xp = 2; X3 = 6; x, = 24; x; = 120; x; = 720, ...

SlcHo, uTo ycnioBus (a) 1 (6) ompenessiioT BMeCTe 3HAYEHUS X, AT JItO-
6oro HaTYpanbLHOTO N, T. €. 3a1al0T GeCKOHEUHYIO TOC/IeA0BATE/IbHOCTD.
[ToHsATHO, YTO 3TO XOPOLIO H3BECTHAsA HaM IMOC/Ne0BaTeIbHOCTb

X, = nl. (8)
8) Apudmeruueckas MPOrpeccus ¢ NEPBbIM UICHOM @ U Pa3HOCTHIO d
onpeesisiercd MHAYKTHBHO YCJIOBHSIMHU:
a;=a; a, = a,_, + d npu n> L.

B 3TOM caydYae HHAYKTHBHOE OMpEie]eHHe YAaeTcs 3aMeHHThb NMPOCTOH

tdopmyJioi:
a,=a-+ (n—1)d.

9) FeomeTpuueckasi nporpeccus 3afaeTcs HHAYKTHBHO yC/IOBHAMH:
a=a, a,=qa,_, npa n> 1.
sIBHas dopMyna OOLIEro ee uleHa, Kak Bbl 3HaeTe, UMEET BUA:
a, = aq" L.

B npumepax 7) — 9) Mbl HMeIH €10 C npocreiueii cxeMod HHAYK-
THBHOrO (DEKYPPEHTHOro) OMNpele/eHns:

1) yxasbiBaeTcst MepBbli WieH MOC/IeI0BaTeIbHOCTH Xp,

2) naercs QopMyJaa, NO3BOJAIILAS 1O HOMEpY n>1 1B ureny
OC/IeIOBATENILHOCTH X,_y C HOMepoM 7 — 1 BbIUHCIHTL UIEH X,.

VIHTYHTHBHO 1OCTAaTOYHO $ICHO, 4TO ycaoBHs 1) H 2) no3BoAIOT BbI-
UMCJIUTh JI0G0H ujieH mocjenoBaTesbHocTH. CTporoe n0KasaTenbCTBO
5TOr0 YTBEPKIEHHS MOKeT GbiTh MPOBEIEHO C MOMOMIbIO MPUHIHKNA Ma-
TeMaTAYeCKOH MHAYKIHH, CHOpMYJIHPOBAHHOIO B § 2.
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KoHeuHble NOCJENOBATeNbHOCTH AOMYCKAlOT TabiHuHOe 3ajllaHue.
Hanpumep, ofo3Hauas uepes f, Temneparypy B Kax/Jblil yac cyTok,
MOKHO BBHIMHCATh CAEAYIOILYI0 Talnuuy:

Bop1 2|34 ‘5|6l7‘8‘9‘10‘.......[24
t |—5|—5|—6|—6]—7]—8[—6]—4]—2] 0 ......1—3

BeckoHeunyio NOC/AeJ0BaTeNIbHOCTD Tabnuned 3alaTh HeJIb3s, TaK Kak
HEBO3MOKHO BBIMHCATL GECKOHEUHOE MHO2KecTBO uncesn. Tem He MeHee
yacTo THINYT, HaNpHMep, «MOC/]eA0BATeILHOCTL 1, 2, 4, 8, 16, ...»,
HazesiCh, YTO KaXKAbli Jorafaercsd, uTo peyb HAET O MOC/IEN0BATE/b-
HOCTH

x, = 2771,

Ho HaNo MOMHHTb, YTO BCera CymecTsyeT GeCKOHEYHOe MHOXKECTBO
pasIMUHBIX noc/ie0BaTeNbHOCTEeH, NepBble WIEHB KOTOPHIX COBMAlaioT
¢ 3a7anHbIMU uHciami. Hanpumep, mepBble YeThipe wieHa mnocsieloBa-
TeJbHOCTEH

— 9n—1 =_1_ 3____1- 2 i
x,=2"1ny, S —gh 4+ 3 "
COBNAJAIOT:
xy =1, X = 2, X3 =4, x, = 8;
)’1=1, )’z=2, )’3=4, Y4=8.
YnpacHeHHA

85. HamucaTb nepBble NMATh WICHOB CJIEAYIOWIMX NMOC/NEI0BATENbHO-
creit:

. __2 . N
a) xn=2n+3, 6) xn—(-_—l);l, B) xn-—‘—r",
) —l- NpH n YETHOM,
3n—1 n
) X, = ___-—-; X, =
) X 2n 43 R X n—1

pH 1 HEYETHOM.

86. HamucaTh nepBbie MATh YIEHOB CJEAYIOMMUX MNOC/AEL0BATENb:
HocTell:

a) x,=3" 0) xn=2”—|-—217; B) x,=3n*+2n+1;

9 s=Vot Vot +V2.
n KopHe#

87. Hanucate nepBble MNsATHaANaTb uiICHOB MOCJIEA0OBATENbHOCTH
NMPOCTBIX YHCE.
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88. Hamucatb oOmMi wieH MOCAefOBATELHOCTH HATypajdbHBIX 4H-
cesl, KaxJIoe M3 KOTOPbIX NpPU JEJN€HHH Ha 3 JaeT OCTaToK, paBHBIi 2.

89. Hanucats ofuuil wieH NOCNENOBATEIbHOCTH HATYPaJbHBIX 4H-
cesl, KAXKAOE H3 KOTOPHIX NMPH AE/NEHHH Ha 5 JaeT ocTaTok, paBHbil 3.

90. Boinucartb 5 mepBHIX AeCATHUHBIX NPUOIHKEHHA C HELOCTATKOM
uucaa t/,.

91. Hanucats ofmuil uleH mocnefoBaTeNbHOCTH (XoTa Gbl OXHOM),
yjleHbl KOTOPOH COBMAjaloT C BBIMUCAHHBIMHU:

1 1 1
—y — eeey 6 l’ ’ 117-0';
al o5 ) 1,5, 9,13
B) 2! - 2’ 2: - 2v cee s F) 3) 6» 12’ 24, 48) sen
92. [dano: x, = 1 . Haittu x50, X, 00 Xpt10 Xontsr

nn-1)

1 —1)" o
93. [ano: x, — 1D Hagmn Xogs Xons Xontie
n

94. [MocnenoBaTeNbHOCTb X, 3allaHa PEKYPPEHTHO: Xy = 3, X, 4y =
= 2x,. Haitu oOwuit wieH 3TOH NOCHENOBATENbHOCTH H BBIHCATH

yeTwIpe MepBbie €e Wi€Ha.
95*, Hafith ofmuii uleH MOCJAENOBA